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Abstract

The main results of the paper are two effective versions of the Riemann mapping theo-
rem. The first, uniform version is based on the constructive proof of the Riemann mapping
theorem by Bishop and Bridges and formulated in the computability framework developed
by Kreitz and Weihrauch. It states which topological information precisely one needs about
a nonempty, proper, open, connected, and simply connected subset of the complex plane
in order to compute a description of a holomorphic bijection from this set onto the unit
disk, and vice versa, which topological information about the set can be obtained from a
description of a holomorphic bijection. The second version, which is derived from the first
by considering the sets and the functions with computable descriptions, characterizes the
subsets of the complex plane for which there exists a computable holomorphic bijection onto
the unit disk. This solves a problem posed by Pour-El and Richards. We also show that
this class of sets is strictly larger than a class of sets considered by Zhou, which solves an
open problem posed by him. In preparation, recursively enumerable open subsets and closed
subsets of Euclidean spaces are considered and several effective results in complex analysis
are proved.

1 Introduction

One of the most famous classical results in complex analysis is the Riemann Mapping Theorem.
It states that the subsets of the complex plane which can be mapped conformally onto the
unit disk are exactly the nonempty, proper, open, connected and simply connected subsets (we
call a function mapping complex numbers to complex numbers conformal if and only if it is
holomorphic, i.e. analytic, and injective, i.e. one-to—one, on its domain). While it is easy to see
that any conformal image of the unit disk has the listed topological properties, it is remarkable
that these topological properties of a subset of the complex plane already guarantee the existence
not only of a homeomorphism (a continuous bijection whose inverse is continuous as well) onto
the unit disk but even of a conformal homeomorphism (a mapping which at least locally preserves
the geometry) onto the unit disk.

The most common proofs are pure existence proofs, mostly based on the extremal principle
of Fejér and Riesz [16]. The question how to obtain such a conformal mapping for a given
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proper, simply connected region (a region is a nonempty, open, connected subset of the complex
plane) has received attention already very early. In fact, the first complete proof of the theorem,
given by Carathéodory and Koebe [10] in 1912 is already constructive in a naive sense. The
conformal mapping was constructed as the combination of a mapping which maps the region into
the unit disk and of a limit function obtained by repeatedly applying dilating mappings which
map the region to regions filling the unit disk better and better. A pure, constructive proof in
the framework and language of constructive mathematics along the lines of the Koebe proof was
given by Bishop and Bridges [2]. We shall come back to this later. Pour-El and Richards [15,
Problem 5] posed the problem to characterize the subsets of the complex plane for which there
exists a computable conformal mapping onto the unit disk. Here computability of a function
is defined in the sense that by using better and better approximations for the input one must
be able to compute better and better approximations for the output. This is the computability
notion for real functions based on the Turing machine model and studied by Grzegorczyk [4, 5],
Lacombe [12], Hauck [6, 7], Pour-El and Richards [15], Kreitz and Weihrauch [19, 11, 23, 20],
Ko [9], and others. We shall prove the following answer to the Pour-El/Richards problem:

Theorem For a subset U C C of the complex plane the following two statements are equivalent:

1. U is a nonempty, proper, r.e. open, connected, simply connected subset of C and its bound-
ary OU 1is r.e. closed.

2. There exists a computable conformal bijection f from the unit disk onto U.

Furthermore, there exists an algorithm which computes a program for a conformal bijection of
the unit disk onto U if the algorithm is given a program for such a set U as an r.e. open set and
a program for its boundary as an r.e. closed set. Also an algorithm performing the inverse task
exists.

Hence, besides the known non-effective topological properties a subset of the complex plane
must satisfy two effective properties in order to possess a computable conformal bijection onto
the unit disk (the inverse of a computable conformal mapping is again a computable conformal
mapping): it must be r.e. open and its boundary must be r.e. closed. An open set U is called r.e.
open if one can enumerate a set of open spheres with rational centre and rational radius which
cover exactly U. A closed set C' is called r.e. closed if one can enumerate a set of computable
real numbers which form a dense subset of C'. It is interesting that an effectivity condition plays
an important role whose non-effective analogue is trivially fulfilled, namely that the boundary is
r.e. closed. Zhou [24] had considered a class of sets which are called recursively open and asked
[24, Problem 5.4] whether every set which is the image of the unit disk under a computable
conformal mapping must be recursively open. We give a negative answer to this question.

The result above is a direct corollary of the main result of the paper. This is formulated in
the language of Type 2 Theory of Effectivity, developed by Kreitz and Weihrauch [19, 11, 20].
This theory allows the definition and analysis of computability for operators between more
general objects than real numbers or vectors: the objects are represented by infinite binary
(one may also use larger alphabets) sequences containing certain information about them (in
the same way as real number representations contain information about real numbers). Our
main result states that from a sequence which describes a proper, simply connected region in
a certain, purely topological way corresponding to the two effectivity conditions above one can



compute a sequence which describes a conformal bijection from the set onto the unit disk, and
that the inverse operation, starting with a description of a conformal mapping and computing
equivalent topological information about the set, is also computably possible. Hence, we show
which topological information precisely about a proper, simply connected region is equivalent to
the standard information about the conformal mapping onto the unit disk: it is the information
to enumerate spheres covering exactly the set and to enumerate points forming a dense subset of
the boundary. The theorem above is obtained by considering the sets and conformal functions
which possess computable names with respect to these representations.

We follow the classical proof by Koebe [10] and additionally use ideas and estimates from
the strictly constructive proof of the Riemann Mapping Theorem by Bishop and Bridges [2].
They show that the constructive existence of a conformal mapping of a subset U of the complex
plane onto the unit disk is equivalent to certain constructive topological conditions on the set
U, whose computability theoretic analogues turn out to be equivalent to the conditions in the
theorem above. It is interesting that the constructive/computable analogue of the classically
purely topological direction of the Riemann Mapping Theorem — that every conformal image
of the unit disk is a proper, simply connected region — seems to require an application of
the Koebe % theorem. This is due to the additional information about the boundary (see the
theorem above), which does not appear in the non-effective formulation.

