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A parallel block-preconditioned GCR method for
incompressible flow problems

C. Vuik
�

J.Frank
� † A. Segal

�
Abstract

Solutionof largelinearsystemsencounteredin computationalfluid dynamicsoftennat-
urally leadsto someform of domaindecomposition,especiallywhen it is desiredto use
parallelmachines.It hasbeenproposedto useapproximatesolversto obtainfastbut rough
solutionson theseparatesubdomains.In this paperapproximatesolutionsvia an innerpre-
conditionedGMRES iteration to fixed toleranceand incompletefactorization(RILU, re-
strictedto thediagonal)areconsidered.Numericalexperimentsfor aBoussinesqflow prob-
lem areincludedwhichshow speedupsobtainedon a clusterof workstationsaswell ason a
distributedmemoryparallelcomputer. Additionally, theparallelimplementationof GCRis
addressed,with particularfocuson communicationcostsassociatedwith orthogonalization
processes.It appearsthatthereorthogonalizedclassicalGram-Schmidtprocesshasfavorable
propertieswith respectto roundingerrorsandefficiency.

Keywords: Domaindecomposition;approximatesubdomainsolution;parallelKrylov subspace
methods;orthogonalizationmethods;incompressibleNavier-Stokes

1 Introduction

Efficient parallelalgorithmsarerequiredto simulateincompressibleturbulentflows in complex
two- andthree-dimensionaldomains.WeconsidertheincompressibleNavier-Stokesequations:

∂u
∂t
� 1

Re
∆u

�
u∇ � u � ∇p � f �

∇ � u � 0 ��
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whereRe is theReynoldsnumber. Theseequationsarediscretizedon a structuredgrid. For a
flow ona generaldomainwe useanunstructureddecompositionof thedomaininto subdomains
of simplershape,with a structuredgrid insideeachsubdomain.We have developeda parallel
block-preconditionedGCRmethodto solve theresultingsystemsof linearequations.

For thespatialdiscretizationof theNavier-Stokesequations,a finite volumemethodemploying
a staggeredgrid is used.Thenormalvelocitiesarelocatedat thecentersof thefacesof thecells
andtheotherscalarunknowns(pressure,temperatureetc.) arelocatedin thecenterof thecells
(for detailssee[22, 35,3, 34]). Thestaggeredgrid is usedto avoid pressureoscillations.

For thetime discretization,backwardEuler is used.With Vn andPn representingthealgebraic
vectorsof velocityandpressureunknownsat time tn, respectively, we get

Vn	 1 � Vn

∆t
� M 
 Vn � Vn 	 1 � GPn	 1 � (1)

DVn	 1 � 0 � (2)

where(1) representsthediscretizedmomentumequationand(2) representsthediscretizedin-
compressibilitycondition.ThematrixM is thelinearizedspatialdiscretizationof theconvection
andstressin the Navier-Stokesequations,G is the discretizedgradientoperator, andD is the
discretizeddivergenceoperator. To solve (1) and(2) with thetime-accuratepressurecorrection
method[27], theseequationsareapproximatedby:
Prediction

V � � Vn

∆t
� M 
 Vn � V � � GPn (3)

and

Vn 	 1 � Vn

∆t
� M 
 Vn � V � � GPn	 1 � (4)

DVn	 1 � 0 
 (5)

Subtractionof (3) from (4) gives

Vn 	 1 � V �
∆t

� � G 
 Pn	 1 � Pn � 
 (6)

Taking thediscretizeddivergenceof both sidesof (6) andusing(5) resultsin thepressurecor-
rectionequation:
Projection

DG∆P � DV �
∆t

� (7)
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where∆P � Pn	 1 � Pn. After the pressurecorrection∆P hasbeencomputedfrom (7), it is
substitutedinto (6), which leadsto:
Correction

Vn 	 1 � V � � ∆tG∆P
 (8)

In summary, thepressurecorrectionmethodconsistsof threesteps:(i) computationof V � from
(3), (ii) computationof ∆P from (7) andcomputationof Vn	 1 from (8). Thelinearsystemsare
solvedby a Krylov subspacemethodwith anILU [30, 31] or amultigrid [38] preconditioner.

