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A parallel block-preconditioned GCR method for
incompressible flow problems

C. Vuik * J.Frank T A. Segal*

Abstract

Solutionof largelinear systemsncounteredn computationafluid dynamicsoften nat-
urally leadsto someform of domaindecompositiongspeciallywhenit is desiredto use
parallelmachineslt hasbeenproposedo useapproximatesolversto obtainfastbut rough
solutionson the separatsubdomainsin this paperapproximatesolutionsvia aninnerpre-
conditionedGMRES iteration to fixed toleranceand incompletefactorization(RILU, re-
strictedto the diagonal)areconsideredNumericalexperimentsor a Boussinesdlow prob-
lem areincludedwhich show speedupsbtainedon a clusterof workstationsaswell ason a
distributedmemoryparallelcomputer Additionally, the parallelimplementatiorof GCRis
addressedyith particularfocuson communicatiorcostsassociatedvith orthogonalization
processedt appearshatthereorthogonalizedlassicalGram-Schmidprocessasfavorable
propertieswith respecto roundingerrorsandefficiengy.

Keywords: Domaindecompositionapproximatesubdomairsolution;parallelKrylov subspace
methodsprthogonalizatiormethodsjncompressibléNavier-Stokes

1 Introduction

Efficient parallelalgorithmsarerequiredto simulateincompressibleurbulentflowsin comple
two- andthree-dimensionalomains.We considerthe incompressibléNavier-Stokesequations:

ou 1
— — —A - Op=f
xR u+uld-u+Up=H,

O-u=0,
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whereR; is the Reynolds number Theseequationsarediscretizedon a structuredgrid. For a
flow onageneraldomainwe useanunstructuredlecompositiorof thedomaininto subdomains
of simplershapewith a structuredgrid inside eachsubdomain.We have developeda parallel
block-preconditionedsCR methodto solve theresultingsystemf linearequations.

For the spatialdiscretizatiorof the Navier-Stokesequationsa finite volumemethodemploying
astaggeredyrid is used.The normalvelocitiesarelocatedat the centersof the facesof thecells
andthe otherscalarunknonvns (pressuretemperaturestc.) arelocatedin the centerof the cells
(for detailssee[22, 35, 3, 34]). Thestaggeredrid is usedto avoid pressurescillations.

For thetime discretizationpackwardEuleris used.With V" andP" representinghe algebraic
vectorsof velocity andpressurainknovnsattimet”, respectiely, we get

Vn-|—1 _Vn

o M(VMVHL_ GpL (1)

D VAREE) (2)

where(1) representshe discretizedmomentumequationand (2) representshe discretizedin-

compressibilitycondition. Thematrix M is thelinearizedspatialdiscretizatiorof the cornvection
andstressin the Navier-StokesequationsG is the discretizedgradientoperatoy andD is the
discretizeddivergenceoperator To solve (1) and(2) with the time-accuratgressureorrection
method[27], theseequationsareapproximatedy:

Prediction
V* —vn
T M(VMV* — GP" 3)
and
n+1 _y\/n
\% =M(VIV* - GP™, (4)
DVAREE1) (5)
Subtractiorof (3) from (4) gives
Vn—l—l_V*
——z?——:—GmMi—P%. (6)

Taking the discretizeddivergenceof both sidesof (6) andusing(5) resultsin the pressurecor-
rectionequation:
Projection

Dv*

DGAP = — 7
GAP = 1 ™)



where AP = P11 _ P After the pressurecorrectionAP hasbeencomputedfrom (7), it is
substitutednto (6), which leadsto:
Correction

VMl = v* — AtGAP (8)

In summarythe pressurecorrectionmethodconsistof threesteps:(i) computationof V* from
(3), (ii) computatiorof AP from (7) andcomputatiorof V"1 from (8). Thelinearsystemsare
solvedby a Krylov subspacenethodwith anILU [30, 31] or amultigrid [38] preconditioner

Domaindecompositions used:(1) asa meanf dealingwith geometriccompleity, (2) to deal
with problemsso large asto exceedworkstationmemoryresourcesor (3) asa sourceof par

allelism. Concerning(1) and(2) the speedupbtainedby parallelizationof the methodmay be

very significant,sincethedomaindecompositionrmethodis usedevenin the serialcomputation.
On the otherhandif exploitation of parallelcomputingresourcess itself the reasorfor imple-

mentingdomaindecompositiontheresultsmaybelesspleasingsee[28]. A goodspeedupnay
be achieved by a constantoverlapin physicalspace[7, 24, 36] and/ora coarsegrid correction
[20].