We would like to mention that the problem to construct a conformal mapping onto the unit
disk for a given proper, simply connected region is also of great practical interest, compare
Henrici [8]. While in this paper we are interested in the computability theoretic aspects of
the Riemann Mapping Theorem, a complexity theoretic analysis would certainly be interesting.
Besides the book of Bishop and Bridges [2] we mention the exposition of the Riemann Mapping
Theorem by Henrici [8], which contains also estimates for the speed of convergence, i.e. for the
complexity of the algorithm. The exposition by Remmert [17] discusses also other variants of
proofs and gives a lot of historical background.

In the following section we provide a brief introduction into Type 2 Theory of Effectivity,
introducing computability for “infinite” objects via representations and Turing machines. In
Section 3 we introduce various representations of open subsets and of closed subsets of Euclidean
spaces. For example we define the notions of being r.e. open or r.e. closed or recursively open.
Section 4 contains several results from computable complex analysis which we need for the proof
of the main result and which seem to be of independent interest. In Section 5 the main result
and its corollaries are formulated. Then, in Section 6, we prove the main result. We conclude
with a summary and with some open problems.

2 Type 2 Computable Analysis

This section contains a brief introduction into computable analysis based on representations and
Type 2 computable functions and provides the necessary terminology. For a more complete and
systematic treatment see Kreitz and Weihrauch [11, 20, 21].

If one wishes to perform computations over a countable set of objects, e.g. the natural
numbers IN = {0,1,2,...}, on a Turing machine, one can do so by using a notation of these
objects. One represents the objects by finite strings over the finite alphabet of the Turing
machine and performs the computation on these names. Elements of an uncountable set, e.g. the
real numbers IR, cannot be identified by finite words. Yet, one would like to define and to speak



of computable real number functions. Type 2 Theory of Effectivity, developed by Kreitz and
Weihrauch [19, 11, 20], see also Hauck [7], offers the following solution for uncountable sets
whose cardinality does not exceed the cardinality of the continuum: one represents the objects
by infinite sequences of digits from the Turing machine alphabet and performs the computation
on longer and longer prefixes of these sequences. Thus, in finite time only finite prefixes have
been read and written and only finite, partial information about the objects has been processed.
But it is important that this process can at least in principle be continued ad infinitum. This
means that it must be possible to carry the computation out with arbitrary precision. For real
number functions this approach leads to a computability notion based on approximations. The
approach allows also the definition of computability for more complicated objects and operators,
e.g. operators between certain spaces of sets or functions. Besides computable real and complex
number functions and sets of real vectors we are interested in the computability of operators
which transform topological information about certain open subsets of the complex plane into
geometric information describing conformal functions, and vice versa.

We denote the set of natural numbers by IN = {0,1,2,...}, the set of real numbers by
R. We write d(z,y) = |z — y| for the usual Euclidean distance of two vectors z,y € IR",
S(z,r) :== {y € R" | |z — y| < r} for the open sphere in R" with centre z and radius r, and
Sc(z,c) :={y € R" | |[x —y| < r} for its closure. By f :C X — Y we mean a function whose
domain dom f of definition is a subset of X and whose range is a subset of Y.

We start with the definition of notations and representations. In the whole paper ¥ will be
a finite set, called the alphabet, which contains at least the symbols 0, 1, #, and a blank B. By
e we denote the empty string. ¥* is the set of finite strings over ¥ and ¥ = {p |p: IN — X} is
the set of infinite sequences over X.

Definition 2.1 Let X be a set. A notation is a surjective function v :C {0,1}* — X. A
representation is a surjective function § :C 3¢ — X.

First we introduce a standard notation of numbers.

Example 2.2 The notation v : {0,1}* — IN is the quasi-lexicographical bijection between
{0,1}* and IN with v (e) := 0, vn(0) := 1, v(1) := 2, vv(00) :=3,.. ..

We shall often use the Cantor pairing function (,) : IN? — IN with (¢, j) := 1(i+7)-(i+j+1)+j
and the derived bijection (,) : ({0,1}*)% — {0, 1}* with (v, w) := v (v (v), viv(w)). We define
inductively (v) := v and (v1,...,0p41) := ((V1,. .., Un), Unt1)-

Examples 2.3 1. The notation vy : {0,1}* — ZZ of the set of integers ZZ = {...,—2,—1,0,
1,2,...} is defined by vz (v, w) := v (v) — vn(w) for v,w € {0,1}*.

2. The notation vp : {0,1}* — ID of the set of dyadic rational numbers
D={zcQ|(3ke€ZmeN)z=Ek/2™}
is defined by vp (v, w) = vz (v)/2"N®) for v,w € {0,1}*.

3. Let v be a notation of a set X. Then the notation v™ of the set X™ is defined by
v (v1, ..., vn) = (V(v1),. .., v(vy)) for vy, ... v, € {0, 1},



4. Let n > 1 be fixed. We define a notation vg» of the set of open dyadic spheres in IR" with
dyadic center and dyadic radius by vgn (v, w) = S(vg(v), vp(w)) for v,w € {0,1}*. The
notation vgen of closed dyadic spheres is defined accordingly.

For representations the following additional constructions are very useful. We define a map-
ping En: 2% — {A | A C{0,1}*} by

En(p) := {v € {0,1}" | #v# is a subword of p}.