Domaindecompositionis used:(1) asameansof dealingwith geometriccomplexity, (2) to deal
with problemsso large asto exceedworkstationmemoryresources,or (3) asa sourceof par-
allelism. Concerning(1) and(2) thespeedupobtainedby parallelizationof themethodmaybe
verysignificant,sincethedomaindecompositionmethodis usedevenin theserialcomputation.
On theotherhandif exploitationof parallelcomputingresourcesis itself the reasonfor imple-
mentingdomaindecomposition,theresultsmaybelesspleasing,see[28]. A goodspeedupmay
be achievedby a constantoverlapin physicalspace[7, 24, 36] and/ora coarsegrid correction
[20].

Thedomaindecompositionmethodconsideredin thispaperhasthefollowing features:� non-overlapping[10, 6, 37],� approximatesubdomainsolution[5, 6],� acceleratedby GCR[11, 26].

Theoreticalresultson approximatesolutionof subdomainproblemsfor Schurcomplementdo-
maindecompositionmethodsaregivenby Haase,LangerandMeyer [16, 17].

Ourmethodcanbesmoothlyvariedbetweenacoarsegrainparallelmethodwhenthesubdomain
problemsaresolved accurately[4], to a fine grain parallelmethodwhenonly onesubdomain
iteration is donein every domaindecompositioniteration (compare[32]). The otherpartsof
theaccelerateddomaindecompositionalgorithmarevectorupdates,matrixvectorproducts,and
innerproducts.For a matrix vectorproductonly nearestneighborcommunicationsarerequired
which is efficient on mostparallelcomputers.Innerproducts,on theotherhand,requireglobal
communications;therefore,thefocushasbeenonreducingthenumberof innerproducts[12, 23],
overlappinginnerproductcommunicationswith computation[9], or increasingthenumberof in-
nerproductsthatcanbecomputedwith a singlecommunication[2, 21].

In thispaperweinvestigatethespeedupfor anonoverlapping,one-leveladditiveSchwarzmethod
with inaccuratesubdomainsolutionappliedto flow problems.Theimplementationof themethod
is basedonMPI subroutines[14]. Thedetailsof our domaindecompositionalgorithmaregiven
in Section2.1. The GCR methodis summarizedin Section2.2, whereasvariousorthogonal-
ization methodsarediscussedin Section2.3. Speedupresultsarepresentedin Section3. The
timings weremadeon a networkof workstations(NOW) anda Cray T3E. This researchis a
continuationof work publishedin [13].
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2 The block-preconditioned GCR method

Westartwith adetaileddescriptionof our iterativedomaindecompositionmethod.To accelerate
its convergencea Krylov subspacemethod(GCR) is used.Finally we summarizesomeresults
aboutparallelorthogonalizationmethods,whichareusedin GCR.

2.1 The block Gauss-Jacobi preconditioner

Thepressurecorrectionalgorithm,(3)-(8),is usedfor thesolutionof theNavier-Stokesequations
on the global domainΩ. Let the domainbe the union of N nonoverlappingsubdomainsΩm,
m � 1 ��
�
�
�� N. Theequations(3) and(7) aresolvedusingdomaindecomposition.Thecorrection
of V � is independentlycarriedout in all blocks.In our implementationthenormalcomponentof
thevelocity hastwo valueson eachinterface.To makeits valueuniquethenormalcomponent
is sentto neighboringblockswith a highernumberandcopied. In this paper, we assumethat
the subdomainsintersectregularly, i.e. the grid lines are continuousacrossblock-interfaces.
For thedescriptionof thedomaindecompositionalgorithmwe startfrom a discretizationof the
momentumandpressureequationson theglobalgrid.