Thedomaindecompositiormethodconsideredn this paperhasthe following features:
e non-overlapping[10, 6, 37],

e approximatesubdomairsolution[5, 6],

e acceleratethy GCR[11, 26].

Theoreticalresultson approximatesolutionof subdomairproblemsfor Schurcomplementlo-
maindecompositiormethodsaregivenby Haase| angerandMeyer [16, 17].

Ourmethodcanbesmoothlyvariedbetweera coarsgyrainparallelmethodwhenthe subdomain
problemsare solved accurately[4], to a fine grain parallelmethodwhen only one subdomain
iterationis donein every domaindecompositioriteration (compare[32]). The other partsof
theacceleratedomaindecompositioralgorithmarevectorupdatesmatrix vectorproductsand
inner products.For a matrix vector productonly nearesheighborcommunicationgrerequired
which is efficient on mostparallelcomputers.nner products,on the otherhand,requireglobal
communicationsthereforethefocushasbeenonreducinghenumberof innerproductd12, 23],
overlappingnnerproductcommunicationsvith computatior]9], orincreasinghenumberof in-
nerproductshatcanbe computedwith a singlecommunicatior{2, 21].

In this papemweinvestigatehespeeduor anonoverlapping one-lezel additive Schwaranethod
with inaccuratesubdomairsolutionappliedto flow problems.Theimplementatiorof themethod
is basedon MPI subroutine$14]. Thedetailsof our domaindecompositioralgorithmaregiven
in Section2.1. The GCR methodis summarizedn Section2.2, whereasvariousorthogonal-
ization methodsarediscussedn Section2.3. Speedupesultsare presentedn Section3. The
timings were madeon a network of workstations(NOW) anda Cray T3E. This researchs a
continuationof work publishedn [13].



2 Theblock-preconditioned GCR method

We startwith adetaileddescriptiorof ouriteratve domaindecompositiormethod.To accelerate
its convergencea Krylov subspacenethod(GCR)is used. Finally we summarizesomeresults
aboutparallelorthogonalizatioomethodswhich areusedin GCR.

2.1 Theblock Gauss-Jacobi preconditioner

Thepressureorrectionalgorithm,(3)-(8),is usedfor the solutionof the Navier-Stokesequations
on the globaldomainQ. Let the domainbe the union of N nonoverlappingsubdomainQ,
m=1,....N. Theequationg3) and(7) aresolved usingdomaindecompositionThe correction
of V* isindependentlyarriedoutin all blocks.In ourimplementatiorthe normalcomponentf
the velocity hastwo valueson eachinterface. To makeits value uniquethe normalcomponent
is sentto neighboringblockswith a highernumberandcopied. In this paper we assumdhat
the subdomainsntersectregularly, i.e. the grid lines are continuousacrossblock-interfaces.
For the descriptionof the domaindecompositioralgorithmwe startfrom a discretizatiorof the
momentumandpressurequationson theglobalgrid.

Both the momentumequation(3) andthe pressureequation(7) canbewritten as
; )

with eitherA = S(V",P") := 1- — M(V", P") andv = VV*, for themomenturmequatioror A = DG
andv = AP, for the pressuresquation. If we decompose into blocks suchthat eachblock
correspond#o all unknonvnsin asinglesubdomainwith a smallmodificationfor themomentum

equation(seefurtheron), thenwe getthe block system

Av=f

A1l ... AN X1 by
: . : : = : (10)
Avt ... Awn| \xn b
In this systempneobsenesthatthediagonablocksAynm expresscouplingamongtheunknovns
definedon a commonsubdomainQm), whereaghe off-diagonalblocks Amn, m # n represent

couplingacrosssubdomairboundaries.The only nonzerooff-diagonalblocksarethosecorre-
spondingto neighboringsubdomains.