Also, for each n > 1 we use the standard tupling function (,) : (¥¥)* — X“ defined by
(p) = p, (p,q) = p(0)g(0)p(1)g(1)..., and (pM),... pIt) = ((pM), ... p) p*+1)  for
p = p(0)p(1)p(2)..., ¢ = q(0)g(1)q(2)..., pV),... ,p(*1) € %¢  The inverse projections 77

are defined by p = < mp,...,mep) for 1 < ¢ < n. We can also define a tupling function
(,): ()Y — X¢ via

PO, pM p@ (i, 5)) = pD(j),

for p(@ p() p®) . € 5% The projections 7$° are defined by p = (7§°p, 7{°p, 75°p, .. .).

Examples 2.4 1. Let n > 1 be fixed. We define a representation p(") :C X — IR" of real
n—vectors as follows: if p € ¥ has the form p = #vo#vi#v2# ... for words v; € dom vy,
with | (v;) — v (v;)] < 27 ™83} for all 4, j, then we set p(™ (p) := lim ¥4 (v;). If p does
not have this form, then p(™(p) is undefined.

2. We shall need also representations for the set of the extended real numbers R = R U
{—00, 0}, endowed with the obvious order relation and the usual arithmetic operations,
eg. x+ 0o = oo for all x € R U {0}, etc. We define representations p<, p~, and
p:C 3 > IR as follows:

p<(p) =z iff En(p)={ve{0,1}* |vp(v) <=z},
p_( ) == iff En(p)={ve{0,1}" |vp(v) >z},
)=z i 2<(p)=z and 7>(g) = .

3. We define p<, p~, and p :C £ — IR to be the restrictions of p<, p>, and p to names of
real numbers.

4. Let n > 1 be fixed. If § is a representation of a set X, then the representation §" of the
set X" is defined by 6" (p(1), ... p(™) := (6(pM),...,8(p™)) for p1), ... p) € nv.

In order to use notations and representations for computations we have to define computable
functions on strings and infinite sequences. We use the usual notions based on the Turing
machine model and explained e.g. in Weihrauch [21]. They are based on the idea that by using
a large enough prefix of the input (if it is infinite) one can compute a prefix of the output of any
desired length, if it is infinite, and the exact output, if it is finite. We give a precise definition
only for the case of computable functions whose input and output are infinite sequences. A
function g :C ¥* — ¥* is called monotonic, iff g(vw) € g(v)X* for all v,vw € domg. The
function f :C X¥ — ¥“ induced by a monotonic function g :C ¥* — X* is defined by

1. dom f = Npew(97H(E"E*)ZY) (ie. p € dom f iff for all n € IN there is some prefix
v € dom g of p with |g(v)| > n),



2. f(p) € g(v)X¥ for any prefix v € dom g of p (for p € dom f).
It is clear that f is well-defined by these conditions.

Definition 2.5 A function F :C X¥ — X is called a computable functional, iff there is a
computable (in the standard sense), monotonic function g :C ¥* — ¥* which induces F'.

Before we define computability for functions between represented spaces we use computable
functionals in order to compare representations.

Definition 2.6 Let v :C ¥ — X and § :C ¥“ — Y be representations of sets X and Y. We
write v < ¢ iff there is a computable functional F' with v(p) = 6F(p) for all p € dom~y. We
write v = § and say that v and § are equivalent iff v < § and § < ~.

Examples 2.7 1. p(® = p" for all n > 1.
2. p<p<, but p= £ p.

Every computable functional F' :C ¥¥ — 3“ is continuous where on 3“ we consider the
usual product topology. A base of this topology is formed by the sets wX¥ = {p € ¥ | w is a
prefix of p}. In analogy to the standard notation ¢ of computable functions mapping strings to
strings (compare e.g. Rogers [18], Weihrauch [20]) there is a total standard representation 7 of
the set of all continuous functionals F' :C ¥¥ — ¥ whose domains are Gs—sets, see Weihrauch
[20].

Theorem 2.8 There exists a total representation n: ¥ — {F :C ¥¥ — X¢ | F is continuous
and dom F' is a Gs—set} with the following properties:

1. (utm Theorem) The functional v :C X¥ — X¢ with u(p,q) = np(q) for all p,q € £¥, is
computable.

2. (smn Theorem) For every computable functional F :C X% — X¥ there exists a total com-
putable functional G : B¥ — X% with ng(p)(q) = F(p,q) for all p,q € 3.

The following definition of computability for represented spaces follows the idea that com-
putations are not performed on the objects themselves but on their names.

Definition 2.9 1. Let f :C X — Y be a function between two sets X and Y and let
v :C XY - X and § :C ¥¥ — Y be representations of sets X and Y. We say that f is
(v, §)-tracked by a functional F iff

fy(p) = 6F(p)

for all p € dom fv. If f is (v,d)tracked by 7, for some p € £, then we call p a (vy,d)—
tracking name for f.

2. The function f is called (v, §)-computable iff there exists a computable functional which
(v, d)-tracks f.



A function f :C X — Y is (v, d)tracked by a continuous functional if and only if it is
continuous with respect to the topologies on X and Y induced by + and §, compare Kreitz
and Weihrauch [11, 20]. It is important to note that a function f :C R™ — IR" possesses a
(p™, p")—tracking name iff it is continuous.

We mention one intuitively clear corollary which says that the composition of functions is
computable.

Corollary 2.10 There exists a computable functional Comp with the following property: if
B:CYY = X, v:CX¥ =Y, and § :C XY — Z are representations of sets X, Y, Z, and if p is a
(8,7)—tracking name for a function f :C X — Y and q is a (y,0)—tracking name for a function
9:CY — Z, then G{q,p) exists and is a (3,0)—tracking name for the composition go f.