Both themomentumequation(3) andthepressureequation(7) canbewritten as

Av � f � (9)

with eitherA � S
 Vn � Pn � : � I
∆t
� M 
 Vn � Pn � andv � V � , for themomentumequationor A � DG

andv � ∆P, for the pressureequation. If we decomposeA into blockssuchthat eachblock
correspondsto all unknownsin asinglesubdomain,with asmallmodificationfor themomentum
equation(seefurtheron), thenwe gettheblock system��� A11 
�
�
 A1N

...
. . .

...
AN1 
�
�
 ANN

���� ��� x1
...

xN

���� � ��� b1
...

bN

���� 
 (10)

In thissystem,oneobservesthatthediagonalblocksAmmexpresscouplingamongtheunknowns
definedon a commonsubdomain(Ωm), whereastheoff-diagonalblocksAmn, m �� n represent
couplingacrosssubdomainboundaries.Theonly nonzerooff-diagonalblocksarethosecorre-
spondingto neighboringsubdomains.

Theunaccelerateddomaindecompositioniterationfor Equation(9) is of thefollowing form

vm	 1 � vm � K  1 
 f � Avm � 
 (11)

For theblockGauss-JacobithemethodmatrixK is definedas

K � ��� A11
. . .

ANN

� �� 
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When(11) is used,systemsof the form Kv � r have to be solved. Sincethereis no overlap
the diagonalblocksAmmvm � rm, m � 1 ��
�
�
�� N canbe solved in parallel. In our methodthese
systemsaresolvedby aniterative method.An importantpoint is therequiredtoleranceof these
inneriterations(see[5, 13]). Sincethenumberof inneriterationsmayvary from onesubdomain
to another, andin eachouteriteration,theeffectiveoperatorK̂  1 is nonlinearandvariesin each
outeriteration.

Our choiceof approximatesolutionmethodsis motivatedby theresultsobtainedin [5]. In that
paper, GMRESwasusedasto approximatelysolve subdomainproblemsto within fixed toler-
ancesof 10 4, 10 3, 10 2 and10 1. Additionally, a blockwiseapplicationof the RILU(D)
preconditionerhasbeenused[31].

We cannotapply theabove describedblock Gauss-Jacobialgorithmdirectly to the momentum
matrix Sbecausethenormalvelocity componentsat theblock interfacesbelongto two blocks.
First we augmentthe matrix S in the following way. For thesakeof argument,considera de-
compositioninto two blocks (N � 2). Supposethe velocity unknowns are divided into three
sets:� Thefirst setconsistsof velocitiesbelongingto Block 1, excludingthenormalvelocitiesat

theblock interface.� Thesecondsetconsistsof thenormalvelocitiesat theinterface.� Thethird setconsistsof velocitiesbelongingto Block 2, excluding thenormalvelocities
at theblock interface

With respectto thesesetsof unknowns,thematrixS
 Vn � Pn � hastheblock form

S
 Vn � Pn � � �� S11 S12 S13

S21 S22 S23

S31 S32 S33

�� 
 (12)

Thesystemof equationsS
 Vn � Pn � V �!� f canbetransformedto theequivalentsystem

S̄
 Vn � Pn � V̄ � � ���� S11 S12 0 S13

S21 S22 0 S23
S21 0 S22 S23
S31 0 S32 S33

� ��� ���� V̄ �1V̄ �2
V̄ "#�2
V̄ �3

� ��� � ���� f1f2f2
f3

� ��� (13)

The solutionof Equation(13) alwayssatisfiesV̄ �2 � V̄ " �2 if S22 is invertible (see[25]) andthus,
Equation(13) is equivalent to the original systemof equationsS
 Vn � Pn � V � � f . In view of
Equation(10) wehave

A11 �%$ S11 S12
S21 S22& andA22 �%$ S22 S23

S32 S33& � (14)

sothatthedomaindecompositionfor themomentumequationhasbeendescribed.
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2.2 The GCR method

TheblockGauss-Seidelmethoddescribedin Section2.1canbeacceleratedbyaKrylov subspace
method.In sucha methodwe chooseK  1 aspreconditioner. Due to our approximatesolution
of the subdomainproblemsthe effective preconditioneris nonlinearandvariesin eachouter
iteration. GCR [11, 26] is a Krylov methodwhich canbe usedwith a variablepreconditioner.
TheGCRmethodcanberestartedor truncatedwhenthenumberof outeriterationsexceedsthe
boundntrunc. In practicetruncatedGCRconvergesfasterthanrestartedGCR.If thenumberof
outeriterationsis lessthanntrunc anoptimizedversionof theGCRmethodis used[29].