Theunacceleratedomaindecompositionterationfor Equation(9) is of the following form
vl — v ke — Am). (11)
For theblock Gauss-Jacolthe methodmatrix K is definedas

A1l
K —
ANN



When (11) is used,systemsof the form Kv = r have to be solved. Sincethereis no overlap
the diagonalblocks Ammvin = rm, m=1,...,N canbe solved in parallel. In our methodthese
systemsaresolvedby aniteratve method.An importantpointis therequiredtoleranceof these
inneriterations(see[5, 13]). Sincethenumberof inneriterationsmayvary from onesubdomain
to anotherandin eachouteriteration,the effective operatotK ~* is nonlinearandvariesin each
outeriteration.

Our choiceof approximatesolutionmethodss motivatedby the resultsobtainedin [5]. In that
paper GMRES wasusedasto approximatelysolve subdomairproblemsto within fixed toler-
ancesof 1074, 1072, 102 and10~1. Additionally, a blockwiseapplicationof the RILU(D)
preconditionehasbeenused[31].

We cannotapply the above describedblock Gauss-Jacokalgorithmdirectly to the momentum
matrix S becausehe normalvelocity componentat the block interfacesbelongto two blocks.
First we augmenthe matrix Sin the following way. For the sakeof argument,considera de-
compositioninto two blocks (N = 2). Supposethe velocity unknavns are divided into three
sets:

e Thefirst setconsistof velocitiesbelongingto Block 1, excludingthe normalvelocitiesat
theblockinterface.

e Thesecondsetconsistof thenormalvelocitiesat theinterface.

e Thethird setconsistsof velocitiesbelongingto Block 2, excluding the normalvelocities
attheblockinterface

With respecto thesesetsof unknavns,the matrix V", P") hastheblock form

Si1 S22 Si3
SVLPY) = [S1 S22 Sa3|- (12)
SB1 B X3

The systemof equationsS(V", P")V* = f canbetransformedo the equivalentsystem

S S22 0 Sia] [V f,
o\/N pMyW/* _ S1 2 0 &3 \12* _ fa
SVEPIV' =151 0 s Sl [Vir| = (13)
S1 0 S S | VF f3

The solutionof Equation(13) alwayssatisfies\72* = \75* if S5 is invertible (see[25]) andthus,
Equation(13) is equivalentto the original systemof equationsS\V",P")V* = f. In view of
Equation(10) we have

S 523] (14)

Sy 3

sothatthedomaindecompositiorfor the momentumequatiorhasbeendescribed.
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2.2 The GCR method

Theblock Gauss-Seidehethoddescribedn Section2.1canbeacceleratetdy aKrylov subspace
method. In sucha methodwe chooseK ~! aspreconditioner Due to our approximatesolution
of the subdomainproblemsthe effective preconditionelis nonlinearand variesin eachouter
iteration. GCR[11, 26] is a Krylov methodwhich canbe usedwith a variablepreconditioner
The GCR methodcanberestartecor truncatedvhenthe numberof outeriterationsexceedshe
boundngyne In practicetruncatedGCR convergesfasterthanrestartedGCR. If the numberof
outeriterationsis lessthannync anoptimizedversionof the GCR methodis used[29].

Algorithm: GCR
Given:initial guessxg
o= b— AXy
for k=1,..., corvergence
Solve KV = ri_1 (approximately)

= AV
[0k, Vk] = orthonorm (G, V,q;, vi,i < k)
Y= QIrk_l

Update:x = X1+ YWk
Update:rk = rx_1 — Yok
end

Thevectorsgx andvg aredistributedover the processorin the sameway asthe solutionvector
xk. All vectorsq, vi, i < k arestoredin memory The functionorthonor m() takesinput vectors
g andV, orthogonalize€j with respecto theq;, i < k, andreturnsthe modifiedvectorsgy such
that||g«||2 = 1. In orderto presere therelation§ = AV equivalentoperationsairedonewith V.

The primary challengego parallelizationof GCR areparallelizationof the preconditioningand
parallel computationof the inner products. Inner productsrequireglobal communicationand
thereforedo not scale.Much of theliteratureon parallelKrylov subspacenethodsandparallel
orthogonalizatiormethodsis focusedon orthogonalizinga numberof vectorssimultaneously
However, this is not possibleusing a preconditionemwwhich variesin eachiteration. For this

reasonwe needa methodfor orthogonalizingone new vectoragainstan orthonormalbasisof

vectors.