Proof. By the utm and smn Theorem for i there exists a computable functional Comp with
NComp(q,p) (T) = Ngnp(r) for all p, g, € X¢. This functional Comp has the desired property. O

We also wish to introduce computability for elements, not just for functions. This is done
via computable names. A sequence p € X¥ is called computable iff the function g : ¥* — ¥*
with g(vy' (7)) = p(i) for all 4, is computable. Let ¢ be a total standard notation of the set of
all computable functions g :C ¥* — £* (compare Rogers [18], Weihrauch [20]).

Definition 2.11 Let v :C ¥“ — X be a representation of a set X.

1. An element ¢ € X is called y-computable iff there is a computable sequence p € ¥ with
v(p) = z.

2. The notation v, of y—computable elements induced by v is defined by v, (v) = v(¢y) if the
term on the right side exists.

A p—computable real number is simply called computable.

Lemma 2.12 (Computable Points Lemma) Let F' be a computable functional. Ifp € dom F
is a computable sequence, then also F(p) is a computable sequence. Furthermore, there is a com-
putable function on strings which maps any p—name for a computable sequence p € dom F' to a
p-name for F(p).

This lemma has important consequences. Let v :C ¥ — X and § :C ¥“ — Y be repre-
sentations of sets X and Y. If v < §, then every y—computable element is also —computable.
If v and J are equivalent, then an element of X (which is identical with Y in that case) is y—
computable iff it is 6—computable. If f :C X — Y is a (y,d)—computable function, then f maps
vy-computable elements to é—computable elements. And, given a r.,~name of a y-computable
element in dom f, one can compute a vs—name for f(z). Further statements of this kind are
obtained by considering also computable functionals whose input or output are (v, d)—tracking
names for functions. Then also the following corollary of Theorem 2.8 is important.

Lemma 2.13 A function F :C X% — X% is a computable functional iff there exists a computable
p € X with n, = F.

The following proposition summarizes a few characterizations of computable functions f :C
R™ — IR™. This is the computability notion for real functions considered e.g. by the authors
cited in the introduction. Especially, for functions whose domain of definition is a computable
rectangle as considered by Pour-El and Richards [15], one obtains their computability notion.



Proposition 2.14 Let m,n > 1 be fired. The following conditions are equivalent for a function
fCR" - R™:

1. f is (p™, p™)—computable.
2. fis (p™, p(M)—computable.
3. f possesses a computable (p", p™)—tracking name.

4. There exists an r.e. set A C {0,1}* with f~1(vgm(w)) = dom f N U(v,wyca vsn(w) for all
w € {0,1}*.

We conclude this section with a simple example which we shall need later. Let U C IR" be an
open set. If a sequence (f,), of continuous functions defined on U converges locally uniformly,
then it converges to a continuous limit function f. If all functions f,, are computable on U and
for every compact subset of U the convergence is computably fast, then the limit function is
computable on every compact subset of U, but it does not need to be computable on U. For a
counterexample see Pour-El and Richards [15]. This changes, when one can compute a lower
bound for the speed of convergence not only in n but also uniformly in the compact sets. We
say that a sequence p € 3¢ describes a modulus of converges for the sequence (f,), on U iff p
has the form

P = #(uo, vo, wo) F#(u1, v, w1 )H# . ..

where |f;(z) — fj(z)] < 2-vn(vE) for all k, for all € U Nwgn(uy), and for all 4,5 > vi(wy), and
if for each [ € IN the set U is a subset of U{vgn(ug) | (ug, v, wr) € En(p) and v (vg) > 1}.

Proposition 2.15 Fiz numbers n,m > 1. There exists a computable functional H with the
following property: if U C IR™ is an open set, if p is a sequence such that for each i the sequence
op is a (p", p™)-tracking name for a continuous function f; : U — R™, and if q describes a
modulus of convergence for the sequence (f;); on U, then H(p,q) exists and is a (p™, p™)—tracking
name for the limit function of the sequence (f;); on U.

Proof. Assume that p and ¢ are as in the proposition, and r is a p”"—name for a point x € U.
Then for any [ € IN we can find a word (ug, vk, wg) € En(q) such that vw(vg) > 1+ 1 and
r € vgn(ug). Then we define ip := v(wy). Using mf°p we can compute the value f; ()
with precision 271 and thus obtain a 2~ '—approximation for lim;_, fi(x). Hence, there is a
computable functional G with the following property: if p and ¢ are as in the proposition, and
r is a p"name for a point # € U, then G(p,q,r) exists and is a p™-name for the value of the
limit function at . An application of the smn Theorem for 7 gives the desired functional H. O

3 Open Sets and Closed Sets

We present a series of representations of open or closed subsets of Euclidean spaces IR". The
representations for open sets will be grouped into four different equivalence classes, depending on
how much information about an open set they deliver. By considering the sets with computable
names with respect to these representations we obtain a hierarchy of four computability classes
of open subset of R™. One of them corresponds clearly to the class of recursively enumerable
subsets of IN, two correspond to the class of recursive subsets of IN, and for the last one it seems



to be most appropriate to say that it lies in between, though closer to the class of r.e. sets. This
last class will be of greatest interest for us in connection with the Effective Riemann Mapping
Theorem. We shall define and compare the representations and give typical examples of sets
with computable names. In the end we relate the classes of sets with computable names to r.e.
or recursive sets of natural numbers.

The first three classes of representations (with further elements) have been studied by
Weihrauch, Kreitz [23] and Weihrauch, Brattka [22], who also give equivalent versions of the
following Theorems 3.2, 3.4, and 3.6. We give the proofs nevertheless since in [22] the represen-
tations are all formulated for closed sets and because seeing the reasons for the equivalences is
important for the further chapters. Several of the corollaries about open (or closed) sets with
computable names, i.e. about r.e. or recursive or birecursively open sets have also been obtained
by authors including Lacombe [13], Weihrauch, Kreitz [23], Ge, Nerode [3], Zhou [24], Mori,
Tsujii, and Yasugi [14].

