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Abstract

A restriction category is an abstract formulation for a category of partial maps, defined
in terms of certain specified idempotents called the restriction idempotents. All categories of
partial maps are restriction categories; conversely, a restriction category is a category of partial
maps if and only if the restriction idempotents split. Restriction categories facilitate reasoning
about partial maps as they have a purely algebraic formulation.

In this paper we consider colimits and limits in restriction categories. As the notion of
restriction category is not self-dual, we should not expect colimits and limits in restriction
categories to behave in the same manner. The notion of colimit in the restriction context is
quite straightforward, but limits are more delicate. The suitable notion of limit turns out to be
a kind of lax limit, satisfying certain extra properties.

Of particular interest is the behaviour of the coproduct both by itself and with respect to
partial products. We explore various conditions under which the coproducts are “extensive” in
the sense that the total category (of the related partial map category) becomes an extensive
category. When partial limits are present, they become ordinary limits in the total category.
Thus, when the coproducts are extensive we obtain as the total category a lextensive category.
This provides, in particular, a description of the extensive completion of a distributive category.

1 Introduction

In a category % with a suitable class .# of monomorphisms, one can define a category Par 4 (%),
of partial maps in ¥ whose domain of definition lies in .#. The resulting category has further
structure which determines, among other things, the extent of the partiality involved. This is
necessary as an abstract category can arise as a category of partial maps in more than one way.
For example, any category X can be regarded as the category of partial maps in X where the
class .# consists only of the isomorphisms (the “total subobjects”); thus if X = Par_, (%), we have
Par_ 4 (€) = Pars,(X).
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To describe this extra structure a variety of techniques have been employed. We recall below
four possible approaches to capturing this further structure, indicating how the “trivial case” where
A is just the isomorphisms can be identified.

A. Given partial maps f,g: A — B, we define f < g if ¢ is defined whenever f is, and they then
agree. This makes Par_, (%) into a bicategory, and is the approach taken by Carboni in [2]; it
is also closely related to Freyd’s notion of allegory [12]. The trivial case is characterized by the
fact that the partial order is discrete, in the sense that f < g only if f = g.

B. If the category % of total maps has finite products, then this induces a symmetric monoidal
structure on Par_, (%), given on objects by the product in %. The trivial case can be charac-
terized by the fact that this symmetric monoidal structure on the category of partial maps is in
fact cartesian (that is, given by the categorical product). This approach was taken by Robinson
and Rosolini [I6] and by Curien and Obtulowicz [I0J.

C. If € has a strict initial object, and the unique map out of the initial object is in .#, then
Par_ (%) has zero maps, given by the “nowhere defined” partial maps. These were fundamental
in the approach of di Paola and Heller [IT]. The presence of these zero maps means that only
when the category itself is trivial can the partiality be trivial.

D. To every partial map f : A — B we can associate the partial map f : A — A which is
defined whenever f is, in which it acts as the identity. This operation is taken as fundamental
in the notion of restriction category studied in the earlier instalments [6, [7] of this sequence
of papers and again here. The maps of the form f are always idempotents, and are called
restriction idempotents. This time the trivial case is characterized by the fact that the restriction
idempotents are just the identity maps.

The assignment of f: A — A to f: A — B mentioned above satisfies four axioms:
[R.1] ff=fforall f: A— B;
[R.2] fg=gfforall f:A— Bandg:A— C;
[R.3] ﬁzﬁfforallf:A—»Bandg:AHC’;
[R.4] gf = fgf forall f: A— Bandg: B — C.

A key property of restriction categories, not shared by the axiomatics of [Tl [T6} [10, 2], is that any
full subcategory of a restriction category has an induced restriction structure; in fact the restriction
categories are precisely the full subcategories of categories of partial maps. Conversely, a restriction
category is a category of partial maps if and only if the restriction idempotents split. Restriction
categories facilitate reasoning about partial maps as they have a purely algebraic formulation, which
does not involve having any structure on the types.

In this paper we consider the structure on a restriction category arising from limits and colimits
on the category of total maps. As the notion of restriction category is not self-dual, we should not
expect colimits and limits in restriction categories to behave in the same manner. The notion of
coproduct in the restriction context is quite straightforward: a restriction category with restriction
coproducts is just a cocartesian object in the 2-category rCat of restriction categories. This means



that the diagonal X — X x X and the unique map X — 1 to the terminal restriction category both
have left adjoints in the 2-category rCat. This is described in more concrete terms in Section B} it
means that the category X has coproducts which satisfy certain conditions involving the restriction
structure.

On the other hand a cartesian object in rCat necessarily has a trivial restriction structure. The
suitable notion of a restriction category with restriction products turns out to be a cartesian object
in a 2-category rCatl with the same objects and 1-cells as rCat, but with a certain type of “lax
natural transformation” as 2-cells. This time the underlying category of a restriction category with
restriction products does not in general have products, although the category of total maps does
s0; a concrete description is given in Section Hl. The resulting structure turns out to be equivalent
to the p-categories of Robinson and Rosolini [I6], and indeed to other different formulations by a
variety of authors. A restriction category can also have products which are entirely independent of
the restriction structure. The presence of such products does have the slightly surprising effect of
ensuring that the lattices of restriction idempotents have finite joins over which the meets distribute.

More generally, the suitable notion of limit turns out to be a certain type of lax limit, and we
briefly explore these in Section EE4l Once again, restriction limits in a restriction category become
ordinary limits in the category of total maps.

Of particular interest is the behaviour of the coproduct both by itself and with respect to partial
products. We explore in Section B various conditions under which the coproducts are “extensive”
in the sense that the total category (of the related partial map category) becomes an extensive
category. When partial limits are present, they become ordinary limits in the total category. Thus,
when the coproducts are extensive we obtain as the total category a lextensive category. This
provides, in particular, an alternative description of the extensive completion of a distributive
category to that given in [9]. This is described in Section Bl But what is the importance of being
extensive? Section [ answers this question for partial map categories very concretely: extensivity
means that there is a “calculus of matrices.” This is critical to understanding and manipulating
the maps in these settings.

Notation

The identity morphism on an object A is denoted by A or 14. We write (f|g) : A+ B — C for the
morphism induced by f: A — C and g: B — C and (f,g) : A — B x C for the morphism induced
by f:A— Bandg:A— C. We also write (f)) : > cp Ay — B for the morphism induced
by a A-indexed family of morphisms f) : Ay — B. Our notation for coproduct injections is more
flexible: sometimes we write ¢ and j for the two injections of a binary coproduct, and sometimes
we use ¢ with a suitable subscript. We write 7 : A+ B — B + A for the canonical isomorphism.
The projections of a product are usually denoted by 7w with a suitable subscript.

2 Coproducts and matrices

It is well known that in the category of sets and binary relations the disjoint union (of a finite
family of sets) serves both as coproduct and product, so that there is a “calculus of matrices”: see
[B], for example. In this section we consider the extent to which this can be adapted to deal not
with relations but with partial functions. We then consider when such a calculus is available in an
abstract category of partial maps, or restriction category.



Given finite families (Ay)xea and (By)xek of sets, and a partial function f: >, Ay — >, B,
we may define a partial function fy, : Ay — By for each A € A and k € K, by declaring fy.(x) to
be defined if and only if f(z) is defined and lies in By, in which case fy.(z) = f(z). Conversely,
a matrix (fix)reanek, With fy. a partial function from Ay to B, for each A and k, determines a
relation f from ), Ay to >, By, where if x € Ay and y € B,, we have f(x) = y if and only if
far(x) = y. The relation f is in fact a partial function precisely when, for each A € A, if fy.(z)
and fy.(x) are both defined then k = £’: in other words, if for each x and A, there is at most one
k for which f),(z) is defined.

Not only can we represent partial functions by matrices, we can represent composition of partial
functions by matrix multiplication, in the following sense. If f : >y Ay — > Byandg: ), B, —
> i Cr are partial functions with matrices (fax)aearerx and (guu)wek uem, then the matrix of gf
S (Vegrufre)ren uer, where Vige, fos is the partial function h : Ay — Cy with h(x) = guufax(z)
if the right hand side is defined for some (necessarily unique) x, and undefined otherwise.

If fis defined by t : E — > _ B, with domain m : E — ), Ay, then f), can be computed as
a pullback, as in

B\

/\

/\/\
/\/\/\

Z)\ AA Z/@ B

In effect we are composing f with the injection iy : Ay — >, Ay, seen as a total partial map, and
the partial map ¢} : Y B, — B, which is defined as the identity on B, and is undefined elsewhere.
More abstractly, i¥ is the (unique) map satisfying i%i, = 1 and i.i* = 7. (We shall say that i is
the restriction retraction of i.)

We can recover f from the fy, as the composite

ZAhA ZM Faw >V

Z)\AA E)\HA E)\HB —>Z By

where hy : Ay — > A, is defined by hy(z) = (z,k) if fax(z) is defined for some (necessarily
unique) k, and undefined otherwise. Once again, there is also a more abstract characterization of
hy: it is the unique map satisfying R\ hy = hy and hyh) = 1., where Ry Y0 A — Axis (faw)rek-
(We shall say that h) is the restriction inverse of h).)

What structure does a restriction category X need in order to support such a calculus of matri-
ces? Obviously X must have finite coproducts, and the coproduct injections must have restriction
retractions. Also, given a morphism f: A — ) _ B, the map (i} P flrek >, A — A must have a
restriction inverse. This sets up a pair of functions between

e the set of morphisms from ), Ay to >, B, and

e the set of matrices (fi, : Ax — Bx)rearek With the property that for each A, the map
(if fix)rek © »_,. Ax — A has a restriction inverse.

Finally we need these functions to be mutually inverse and to respect composition. We shall
investigate when this occurs in the remainder of Section



2.1 Restriction coproducts

In the previous section we saw that for a restriction category X with coproducts to admit a calculus
of matrices, it is necessary that the coproduct injections be restriction monics, and so in particular
be total. In this section we examine the situation in which the coproduct injections are total.

Lemma 2.1 Let X be a restriction category with coproducts, and suppose that the injections of
every binary coproduct A+ B are total. Then

(i) the unique arrow z4 : 0 — A is total for every object A;
(ii) the codiagonal V : A+ A — A is total for every object A;
(iii) f+ g = f +7 for all arrows f and g.

ProOF: To prove (iii), let f: A — A" and g: B — B’ and writei: A - A+ B, j: B— A+ B,
i’ A+ B’ and j' : B — A’ + B’ for the injections. Then (f + g)i = i(f + g)i = i7'f = if since
i’ is total, and similarly (f + g)j = jg; thus f +g = f +g. The proof of (i) is similar, while (7)
follows immediately from the fact that z4 is an injection of the coproduct A + 0. O

We say that such a restriction category has restriction coproducts. A more abstract point of view
is that such a restriction category is just a cocartesian object in the 2-category rCat. Recall that an
ordinary category % has binary coproducts if and only if the diagonal functor ¥ — € x € has a left
adjoint. More generally an object € of a 2-category with finite products is said to be cocartesian
if the diagonal € — % x ¥ has a left adjoint in the 2-category. Thus a cocartesian restriction
category is a restriction category X for which the diagonal restriction functor X — X x X and
the unique restriction functor X — 1 to the terminal restriction category both have left adjoints
in the 2-category rCat. Any 2-functor takes adjunctions to adjunctions, and a finite-product-
preserving 2-functor takes cocartesian objects to cocartesian objects. For instance, there is a
2-functor Total : rCat — Cat which sends a restriction category X to its category of total maps,
and clearly Total preserves finite products. Then again, there is a 2-functor K, : rCat — rCat
which sends a restriction category X to the restriction category K, (X) obtained by splitting the
restriction idempotents of X.