2.3 Orthogonalization methods

The modifiedGram-Schmidimethodsuffersfrom the fact thatthe numberof inner productsin-
creasegproportionallyto theiterationnumberandtheseinner productsmustbe computedusing
successie communicationsThisis notthe casef oneusegheclassicalGram-Schmidtnethod.
In this algorithmall necessarynner productscanbe computedwith a single global communi-
cation. Unfortunately the classicalGram-Schmidimethodis unstablewith respecto rounding
errors,so this methodis rarely used.On the otherhand,Hoffmann[18] givesexperimentalev-
idenceindicating that a two-fold applicationof the classicalGram-Schmidimethodis stable.
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Anothermethodwhich hasbeensuggesteds the parallelimplementatiorof Householdetrans-
formations,introducedby Walker [33]. Below we reformulatethis methodfor GCR (seealso
[13]).

In the Householdeorthogonalizatiorwe usethe notionay to representhe kth columnof ama-
trix A andall) to representheith componenbf avectora. Let amatrix A€ R"™™ m < n with

linearlyindependentolumnsbefactoredasQZ, whereQ is orthogonabndZ is uppertriangular
Thenthekth columnof A is givenby ay = Qz andthe columnsof Q form anorthonormabasis
for the spanof the columnsof A.

We constructQ asthe productof a seriesof Householdereflections,Q = P; - - - Py, usedto
transformA into Z. The matricesP, = | — 27, with w)) = 0 for j < i have the property:

R(R-1---P1)a = z.

Supposenehasalreadyproducedk orthogonalbasisvectors. To computewy 1 one mustfirst
applythepreviousreflectiongo ay 1 asdescribedn [33]: 8=F---Pray1= (I — Z\A,{(L,:kaT)akH,
whereW is the matrix whosecolumnsarews, . .., wx, andwhere

1
2\N£W1 1
Lk = :
Z\NIW]_ Z\NIWk_]_ 1

Note especiallythatin the (k+ 1)th iterationone mustcomputethe lastrow of Ly, which s the
vector(ZWI\M(_l, 1), aswell asthevectoerTakH. Thisrequires2k — 1 innerproducts put they
mayall be computedusingonly a singleglobalcommunication.

Let & be the vector obtainedby settingthe first k elementsof & to zero. The vectorw, 1 is
chosenas: Wi, 1 = 4+ sign(a*Y)||4]|2exs1. In practice,the vectorswy are normalizedto

lengthone. The lengthof w1 canbe expresseds ||Wy 1|2 = /202 — 20ak+1) wherea =
sign(a*+1))||4]|2. The (k+ 1)th columnof Q is the new orthonormabasisvector:

1 K i
Ok+1 = a !ak-|-1— _;a(")Qi] .

Within the GCR algorithm,the samdinearcombinatiormustbe appliedto thev; to obtainvy ;.

In Table 1 we summarizehe round-of propertiesandthe amountof work andcommunication
for thefollowing orthogonalizatioomethodgqfor detailssee[13]):

e ClassicalGram-Schmid{CGS)
¢ Reorthogonalize€lassicalGram-Schmid{RCGS)
¢ Modified Gram-Schmid{MGS)



e HouseholdefHH)

Comparingthe costswe expectthat the wall-clock time for RCGSand HH are comparable.
Whencommunicatioris slow (large lateng) with respecto computatioroneexpectsthatthese

round-of | daxpy | ddot| communications
CGS bad 2k k 1
MGS good 2k k k
RCGS| good 3k 2k 2
HH good 3k 2k 3

Tablel: Propertiesof thevariousorthogonalizationmethods

methodsarefasterthanMGS, with of coursea preferencdor RCGS.OtherwiseMGS may be
thefastesimethodbecauséiGS needdewer floating point operations.

3 Numerical experiments

In this sectionwe illustrate the parallel performanceof the block Gauss-Jacolpreconditioned
GCR methodwhenimplementedwithin the Navier-StokessoftwareDeFT [34]. Numericalex-
perimentswvereperformedon a networkof workstationgNOW) consistingof Hewlett-Packard
700-seriesnachinesonnectedy a 10 Mb Ethernetandona Cray T3E.