We shall define representations on the one hand by enumerating open spheres or points
and on the other hand by supplying information about the distance function or a modified
characteristic function. For the motivation, consider a set U C IN of natural numbers and its
characteristic function g : IN — {0,1} with x;;*{1} = U. The set U is r.e. iff the function xy
is approximable from below, U is co-r.e. iff xy is approximable from above, and U is recursive
iff xyy is computable. So the characteristic function of U gives us a “yes” or “no” answer if we
ask whether a point lies inside of U or not. We are dealing here with open subsets U of the
continuous space IR". For a continuously varying input one cannot expect a discrete “yes” or
“no” decision. Instead it makes sense to smooth the characteristic function so that it tells us
how close a point is to lying outside of U. This leads to the modified characteristic function or
modified distance function cutdistgn\yy and also to the distance function distgn\y itself. Later
we shall consider another, more symmetric variant.

We define the usual distance function and a modified distance function for an arbitrary closed
subset C' C IR" by:

distc : R" = R, diste(z) :=d(C,z) = 11612 d(y,x),
y
cutdistc : R" — R, cutdiste(z) := min{1,d(C, z)} .

This means especially disty(z) = oo and cutdisty(z) = 1 for all z € IR". The following four
representations are those which contain the least information among all the considered repre-
sentations for open sets.

Definition 3.1 Let n > 1. We define the representations dopen, Oclosed—spheres,opens Odist,open
and dcutdist,open Of the set of open subsets of R™ by (where U C IR" is open):

Sopen(p) =U iff U= |J wvgn(w),
w€EEnN(p)
iff En(p) ={w € {0,1}" | vgen(w) C U},
iff pisa (p?, p<)-tracking name for the function distgm\v

Oclosed— spheres,open (p )
5dist,0pen (p) =

5cutdist ,open (p )

S g C

iff pisa (p", p=)-tracking name for the function cutdistgnr\p -

Theorem 3.2 Letn > 1. The representations dopen, Oclosed—spheres,open » Odist,opens @74 dcutdist,open
are equivalent.



Proof.  “0gpen < Oclosed—spheres,open’ : Let p be a dopen—name for an open set U C IR". We have
to show that we can construct a dciosed—spheres,open—1ame ¢ for U. The name p can be considered
as a list of open dyadic spheres covering exactly U. An arbitrary closed, hence compact, dyadic
sphere is contained in U iff it is covered by finitely many open spheres in this list. And for a
given closed dyadic sphere and a finite set of open dyadic spheres one can decide whether the
closed sphere is covered by the open spheres. Therefore, we can, using p, enumerate all closed
dyadic spheres contained in U. Hence, we can construct a dciosed—spheres,open—1ame g for U.

“Oclosed—spheres,open < Odist,open : We show that there is a computable functional G' with the
following property: if p is a dclosed—spheres,open ame for an open set U and ¢ a p"-name for
a point z € IR", then G(p,q) exists and is a p<-name for d(IR" \ U,z). Applying the smn
Theorem for 7 to this functional will then yield a computable functional F' which transforms
any dclosed—spheres,openname for any open set into a dgis openname for the same set.

Given a dclosed—spheres,open—1ame p for an open set U and a p"-name ¢ for a point z € R", we
have to compute a list containing exactly all dyadic rational numbers ¢ with ¢ < d(IR" \ U, z).
We can construct such a list when we can find arbitrarily good dyadic approximations from
below for d(IR"™ \ U, ). Without any further computation we can already enumerate all negative
dyadic rationals. In case x ¢ U these already give a p<-name for d(IR™ \ U, ). In order to take
also the case z € U into account we sweep through all closed spheres Sc((, ) listed by p and
compute lower bounds for the numbers ¥ — d({, ) with higher and higher precision. These lower
bounds are always lower bounds for d(IR" \ U, z). In case € U the supremum of these bounds
is d(R™ \ U, z) because q lists all closed dyadic spheres contained in U, hence also spheres with
midpoint ¢ arbitrarily close to  and with radius ¢ arbitrarily close to d(IR™ \ U, z) if this is
finite, and with ¢ arbitrarily large if U = IR™.

“5dist,open < 5cutdist,open”: This is clear.

“Ocutdist,open < Oopen”: Using a dcutdist,openname for an open set U we can approximate
cutdist(IR" \ U, z) for an arbitrary point € IR” from below. We obtain a list of dyadic spheres
contained in U whose union covers U by going through all dyadic points ( € R"™ and all dyadic
rationals ¢ € (0,1) and approximating cutdist(IR" \ U, () from below. As soon as ¥ turns out
to be a lower bound for cutdist(IR" \ U, (), the sphere S(¢,¥) is added to the list. O

From the Computable Points Lemma (Lemma 2.12) and from Lemma 2.13 we conclude that
for an open subset U C IR" the following conditions are equivalent.

1. There is an r.e. set A of binary words with U = U, c 4 Vsn (w).

2. The set {w € {0,1}* | vgen(w) C U} is recursively enumerable, i.e. the set of all closed
dyadic spheres contained in U is recursively enumerable.

3. The function distgn\y is (p™, p<)-computable.

4. The function cutdistgn\y is (p™, p<)—computable.

A set U C IR™ with one (and then all) of these properties is called a recursively enumerable open
or r.e. open set. Then its complement is called a co-r.e. closed set.
We define four corresponding equivalent representations for closed subsets of IR".

Definition 3.3 Let n > 1. We define the representations dclosed; dopen—spheres,closeds Odist,closed
and Ocutdist closed 0f the set of closed subsets of R™ by (where C C R"™ is closed):

delosed(p) = C  iff 7°p € dom p™ U {(#### ...)} for all i, and the set
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{p"(7°p) | i € N, m°p € dom p"} is a dense subset of C,

Jopen—spheres,closed (P) = €' iff  En(p) = {w € {0,1}" [ vgn(w) N C # 0},
ddist,closed(p) = C iff pisa (p™, p~)-tracking name for the function distc,
Scutdist,closed(P) = C iff pisa (p", p~)-tracking name for the function cutdistc .