Algorithm: GCR
Given: initial guessx0
r0 � b � Ax0

for k � 1 ��
�
�
'� convergence
SolveKṽ � rk  1 (approximately)
q̃ � Aṽ(
qk � vk ) � orthonorm 
 q̃ � ṽ � qi � vi � i * k �

γ � qT
k rk  1

Update:xk � xk  1
� γvk

Update:rk � rk  1 � γqk

end

Thevectorsqk andvk aredistributedover theprocessorsin thesameway asthesolutionvector
xk. All vectorsqi � vi � i + k arestoredin memory. The functionorthonorm() takesinput vectors
q̃ andṽ, orthogonalizes̃q with respectto theqi , i * k, andreturnsthemodifiedvectorsqk such
that , qk , 2 � 1. In orderto preserve therelationq̃ � Aṽ equivalentoperationsaredonewith ṽ.

Theprimarychallengesto parallelizationof GCRareparallelizationof thepreconditioningand
parallel computationof the inner products. Inner productsrequireglobal communicationand
thereforedo not scale.Much of theliteratureon parallelKrylov subspacemethodsandparallel
orthogonalizationmethodsis focusedon orthogonalizinga numberof vectorssimultaneously.
However, this is not possibleusing a preconditionerwhich variesin eachiteration. For this
reason,we needa methodfor orthogonalizingonenew vectoragainstan orthonormalbasisof
vectors.

2.3 Orthogonalization methods

ThemodifiedGram-Schmidtmethodsuffersfrom thefact thatthenumberof innerproductsin-
creasesproportionallyto theiterationnumberandtheseinnerproductsmustbecomputedusing
successive communications.This is not thecaseif oneusestheclassicalGram-Schmidtmethod.
In this algorithmall necessaryinner productscanbe computedwith a singleglobal communi-
cation. Unfortunately, theclassicalGram-Schmidtmethodis unstablewith respectto rounding
errors,so this methodis rarelyused.On theotherhand,Hoffmann[18] givesexperimentalev-
idenceindicating that a two-fold applicationof the classicalGram-Schmidtmethodis stable.
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Anothermethodwhichhasbeensuggestedis theparallelimplementationof Householdertrans-
formations,introducedby Walker [33]. Below we reformulatethis methodfor GCR (seealso
[13]).

In theHouseholderorthogonalizationwe usethenotionak to representthekth columnof a ma-
trix A anda - i . to representthe ith componentof a vectora. Let a matrix A /10 n 2 m, m + n with
linearly independentcolumnsbefactoredasQZ, whereQ is orthogonalandZ is uppertriangular.
Thenthekth columnof A is givenby ak � Qzk andthecolumnsof Q form anorthonormalbasis
for thespanof thecolumnsof A.

We constructQ as the productof a seriesof Householderreflections,Q � P1 ����� Pm, usedto

transformA into Z. The matricesPi � I � 2wiwT
i

wT
i wi

, with w - j .i � 0 for j * i have the property:

Pi 
 Pi  1 ����� P1
� ai � zi .

Supposeonehasalreadyproducedk orthogonalbasisvectors.To computewk 	 1 onemustfirst
applythepreviousreflectionstoak 	 1 asdescribedin [33]: ã � Pk ����� P1ak 	 1 �3
 I � 2WkL  1

k WT
k
� ak 	 1,

whereWk is thematrix whosecolumnsarew1 ��
�
�
4� wk, andwhere

Lk � ����� 1
2wT

2 w1 1
...