Thetestproblemconsideredvasa two-dimensionaBoussinesdlow [8] on (0,1) x (0,1). The
governingequationsaregivenby

Ju 1 Gr
N . = (0— 1
i ReAu+uD u+Up gRéT, (15)
O-u=0, (16)
dT 1
_ AT OT7 = 17
at Rpo Y 0 (17

with g = (0, —1) andboundaryconditionsu(0,y) = u(1,y) = u(x,0) = u(x,1) =0, T(0,y) = 1,
T(1,y) =0, anddT/dy(x,0) = 0T /dy(x,1) = 0. The Reynolds, Prandtland Grashofnumbers
weretakento beR:. = 1, B = 0.71 (air) andG, = 1500,respectrely. Thesimulationwascarried
out for 10 timestepsof sizeAt = 0.05 to diffusethe influenceof start-uplatencies.It is known
that due to the temperaturdifferencea circulating flow arises,with the numberof vortices
dependingon the Grashofnumber This recirculationmakesthe momentumequation(15) and
heattransportequation(17) relatively difficult to solve. Sincethe domainis rectangularit is
easilydecomposethto variousblock configurations.
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In the inner iteration processplocks were solved to varying accuraciesising GMRES with a
restartof 40, preconditionedvith the relaxed incompletefactorization,RILU(a), of [1] using
a relaxationparametern = 0.975 for the pressurecorrectionequation(7) anda = 1 for the
momentumandtransportequationsin the extremecase we performno GMRESiterationsand
useonly the RILU preconditioneon the blocks. For the outeriterations, GCRwasusedwith a
Krylov subspacef dimension25 andemployingthe JacksorandRobinsontruncationstrateyy
[19, 29].

Thetimings listed in this sectionare wall-clock timesobtainedwith MPI timing routines,and
indicatethetime spentin thelinearsolver partof thecode.In particular they donotincludetime
requiredto constructhe matrices.

In all of our tests,we obsered very similar behaior for the transportequation(17) asfor the
pressureequation(7), sowe will neglectthe discussiorof thetransportequationin theensuing.

3.1 Comparison with diagonal scaling

As a basisfor comparisorof the effectivenesf the block preconditionerwe ran a few tests
usinga simplediagonalscaling(Gauss-JacobpreconditionerThis preconditioners very pop-
ular in a parallelcomputingenvironment. Table 2 giveswall-clock timesanditerationcounts
usingbothpreconditionersThetableindicateshatthe numberof iterationsrequiredfor corver-

gencewith diagonalpreconditionings quitelargeandincreasesirasticallyasthegrid is refined.
Furthermorethe block Gauss-Jacolpreconditionemeedsmuch lesswall-clock time thanthe
Gauss-Jacolpreconditioner

Gauss-Jacobi block Gauss-Jacobi
blocks subgrid| Momentum  Pressure Momentum Pressure
2x2 24x24| 13.8(119) 9.0(144) 4.8(39) 2.6(38)

60x 60| 159(301) 101(390) 62.6(91) 21.2(69)
3x3 24x24| 25.2(180) 19.7(226) 8.7(60) 6.1(64)

Table2: Wall-clock time anditerationcountsgivenin parenthesefor a Gauss-Jacolandblock
Gauss-Jacolpreconditioning

3.2 Comparison with serial block-preconditioner

To measureghe costof parallelizationwe compareheparallelandsequentiatomputatiortimes
usingthe block Gauss-JacolpreconditionersTables3 and4 give the speedugactorson a Cray
T3Efor themomentunandpressurequationstespectrely, usingtheapproximatesolversor the
RILU preconditioneontheblocks. The subdomairapproximationsvill bedenotedasfollows:

¢ GMR6 = restartedsSMRESwith atoleranceof 1075,
¢ GMR2 = restartedsSMRESwith atoleranceof 102,
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¢ GMR1 = restartedSMRESwith atoleranceof 101,
¢ RILU = oneapplicationof anRILU preconditioner

The trendsare as expected: when the blocks are solved very accurately the relative cost of
communicationto computationis low, giving a high speedupn parallel; whereador the less
accuratapproximationsthecommunicationgarerelatvely moreexpensve,andalowerspeedup
is obsered. In generalthe parallelefficiengy is quite high for a small numberof blocks but
decreasess the numberof blocksis increased. The speedupsre higher for the momentum
equationthanfor the pressureequation.

blocks| GMR6 GMR2 GMR1 RILU(1)
4 37 36 36 3.4
9 81 75 74 7.0
16| 140 129 126 12.2
25| 184 171 166 16.4