Proposition 2.2 If X is a restriction category with restriction coproducts then Total(X) and
Total(K, (X)) have coproducts. If F' : X — Y is a coproduct-preserving restriction functor be-
tween restriction categories with restriction coproducts, then Total(F') : X — Y and Total(K,(F)) :
Total(K, (X)) — Total(K,(Y)) preserve coproducts.

PROOF: The 2-functors Total and Total( K, ) send cocartesian objects to cocartesian objects, and
so send restriction categories with restriction coproducts to categories with coproducts.

Similarly, if F' preserves coproducts then it commutes with the left adjoints 1 — X and X x
X — X, and so Total(F) commutes with the induced left adjoints 1 — Total(X) and Total(X) x
Total(X) — Total(X); that is, Total(F') preserves coproducts. The case of Total(K,(F)) is entirely
analogous. O

This proposition has a converse when the restriction category is classified. Recall [6] that an
arrow 7 : A — B in a restriction category is said to be a restriction retraction if there is an arrow



i: B — Awith ri = 1 and 7 = ir; such an i is unique. Recall further [7] that a restriction category
X is classified if the inclusion Total(X) — X has a right adjoint R, and for each object A the counit
€4 : RA — A is a restriction retraction. The promised converse is now:

Proposition 2.3 If X is a classified restriction category and Total(X) has coproducts, then X has
restriction coproducts. Amn arbitrary functor F' : X — & preserves coproducts if and only if its
restriction Total(X) — & to the total maps preserves coproducts. In particular, for a restriction
category Y with restriction coproducts, a restriction functor F' : X — Y preserves coproducts if
and only if Total(F) : Total(X) — Total(Y) does so.

PROOF: Since X is classified, the inclusion Total(X) — X is a left adjoint, and so preserves all
existing colimits. Since it is also bijective on objects, X has coproducts if Total(X) does so; and
the injections are clearly total.

Since the inclusion I : Total(X) — X is bijective on objects, a functor G : Total(X) — ¢
preserves coproducts if and only if GI does so. Since FI is just the composite of Total(F') and the
inclusion Total(Y) — Y, it follows that F' preserves coproducts. O

We also have:

Proposition 2.4 If X is a restriction category with coproducts and a zero object, then X has
restriction coproducts.

ProoF: If X has a zero object then the injection ¢ : A — A+ B has a retraction (1/0) : A+ B — A,
and so is monic; but monomorphisms are always total. O

Example 2.5 If Z is a distributive category, then the endofunctor +1 of 2 has a well-known
monad structure, and the Kleisli category %1 of this monad has a restriction structure described
in Example 7 of Section 2.1.3 of [6]. Since 2 has coproducts and the left adjoint [ : 2 — P41 is
bijective on objects, 2,1 has coproducts; the injections are in the image of I and so total. Thus
P11 has restriction coproducts.

It is well known (see [, B for example) that the free completion under (finite) coproducts of
a category % can be formed as the category Fam(%’) of finite families of objects of . Explicitly,
an object of Fam(%) is a finite family (Ay)xea of objects of €, and a morphism from (Ay)xea to
(Bk)rex consists of a function ¢ : A — K and a family (fy : Ay — Byx)aer of morphisms in 4. The
universal property of Fam(%’) is expressed in terms of the fully faithful functor J : ¥ — Fam(%)
sending an object of € to the corresponding singleton family.

The observation we wish to make here is:

Remark 2.6 If X is a restriction category then Fam(X) has a canonical restriction structure, with
(o, f) = (1o, (fA)rea)- Then J : X — Fam(X) is clearly a restriction functor. Furthermore, X has
restriction coproducts if and only if J : X — Fam(X) has a left adjoint in rCat. A purely formal
consequence is that Fam(X) is the free restriction category with restriction coproducts on X; we
leave the precise formulation of the universal property to the reader. Another straightforward
observation is that the restriction category Fam(X) is classified whenever X is so.



2.2 Restriction zero objects

To begin with, we allow X to be an arbitrary restriction category. Given arrows f: A — B and
g: B — Ain X, recall [6] that g is restriction inverse to f (and f to g) if gf = f and fg=7. A
restriction inverse is unique if it exists. In the special case where f is total, we have gf = f = 1;
then f is said to be a restriction monic and g its restriction retraction, and we often write f* for f.

We say that a zero object 0 in a restriction category is a restriction zero if for every object A
the zero map 044 : A — A is a restriction idempotent; that is, 044 = 044.

Lemma 2.7 For a restriction category X, the following are equivalent:
(1) X has a restriction zero;
(11) X has an initial object 0 and a terminal object 1, and each z4 : 0 — A is a restriction monic;

(791) X has a terminal object 1 and each ty : A — 1 is a restriction retraction.

PROOF: (i) = (i7). If 0 is a restriction zero then it is both initial and terminal, and for any object
A there is a unique z4 : 0 — A and a unique t4 : A — 0. Clearly t4z4 = 1, since 0 is initial, while
zata =044 =044 = zala.

(73) = (i17). Let 2] : 1 — O be the restriction retraction of z; : 0 — 1, and t4 : A — 1 be the
unique map. Then t4z42] = 1, since 1 is terminal; and we must show that z42]t4 is a restriction
idempotent. Now t4 = 212}, since 1 is terminal, and so za2ita = 2427212y = za%};, which is
indeed a restriction idempotent.

(i4i) = (i). For each object A, choose s4 : 1 — A satisfying (t4s4 = 1 and) sata = sata. Then
s0:1 — 0isinverse to z; : 0 — 1, and so 0 is a zero object. Finally 044 = safa = sata = 044. O

We now suppose once again that X has coproducts.

Proposition 2.8 Let X be a restriction category with coproducts, in which the coproduct injections
are restriction monics. Then the initial object 0 is a restriction zero if and only if the maps
i*: A+ B — A are natural in B; they are always natural in A.

PRrROOF: The ¢* can be seen as 14 + 2z : A+ B — A+ 0, which are clearly natural in A, and will
be natural in B if and only if the 2z : B — 0 are so. But this will be the case if and only if 0 is
not just initial but also terminal, and now the result follows by Lemma B71 ([l

We now observe that in order to have a calculus of matrices, the category X must have a
restriction zero object. We have already seen that the coproduct injections must be restriction
monics, and so in particular that z4 : 0 — A must be one. To deal with empty coproducts, every
map f: A — 0 should be representable as an “empty matrix”, which clearly means that there can
be at most one such map. Thus in this case 0 is not just an initial object but a zero object (that
is, an initial and a terminal object.) By Lemma 7 it follows that the initial object is a restriction
Zero.

Example 2.9 If 9 is a distributive category, then the initial object of & is a restriction zero in
P+1. To see this, observe that the left adjoint I : 2 — 2,1 preserves colimits, so 0 is initial in



Z2+1. For every object A, there is a unique arrow A — 0+ 1 =1 in Z, and so 0 is also terminal in
P11. The zero map 044 : A — Ain D41 is

A—=1-2-A41
and its restriction is

9! - m1+!
AL A A+ A A AT A

The fact that these two maps agree is an easy exercise in distributive categories.

Lemma 2.10 If X is a restriction category with restriction coproducts and a restriction zero, then:

(1) each coproduct injection i : A — A+ B is a restriction monic, with restriction retraction
i*: A+ B — A equal to (1|10) : A+ B — A, so that the restriction idempotent it* is
14+0:A+B— A+ B;

(ii) if f : C — A+B is total, and the restriction idempotent i* f splits, then the section k : C4 — C
of the splitting is the pullback in Total(X) of the injection i : A — A+ B along f;

(ti1) the natural transformations in Total(X) whose components are the coproduct injections are
cartesian.

PROOF: (i) We can regard ¢ as 14 +zp. Then (14 +23)(14+2p) =1, while (14 +25)(1a+2}) =

14+0pp =14+ 083 =14+ 0pp.
(74) Suppose that k : C4 — C and k* : C' — C4 provide the splitting, so that k*k = 1 and

kk* = di*f. Then ii*fkk* = (1 +0)f(1+0)f = (1+0)f =1+0f = f(1+0)f = fkk*, and so
W* fk = fk. We claim that the commutative square

Ca P Lo
I
A —z> A + B

is in fact a pullback in Total(X). Since ¢ and k are monic, it will suffice to show that a total map
u : D — C factorizes through k if fu factorizes through . But if fu factorizes through 4 then
it* fu = fu, and now kk*u = #i* fu = wit* fu = ufu = u.

(791) We are to show that the square

A—-~A+B

1 e

A,—,,>A,—|-B/
7

is a pullback in Total(X). Since i/*(f + g) = fi* = i* = 4i*, the result follows by part (i7). O

As we saw above, in the category of sets and relations a coproduct A+ B is also a product, but
in the case of sets and partial functions this is no longer the case. We now describe the trace which



remains of this product structure. In a restriction category X with restriction coproducts and a
restriction zero, we have a functor + : X x X — X, and natural transformations i* : A+ B — A
and j* : A+ B — B. If there were a natural diagonal A : A — A + A satisfying the triangle
equations, this would exhibit A+ B as the product of A and B. Although there is not such a A, we
shall see that there are various maps which “try” to be the diagonal; we shall call them decisions.

2.3 The calculus of matrices

In this section we consider a restriction category X with restriction coproducts and a restriction
zero. The main aim of this section is to establish, under further conditions still to be determined,
a bijection between arrows f : >, A\ — > B, and matrices (f,;) with the property that for
each A the map (fae)e : > . Ay — Ay has a restriction inverse hy. This bijection should send f to
(5 fix)ak and (fag)ax to the composite

ZAhA ZA;@f)\n

Z)\ A>\ Z)\n AA—>Z)\HBH v ZHBH‘

The universal property of the coproduct ), Ay reduces this to the case where A is a singleton.
Thus we are to establish a bijection between the set of morphisms f: A — >, B, and the set of
those K-tuples (f. : A — B,) for which (fs)s : >, A — A has a restriction inverse h. For any

f:A—>"_ B, the induced map (i’ f), : >, A — A will clearly need to have a restriction inverse
h. Moreover, h will have to be f. For if h is restriction inverse to (i*), then

h=(iif)sh =V itfh =V itfh=Vh(} izf)h
but for our bijection we need (Y, i f)h = f, so that h = Vhf. But then h = Vhf = _7 =hf=
(> itf)h= (. it f)h = f, as claimed.

If (i* f). does have a restriction inverse h and h is f, then we write [f] for h, and call it a
decision for f or f-decision, for reasons which will become clearer below.

Proposition 2.11 An arrow h : A — YA is the decision of f : A — >, By if and only if
Vh = f and the square

A A
f lZﬁf
Z/{ BH S in ZI{,HIEK Bff

commutes.

We defer to the next section the proof of the proposition. Observe, however, that it helps to
explain the name “decision”. Since [f] = V[f] = f, the decision [f] is defined whenever h is, and the
effect of [f] is “to send an element a € A to the element in the component of ) A corresponding

to the component of f(a) € >, B.”.