...
2wT

k w1 
�
�
 2wT
k wk  1 1

� ���� 

Noteespeciallythat in the 
 k � 1 � th iterationonemustcomputethe lastrow of Lk, which is the
vector 
 2wT

k Wk  1 � 1 � , aswell asthevectorWT
k ak 	 1. This requires2k � 1 innerproducts,but they

mayall becomputedusingonly a singleglobalcommunication.

Let â be the vector obtainedby settingthe first k elementsof ã to zero. The vector wk 	 1 is
chosenas: wk 	 1 � â

�
sign 
 â - k 	 1. � , â , 2ek 	 1. In practice,the vectorswk are normalizedto

lengthone. The lengthof wk 	 1 canbe expressedas , wk 	 1 , 2 �65 2α2 � 2αâ - k 	 1. whereα �
sign 
 â - k 	 1 . � , â , 2. The 
 k � 1 � th columnof Q is thenew orthonormalbasisvector:

qk 	 1 � 1
α 7 ak 	 1 � k

∑
i 8 1

ã - i . qi 9 

Within theGCRalgorithm,thesamelinearcombinationmustbeappliedto thevi to obtainvk 	 1.

In Table1 we summarizetheround-off propertiesandtheamountof work andcommunication
for thefollowing orthogonalizationmethods(for detailssee[13]):� ClassicalGram-Schmidt(CGS)� ReorthogonalizedClassicalGram-Schmidt(RCGS)� ModifiedGram-Schmidt(MGS)
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� Householder(HH)

Comparingthe costswe expect that the wall-clock time for RCGSand HH are comparable.
Whencommunicationis slow (largelatency) with respectto computationoneexpectsthatthese

round-off daxpy ddot communications
CGS bad 2k k 1
MGS good 2k k k
RCGS good 3k 2k 2
HH good 3k 2k 3

Table1: Propertiesof thevariousorthogonalizationmethods

methodsarefasterthanMGS, with of coursea preferencefor RCGS.OtherwiseMGS maybe
thefastestmethodbecauseMGSneedsfewerfloatingpoint operations.

3 Numerical experiments

In this sectionwe illustratetheparallelperformanceof theblock Gauss-Jacobipreconditioned
GCRmethodwhenimplementedwithin theNavier-StokessoftwareDeFT[34]. Numericalex-
perimentswereperformedon a networkof workstations(NOW) consistingof Hewlett-Packard
700-seriesmachinesconnectedby a 10Mb EthernetandonaCrayT3E.

Thetestproblemconsideredwasa two-dimensionalBoussinesqflow [8] on 
 0 � 1 �;: 
 0 � 1 � . The
governingequationsaregivenby

∂u
∂t
� 1

Re
∆u

�
u∇ � u � ∇p � g

Gr

R2
e
T � (15)

∇ � u � 0 � (16)

dT
dt

� 1
RePr

∆T
�

u � ∇T � 0 � (17)

with g �<
 0 � � 1 � andboundaryconditionsu 
 0 � y � � u 
 1 � y� � u 
 x � 0 � � u 
 x � 1 � � 0, T 
 0 � y � � 1 �
T 
 1 � y � � 0 � and∂T = ∂y 
 x � 0 � � ∂T = ∂y 
 x � 1 � � 0. The Reynolds,PrandtlandGrashofnumbers
weretakento beRe � 1, Pr � 0 
 71(air) andGr � 1500,respectively. Thesimulationwascarried
out for 10 timestepsof size∆t � 0 
 05 to diffusethe influenceof start-uplatencies.It is known
that due to the temperaturedifferencea circulating flow arises,with the numberof vortices
dependingon theGrashofnumber. This recirculationmakesthe momentumequation(15) and
heattransportequation(17) relatively difficult to solve. Sincethe domainis rectangular, it is
easilydecomposedinto variousblockconfigurations.
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In the inner iterationprocess,blocksweresolved to varying accuraciesusingGMRESwith a
restartof 40, preconditionedwith the relaxed incompletefactorization,RILU(α), of [1] using
a relaxationparameterα � 0 
 975 for the pressurecorrectionequation(7) and α � 1 for the
momentumandtransportequations.In theextremecase,we performno GMRESiterationsand
useonly theRILU preconditioneron theblocks. For theouteriterations,GCRwasusedwith a
Krylov subspaceof dimension25 andemployingtheJacksonandRobinsontruncationstrategy
[19, 29].