Table 3: Attainedspeedupsver sequentialmplementatiofMomentumequation 24 x 24 sub-
grid resolution)

blocks]| GMR6 GMR2 GMR1 RILU(0.95)
4 3.2 3.0 2.9 2.6
9 6.4 5.9 5.4 5.0
16| 105 9.3 9.2 9.3
25| 142 9.9 9.6 12.1

Table4: Attainedspeedupsver sequentiaimplementationPressureequation 24 x 24 subgrid
resolution)

3.3 Scalability comparison
3.3.1 Fixed problem size

In this sectionwe compargheparallelcomputatiortimesfor afixedproblemsizeona120x 120
grid. Thegridis decomposetto 2 x 2, 3x 3, 4 x 4 and5 x 5 subdomainsTables5 and6 give
timing resultsfor themomentumandpressurequationsThenumberof outeriterationsrequired
in thefinal timestepis givenin parentheses.

The singleblock solutiontimesarelistedin eachtablefor reference.The numberof necessary
outeriterationsincreaseseverely in the multiblock caseascomparedo the single block case
of only oneiteration. This initial lossof corvergencerate canonly be offsetin the caseof the
momentumequationby usingvery rough approximationon the blocksandmary processors.
For the pressureequation somespeeduanalreadybe obtainedwith only 4 blocks.
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Singleblock solutiontime =21.4(1)

blocks|] GMR6 GMR2 GMR1 RILU(1)
2x2|200.(36) 72.7(38) 56.1(58) 62.1(78)
3x 3| 74.4(50) 34.9(52) 28.7(62) 30.8(77)
4x 4| 42.4(56) 22.9(39) 20.2(69) 19.3(80)
5x5| 32.4(51) 18.3(51) 16.7(54) 17.0(97)

Table5: Scalabilitystudyon 120x 120grid (Momentumequation)

Singleblock solutiontime = 30.8(1)

blocks] GMR6 GMR2 GMR1 RILU(0.95)
2x2 | 71.5(29) 40.4(29) 44.1(30) 20.5(66)
3x3 [35.9(33) 22.8(33) 23.7(34) 15.8(87)
4x4 | 22.9(39) 21.3(65) 17.5(40) 13.0(103)
5x5 |19.5(62) 19.0(76) 21.3(91) 14.5(116)

Table6: Scalabilitystudyon 120x 120grid (Pressurequation)

3.3.2 Fixed subdomain size

It is often aguedthat a bettermeasureof the effectivenessf a parallelalgorithmis obtained
by fixing the perprocessomproblemsize while increasingthe numberof processorgl5]. In
this sectionwe thereforefix the subdomaingrid at 24 x 24, andthe domaindecompositions
increasedrom a single block to a 5 x 5 block decomposition.In tables7 and 8 we list the
wall-clocktimesfor themomentumandpressurequationsrespectrely. For perfectscaling the
wall-clock time would be constantjndependenbf the numberof blocks. Givenin parentheses
arethenumberof outeriterationsrequiredn thefinal time step.For afixedblock sizewe obsere
for the momentumequationthat the computationtime scalesroughly asthe squareroot of the
numberof blocks. For the pressureequationthe scalingis somavhat poorer especiallyfor the
5 x 5 block decompositionFor both equationghereis a large increasen the numberof outer
iterations.

blocks] GMR6 GMR2 GMR1 RILU(1)
2x2 | 10.5(22) 5.7(22) 4.9(24) 4.7(36)
3x3 [16.4(39) 9.3(39) 8.3(43) 8.5(50)
4x4 | 22.3(50) 12.7(51) 11.6(57) 11.6(66)
5x5 | 32.4(51) 18.3(51) 16.7(54) 17.0(97)

Table7: Scalabilitystudywith fixedblock size(Momentumequation)

3.4 Orthogonalization methods

In this sectionwe compareparallelperformancesf themodifiedGram-Schmid{MGS), House-
holder(HH), andreorthogonalizedlassicalGram-Schmid{RCGS)processesnaNOW andon
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blocks] GMR6 GMR2 GMR1 RILU(0.95)
2x2 | 42(20) 2.7(23) 2.8(20)  2.6(37)
3x3 | 8.6(27) 6.3(27) 6.5(28) 6.0(62)
4x 4 | 12.8(36) 10.3(36) 10.2(37)  8.9(90)
5x5 | 19.5(62) 19.0(76) 21.3(91) 14.5(116)

Table8: Scalabilitystudywith fixedblock size(Pressur@quation)

a Cray T3E. First we comparethesemethoddor anartificial testproblem. Thereaftemwe make
acomparisorfor the Boussinesgproblem.