Theorem 2.12 Let X be a restriction category with restriction coproducts and a restriction zero,
in which every map f : A — Y By has a decision. Then there is a bijection between the set



of all maps f : Y aAx — Y. Bx and the set of those matrices (fx, : Ax — Bi)ax for which
(faw)r @ 2o Ax — Ax has a restriction inverse for every X. The bijection sends f to the matric

(i fix)am-

PROOF: Write ® for the function computing the matrix of a map f: >, Ay — >, By, and ¥ for
the purported inverse, which sends (fyz)x . to the composite

Z)\ hx

Poar Faw
Z)\ ZARAAA;X)ZAHBKLZRBH

where h) is restriction inverse to (fax)s : >, Ax — Ax.
Starting with f : >, Ax — >, B we get the matrix ®(f) = (i} fin : Ay — Bs); and then
U(P(f)) is the composite

2alfial DOFVH i
Z)\AA ke ZA/@AA : AZ)\;@‘Bﬁ

To see that this is just f, observe that in the diagram

> Bx.

Z)\H AA 2 ZA/@)\’ AX : Z)\mc’ B

)\/4

Syt
Z,\ Ay —— 2 Z)\X AA Z Z)\n B

Sl i

Z)\ A>\ f ZK B’{

the large upper parallelogram commutes by Proposition EZTT, the upper triangle commutes since
iri;, = 1, the lower triangle by one of the triangle equations, and the large lower rectangle by
naturality of V. Thus the entire diagram commutes and ¥(®(f)) = f.

Suppose on the other hand that we are given f\. : Ay — By for each A € A and k € K, and
that (fae)s : >, Ay — A, has a restriction inverse hy for each A € A. Then ®V sends the matrix
(far)ax to the composite

ZAhA ZA;@f)\n
_—

AAL)Z)\AA Z)\HA)‘ Z)\RBKLZHBHLBR

which, by the naturality of i} and the definition of V : Y, kB, — B, is just

A)\HZ A}\E fA/@

> . Bs L B.
Naturality of i gives i(>",. fax) = faxir, thus we must show that fiifhy = fau-

Now i* is restriction inverse to i., and hy is restriction inverse to (fyx)x, 50 i:hy is restriction
inverse to (fax)win, Which is just fy.. But restriction idempotents are their own restriction inverses,
50 ithy = foan- Thus faxithy = faefax = fre, and so @V is indeed the identity, and the bijection
is established. g

We end this section by showing how to “multiply” matrices:

10



Proposition 2.13 Under the hypotheses of Theorem [ZI4, if f : Y\ Ax — >_.Bx has ma-
triz (fax)an, and g @ Y, By — Zu Cy has matriz (gep)r,u, then the composite gf has matriz
(\/ﬁgﬁuf)\n))\,u) where \/I{gli,u,f)\fi DA — O,u is gien by

A)\ hx ZH A)\ <gn,ufkn>n CH

and hy is the restriction inverse of (fax)k @ .. Ax — A

ProOOF: We must show that
Z'ngi)\ = (Grpfoar)hix-

By the theorem fix = > _(ix fix)ha, soiygfin = i;,9 >, (ik fix)ha = (6,90ki5 fin)sha = (Grpfan)shin
as required. O

2.4 Decisions

In this section we further explore decisions in a restriction category X with restriction coproducts
and restriction zero; the main goal is to prove Proposition EZTIl Recall that h: A — Y A is the
decision of f: A — Y B, if it is restriction inverse to (i* f), : Y., A — A and h = f. We say that
h:A— 5" Ais a decision if it is the decision of some map f: A — > B.

Example 2.14

(1) If K is a singleton, so that we have a single map f : A — B, a decision for f is a map
h: A — A which is restriction inverse to f: this is just f itself.

(14) If K is empty, so that f is the unique map A — 0, a decision for f is a map h : A — 0 which
is restriction inverse to the unique map z4 : 0 — A: then f = h = 2J.

741) Let f be a coproduct injection iy : Ay — Ay. Then {(i*iy),. : Ay — A, is 7%, which
] A K K A
has restriction inverse iy. Thus i) is its own decision.

Proposition 2.15 For a map h: A — ), A the following are equivalent:
(1) h is its own decision;
(7i) h is a decision;

(¢4i) h has a restriction inverse g : y ., A — A and gi, : A — A is a restriction idempotent for
each k.

PROOF: The downward implications are trivial; we must show that given restriction idempotents
ex : A — Afor each k € K, if (ex)r : >, A — A has a restriction inverse h then h is its own
decision.

Since h is restriction inverse to (ex), and i} is restriction inverse to 4., we see that ith is
restriction inverse to (ey)xix; but the latter is just e, which is its own restriction inverse. Thus

ith =e,. and so i%h = e,. But then h is restriction inverse to (i*h),, which is just to say that h
is its own decision. O

The next result says that we can “conjugate” decisions by restriction inverses:

11



Corollary 2.16 If h: A — ) A is a decision, and f : A — B a map with restriction inverse
g: B — A, then

vt
Bt atey, 4=l B
is a decision and (Y., g)hf = hf.

PROOF: Since h is a decision it is restriction inverse to (ith). : > ., A — A. Since g is restric-

tion inverse to f, and ) _f is restriction inverse to ) g, also (3, f)hg is restriction inverse
to f(ixh)(D . 9). Now f(izh)w(3o, 9)is = [ikh)kicg = fithg = fgirhg = giyzhg which is a
restriction idempotent, thus (>, f)hg is a decision by the Proposition.

Finally, 3, 9)hf = V(X 9)hf = gVhf = ghf = gfhf = fhf = fhf =If. O

Corollary 2.17 If h: )y Ax — >, >y Ax is a decision then so is ky = (D, i3)hiy for each X,
and h is the composite

Exk/\

Z)\ A>\ Z)\ Z/{ A>\ —— Zn Z)\ A)\

where o is the canonical isomorphism.

PROOF: The fact that k) is a decision is immediate from the previous corollary. On the other hand
o(onka)in = oinky = (. i)k = (2, in) (2, i3)hix = (X, i5)hix = hin(X, i) hix = hizhix =
hiy for each A, where the penultimate step uses the previous corollary. Thus o(}, kx) = h as
claimed. ([l

We are now ready to prove Proposition EETTl We shall make frequent use of the naturality of

.
iy

Proor OF PropPOSITION LTIl First we simplify the condition for h : A — 3 A to be the

decision of f : A — > B,. This will be the case if h(iff), = (it f)x and (it f)xh = h. Now

(i) =V, it f) = VY. (ix f) and so the first condition becomes
hiy f = ixii f.

Suppose that (3., f)h = (>, ix)f and Vh = f. Then h=Vh=f. Now (3., f)h =, fh =
h(>,. f)h=h(>, ix)h = hh = h, and so

but now

hitf = hith = ith = ixith = i, Vigith = i,Vith = i,Vhith = i hith = i.i¥

giving the first condition. As for the second

(5 f)eh =V iz f)h =V (irf)h=Vh(D _irf)h

12



and so h is the decision of f.
Suppose conversely that A is the decision of f. Then

> irfh=h(>_irf)h=hY_itfh=h{if f)xh =hh=h

and so Vh =V it fh=V(Y . it f)h = (it f)xh = h = f. On the other hand
Q_Hh=0Q N ixfh=> (FizDHh = (GENHh= (7 Hh

and so

Qi = Qi fh= szerszh—Z ZfZ IR
Zzﬁvz Zf Zzﬁ wa Zzﬁ Zz = Q@O _Hh=0_hw

0

We saw in Example T4l that a decision for f: A — 3, - B always exists if K is empty or a
singleton. We end this section by proving that all decisions exist provided that binary ones do.

Proposition 2.18 A restriction category X with restriction coproducts and a restriction zero has
all decisions provided that it has a decision for each f: A — B+ C.

PROOF: Let f : A — > _; Bx be given, where K is a finite set of cardinality greater than 2.
Choose A € K, and regard ) By as the coproduct of By and ZK#A B, with injections ¢ and
j. By assumption, f: A — By + (ZR#\ By) has a decision hy) : A — A+ A. Suppose by way of
inductive hypothesis that j*f : A — 3, ., By has a decision ' : A — > ., A. We shall show
that

Ao A A ALY A=Y, A

is a decision for f: A — >, . Bs.
Commutativity of

A & At A L A+, A

| - ]| e

BA+Z/~;;&)\BHT_;ZK’BH'+ZRBR Z B /+ZH5£>\I€,B ZHA

e \ J«
Y f

Zn BH : En,n’ BH’
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gives one of the conditions in Proposition EZTTE it remains to show that V(1 + h/)hy = f. Commu-
tativity of

AP A ALy, A

\ 1+V
(I+5* f)hx 1+5*f
A

A+

\lv

A

reduces this to proving that f(1+ j*f)hy = f.

To do so, first observe that (i*f +1)(1 + j*f)hy = (@*f +j*f)hr = (i fl7* fYhy = hy = f so
that f(1+5*f)hy = ff (L+5*F)hxn = fF@f + D)L + 55 F)ha (L + 55 ) = Ff + DA + 55 f)hy =
f@*f+ j*f)hy = f as required. O

Finally, we record the following result which will be needed below:

Proposition 2.19 If f : A — B+ C and f' : A’ — B’ + C’ have decisions h and h' then
I4+7+0)(f+f):A+A = (B+B')+ (C+ ") has decision (1 +7+ 1)(h+1).

PrRoOOF: Let i : B—- B+C,j:C - B+C,7 :B — B +C' and j : C' — B'+ C’ be the
various injections. Then the injection k: B4+ B' — B+ B’ + C + ' is given by (1+ 7+ 1)(i +4').
Similarly, write [ for the injection (1+7+1)(j +j'):C+C"'— B+ B +C+C'".

First observe that (1 +7 + 1)(h+ W) =h+ N =h+h =f+f =f+ f =0 +7+1)(f + f).
Now h is restriction inverse to (i* f|j*f) and A’ is restriction inverse to (i"* f'|* f’), thus h + b’
is restriction inverse to (i*f|5*f) + (* f'|7”* f'), and (1 + 7 + 1)(h + K’) is restriction inverse to
(@ FI7*F) + @ 177 ) (1 +7+1). But

(@EFD + @) A4+ + 1) = (V+ )@+ 75 F+ 7+ 575 )1 +7+1)
= (VA V)4 7+ DEF+FF +5F + 777
=V((@E+i)(f+f)+G+I)f+ 1)
=@+ (f+ G+ + 1)

so that (1474 1)(h + &') is the decision of (1+ 7+ 1)(f + f’) as claimed. O

3 Extensive restriction categories

3.1 Extensivity

In the previous section we saw that a restriction category X admits a calculus of matrices if it has
restriction coproducts, a restriction zero, and decisions. In this section we relate this structure to
the question of when Total(X) and Total(K, (X)) are extensive.

14



Proposition 3.1 If X is a restriction category with restriction coproducts and a restriction zero,
then Total(X) is extensive if and only if, for every total arrow f : C — A+ B, the restriction

idempotent (1+0)f splits and an f-decision exists. If X has an object 1 which is terminal in
Total(X), then it suffices to consider the case A= B = 1.

PROOF: We know that Total(X) has coproducts since X has restriction coproducts, and we know
that the coproduct injections in Total(X) are cartesian, since X has a restriction zero. Thus
Total(X) will be extensive if and only if it has pullbacks along coproduct injections, and coproducts
are stable.