The timings listed in this sectionarewall-clock timesobtainedwith MPI timing routines,and
indicatethetimespentin thelinearsolverpartof thecode.In particular, they donotincludetime
requiredto constructthematrices.

In all of our tests,we observed very similar behavior for the transportequation(17) asfor the
pressureequation(7), sowe will neglectthediscussionof thetransportequationin theensuing.

3.1 Comparison with diagonal scaling

As a basisfor comparisonof the effectivenessof the block preconditioner, we ran a few tests
usinga simplediagonalscaling(Gauss-Jacobi)preconditioner. This preconditioneris very pop-
ular in a parallelcomputingenvironment. Table2 giveswall-clock timesand iterationcounts
usingbothpreconditioners.Thetableindicatesthatthenumberof iterationsrequiredfor conver-
gencewith diagonalpreconditioningis quitelargeandincreasesdrasticallyasthegrid is refined.
Furthermorethe block Gauss-Jacobipreconditionerneedsmuch lesswall-clock time than the
Gauss-Jacobipreconditioner.

Gauss-Jacobi blockGauss-Jacobi
blocks subgrid Momentum Pressure Momentum Pressure
2 : 2 24 : 24 13.8(119) 9.0(144) 4.8(39) 2.6(38)

60 : 60 159(301) 101(390) 62.6(91) 21.2(69)
3 : 3 24 : 24 25.2(180) 19.7(226) 8.7(60) 6.1(64)

Table2: Wall-clock time anditerationcountsgivenin parenthesesfor a Gauss-Jacobiandblock
Gauss-Jacobipreconditioning

3.2 Comparison with serial block-preconditioner

To measurethecostof parallelization,wecomparetheparallelandsequentialcomputationtimes
usingtheblockGauss-Jacobipreconditioners.Tables3 and4 give thespeedupfactorsonaCray
T3Efor themomentumandpressureequations,respectively, usingtheapproximatesolversor the
RILU preconditioneron theblocks.Thesubdomainapproximationswill bedenotedasfollows:� GMR6 = restartedGMRESwith a toleranceof 10 6,� GMR2 = restartedGMRESwith a toleranceof 10 2,
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� GMR1 = restartedGMRESwith a toleranceof 10 1,� RILU = oneapplicationof anRILU preconditioner.

The trendsare as expected: when the blocks are solved very accurately, the relative cost of
communicationto computationis low, giving a high speedupin parallel; whereasfor the less
accurateapproximations,thecommunicationsarerelativelymoreexpensive,andalowerspeedup
is observed. In general,the parallelefficiency is quite high for a small numberof blocksbut
decreasesas the numberof blocks is increased.The speedupsare higher for the momentum
equationthanfor thepressureequation.

blocks GMR6 GMR2 GMR1 RILU(1)
4 3.7 3.6 3.6 3.4
9 8.1 7.5 7.4 7.0

16 14.0 12.9 12.6 12.2
25 18.4 17.1 16.6 16.4

Table3: Attainedspeedupsover sequentialimplementation(Momentumequation,24 : 24 sub-
grid resolution)

blocks GMR6 GMR2 GMR1 RILU(0.95)
4 3.2 3.0 2.9 2.6
9 6.4 5.9 5.4 5.0

16 10.5 9.3 9.2 9.3
25 14.2 9.9 9.6 12.1

Table4: Attainedspeedupsover sequentialimplementation(Pressureequation,24 : 24 subgrid
resolution)

3.3 Scalability comparison

3.3.1 Fixed problem size

In thissectionwecomparetheparallelcomputationtimesfor afixedproblemsizeona120 : 120
grid. Thegrid is decomposedinto 2 : 2 � 3 : 3 � 4 : 4 and5 : 5 subdomains.Tables5 and6 give
timing resultsfor themomentumandpressureequations.Thenumberof outeriterationsrequired
in thefinal timestepis givenin parentheses.

