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Abstract

A recursive network is said to be with complete connection if its subnetworks are connected
as a complete graph. In this paper, a general broadcasting scheme is proposed for recursive
networks with complete connection. The scheme is simple, efficient, and easy to be imple-
mented. Besides, there is no redundant message generated. Broadcasting algorithms for the
hypercomplete, hypernet, WK-recursive, and star networks can result from this scheme. No
broadcasting algorithm for the hypernet networks was proposed before. © 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction

Advances in technology, especially the advent of VLSI circuit technology, have
made it possible to build a large parallel and distributed system involving hundreds
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or even thousands of processors. For example, the connection machine [9] contains
as many as 2'® processors. In the design and implementation of a parallel and dis-
tributed system, one of the most fundamental issues is how to determine the inter-
connection network (network for short) through which the processors can
communicate efficiently. There were many networks (see [2,10]) proposed for this
purpose. Throughout this paper, network and graph, processor and node, and link
and edge are used, interchangeably.

A network whose topology can be defined recursively is referred to as a recursive
network. Hypercubes [20], Fibonacci cubes [11], star networks [1], arrangement
graphs [5], WK-recursive networks [17], hypercompletes [3], and hypernets [12] are
some examples. Recursive networks can be extended or decomposed in a recursive
manner, and they have some advantages. First, they are suitable to be manufactured
by VLSI technology, because they can be constructed by grouping basic building
blocks. Second, they have high fault-tolerant capability. For example, a fault-free
(n — 1)-dimensional star network can be determined from an n-dimensional star
network with up to n — 1 edge and/or node faults. Third, their recursive topologies
can help the derivation of useful properties and efficient algorithms (see [6]) and the
embedding of other recursive networks (see [7,14,19]).

The size of a recursive network is usually specified by its expansion level. Each
basic building block is assigned with level one. A recursive network of level i > 1 is
composed of subnetworks of level i — 1. More specifically, the node set of the former
can be partitioned into a number of subsets which each constitute a subnetwork of
level i — 1. Suppose that W is a recursive network of level n, and each subnetwork of
level i in W contains f; subnetworks of level i — 1, where 2 <i<n. W is said to be
with complete connection if the f; subnetworks of level i — 1 that constitute a sub-
network of level i are connected as a complete graph of f; supernode, where each
subnetwork of level i — 1 is viewed as a supernode. WK-recursive networks, hy-
percompletes, and hypernets, for example, are all recursive networks with complete
connection.

Undoubtedly, communication is one of the most important issues for networks
because communication time overweighs computation time in many situations.
There are several kinds of communications performed, e.g., one-to-one, one-
to-many, one-to-all, many-to-many, etc. Broadcasting, which belongs to one-to-all
communication, requires a node (i.e., the source node) to disseminate a message
to all of the other nodes. Many algorithms involve broadcasting as a basic op-
eration. For example, broadcasting has been used in a variety of linear algebra
algorithms, database queries algorithms, and transitive closure algorithms
(see [13]).

In an MIMD network, the processors operate asynchronously under the control
of their own control units. If too many messages are present in the network, the
performance degrades very quickly. Hence the amount of messages transmitted is
adopted as the major metric for evaluation with the consideration of preventing the
occurrence of congestion or even deadlock in the network. The maximum length of
the transmission paths is considered as the second metric. This metric represents the
number of transmission steps required if the all-port model [13] is adopted. The
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all-port model, which allows a processor to communicate on all its ports concur-
rently, seems reasonable, because the time required for data replication is negligible
when compared with the time required for data transmission. Another reason for
adopting this metric is due to fault tolerance. A shorter transmission path has a
lower probability of encountering a faulty processor or faulty link. Under the all-
port model, a broadcasting algorithm is optimal if N ( < D) is minimum, worst-case
optimal if N =D in the worst case, and asymptotically optimal if O(N) = O(D),
where N is the number of transmission steps required and D is the diameter. We
adopt the all-port model in the rest of this paper.

In this paper, a general broadcasting scheme for recursive networks with complete
connection is proposed. The scheme is simple, efficient, and easy to be implemented.
Besides, it generates no redundant message. Several examples are given to show the
effectiveness of the scheme.

2. The scheme

Suppose that W is a recursive network of level » with complete connection. We
show that by properly labeling the links of W, broadcasting on W can be per-
formed by a stack-based method. For simplicity, we assume that the underlying
graph of the basic building block is a complete graph. A link is labeled with i if it
connects two subnetworks of level i that belong to the same subnetwork of level
i+ 1, where 1<i<n—1. The links inside a basic building block are labeled
with 0.

The stack-based method requires a stack of length n to be transmitted along with
the message. During its execution, labels of the links are pushed (or popped) into (or
from) the stack. Initially, the source node sets the stack empty and disseminates the
message over all its incident links. When a node receives a copy of the message via a
link of label i (0 <i<n— 1), it performs the following operations:

1. pop the elements of the stack until the current top element is greater than i or the
stack is empty;

2. push i into the stack;

3. disseminate the message over those incident links whose labels do not appear in
the stack.

By the aid of the stack, each subnetwork of level i receives exactly one copy of the

message via a link of label k, where 1 <i <k < n. When a copy of the message enters

a subnetwork of level i via a link of label i, it will not be propagated out of the

subnetwork via a link of label i.