Suppose that (14 0)f splits for every f : C — A+ B, and that an f-decision exists. Let

k:Csq — C and k*C — Cy4 provide the splitting for (1 +0)f. Let | : Cp — C and [* : C — Cp
provide the splitting for (0 + 1)f, which exists since (0+1)f =7(0+1)f = (1 +0)7f. We are to
show that (k|l) : C4 + Cp is invertible.

The f-decision h : C'— C + C is restriction inverse to (kk*|Il*), so that h(kk*|lII*) = kk* + 1I*
and (kk*|lI*)h = h = f = 1. Thus h{(k|l) = k+1 and so (k* +1*)h(k|l) = (k* +1*)(k+1) = 1, while
(k) (k* + 1*)h = (kk*|lI*)h = 1, as required.

Suppose conversely that Total(X) is extensive. Then any map C — A + B has the form
f+g: A+ B — A+ B, and now if = (f + g)i’ so that f is total, and similarly g is total.
Also (14 0)(f +g) = i*(f + g) = fi"™* = i’* so that i’ and i* provide a splitting for (14 0)(f + g).
Finally the identity A’ + B’ — A’ + B’ is easily seen to be a decision for f + g.

If 1 is terminal in Total(K (X)) then it suffices to show stability of the coproduct 1+ 1; see [4]
or [5]. O

Corollary 3.2 If X is a restriction category with restriction coproducts and a restriction zero, then
Total(K (X)) is extensive if and only every arrow f : C — A+ B in X has a decision map. If X
has an object 1 which is terminal in Total(K, (X)), then it suffices to consider the case A= B = 1.

PROOF: Since X has restriction coproducts, so does K, (X), and since X has a restriction zero, so
does K, (X). All restriction idempotents split in K, (X), so by Proposition Bl Total(K, (X)) will
be extensive if and only if every total arrow f : (C,e) — (A + B,e; + e2) has a decision. To say
that f is total is to say that f = e.

A decision h for f : (C,e) — (A + B,ey + e2) is an artow h : C — C 4 C in X satisfying
(f+f)h=h=hf, Vh=f, and (f + f)h = (i + j)f; that is, a decision map for f in X. O

In light of the proposition, we say that a restriction category X is extensive if it has restriction
coproducts and a restriction zero, and every map f : C' — A+ B has a decision. By the uniqueness
of decisions and the characterization of Proposition ELTTl the existence of these decisions can be
viewed as a combinator assigning to each f: C — A+ B a map (f) : C — C + C satisfying the
decision axioms:

[D.1] V{f)=F;
D.2] (f + ) = (@ +35)f

Thus decision structure is equational, and so can be added freely. It would be interesting to have
a description of the free extensive restriction category on a restriction category, or the free such on
a mere category.
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Of course to say that X is extensive as a restriction category is quite different to saying that
is extensive as a mere category. In fact as an extensive restriction category has a zero object it
cannot be an extensive category unless it is the trivial category with a single object and a single
arrow. The connection between extensive restriction categories and extensive categories is rather
(see Corollary B2)) that if X is an extensive restriction category then Total( K, (X)) is an extensive
category.

Example 3.3 If Z is a distributive category, then &, is an extensive restriction category, and so
Total(K,(Z+1)) is an extensive category. We have already seen that Z,; has restriction coproducts
and a restriction zero, thus we may apply Corollary Iff:C— A+ B+1isan arrow in %4
from C to A+ B, let h be the composite

C, - w1+ +!
e o ArBr) 2ok ArOxBrO T oo

Verification of the commutativity of the diagrams

C, - m1+!
N oA B 1) O x A+ Cx B+ 041

P T&%C ‘/V+1

OCx(A+B) +C0—"" .ot

f
C, _
c @) Cx(A+B+1) o CxA+CxB+C
ft le(A‘f‘B'H) w1+ +!
A+B+1—2 > (A+B+1)x (A+B+1) C+C+1
61 V+1
+B+1)xA+(A+B+1)xB
YAt Be) = A+ B+ 1+ A+B+1+1
t

A+B+A+B+1

is a straightforward exercise in distributive categories; here t : A+ B+ 1+ A+ B+1+1 —
A+ B+ A+ B+1 is the composite of the twist map A+B+1+A+B+1+1 - A+ B+A+B+1+1+1
and A+ B+ A+ B+!. Thus h is the required decision for f.

3.2 Extensive maps

As well as considering when Total(X) or Total(K, (X)) is extensive, we can look at subcategories
which are extensive. To this end, we say that the map f : A — B in X is extensive if for any
decision h : B — B + B there is an hf-decision k: A — A+ A.

Lemma 3.4
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(7

) Restriction isomorphisms are extensive;
(ii) Restriction idempotents are extensive;

(791) Decision maps are extensive;

(iv) Coproduct injections and codiagonals are extensive.

PRrROOF: First we show that restriction isomorphisms are extensive. If f : A — B has restriction
inverse g : B — A, and h : B — B+ B is a decision, then (94 g)hf is a decision and V(g + g)hf =
(g + g)hf = hf by Corollary Thus

(hf +hf)(g+ghf = (hfg+hfg)hf = (hg+hg)hf = (h+h)(g+g)hf
= (h+h)hf(g+g)hf = (h+h)hfhf = (h+h)hf = (i+ j)hf

and so (g 4+ g)hf is an hf-decision, and f is extensive.

Every restriction idempotent is restriction inverse to itself, and is therefore extensive. Similarly,
decisions and coproduct injections are restriction isomorphisms and therefore extensive. As for the
codiagonal, if h: A — A+ A is a decision, consider the composite

A+ A A A A+ AT A a4 44+ A

On the one hand we have V(147 +1)(h+h) = (V+V)(h+h) =h+h=h+h=V(h+ h) = hV,
and on the other, (hV + hV)(1+7+1)(h+h) = (h+h)V(h+ h) = (h+ h)hV = (i + j)hV; thus
(14+7+1)(h+ h) is an hV-decision. O

Proposition 3.5 Let X be a restriction category with restriction coproducts and a restriction zero.
Then the extensive maps in X form a restriction subcategory Ex(X) of X which is closed under
finite coproducts, contains the decisions; and Total(K,(Ex(X))) is extensive. Furthermore, Ex(X)
1s mazimal among restriction subcategories of X with these properties.

ProOOF: By Lemma B4l we know that Ex(X) contains the identities, the restriction idempotents,
the coproduct injections and the codiagonals. Thus it will be a restriction subcategory provided
that it is closed under composition, and it will be closed under finite coproducts provided that the
extensive maps are so. By Lemma B4 once again, we know that Ex(X) contains the decisions;
while the fact that Total(K,(Ex(X))) is extensive and the maximality of Ex(X) will follow from
Corollary Thus we need only show that the extensive maps are closed under composition and
coproducts.

If f: A— Band g: B — C are extensive, and h: C' — C + C'is a decision, let k : B - B+ B
be an hg-decision, and let [ : A — A + A be a kf-decision. Then VI = kf = Vkf = hgf = hgf
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and

(hgf + hgf)l = (hg + hg) Ml

( (f +

= (hg + hg)(hg + hg)(f + f)I

= (hg + hg)(VE + VE))(f + f)l
= (hgV + hgV)(kf + kf)l
= (hgV + hgV) (i + j)kf
= (hg +hg)kf
= (i+7)hgf

so that [ is also an hgf-decision.

Finally, let f: A — B and f': A — B’ be extensive, and let h: B+ B’ — B+ B’ + B+ B’ be
a decision. By Corollary ZT7, h can be written as (1 + 7+ 1)(k + k'), where k : B — B + B and
k' : B" — B’ 4+ B’ are decisions. Since f and f’ are extensive, kf and k' f’ have decisions, and so,
by Proposition ZT9 (1 + 7+ 1)(kf + k' f’) has a decision; but (1 + 7+ 1)(kf + k' f") = h(f + f'),
and so we have proved that f + f’ is extensive. O

Clearly Total(K, (X)) is extensive if and only if Ex(X) = X; that is, if every map is extensive.
Note, however, that the construction Ex(X) is not functorial in X.

4 Limits in restriction categories

We saw in Section Pl that cocartesian objects in rCat give a good notion of restriction category with
coproducts. We now turn to products, and the first thing to observe is that cartesian objects in
rCat are not a good notion.

If X is a restriction category, and the unique restriction functor ! : X — 1 has a right adjoint
in rCat, then X has a terminal object 1, and for each object A, the unique map t4 : A — 1 is total.
But if f: A — Bis any map, then f =fgf =tpf =74 =1, and so f is total. Thus!: X — 1 can
have a right adjoint in rCat only if the restriction structure on X is trivial.

The situation for binary products is much the same. Suppose that A : X — X x X has a right
adjoint in rCat. Explicitly, this means that X has binary products as a mere category, the diagonal
and projections are total, and f x g = f x g for any maps f and g. Let f : A — B be any mabp,
and let p,q: A x A — A be the projections. Then 14 x f =p(1a X f) =p(la x f) =p =1, and
solax f:Ax A— Ax Bis total; and now f = fgA = q(14 X f)A = qla x fA =qA =1, s0
f is total. Thus once again A : X — X x X can have a right adjoint in rCat only if the restriction
structure on X is trivial.

We shall now look at other possible notions of products in restriction categories; and, more
generally, limits.

4.1 Cartesian objects in rCatl

One possible approach to the unsatisfactory nature of cartesian objects in rCat is to change the 2-
category rCat. In [] we defined a 2-category rCatl with the same objects and arrows as rCat, namely
the restriction categories and restriction functors, but with a larger class of 2-cells. For restriction
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functors F,G : X — Y, a 2-cell in rCatl from F' to G consists of a total map ax : FX - GX in'Y
for each object X of X, such that for each f: X — Y in X, the diagram

Ff
FX FY
Ffl J{ay
FX ox GX T, GY

commutes. The reason for the name rCatl is that if one thinks of a restriction category X as a
2-category (where there is a 2-cell f < g if and only if f = gf) and restriction functors as 2-functors,
then a 2-cell in rCatl is precisely a lax natural transformation from F' to G whose components are
total.

We now define a restriction terminal object in a restriction category X to be an object T for
which the corresponding restriction functor 1 — X is right adjoint in rCatl to the unique functor
X — 1. In more explicit terms, this amounts to giving, for each object A of X, a total map
ta: A — T, such that t7 = 17 and for each arrow f: A — B, we have tgf = taf.

Proposition 4.1 A restriction terminal object in X is terminal in Total(X). Conversely, if X is
a classified restriction category, then a terminal object in Total(X) is restriction terminal in X.

PrOOF: The first statement follows immediately from the fact that Total : rCatl — Cat is a 2-
functor, and so preserves adjunctions; alternatively, it is equally easy to verify directly.
The second statement is an instance of [, Proposition 3.7]. O

This proposition means in particular that there is no ambiguity in saying “T" is a restriction
terminal object”, since the total maps t4 : A — T are unique. It also shows that restriction
terminal objects are unique up to a unique isomorphism.

Another point of view on restriction terminal objects may be obtained by consideration of the
functor RId : X° — Set, defined in [6]. This sends an object A to the set of all restriction
idempotents on A, and a morphism f : A — B to the function sending a restriction idempotent
e:B—Btoef:A— A

Proposition 4.2 A restriction terminal object is precisely a representation of the functor RId :
X°P — Set.

PROOF: If T is a restriction terminal object, then any f : A — T determines a restriction idempo-
tent f on A, while any restriction idempotent e : A — A determines a map t4e : A — T. These
processes are inverse, since tye = e =e, and tof =trf = 1of = f.