Theorem 3.4 Let n > 1. The four representations dclosed, 5open_spheres,closed, 5dist,closed; and
Ocutdist,closed @T€ equivalent.

Proof.  “Ociosed < Oopen—spheres,closed : Given a p"-name ¢ of a point and a word w such that
the point lies in the sphere vgn(w), one can detect this by computing the point with sufficient
precision. Hence, given a d¢oseq—name for a closed C, which is a list of p"—names for points in
a dense subset of C, we can compute a list which contains all dyadic spheres intersecting C' by
adding a dyadic sphere vgn(w) to the list as soon as one of the points in the list described by p
turns out to lie in vgn(w).

“50penfspheres,closed < 5dist,closed”: The proof is similar to the proof of “5closedfspheres,open <
ddist,open” in Theorem 3.2.

“5dist,closed < 5cutdist,closed”: This is clear.

“Ocutdist,closed < Oclosed : Assume that a dcutdist,closed—ame for a closed set C'is given. We have
to compute a list of p"-—names for points which form a dense subset of C. We obtain this list by
doing the following for each dyadic point ¢ € R™ and each m € IN. We approximate cutdistc(¢)
from above. If 27™ turns out to be larger than cutdistc(¢), then we set {p := ¢ and compute
a sequence (1, (2, ... of dyadic points ¢; with |[¢;_; — ¢ < 27™ ¢ and cutdistc(¢;) < 2™ for
t =1,2,.... Such a sequence exists and we can find such a sequence, and from such a sequence
we can easily compute a p"—name for its limit. The set of these limits is a dense subset of C.
Note that this algorithm works also in case C' = 0), since in that case we do not find any such
limit number, but also obtain a correct output sequence by requiring that the algorithm pads
the output appropriately with symbols #. O

A $c0seq—computable closed set C' C IR"™ is called r.e. closed. Its complement is called co—r.e.
open. In the same way as above one can deduce various characterizations of r.e. closed sets by
using the Computable Points Lemma. We do not formulate them explicitly. A set A C IN of
natural numbers is recursive iff it is r.e. and co-r.e. We shall define the notion of recursiveness
for open or closed subsets of IR such that the same holds for these sets. They will be the sets
with computable names with respect to the following representations.

By combining the above representations for open sets and for closed sets we obtain represen-
tations which contain more information. The same holds, if we offer more information about the
distance functions. For example, we can define the following three equivalent representations
for open sets.

Definition 3.5 Let n > 1. We define the representations Orec, Odist,rec; Ocutdist,rec Of the set of
open subsets of R™ by:

5rec<pa Q> =U iff 50pen(p) = U and 5closed(‘]) =R" \ U,
ddist,rec(p) = U iff pis a (p", p)-tracking name for the function distgn\y/,
dcutdist,rec(P) = U iff pis a (p", p)-tracking name for the function cutdistgn\p -
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Theorem 3.6 Let n > 1. The representations drec, dist,rec; @A dcutdist,rec 7€ equivalent.

Proof. This follows from Theorem 3.2, Theorem 3.4, and from the definition of p and p. O

A fpec—computable open set U C IR™ is called recursively open. Then its complement is
called recursively closed. By definition, an open set U is recursively open iff it is r.e. open and
its complement is r.e. closed, and if and only if its distance function distgn\yy is computable.
The last property corresponds to the property of the set IR" \ U being “located” in constructive
analysis, compare Bishop and Bridges [2].

In the following we consider two more classes of representations of open subsets of IR™. They
are obtained by considering not just information about the open set itself and perhaps about
its complement but also information about its closure or its boundary. But note that by the
following Lemma the possible information about an open set and its closure is not completely
independent.

Lemma 3.7 Let n Z 1. The Opemtion “map an open Subset U g ]Rn to its ClOS’u,’re” is
(50pen7 Oclosed ) —computable.

Proof. Given a dopen—name for an open set U C IR" we can according to Theorem 3.2 compute
a list containing all closed dyadic spheres in U. The centers of these spheres constitute a dense
subset of the closure of U. Hence, we can compute a dcoseq—name for the closure of U. O

Especially, by the Computable Points Lemma, the closure of an r.e. open set is r.e. closed.

We start with a representation which is obtained by combining dopen—information about an
open set with d¢pseq—information about the boundary. The boundary M of an arbitrary set
M C IR" is the (closed) set {z € R" | for every ¢ > 0, S(z,e)NM # 0 and S(z,e)N(IR"\ M) # 0}.
It turns out that this information can also be expressed via the distance functions. We define
the following three equivalent representations for open sets. Right now there does not seem to
be a motivation to study this type of information about an open set, but we shall see later that
it plays an essential role in connection with the Effective Riemann Mapping Theorem.

Definition 3.8 Let n > 1. We define the representations dopen,d, Odist,open,d» Ocutdist,open,d Of
the set of open subsets of R"™ by:

50pen,8<pa q> =U iff 50pen(p) =U and 5closed(Q) = 8U,
Sdist,open,d (P, ¢) = U iff pisa (p", p<)-tracking name for the function distgn\ ¢ and

q is a (p", p)-tracking name for the restricted function distgm\ y|v,
dcutdist,open,d (P, ) = U iff pis a (p", p=)-tracking name for the function cutdistgn\y and
q is a (p", p)—tracking name for the restricted function cutdistgr\y|v -

Theorem 3.9 Let n > 1. The representations dopen,d, Odist,open,d: @Nd Ocutdist,open,d AT€ €qUIVA-
lent.