Lemma 1. Suppose that W is of level k + 1. Any transmission path in W that starts at
the source node contains at most one link of label k.

Proof. By the stack-based method, once a label k is pushed into the stack, it will stay
in the stack forever. Thus, it is impossible to transmit the message via another link of
label k henceforth. [
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Theorem 1. The stack-based method can disseminate exactly one copy of the message
to every node of W.

Proof. We prove this theorem by induction. Clearly, the theorem is true if W is of
level one. We thus assume that the theorem is true if W is of level £ > 1. When Wis
of level k + 1, W contains a number of node-disjoint subnetworks of level k. There is
a unique link (of label k) from the source subnetwork to each of the other subnet-
works, where the source subnetwork is the one which the source node belongs to. By
our assumption, every node of the source subnetwork can receive exactly one copy of
the message. By the stack-based method, a copy of the message will enter each of the
other subnetworks via a link of label k, and by Lemma 1, it will stay there forever.
Again, by our assumption, every node of these subnetworks can receive exactly one
copy of the message. [

The stack-based method has the following advantages. First, it is simple and easy
to be implemented in an asynchronous environment. Second, since no redundant
message is generated, minimum message complexity is achieved. Third, a sequence of
messages can be broadcast, in a pipeline fashion, with a maximum pipeline rate.
Since the stack can be implemented as a bit array of length n, only extra n bits are
required.

Although W was assumed to be with complete connection, the stack-based
method remains applicable even if the f; subnetworks of level i — 1 that constitute a
subnetwork of level i are connected as a 1-reachable graph with respect to the source
subnetwork. A graph G is called 1-reachable with respect to a node x € G if every
node of G can be reached from x by traversing at most one edge. We have assumed
that the underlying graph of the basic building block is a complete graph. When it is
not the case, the stack-based method needs a slight modification. Instead, a
broadcasting algorithm for the basic building block is needed. The stack-based
method, however, remains applicable outside the basic building block. Hence a
hybrid one that combines the stack-based method with the broadcasting algorithm
for the basic building block will result.

3. Examples and discussion

The WK-recursive networks, hypercompletes, and hypernets are three instances
of recursive networks with complete connection. Each basic building block of the
first two forms a complete graph. A broadcasting algorithm for the WK-recursive
networks first appeared in [18] which requires extra n x [log, d] bits to be trans-
mitted along with the message, where 7 is the number of levels and d is the maximum
node degree. Then, using the stack-based method, a simpler broadcasting algorithm
that requires only extra n + 1 bits was proposed in [6]. It was shown in [4] that the
broadcasting algorithm is optimal. On the other hand, a worst-case optimal
broadcasting algorithm for the hypercompletes that was designed using the stack-
based method was proposed in [3].
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There are three kinds of basic building blocks, i.e., buslet, treelet, and buslet, for
constructing the hypernets. A cubelet is basically a hypercube augmented with one
extra link (called external link in [12]) per node. The work of [12] was focused on
cubelet-based hypernets. In [4], a broadcasting algorithm for the cubelet-based hy-
pernets was proposed. The algorithm is a hybrid one that combines the stack-based
method with a broadcasting algorithm for the hypercube. The former was applied
outside the cubelets, and the latter was applied inside the cubelets. There is no re-
dundant message generated, and the number of transmission steps required is
bounded above by 2/7!(d + 1) — 1 (see [4]). The diameters of the cubelet-based hy-
pernets are still unknown, and an upper bound of 2/-!(d + 1) — 1 was suggested in
[12] for the cubelet-based hypernets of level / whose cubelets have d dimensions. No
other broadcasting algorithm for the hypernets was proposed before.

The three recursive networks above have a common characteristic: the complete
graphs we concerned are simple graphs. It is not always this case for other recursive
networks with complete connection. For example, in the star networks, the sub-
networks of level i — 1 that constitute a subnetwork of level i are connected as a
complete multigraph. A multigraph allows more than one link between two nodes
[8]. The execution of the stack-based method for the situation of multigraphs is al-
most the same as that for the situation of simple graphs except link labeling. Al-
though there are multiple links between two subnetworks of level i that belong to the
same subnetwork of level i + 1, at most one of them is labeled with i and the others
are not labeled. A deliberate labeling is thus very necessary in order to gain effi-
ciency.

Using the stack-based method associated with a proper labeling, a broadcasting
algorithm for the star networks was proposed in [4]. Besides no redundant mes-
sage generated, this algorithm requires 2n — 3 transmission steps if the star net-
work has n dimensions. Since the diameter of an n-dimensional star network is
[3(n—1)/2] (see [1]), the algorithm is asymptotically optimal. Previously, there
were two broadcasting algorithms (see [15,16]) proposed for the star networks
under the all-port model which require 2n — 3 [15] and 3(n — 1) [16] transmission
steps, respectively.

The stack-based method is flexible enough to be incorporated in other appli-
cations that require broadcasting. The computations at each node are simple and
the same for different source nodes. Besides, the computations are irrelevant to
network topologies. Broadcasting algorithms whose computations are source
node-independent and topology-independent are very suited for distributed envi-
ronments.
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