On the other hand if T" is an object equipped with an isomorphism « : X(—,7") = RId then for
each A there is a unique t4 : A — T with a4(t4) = 14. For any f : A — B we have ay(tpf) =
RIA(f)ap(tp) = RIA(f)(1p) = [ and aa(taf) = RId(f)aa(ta) = RIA(f)(1a) = f; thus tpf =
taf, since ag is invertible. It remains to show that ¢t = 17. Let e be the restriction idempotent
ar(lr). Then for any g : A — T we have as(g) = aa(lrg) = Rld(g)(ar(17)) = Rld(g)(e) = &g.
In particular ar(e) = €€ = e = ar(lr), so that e = 1p; and now ar(tr) = 1 = e = ar(1r), so
that t7 = 1p. I

19



Next we turn to the case of a restriction category X for which the diagonal restriction functor
A : X — X x X has a right adjoint in rCatl. We then say that X has binary restriction products.
Explicitly, this means that there is a restriction functor X x X — X whose value at an object
(A, B) we denote A x B and whose value at an arrow (f,g) we denote f X g; and total maps
A:A—AxA p: AxB— A and q: A x B — B satisfying

A AxB
/AJ/\ AJ/ \
A > Ax A 7 A AXBxAxB——AxDB
pXq
AxBLL A L% avnp A ! A
pl lq lA
A fxg B f Ax A
fl lg o
A’ m A x B’ 7 B’ A X A x A

Once again, Total : rCatl — Cat preserves products and adjunctions, so that Total(X) will have
binary products whenever X — X x X has a right adjoint in rCatl.

It turns out that if A : X — X x X does have a right adjoint in rCatl, then it automatically
satisfies certain further conditions, as the following proposition shows. In particular, the diagonal
maps A : A — A x A are not just lax natural, but natural.

Proposition 4.3 If X is a restriction category, and A : X — X x X has a right adjoint in rCatl,
then: (i) (f X g)A = fg for all f and g with the same domain, and (ii) the maps A : A — Ax A
are natural in A.

PROOF: (i) Since (f x 9)A = (f x g)A = (f x §)A, it will suffice to show that (e x €/)A = ee’, for
all restriction idempotents e and ¢€’.

First observe that (e x €¢/)A = pA(e x ¢/)A = pe x /A = p(e x €/)A, and similarly (e x ¢/)A =
q(e x €')A. Using lax naturality of p, we have e(e x ¢/)A = ep(e x ')A = ple x ')A = (e x ¢/)A,
and using lax naturality of ¢, we have €’(e x ¢/)A = (e x ¢/)A. Thus (e x €/)A = e€/(e x &/)A =

(e x e)Aee' = (e x €/)Ace! = (eee’ x e'ee’)Aee! = (e€! x ee/)Aee! = Aee! = ee! = e€'.

(¢4) This follows from (i) and lax naturality of A, since (f x f)A = (f x f)A(f x f)A =
(fx DA =(fx[)Af =Af. O

We say that X has restriction products if it is a cartesian object in rCatl; that is, if it has
binary restriction products and a restriction terminal. If X and Y are restriction categories with
restriction products, then a restriction functor F': X — Y is said to preserve restriction products
if it commutes with the right adjoints 1 — X and X x X — X in rCatl. This definition can be
made more explicit. If T" and S denote the restriction terminal objects of X and Y, then there
is a unique total map ¢ : FT — S, and F preserves the restriction terminal object if and only if
@ : FT — S is invertible. Similarly, for any objects X and Y of X there is a unique total map
Yxy : F(X xY) - FX x FY commuting with the projections, and F' preserves binary restriction
products if and only if each ¢ x y is invertible. We now have:
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Proposition 4.4 IfX is a restriction category with restriction products then Total(X) and Total (K, (X))
have products; if Y is another such restriction category and F' : X — Y 1is a restriction functor
which preserves restriction products then Total(F) : Total(X) — Total(Y) and Total(K,.(F)) :
Total(K (X)) — Total(K,(Y)) preserve products.

4.2 p-Categories

Here we recall Robinson and Rosolini’s notion of p-category [I6], in order to compare it to the
various structures considered above.

A p-category is a category X equipped with a functor x : X x X — X, a natural family of maps
A:A— Ax A, and families pg p: A x B — A natural in A, and g4 5 : A x B — B natural in B,
required to make commutative the following diagrams:

X X xY
/Al\ Al \
X<—pX><Xq—>X XXYXxXxY—XXxY
pXq
X x (Y xZ) (X xY)xZ
y l 1xq px1 l gx1
P q
X xY > X n X xZ X x Z 7 VA 7 Y xZ
A (I1xp)xq 1xq

XXx (Y xZ)—(Xx (Y x2Z)x(Xx(YxZ))

(XxY)x (Y xZ)— (X xY)x Z
fx(gxh)l l(fxg)xh
X' x (Y x Z) 2 (X! x (Y x 2)) x (X' x (V' x Z)Z2EUX % vy x (Y % 2)SX x V') x 7

A axp

X xY (X xY)x (X xY) Y x X

fxgl lf’xg’
X’xY’i>(X’><Y’)X(X’XY')ﬂY’xX/

for all arrows f, g, and h. The last two diagrams provide a natural associativity isomorphism
axyz: XX (Y xZ)— (X xY)x Z and a natural symmetry isomorphism 7xy : X xY — Y x X.
Given a map f : X — X', Robinson and Rosolini define domf : X — X to be

1
X2 xxx X xuxtox

and their Proposition 1.4 verifies that this makes X into a restriction category. As Robinson and
Rosolini observe (in slightly different terminology), although a p-category structure on a category
may not be unique, a p-category structure on a restriction category is. Thus it makes sense to ask
which restriction categories are p-categories.

Proposition 4.5 A restriction category is a p-category if and only if it has binary restriction
products.
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PRrROOF: First suppose that X is a p-category. It is proved in [I6, Proposition 1.4] that x : X x X —
X is a restriction functor, and that each instance of p, ¢, and A is total. The diagonal is natural
by assumption, and the “triangle equations” linking A with p and ¢ hold by assumption. Thus it
remains only to check that the projections p and ¢ are lax natural. In the case of p, lax naturality
amounts to the equation p(f x g) = fp(f x g) for all arrows f and g. Consider first the special
case where f is the identity. In the diagram

1x(1
XxV EA X (v x V) 2U% (v xv) L x v

\ IXN llx gx1) llxg

X xY' Xx ' xY) 2 xyy 2o x

\/

1

the left square commutes by naturality of A, the triangle by functoriality of x, the right square
by (one-sided) naturality of p, and the curved region by one of the triangle equations. Thus the
exterior commutes, which is to say that p(1 x g) = p(1 xg). As for the general case, in the diagram

Xxy 2L x vy

o ra] N
1xg

fxg X><Y—>X><Y X’
Ix7
\Lxg lp/
X xY > X

the left and top regions commute by functoriality of x, the bottom region commutes by the special
case just considered, and the right region by the one-sided naturality of p. Commutativity of the
exterior is the desired equation p(f x g) = fp(f x 7).

Lax naturality of ¢ states that ¢(f x g) = gq(f x g); we leave the verification to the reader.

Now suppose conversely that X has binary restriction products. We must show that p : X XY —
X is natural in X, that ¢ : X x Y — Y is natural in Y, and that axy,z and 7x y are natural in
all variables. The equations involving only instances of p, ¢, and A all hold because the binary
restriction products are actual products in Total(X).

For naturality of p, we use lax naturality of p and naturality of A to see that p(f x 1) =
fof x 1= fpfpg = fp; the case of ¢ is similar.

As for 7, first observe that (g x f)7 = (g x f)(g x p)A = (9q x fp)A = gGfp = g x f. Now
(gx flr=(gx flrlgx flr =(gx flrgx f=7(f xg).

The case of « is similar but more complicated. Since

((f x g) x h)ar = ((f x g) x h)((1 x p) x qq)A = ((f x gp) X hqq)A = [ x gphqq = fpgpghqq

and

fx(gxh)=Fplgxh)g=fpg = hq=fpgphaq = fpqgpihgq = frgpahaq
we have ((f X g) x h)a = f x (g x h), and now we deduce

((f xg) x h)a = ((f x g) x h)a((f x g) x h)a = ((f x g) x h)af x (g x h) = a(f x (g x h)).
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O

If X is a p-category, Robinson and Rosolini define a one-element object to be an object T with
a family tx : X — T of maps in X for which p: X x T'— X is invertible, with inverse

X2 xx x XX x T

Proposition 4.6 If X is a p-category, an object T of X is a one-element object if and only if it
is a restriction terminal object; the map tx : X — T in the definition of one-element object is the
unique total map from X to T.

PRroo¥F: To say that
XL xxx XX xxr-Ltsx

is the identity is precisely to say that tx is total. The fact that the tx are lax natural and t7 = 1p
for a one-element object T is part of [I6, Theorem 3.3].

Conversely, if T is a restriction terminal object, then we have a family tx : X — T of total
maps; it remains to show that

XxT—Lox 2o xxx X% x

is the identity. But this follows from the fact that restriction products in X are genuine products
in Total(X). O

The relationship between p-categories with one-element object and various other structures is
analyzed in some detail in [I6]. Translating this into our nomenclature, the restriction categories
with restriction products are exactly the partial cartesian categories in the sense of Curien and
Obtulowicz [I0], and or alternatively the pre-dht-symmetric categories of Hoehnke [I3], and they
are a special case of the bicategories of partial maps of Carboni [2]. For more details on these
correspondences, see [16].

4.3 Categories with products and a restriction

Before leaving our discussion of products in restriction categories, it is worth discussing a quite
different type of product that sometimes exists. While restriction products are tensor products
which are actual products in the total map category, it is also possible that a restriction category
could have products in the ordinary sense. A well-known example of this is provided by the category
of sets and partial maps. The restriction product of A and B is just their product A x B as sets;
this is not the categorical product in the partial map category, which is given by A+ A x B + B.
(This is more generally true for the partial map category of any lextensive category [ B], where
the .#-maps are taken to be the coproduct injections.)

Recall that the restriction idempotents associated with a particular object A in a restriction
category X form a meet semi-lattice with e; A ea = ejes, and greatest element T = 14. These
lattices sit over each object to give the restriction fibration [6l, Section 4] 9 : Z(X) — X over all
the maps: the substitutions preserve the meet but not the greatest element. When this fibration is
restricted to the total maps one obtains a meet-semilattice fibration.
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If a category has both a restriction structure and a terminal object 1 (and here we emphasize
we do not assume any relation between the two structures) then we may consider the restriction
14 : A — A of the unique map !4 : A — 1. Then for any f: A — B we have l4 f = !4f =14 and
thus 14 must be the least restriction idempotent in the above ordering: in terms of partial maps,
this determines the smallest possible domain. Thus the presence of a terminal object forces each
object A to have a least element in its lattice of restriction idempotents. Furthermore, it is clear
that the substitution functors of the fibration mentioned above preserve these least elements.

When a category has both a restriction structure and finite products then (e,—e’> is the join of
e and €’ in the lattice of restriction idempotents of an object. To see this, first observe that

ele,eVe = ple,e){e,e’) = ple,e/) = e

so that e < (e, ¢’), and similarly ¢’ < (e, €’). Now if d is a restriction idempotent and e, e’ < d, then

(e,eYd = (e, e'yd = (ed,e'd) = (e, €)

and so (e, ¢/) < d.
This proves that the semilattices of restriction idempotents are lattices. In fact they are dis-
tributive lattices, since

e (e1Veg) = (e1,ex)e = (e1,e2)e = (ere,eqe) = e1e Vege = (e ANep) V (e A eg)

and

eNlL =lge=lqe=14=1.