Proof.  “bopen,d < Odist,open,d”: If (P, q) is a dgpen,s—name for an open set U, then by Theorem 3.2
from p we can compute a (p", p<)-tracking name p’ for the function distgn\py. Furthermore we
have to show that we can compute a (p", p)-tracking name for the restricted function distg»\y|v-
By the smn Theorem for 5 it is sufficient to show that given additionally a p"-name r for a
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point x € U, we can compute a p-name for distgn\y|v(z). But using p’ we can compute a p<—
name for distg»\y(z). And according to Theorem 3.4, by using ¢ we can compute a p~-name for
distay (). But because we can assume x € U we have distgn\ | (z) = distgn\y(2) = distar ().
And from a p<-name and a p>-name for this value we can obtain a p—name for it.

“Oaist,open,d < Oopen,d”: According to Theorem 3.2 we can compute a dopen—name for an open
set U if we are given a dgist,open,p—1ame (p, q) for it. We have to show that we can also compute a
Oclosea—name for OU. According to Theorem 3.4 and by the smn Theorem for 5 it is sufficient to
show that, given such a (p, ¢) and a p"name r for a point z € IR", we can compute a p>-name
for distsy(z). Indeed, using p and Theorem 3.2, we can find a list of dyadic points ¢ which is
dense in U (the centers of all closed dyadic spheres in U). Using ¢ and r, for each of these { we
can compute a p—name for

d(¢, z) + distrm\y(¢) = d(¢, 2) + distar (€) -

From all these p—names we can also compute a p~—name for the infimum of these values, taken
over all ¢. This infimum is the correct value distyy(2).

“5dist,open,8 < 5cutdist,0pen,3”: This is clear.

“Scutdist,open,d < Odist,open,a”: We give only the idea. For a given point z (which can be
assumed to be in U) one computes a dyadic complex number ¢ € S(zp,27") N U and a dyadic
rational ¢ with ¢ < cutdistgn\(2) < 9 + 27" for some large n. If J is close to 1 or identical
to 1, one computes also the value cutdistgn\;(¢) for all dyadic points in S(¢p,) with high
precision. If all these values turn out to be close to 1, one extends the search to dyadic complex
number still further away from zp but inside U. Repeating this one will find larger and larger
lower bounds for distgn\7(2). Either they converge to infinity (then U = IR") or in this way
we eventually find a ¢ with cutdistgn\7(¢) strictly smaller than 1. Then we have an upper
bound for the distance of z from IR™ \ U and can compute it with arbitrary precision by always
computing cutdistyr\¢7(¢) for dyadic rationals ¢ of which we know that they are in U. O

We do not explore all other possible combinations of information about an open set and
its complement, boundary, closure. We formulate only one more class of representations. We
shall not need it in the later sections, but it is interesting especially in connection with the last
representations. The following representations give different possibilities to provide an amount
of information about open sets which is equivalent to combining §,e.—information about the open
set and about the complement of its closure. Therefore we shall also use the following symmetric
distance functions for an arbitrary closed set C' C IR™:

d(C,z) =d(0C,z) ifxgC
—d(0C, x) ifeeC,

min{1, symdist-(z)} ife gC
max{—1,symdists(z)} ifzeC.

symdisty : R® — IR,  symdists(z) := {

cutsymdist~ : R" - R,  cutsymdist(z) := {

The function symdist, measures for a point  how far it is away from C if it is not in C, and
how far it is inside C, if it is inside. On the boundary of C' it takes the value zero. We define
five equivalent representations for open sets.

Definition 3.10 Let n > 1. We define representations dpirec, open,d,birecs Orec,birecs Osymdist,birec
dcutsymdist,birec Of the set of open subsets of R™ by:

Obirec <p, q, 7’> =U iff 50pen(p) =U and 5closed(Q) =oU

13



and dopen(r) = IR™\ closure of U,
iff dopen,a(p) = U and dgpen,0(q) = IR™\ closure of U,
iff  Orec(p) = U and drec(q) = R™\ closure of U,

iff pisa (p",p)-tracking name for the function symdistgn\ s

50pen,8,birec <p, q
5rec,birec <p, q
5symdist ,birec (p

Il
T TS G

Scutsymdist, birec (P iff pisa (p", p)-tracking name for the function cutsymdistgr\y; -

Theorem 3.11 Let n > 1. The representations Opirec, dopen,d,birecs Orec,birecs Osymdist,birec; 4N
dcutsymdist,birec 0T€ equivalent.

Proof. “5symdist,birec = 5cutsymdist,birec”: This is clear.

“Osymdist,birec < Orec,birec’: From a (p",p)-tracking name for the function symdistgn\; one
can easily compute (p",p)-tracking names for the functions distgn\y and distciosure of - Ac-
cording to Theorem 3.6 they can be used to obtain dyec—names for U and IR™\ closure of U.

“Orec,birec < Jopen,d,birec : This follows from Theorem 3.6 and Theorem 3.9.

“Oopen,d,birec < Obirec”: This is trivial.

“Opirec < Osymadist,birec : Assume that a dpirec—name (p,q,r) and a p"-name s for a point = €
IR" are given. We have to compute a p—name for symdist]Rn\U(m). First, according to Theorem
3.9 we can compute a (p",p)-tracking name p' for the function distgn\y|r, and according
to Lemma 3.7 and Theorem 3.6, we can compute a (p",p)—tracking name r’ for the function
distelosure of - Given a number n, in finitely many steps we can find either a point in U which
has distance less than 27" from z, or we find a dyadic sphere in U which contains z, or we find
a dyadic sphere in (IR"\ closure of U) which contains z. In the first case we have determined
that |symdistgn\y(2)| is at most 27", in the other two cases we can compute a p-name for
symdistgn\;(2), using p' or r'.