Thesingleblock solutiontimesarelisted in eachtablefor reference.Thenumberof necessary
outeriterationsincreasesseverely in the multiblock caseascomparedto the singleblock case
of only oneiteration. This initial lossof convergenceratecanonly beoffset in thecaseof the
momentumequationby usingvery roughapproximationson the blocksandmany processors.
For thepressureequation,somespeedupcanalreadybeobtainedwith only 4 blocks.
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Singleblock solutiontime= 21.4(1)
blocks GMR6 GMR2 GMR1 RILU(1)

2 : 2 200.(36) 72.7(38) 56.1(58) 62.1(78)
3 : 3 74.4(50) 34.9(52) 28.7(62) 30.8(77)
4 : 4 42.4(56) 22.9(39) 20.2(69) 19.3(80)
5 : 5 32.4(51) 18.3(51) 16.7(54) 17.0(97)

Table5: Scalabilitystudyon120 : 120grid (Momentumequation)

Singleblock solutiontime= 30.8(1)
blocks GMR6 GMR2 GMR1 RILU(0.95)
2 : 2 71.5(29) 40.4(29) 44.1(30) 20.5(66)
3 : 3 35.9(33) 22.8(33) 23.7(34) 15.8(87)
4 : 4 22.9(39) 21.3(65) 17.5(40) 13.0(103)
5 : 5 19.5(62) 19.0(76) 21.3(91) 14.5(116)

Table6: Scalabilitystudyon120 : 120grid (Pressureequation)

3.3.2 Fixed subdomain size

It is often arguedthat a bettermeasureof the effectivenessof a parallelalgorithmis obtained
by fixing the per-processorproblemsize while increasingthe numberof processors[15]. In
this sectionwe thereforefix the subdomaingrid at 24 : 24, andthe domaindecompositionis
increasedfrom a single block to a 5 : 5 block decomposition. In tables7 and 8 we list the
wall-clocktimesfor themomentumandpressureequations,respectively. For perfectscaling,the
wall-clock time would beconstant,independentof thenumberof blocks. Givenin parentheses
arethenumberof outeriterationsrequiredin thefinal timestep.Forafixedblocksizeweobserve
for themomentumequationthat thecomputationtime scalesroughly asthesquareroot of the
numberof blocks. For thepressureequationthescalingis somewhatpoorer, especiallyfor the
5 : 5 block decomposition.For bothequationsthereis a large increasein thenumberof outer
iterations.

blocks GMR6 GMR2 GMR1 RILU(1)
2 : 2 10.5(22) 5.7(22) 4.9(24) 4.7(36)
3 : 3 16.4(39) 9.3(39) 8.3(43) 8.5(50)
4 : 4 22.3(50) 12.7(51) 11.6(57) 11.6(66)
5 : 5 32.4(51) 18.3(51) 16.7(54) 17.0(97)

Table7: Scalabilitystudywith fixedblocksize(Momentumequation)

3.4 Orthogonalization methods

In thissectionwecompareparallelperformancesof themodifiedGram-Schmidt(MGS),House-
holder(HH), andreorthogonalizedclassicalGram-Schmidt(RCGS)processesonaNOW andon
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blocks GMR6 GMR2 GMR1 RILU(0.95)
2 : 2 4.2(20) 2.7(23) 2.8(20) 2.6(37)
3 : 3 8.6(27) 6.3(27) 6.5(28) 6.0(62)
4 : 4 12.8(36) 10.3(36) 10.2(37) 8.9(90)
5 : 5 19.5(62) 19.0(76) 21.3(91) 14.5(116)

Table8: Scalabilitystudywith fixedblocksize(Pressureequation)

a CrayT3E.First we comparethesemethodsfor anartificial testproblem.Thereafterwe make
a comparisonfor theBoussinesqproblem.