Proposition 4.7 If X is a category with a restriction structure and (finite) products then the
fibration of restriction idempotents

9: #(X) — X

is a fibred join-semilattice and the fibration
Z?t : %t(X) — TotaI(X)
is a fibred distributive lattice.

PROOF: It remains only to check that the inverse image functors preserve the relevant structure.
In [6, Section 4.1] it was proved that binary meets are always preserved, while the top element is
preserved by the total maps. Thus it will suffice to show that for an arbitrary map f : X — Y, the
induced functor RId(f) : RId(Y) — RId(X) preserves finite joins. For the bottom element we have

RIA(f)(ly) =y f =y f = Ix; for binary joins we have: RId(f)(e V e') = RId(f)(e,e/) = (e,e/) f =
O

(ef,€'f)=efVef=RId(f)(e) VRIA(f)(e).

In a split restriction category with products this means that the M-subobjects in the total
category must already have finite joins which are preserved by pulling back. Thus products in the
restriction category lead to colimits in the lattices of .#-subobjects.
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4.4 Restriction limits

We have already discussed products and coproducts in restriction categories. Now we turn briefly
to more general notions of limit. Once again, these will be analyzed in terms of adjunctions in
rCatl.

Let X be a restriction category and % a finite category. We shall define the restriction limit
of a functor S : ¥ — X to be a cone pc : L — SC over S with total components, satisfying the
following universal property. If ¢o : M — SC is a lax cone over S — that is, Sc.qc = qpSc.qc for
any ¢ : C — D — then there is a unique arrow f : M — L satisfying pcf = qce, where e is the
composite of the restriction idempotents gc.

It follows immediately from the definition that restriction limits are unique up to unique iso-
morphism. Equally immediate is the fact that if S takes its values in Total(X), then a restriction
limit of X is a genuine limit in Total(X).

Example 4.8 The restriction limit of the empty diagram is precisely a restriction terminal object.
The restriction limit of a diagram on the discrete category with two objects is the restriction product
of the corresponding objects.

The following proposition provides a new example:
Proposition 4.9 The restriction limit of an arrow f is precisely a splitting for the idempotent f.

PROOF: A restriction limit of f amounts to a monomorphism p : P — X for which fp is total,
having the property that for any arrows ¢: Q — X and ¢’ : Q — Y satisfying ¢’ = @ , there is a
unique r : Q — P satisfying pr = ge and fpr = ¢'e, where e = q¢’. In fact ¢’ = Gfq¢’ = Gfqq =
fqqd' = ¢/, and pr = ge implies fpr = fge = fq¢’ = ¢’ = ¢'¢’ = ¢'e, and so the only condition on r
is that pr = qq'.

Taking ¢ = 1x and ¢’ = f, we obtain a unique s : X — P satisfying ps = f. Taking ¢ = p and
¢ = fp, we obtain a unique t : P — P satisfying pt = pfp = p. Since psp = fp = pfp = p, we
deduce by uniqueness of ¢ that sp = 1. Thus p and s provide a splitting for f.

On the other hand, if p: P — X and s : X — P split f, while ¢ and ¢ satisfy ¢ = fqq/, then
psqq’ = fqd' = qfqq’ = qfqqd = qq¢’, and sqq’ is unique with this property, since p is monic. Thus
p: P — X exhibits P as the restriction limit of f. O

We now, as promised, analyze these restriction limits in terms of adjunctions in rCatl. We
continue to suppose that X is a restriction category, and now allow % to be an arbitrary category,
not necessarily finite. We shall define a restriction category X* and a restriction functor A : X —
X7, and show that if % is finite then this A has a right adjoint if and only if X has restriction
limits of functors with domain % .

As a category, X consists of functors from € to X and lax natural transformations between
them. More explicitly, given functors F,G : ¥ — X, an arrow « : F — G in X% consists of
an arrow a4 @ FA — GA in X for each object A of &, such that ap.Ff = Gf.asap.Ff for
every arrow f: A — B in 4. Composition is defined pointwise: (Ba)a = Saaa. The restriction
structure is also defined pointwise: @ : F' — F has a4 = ax. The only thing to check is that @ is
an fact in arrow of the category. To do this, note that ap.F'f = Gf.as.ap. Ff = Gf.as.ap. Ff =
ax.Gf.ag.ap Ff =as.ap. Ff, and now ag.F'f = Ff.ap.Ff = Ffaax.ap.Ff =Ffasap.Ff.
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The restriction functor A : X — X% sends an object X of X to the functor € — X constant at
X, and sends an arrow f: X — Y to the family of arrows X — Y, each of which is just f.

Proposition 4.10 If A : X — X% has a right adjoint in rCatl, then Total(X) has ordinary €-
limits.

PrOOF: Applying the 2-functor Total : rCatl — Cat to the adjunction gives an adjunction

——

Total(X?%) T Total(X)
~—
Total(A)

of categories. The functor Total(A) lands in the full subcategory Total(X)? of Total(X?) consisting
of the functors € — X landing in Total(X). It follows that A : Total(X) — Total(X)? has a right
adjoint, and so that Total(X) has ¢-limits. O

In order to compare the two approaches to restriction limits, we assume that the category % is
finite:

Proposition 4.11 If% is a finite category and X a restriction category, then to give a right adjoint
in rCatl to A : X — X% is precisely to give a restriction limit in X of each functor S : € — X.

PROOF: Let R : X% — X be right adjoint in rCatl to A. If S : ¥ — X is an object of X, let
L = R(S), and let p: L — S be the component at S of the counit. Then p is a lax cone, and its
components po : L — SC are total. But to say that p is a lax cone is to say, for each f: C — D,
that pp = Sf.pcPp, and since pp is total, this means that p is in fact a cone.

We now show that the cone p : L — S is a restriction limit cone. If ¢ : M — S is a lax cone;
that is, an arrow AM — S in X%, then let f : M — R(S) = L be given by R(q) : RAM — R(S)
composed with the unit n: M — RAM. In the diagram

An AR
AM —2% ARAM ARS
aw  |om I
AM —2% ARAM -~ AM ——§

\_/

1

the left square commutes by a restriction category axiom, the right rectangle by lax naturality of
p, and the curved region by one of the triangle equations. Commutativity of the exterior amounts
to the equation pcf = gc.Rq.n = qc f.

We shall now show that f is the composite of the &, which we henceforth denote e. For each
C we have f = pof = qcf =Gcf, and so f = ef. On the other hand Gge = e, so §.Ae = Ae, and
Rq.RAe = R(q.Ae) = RAe; thus ef = eRq.n = eRq.n.e = eRq.RAe.n.e = e.RAe.n.c = ene = e.
This proves that f is the composite of the &, and so that f provides the desired factorization.

Finally we must prove that the factorization f is unique. To do this, we shall show that an
arrow f : M — RS is determined by the pcf and by f; then if pcf = pcf’, we also have
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f=pcf =pcf = f. Now in

n RAf Rp
M — RAM — RARS ——= RS

/| | A

Mf RS

T

the rectangle commutes by lax naturality of n, and the triangle by one of the triangle equations;
commutativity of the exterior confirms that f is determined by p.Af and f, that is, by the pc f
and by f. This completes the construction of restriction €-limits in X.

Suppose conversely that X has restriction €-limits. For each S : ¥ — X, define R(S) to be the
restriction limit of S, and define the component at S of the counit AR — 1 to be the restriction
limit cone p : AR(S) — S. If 0 : § — T is an arrow in X% then for each object C' of €, let
goc = ocpc : R(S) = TC. If f:C — D is an arrow of %, in the following diagram

R(S) L~ s 210

Tf
0D~Sf~ch O'D~Sf] \
Sf

oD

R(S) L2~ sc SD TD

~_ 7

PD

the left square commutes by one of the restriction category axioms, the right rectangle by lax
naturality of o, and the curved region by naturality of p. Finally 0¢.Sf.pc = op.pp by naturality
of p once again, and so T'f.c¢c.pc.6p-PD = 0p-Pp, that is, T f.qc.9p = gp; and so the ¢ form a lax
cone. We now define R(o) : R(S) — R(T) to be the unique arrow for which R(o) is the composite
of the restriction idempotents g¢.pc, and the diagram

R(S) — 9 R(T)
Wl lpc
R(S) — SC TC

pc

commutes.

The unit n : M — RAM is defined to be the unique arrow satisfying pcn = 1, for each leg
po : RAM — M of the restriction limit cone of AM.

We leave to the reader the various straightforward verifications: that R is a restriction functor,
that the unit and counit are lax natural, and that the triangle equations hold. O

Proposition 4.12 A restriction category X has all (finite) restriction limits if and only if X is
split as a restriction category and Total(X) has finite limits.

PRrOOF: We have already seen that Total(X) has #-limits if X has restriction ¢-limits; and that
restriction idempotents split in X if X has restriction 2-limits. Thus it remains to show that if X
is a split restriction category and Total(X) has finite limits, then X has restriction limits.
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Let S : ¢ — X be given. Define a new functor S’ : ¥ — X as follows. For an object C' of
% let ec be the composite of all the restriction idempotents Sf where f : C — D is an arrow in
¢ with domain C. Let i¢c : S’C — SC and r¢ : SC — S’C be the splitting of ec. Given an
arrow f : C' — D, we have ep.Sf.ec = Sf.ec, and so Sf restricts to an arrow S'f : S'C — S'D
satisfying ip.S’f = Sf.ic; and this defines a functor S’ : ¥ — X with a natural transformation
i:S" — S. Since S’ lands in Total(X), we may form its limit pc : L — S’C' in Total(X), and now
icpc : L — SC give a cone over S with total components; we shall show that it is a restriction
limit cone.

Let gq¢ : M — SC be the components of a lax cone over S, and write d : M — M for the
composite of the restriction idempotents go. We must show that there is a unique arrow f : M — L
satisfying ic.pc.f = qo.d. Let i : M’ — M and r : M — M’ be a splitting of d. Each composite gci
is total, and for an arrow f : C — D in € we have gp.i = Sf.qc.qpi = Sf.qc.i; thus the goi form
the components of a cone. For each f: C — D we have Sf.qc.i = qc.i.Sf.qc.i = qc.i.qp-i = qc.i,
and so ic.rc.qc.i = qc.1; but this means that r¢.qc.7 is total, and forms a cone over S’. Thus by
the universal property of the limit po : L — S’C, there is a unique total map g : M’ — L satisfying
po.g = ro.qo-i. Now ic.po.gr = ic.ro.qo.ir = qo.ir = gc.d, so that gr shows the existence of an

I

As for the uniqueness, let f is any map satisfying ic.pc.f = qc.d; then f=icpc.f=qcd=
Gc.d = d = d. Now fi satisfies ic.pc.fi = qo.di = qc.i, and fi = fi = di :_f = 1; thus by the
universal property of the limit L in Total(X), we have fi = g, and now f = ff = fd = fir = gr.
O

Finally we observe that under a further assumption, restriction products and splitting of re-
striction idempotents suffice to obtain all (finite) limits in the restriction category.

Let X be a cartesian restriction category. We say that an object X is separable if the diagonal
A: X — X x X is a restriction monic; that is, if there is a map r: X x X — X with rA =1 and
Ar =T7. (Recall that such an r is unique if it exists, and is called the restriction retraction of A.)