In our first experimentthe wall-clock timesin the orthogonalizatiorpartaremeasuredvhen60
GCRiterationsareperformed.In Figurel the parameters

__orthog.time MGS

orthog.time MGS
Frn = and frces= J

orthog.time HH orthog.time RCGS

areplottedasfunctionsof n. In eachsubdomairann x n grid is used. The numberof subdo-
mainsis equalto the numberof processorsOn the workstationcluster(HH) and(RCGS)are

only advantageousvhenthe numberof unknownsis lessthan 3600 on 4 processorandless
than64000n 9 processorsOn the Cray T3E, the numberof unknonvns per processoshouldbe

fewer than1000for 9 or even 25 processorsFor larger problemsthe smalleramountof work

involvedin modified Gram-Schmidbrthogonalizatioroutweighsthe increaseccommunication
cost. Furthermorewe obsenre that RCGSis someavhat more efficient than HH. Thereforewe

have notimplementedhe Householdeorthogonalizationn our Navier-Stokessolver.

Finally we reportthetotal wall-clock time spentsolving the linear systemsoriginatingfrom the
two-dimensionaBoussinesdlow problem.We considerthe casefor which orthogonalizations
mostlikely to be afactor, i.e. relatively smallblocksapproximatedy the RILU preconditioner
Sincetheapproximatelock solver is cheapein this case thecommunicatiorcostsweighmore
heavily.

Table9 comparegimesobtainedon the Cray T3E. We seethatthe orthogonalizatiortime is re-
ally nggligible on the Cray, sothatneitherof the stratgies(MGS/RCGS)providesa significant
advantage.

Table 10 presentsanalogousesultson the NOW. For the 4-block decompositionthe worksta-
tionsweredirectly connectedy Ethernetwhereador the 9-blockdecompositionthe worksta-
tionswerelocatedat differentpointson the local network,suchthatsomemessagebadto pass
throughrouters.Due to the relatively low communicatiorbandwidthof the Ethernetthe inner
productcommunicationdbecomeanexpensve partof the computationanda goodspeedupan
beachieved by usingreorthogonalizedlassicalGram-Schmidt.
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Figure 1. Measuredspeedupwith Householde(HH) orthogonalizatiorand reorthogonalized
classicalGram-Schmid{RCGS)with respecto modifiedGram-Schmid{MGS)

4 Conclusions

In this paperwe have presentegbarallelperformanceesultsfor a block Gauss-Seidgirecondi-
tionedGCR methodfor the Navier-Stokesequations We summarizeheseresultsin the follow-
ing remarks:

e Theblock Gauss-Seidgbreconditioneiis perfectly parallelandgivesbetterperformance
thanasimplediagonalscalingwhichis alsoperfectlyparallel.

e Thecorvergenceratedegradessubstantiallyasthe numberof blocksis increasedrom 1,
but lessappreciablythereafterCurrentresearclinto usingoverlapor multilevel techniques
promisego improve this behaior.

¢ It is sometimesdwantageou$o usethereorthogonalizedlassicalGram-Schmidprocess
on workstationclusters,particularly when the numberof workstationsis large and the
networkis slow.
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MGS RCGS
blocks| Momentum Pressure Momentum Pressure
2x2 4.7 2.6 4.7 2.6
3x3 8.5 6.0 8.5 55
4x4 11.6 8.9 11.7 8.4

Table 9: Comparisorof computationtimeson a Cray T3E usingMGS andRCGSorthogonal-
izationprocessef?4 x 24 subgridresolution,RILU subdomairapproximation)

MGS RCGS
blocks| Momentum Pressure Momentum Pressure
2x2 38.6 36.5 23.3 17.0
3x3 563 799 164 236

Table10: Comparisorof computatiortimesonaNOW usingMGS andRCGSorthogonalization
processef?4 x 24 subgridresolution,RILU subdomairapproximation)

¢ Parallelizationof a multi-block problemleadsto good speedupshowever usingdomain
decompositioronly for exploiting a parallelmachineleadsto a modestdecreas®f wall-
clocktime.
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