In our first experimentthewall-clock timesin theorthogonalizationpartaremeasuredwhen60
GCRiterationsareperformed.In Figure1 theparameters>

HH � orthog.timeMGS
orthog.timeHH

and
>

RCGS � orthog.timeMGS
orthog.timeRCGS

areplottedasfunctionsof n. In eachsubdomainan n : n grid is used.The numberof subdo-
mainsis equalto the numberof processors.On the workstationcluster(HH) and(RCGS)are
only advantageouswhenthe numberof unknowns is lessthan 3600on 4 processorsand less
than6400on 9 processors.On theCrayT3E, thenumberof unknownsperprocessorshouldbe
fewer than1000for 9 or even25 processors.For largerproblemsthe smalleramountof work
involved in modifiedGram-Schmidtorthogonalizationoutweighsthe increasedcommunication
cost. Furthermorewe observe that RCGSis somewhat moreefficient thanHH. Thereforewe
have not implementedtheHouseholderorthogonalizationin our Navier-Stokessolver.

Finally we reportthetotal wall-clock time spentsolvingthelinearsystemsoriginatingfrom the
two-dimensionalBoussinesqflow problem.We considerthecasefor whichorthogonalizationis
mostlikely to bea factor, i.e. relatively smallblocksapproximatedby theRILU preconditioner.
Sincetheapproximateblocksolver is cheaperin thiscase,thecommunicationcostsweighmore
heavily.

Table9 comparestimesobtainedon theCrayT3E.We seethattheorthogonalizationtime is re-
ally negligible on theCray, sothatneitherof thestrategies(MGS/RCGS)providesa significant
advantage.

Table10 presentsanalogousresultson the NOW. For the4-block decomposition,the worksta-
tionsweredirectly connectedby Ethernet,whereasfor the9-blockdecomposition,theworksta-
tionswerelocatedat differentpointson thelocal network,suchthatsomemessageshadto pass
throughrouters.Due to the relatively low communicationbandwidthof theEthernet,the inner
productcommunicationsbecomeanexpensive partof thecomputation,anda goodspeedupcan
beachievedby usingreorthogonalizedclassicalGram-Schmidt.
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Figure 1: Measuredspeedupwith Householder(HH) orthogonalizationand reorthogonalized
classicalGram-Schmidt(RCGS)with respectto modifiedGram-Schmidt(MGS)

4 Conclusions

In this paperwe have presentedparallelperformanceresultsfor a block Gauss-Seidelprecondi-
tionedGCRmethodfor theNavier-Stokesequations.Wesummarizetheseresultsin thefollow-
ing remarks:� Theblock Gauss-Seidelpreconditioneris perfectlyparallelandgivesbetterperformance

thana simplediagonalscalingwhich is alsoperfectlyparallel.� Theconvergenceratedegradessubstantiallyasthenumberof blocksis increasedfrom 1,
but lessappreciablythereafter. Currentresearchintousingoverlapormultilevel techniques
promisesto improve this behavior.� It is sometimesadvantageousto usethereorthogonalizedclassicalGram-Schmidtprocess
on workstationclusters,particularly when the numberof workstationsis large and the
networkis slow.
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MGS RCGS
blocks Momentum Pressure Momentum Pressure

2 : 2 4.7 2.6 4.7 2.6
3 : 3 8.5 6.0 8.5 5.5
4 : 4 11.6 8.9 11.7 8.4

Table9: Comparisonof computationtimeson a CrayT3E usingMGS andRCGSorthogonal-
izationprocesses(24 : 24subgridresolution,RILU subdomainapproximation)

MGS RCGS
blocks Momentum Pressure Momentum Pressure

2 : 2 38.6 36.5 23.3 17.0
3 : 3 563 799 164 236

Table10: Comparisonof computationtimesonaNOW usingMGSandRCGSorthogonalization
processes(24 : 24subgridresolution,RILU subdomainapproximation)� Parallelizationof a multi-block problemleadsto goodspeedups,however usingdomain

decompositiononly for exploiting a parallelmachineleadsto a modestdecreaseof wall-
clock time.
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