Proposition 4.13 If X is a split cartesian restriction category in which every object is separable
then Total(X) has all finite limits.

PrROOF: We already know that Total(X) has finite products; it remains to show that it has equal-

izers. Suppose then that f,g : X — Y are given in Total(X), let o : X — Y X Y be the induced

map, and r : Y XY — Y the restriction retraction of A : Y — Y x Y. Now consider the restriction

idempotent rh, and let i : E — X and s : X — E be its splitting. We shall show that i is the

desired equalizer. First of all 7 has a retraction, so is a monomorphism, and so in turn is total. We

must show that fi = gi, and that if j is any total map with fj = gj then j factorizes through i.
Write p,q: Y x Y — Y for the projections. Observe first that

Ppr = pAr = r = qAr = qF
and now o o o
fi= fisi = frhi = phrhi = prhi = qrhi = qghrhi = gisi = gi.
On the other hand, if j is total and fj = gj, then hj = Ak for a (unique total) map k, and so
isj = thj = jrhj = jrAk = jk = j

and sj gives the required factorization of j through i. O
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5 Counital copy categories

We have seen that there are many different ways of describing the structure which we call a
restriction category with restriction products, but we shall actually add one more way to this list:
the counital copy categories which we introduce below. (The slightly weaker structure of copy
category will not be considered in this paper.)

5.1 Restriction products revisited

The starting point is that if X is a restriction category with restriction products, then as a category,
X has a symmetric monoidal structure, with tensor product given by restriction product. The
associativity isomorphism is the « appearing in the definition of p-category, while the symmetry
is the 7. The unit is the restriction terminal object, and the unit constraint X x T" = X is the
projection. In light of the coherence results for monoidal categories [I5], we shall allow ourselves
to omit explicit mention of the associativity isomorphisms, and write as if the tensor product were
strictly associative.

As observed by Carboni [2], for each object X the diagonal map A : X — X x X is coassociative
and cocommutative, and has a counit given by tx : X — T. Thus every object has a canonical
cocommutative comonoid structure in the symmetric monoidal category. Furthermore, since the
A are natural, every morphism f : X — Y is a morphism of cosemigroups, although it may not
preserve the counit. It will preserve the counit if it is a total map; conversely, if f preserves the
counit, that is, if ty f = tx, then f =ty f = fx = 1, and so f is total. Thus the total maps are
precisely the counit-preserving ones.

There are two further further conditions which necessarily hold in a restriction category with
restriction products: the diagonal A : T — T x T must be inverse to the unit isomorphism
r=1:T xT — T of the monoidal structure, and the composite

XV e X X x YV x VP X vy x X Y

must be A : X XY — X xY x X xY. Together these conditions say that A : X — X x X is
not just a natural transformation, but a monoidal natural transformation; it can also be viewed
as an instance of the “middle four interchange” law for bicategories. To see that these conditions
must hold in a restriction category with restriction products, it suffices to observe that they are
all equations in Total(X), where the tensor product is a genuine product, and that such equations
always hold in a symmetric monoidal category for which the tensor product is the categorical
(cartesian) product. We call a symmetric monoidal category equipped with maps A : X — X x X
which are monoidally natural, coassociative, cocommutative, and have counits, a counital copy
category. (In [8] we shall have cause to look at a slightly weaker structure, called a copy category,
in which the assumption that the cosemigroups have counits is dropped.) It will turn out that
a symmetric monoidal category can have at most one counital copy structure, and has such a
structure if and only if it arises from a restriction category with restriction products.

If ¥ is an arbitrary symmetric monoidal category, let Copy(¥’) be the category whose ob-
jects are the cocommutative comonoids in ¥, and whose morphisms are the homomorphisms of
cosemigroups. Then Copy(?') has a canonical symmetric monoidal structure: the tensor product
of cocommutative comonoids (C,d : C - C®C,e: C — I)and (D,§: D —- D® D,e: D — I) has
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underlying #-object C ® D, with comultiplication and counit given by

coD % cocepeD Y ceoDeCoD

€ T

CoDET01 I

But now the map § : C' - C®C' in ¥ isamap A : (C,d,¢) — (C,0,¢) ® (C,,¢) in Copy(¥') which
is coassociative, cocommutative, and counital by definition of the objects of Copy(¥’), natural by
definition of morphisms in Copy(?"), and monoidally natural by definition of the monoidal structure
on Copy(?). Thus Copy(¥') is a counital copy category. On the other hand, there is an evident
forgetful functor U : Copy(?') — ¥ which strictly preserves the symmetric monoidal structure, and
if ¥ is a counital copy category, then this U is clearly an equivalence of categories. This proves:

Proposition 5.1 The counital copy categories are precisely the symmetric monoidal categories of
the form Copy(¥') for some symmetric monoidal ¥ .

We conclude:

Theorem 5.2 The following structures on a category X are equivalent:
(i) restriction category with restriction products;
(ii) p-category with a one-element object;
(iii) partial cartesian category in the sense of Curien and Obtulowicz;
(iv) counital copy category;
(v) symmetric monoidal structure with U : Copy(X) — X an equivalence;
(vi) symmetric monoidal structure for which there exists some equivalence X ~ Copy(¥).

All the structure is determined by either the restriction category structure or the symmetric monoidal
structure.

5.2 Classified restriction categories and equational lifting categories

In this brief section we revisit the analysis in [7] of classified restriction categories, in particular its
connection with the equational lifting monads of [IJ.

Let € be a symmetric monoidal category, with tensor product ®, unit I, and symmetry 7.
The associativity and unit isomorphisms will be suppressed where possible. A symmetric monoidal
monad [14] on € is a monad T = (T,n, ;1) equipped with a natural transformation 45 : TA ®
TB — T(A ® B) satisfying the equations

TA®TB 2% T(A® B) A B A o TR
TL lr \ l/%pA,B
NA®B
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T
T2A 0 T2B"T(TA® TB) 225 T2(A © B)
MA®MBl \LHA@B

TA®TB T(A® B).

¥YA,B

In fact the structure on T of symmetric monoidal monad can be given either by ¢, or by a
natural family of maps ¢4 p : A x TB — T(A x B) satisfying equations given in [I4]. One obtains
Ya,p from ¢4 g by composing with 174 X 17, and one obtains ¢4 p from ¥4 p as the composite

YTA B TYp,a

TAxTB—¥T(TAx B)—Z>T(B x TA) —> T%(B x A) - T?(A x B) 2%

HAXB

T(A x B).

When the maps ¢ are used rather than ¢, one sometimes speaks of a commutative strong monad
rather than a symmetric monoidal monad.

A symmetric monoidal monad T on % induces a symmetric monoidal structure on the Kleisli
category €. If we regard the objects of €7 as being the objects of €, and arrows in 67 from A to
B as being arrows in ¢ from A to T'B, then the product of objects A and A’ is A ® A’, while the
product of arrows f: A — TB and f': A’ — TB’ is the composite

Aea L rperE P2 T(B o B,

The left adjoint I : € — €71 strictly preserves the symmetric monoidal structure.

If € is not just symmetric monoidal, but a counital copy category, then applying I : € — %1 to
the cocommutative comonoid structures on objects of %, one obtains a canonical cocommutative
structure on each object of ¢p. If the resulting copy maps A — A ® A in %1 are natural, then
they will certainly be monoidally natural, so that ¥ will be a counital copy category. As for the
naturality, this amounts to commutativity of the exterior of

A ! TB

o

/1@3/1_7E§frfg@DTT;:E;E'IKZ3@Df%

for every f: A — TB in ¥. Now the quadrilateral commutes by naturality of the copy maps in
%, so the exterior will commute provided that the triangular region does so. We therefore define a
symmetric monoidal monad 7" on a counital copy category & to be a copy monad if pp pA =TA
for all objects B.

Proposition 5.3 If T is a copy monad on a counital copy category €, then € is a counital copy
category.

Example 5.4 If & is a distributive category, then the monad +1 on & is a symmetric monoidal
monad, via the maps

A+1)x (B+1) > AxB+A+B122 4w B 11,
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The fact that +1 is a copy monad amounts to commutativity of the exterior of

A+ D) x (A+1) 2o Ax A+ A+ A+1

| S

A+1 AT AxA+1 N AxA+1.

It follows that %, is a counital copy category, and so that Total(K,(Z+1)) has finite products.

In [1], a symmetric monoidal monad on a category with finite products % is called an equational
lifting monad if Y4 p: A x TB — T(A x B) satisfies

A

TA TAxTA

TAl leA,A

T(Ax A) ——=T(TA x A).
T(nax1)

We observe that this implies commutativity of

TA

TAT T2 T(Ax A) —Z - T(A x A)

Ai lT(wl) TOX??A)J/ N\}
Yra, A axd HAX

TAxTA—5T(TAx A) > T(A x TA) =T (Ax A)==T(Ax 4)

PAA
which is to say that 7" is a copy monad. Thus every equational lifting monad is a copy monad.

Question 5.5 Is there a copy monad on a category with finite products which is not an equational
lifting monad?

In [7], we defined the notion of a classifying monad on a category %, and gave various charac-
terizations. To give a monad T the structure of a classifying monad is to give its Kleisli category
%r the structure of a restriction category for which Fr : € — %7 takes its values among the total
maps, and the components of the counit ep : FpUpr — 1 are restriction retractions. We now prove:

Proposition 5.6 An equational lifting monad is a classifying monad.

PrOOF: We have already seen that @7 is a counital copy category, and so in particular a restriction
category. The restriction of f: A — T B is given by

1’ k)
AL A M A 7B P T(A x B) e
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By [, Proposition 3.15], T' will be a classifying monad if and only if the restriction of npf : A — TB
is n4, for each f : A — B in €; and the restriction of 1 : TA — T A is Tna :: TA — T?A. The
restriction of npf : A — TB is given by

17
AL A g TR P (A x B P a

and

T(p)easnax 1rp)(Lnpf) =T(p)pasna x ne)(L, f) = T(p)naxs(l, f) =nap(l, f) =na
as required. For the latter, the restriction of 1: TA — T A is

nrax

TA—>TA><TA—>T2A><TA (TA><A)—>T2A

and
T(p)praa(nra x VA =T (p)paaA =T (p)T(na x 1)T(A) =Tna

as required. 0

5.3 Distributive copy categories

A counital copy category X is a restriction category with restriction products; if X also has restric-
tion coproducts and the canonical maps 6 : A x B+ A x C — A x (B + C) are invertible for all
objects A, B, and C then we call X a distributive copy category.

Proposition 5.7 For a counital copy category X with restriction coproducts, the following are
equivalent:

(1) X is a distributive copy category;

(vit

)

(13) Total(X) is a distributive category;
) K.(X) is a distributive copy category;
)

() Total(K,(X)) is a distributive category.

PROOF: The equivalence of (i) and (i¢) is immediate from the fact that restriction products and
restriction coproducts in X are products and coproducts in Total(X); the equivalence of (iii) and
(iv) is a special case of this. The fact that (¢i¢) implies (7) is trivial; it remains only to show that if
the canonical map A x B+ A x C' — A x (B + () is invertible for every object in X, then it is so
for every object in K, (X). This follows easily from the fact that the objects of K,.(X) are retracts
of the objects of X. O

Since in a distributive category the unique map 0 — A x 0 is invertible for any object A, the
proposition implies that the same is true for a distributive copy category.
Our main result about distributive copy categories is:

Theorem 5.8 If X is a counital copy category with restriction coproducts, then X is an extensive
restriction category if and only if it is a distributive copy category and has a restriction zero.
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ProoOF: If X is an extensive restriction category with restriction products then it has a restriction
zero by definition of extensivity for restriction categories; and Total(K (X)) is extensive with finite
products, thus distributive, so that X is a distributive copy category by the proposition.

Suppose conversely that X is a distributive copy category with a restriction zero. We must
show that every map f: C' — 14 1 has a decision. Let h be the composite

o2 oxclLoxa+ ot

Then Vh = p(C x f)A = p(C x f)A = pA(C x f)A = pAf = f, giving one condition for h to be
an f-decision. The second follows from commutativity of:

c—2 coxe—2 Loxa+) 571 Cic
Al Axcl A><(1+1)l A+A
Cx C—2Cx CxC g Cx O X (L+1) S L OXxC+CxC
o C><f><(1+1)l Cxf+Cx f
C’x(l—I—l)mCx(l—l—l)><(1—|—1)?>C><(1+1)+C><(1+1)
61l §l4s71t
Cc+C T cC+C+C+C.

Thus we have the following examples of distributive copy categories:

Example 5.9 (i) For a distributive category 2 we saw in Example B4 that 2,4 is a counital
copy category and in Example that it is an extensive restriction category. By the theorem,
then, Z,, is a distributive copy category.

(ii) If ¥ is a symmetric monoidal category then Copy(¥') is a counital copy category. If ¥ also
has coproducts, and the tensor product distributes over the coproducts, then Copy(?) is a
distributive copy category.

(iii) The category CRng of commutative rings can of course be regarded as the category of com-
mutative monoids in the monoidal category Ab of abelian groups. We can therefore regard
CRng °Pas the category of cocommutative comonoids in the monoidal category Ab °P. Now
the tensor product in Ab °Pdistributes over coproducts, and so Copy(Ab°P) is a distributive
copy category. An object of Copy(Ab°P) is a cocommutative comonoid in Ab °P; that is, a
commutative ring. In fact Copy(Ab°P) is just CRng’’, where CRng, is the category whose
objects are the commutative rings and whose morphisms are the functions preserving +, x,
and 0, but not necessarily preserving 1. Thus CRng’ is a distributive copy category. It is
not hard to see that idempotents split in CRng’’, and that the category of total maps is just
CRng®®, and so we recover the well-known fact that CRng®P is extensive.
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5.4 The extensive completion of a distributive category

In this section we apply the results obtained above to give a description of the extensive completion
of a distributive category. There is a 2-category Dist of distributive categories, functors preserving
finite products and coproducts, and natural transformations; and there is a full sub-2-category
Extp, of Dist consisting of those distributive categories which are also extensive. The inclusion has
a left biadjoint, and the value at a distributive category & of this left biadjoint is what we mean by
the extensive completion of the distributive category 2. An explicit construction of the extensive
completion was given in [9]; here we shall give an alternative, more conceptual, description.

Given a distributive category & we have seen that there is a monad +1 on ¥ whose Kleisli
category %41 has a restriction structure. We may now split the restriction idempotents in 2,1,
and then take the total maps in this new restriction category, to give a category Total(K,(Z11)).
The image of the left adjoint 2 — Z4; lands in Total(Z41), and if we compose the resulting
functor I : 2 — Total(Z41) with the map Total(J) : Total(Z41) — Total(K,(Z+1)) induced by the
inclusion J : 241 — K,;(%+1), we obtain a functor N : 2 — Total(K,(Z+1)). It turns out that
N : 9 — Total(K,(Z+1)) exhibits Total(K,(Z+1)) as the extensive completion of &, as we shall
see below.

We saw in Example B3] that Total(K,(Z1)) is extensive, and we saw in Example B4 that it has
finite products, and so lies in Extp,. The inclusion J : Z1 — K, (Z41) preserves restriction products
and restriction coproducts, and so the induced map Total(J) : Total(Z;1) — Total(K,(Z+1))
preserves products and coproducts. The left adjoint 2 — %241 preserves coproducts, and the
inclusion Total(Z41) — %41 preserves and reflects them, so that I : 2 — Total(Z4;) preserves
coproducts. On the other hand the left adjoint ¥ — %1 sends products to restriction products,
and so I : 9 — Total(Z41) also preserves products. Thus N : 2 — Total(K,(Z41)) preserves
products and coproducts, and so is a morphism in Dist.

It remains to check the universal property. To do this, we use the theory of effective completions
of classifying monads developed in [, Section 5]. Recall that a restriction category X is classified
if the inclusion Total(X) — X has a right adjoint R for which the components €4 : RA — A are
restriction retractions. The induced comonad on X is called the classifying comonad. A monad T
on a category ¢ was defined in [7] to be a classifying monad if it is equipped with the requisite
structure to make the Kleisli category 67 into a classified restriction category whose classifying
comonad is the comonad induced by the Kleisli adjunction. The classifying monad 7T is said to be
effective if the restriction category %7 is split and the left adjoint Fp : € — %1 exhibits € as the
category of total maps in ¢7. In other words, a classifying monad is effective if it is the partial map
classifier for a category of partial maps. Various characterizations of effective classifying monads
were given in [[7, Theorem 5.8].

Given a classifying monad T on a category %, the restriction category %7 is classified; the split
restriction category K, (%7) need not be classified in general, although it will be if T"is an interpreted
classifying monad in the sense of [, Section 4]. The precise details of this definition are unimportant
in the present context, but it is important to know that the monad 41 on a distributive category
2 is an interpreted classifying monad, as observed in [7, Example 4.15]. For a general classifying
monad 1" there is nonetheless a universal way to obtain a split classified restriction category from
%r: it is obtained by splitting more idempotents than just the restriction ones, and is denoted by
K. (ér); see [1, Section 3.3].

Since K (%7) is a split classified restriction category, the induced monad on Total(K. (%7)) is
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an effective classifying monad. It is in fact the universal way of associating an effective classifying
monad to the classifying monad 7', in a sense made precise in [7, Section 5|, and so is called the
effective completion of the classifying monad 7'. In the case where the monad T is interpreted —
such as the monad 41 on a distributive category — then the effective completion may be described
more simply as Total(K,(%7)). We shall use the universal property of the effective completion to
show that Total(K,(Z41)) is the extensive completion of the distributive category .

Consider distributive categories 2 and &, equipped with the corresponding interpreted classi-
fying monads +1. A morphism of classifying monads (in the sense of [7]) from (Z,+1) to (&,+1)
consists of a functor H : ¥ — & equipped with a family of maps ¢ : H(A+ 1) — HA + 1 natural
in A and rendering commutative the following diagrams:

HAZA H(A+1)  HA+1+) 22 gAa+ 125 a1+
‘ l% H(AJ’V)l LHA+V
tHA

HA+1 H(A+1) 7 AA+1
HA—"M a1 1) 27 4B+ ) " a1
nn| |

for all objects A and all morphisms f : A — B + 1. A straightforward argument shows that the
condition involving a morphism f : A — B + 1 holds for all such f if and only if it holds for all f
with B = 1; that is, for all @ : A — 1 4+ 1. The resulting diagram is:

H(A,a) H(A+Y)

HA HAx (1+1) 2" g4+ 4) H(A+1)
<HA,Ha)l lSDA

HAx H(1+1) o HAX (H1+1) — HA x Hl + HA——> HA+1

Given morphisms (H,¢) and (K,v) of classifying monads, a transformation from (H,¢p) to
(K, 1) consists of a natural transformation o : H — K rendering commutative

HA+1) 2> pga+1

aA+1l/ laA-l-l

for all A. There is now a 2-category Dist. consisting of the distributive categories, the morphisms of
classifying monads, and the transformations of these. It is a full sub-2-category of the 2-categories
icMnd and cMnd defined in [7]. The biadjunctions constructed in [, Section 5.2] now show that
N : 2 — Total(K,(Z+1)) has a canonical structure of morphism of classifying monads, and exhibits
Total(K,(Z4+1)) as the bireflection of & into the full sub-2-category of Disty consisting of the
extensive categories with finite products.

We now turn to an analysis of the notion of morphism of classifying monads. Suppose, as above,
that 2 and & are distributive.
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Lemma 5.10 If H : 9 — & preserves finite coproducts then there is a unique ¢ making H into a
morphism of classifying monads, namely HA+!: HA+ H1 — HA + 1.

ProoF: If o4 : HA+ H1 — HA + 1 makes H into such a morphism then it must have the form
(aa|Ba) where ay : HA — HA+ 1 and B4 : Hl — HA+ 1 are both natural in A. Compatibility
of ay with the first injection gives a4 = iy 4, while naturality of 84 gives commutativity of

HlLH0+1

e e

HA+1.

But HO is initial, so Gy : H1 — HO+ 1 is the unique map, and ¢4 must be HA+! as claimed.

Conversely, we must show that o4 = HA+! does satisfy the various conditions. It is clearly
natural and satisfies the compatibility conditions withig : A — A+1land A+V : A+1+1 — A+1,
so we need only show compatibility with maps a : A — 1 4+ 1. Commutativity of

HAx Hl+ HA x H1 > HAx (H1 + H)™ % HAx H(1+1)
7T1+7T1L T(HWLHTQ)
HA+ HA H(A + A) H(A % (1+1)),

wherein 6 denotes the canonical isomorphisms expressing the fact that H preserves coproducts,
gives commutativity of

HAx (H1+1) HAx Hl+ HA
HAXx 1

THAX(H1+D 1+W1T
HAx0~L

HAx H(1+ )—>HA><(H1+H1)—5>HA><H1+HA><

<W T<HW1,HW2> 7r1+7r1t N

m1+!

HAmH(AX(l—FI)) o1 H(A+A HA+ HA——HA+1
HA+H!
HA+!
H(A+1) HA+ H1
0

Corollary 5.11 If H K : 9 — & preserve finite coproducts, then any natural transformation
a: H — K is a transformation of classifying monads.

On the other hand, the coproduct-preserving functors are not the only morphisms of classifying
monads:

Example 5.12 If X is any object of &, then the constant functor AX : ¥ — & at X becomes a
morphism of classifying monads if we define p4 : H(A+1) — HA+1 to be the injection X — X +1
for any A.
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We may now prove

Theorem 5.13 The functor N : 9 — Total(K,(Z+1)) exhibits Total(K,(Z41)) as the extensive
completion of the distributive category 9.

PrROOF: We know from [7] that composition with N induces, for any extensive category & with
products, an equivalence between the category of morphisms of classifying monads from 2 to & and
the category of morphisms of classifying monads from Total(K,.(Z41)) to &. It remains to prove that
if G: 9 — & preserves finite products and coproducts, and (H, ¢) : Total(K,(Z4+1)) — & is the in-
duced morphism of classifying monads, then H preserves finite products and coproducts. But since
H may be constructed as the composite of Total(K,(G41)) : Total(K,(Z+1)) — Total(K,(&41))
and the canonical equivalence Total(K,.(&11)) — &, it will suffice to prove that Total(K,(G41))
preserves finite products and coproducts. Since G preserves coproducts, G411 preserves restric-
tion coproducts, and so Total(K,(G41)) preserves coproducts by Proposition ZZ2 Similarly G4
preserves restriction products and so Total(K,(G+1)) preserves products by Proposition ELZL O
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