Applying the smn Theorem for 7 to this algorithm gives the reduction. O

A pirec—computable open set U C IR™ is called birecursively open. Then its complement is
called birecursively closed. Using the Computable Points Lemma we also obtain statements of
the type “rec=r.e.4complement r.e.”: the following three statements are equivalent for an open
set U C R™.

1. U is birecursively open.

2. The set U and the complement of the closure of U are r.e. open, and the boundary U of
U is r.e. closed (note that these three sets are disjoint and their union is IR").

3. The open set U and the complement of the closure of U have the following property: they
are r.e. open and their boundary is r.e. closed.

Now we compare the different classes of representations with each other. For two represen-
tations v and § we write v < d iff vy < and § £ . For set S and T we write SC T if SC T
and T S.

Theorem 3.12 Let n > 1. Then dpirec < drec < Oopen,d < dopen aNd
{UCR"|U is birecursively open}
C {UCR"|U isrecursively open}
C {UCR"|U isr.e. open and 9U isr.e. closed}
C {UCR"|U isr.e. open}.
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Proof. The reducibilities dpirec < drec < dopen,d < dopen follow immediately from the definitions,
from Theorem 3.6, and from Theorem 3.9. Because of the Computable Points Lemma these
reducibilities induce the inclusions in the second part of the assertion. The negative statements
about the reducibilities follow from the Computable Points Lemma and from the fact that the
inclusions are proper. This is shown by the following typical examples of open sets in each class.
We formulate them for dimension n = 1. For n > 1 one can take the product of these sets
with IR" 1. For completeness sake we also give a birecursively open set. We use an injective
total recursive function a : IN — IN such that its range {a; | ¢ € IN} is not recursive, e.g.
equal to the halting problem {7 | y;(¢) exists}. It is of course recursively enumerable. We set
bi := > p<i2 @ for each ¢ € IN, and b := lim; ., b;. The real number b is contained in the
interval (0,2). It is p<~—computable, but not p—~computable, i.e. not a computable real number.

M, = (Oa 2))

M, = U (bz - 270‘1‘72’7 bz)a
i€IN

M3 = U (bz - 270‘1‘717 bl)a
i€IN

My = (0,b).

The set M is obviously birecursively open.

The set M, is recursively open but not birecursively open. It is not birecursively open
because otherwise the distance d(Mas,2) = 2 — b would be a computable real number. But this
is not the case since b is p~—computable but not p—computable. The set My is recursively open
because its distance function distg\ s, is a computable function. Namely, for a given p-name for
a real number z and a given k we can compute d(IR\ U,,,<(bm —2 %™ ™, by, ), x) with arbitrary
precision, e.g. with precision 27*~1 and because of -

|dISt]R\M2 (.Z') - d(]R\ U (bm - 2—am—m, bm)7 IL’)| < 2_k_2

m<k

we obtain distg\ s, (z) with precision 2 k=1 4 9=k=2 ~ o=k,

The set M3 is r.e. open and its boundary is r.e. closed, but Mj is not recursively open. It is
clear that Mj is r.e. open and that its boundary M3 = {b}U{b; | i € N}U{b; —27%"1 | i € IN}
is r.e. closed. We show that the set Mj is not recursively open. Let us assume that Mj is
recursively open. Then its distance function distg ps, is a computable function. We shall show
that for any k we can compute b with precision 27%. This, of course, contradicts the fact that b
is not a computable real number.

Indeed, for any k& € IN and any ¢ € (0,2) N27%73 . IN we can compute a dyadic rational Vg ¢
with |d(IR\ M3, () — 9k¢| < 27% % Let (o be the either the largest number ¢ € (0,2)N27%3.IN
such that 95 > 27k=4 or, if no such ¢ exists, set (o to be any dyadic number in Ms. In any
case (9 € M3. We can compute the unique ng with (o € (by, — 2*“"0*1,bn0). We claim that
am > k + 1 for all m > ng. If there were an m > ng with a,, < k, then there were also a
¢ € (b —279 1 b,)N27F3 . IN with

Ope > d(IR\ M3, ) —2F 4 > 27h3 _g7k=d gk,
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Since this ¢ would be larger than (y we would have a contradiction. Therefore a,, > k + 1 for
all m > ng. We conclude
b=bpy+ ¥ 27% <bp, +27F.

Jj>no

Hence, the computed number b, is a 2~k _approximation for b.

Finally, the set My is obviously r.e. open, but its boundary dMy = {0, b} is not r.e. closed.
Otherwise we could find computable points in this boundary arbitrarily close to b. This would
imply that b itself is a computable real number. O

We conclude this section by relating the introduced notions of being r.e. open, r.e. closed,
recursively open or closed, and so on with the classical notions for subsets of IN. For a subset
A C IN we consider two operations which map this set to a subset of IR. We directly consider
the set A as a (closed) subset of IR, and we consider the open set Ug := U, S(n,1/4). We see
that the following conditions are equivalent for a subset A C IN:

1. ACNisr.e.,

2. ACRRisr.e. closed,

3. Uy is r.e. open,

4. Uy is r.e. open and its boundary 90Uy is r.e. closed.
Also the following conditions are equivalent for A C IN:

1. A C IN is recursive,

2. IN'\ A is recursive,

3. R\ A isr.e. open and its boundary 0(IR \ A) = A is r.e. closed,

4. R\ A is recursively open,

5. IR\ A is birecursively open,

6. Uy, is recursively open,

7. U4 is birecursively open.

Therefore we consider the notions of being r.e. open or of being r.e. closed as corresponding to
recursive enumerability, while the notions of recursive open— or closedness and birecursiveness
correspond to recursiveness for subsets of IN. For the property of being r.e. open and having an
r.e. closed boundary one might say that it lies in between these notions or that it is very strong
version of being r.e.
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4 Results from Computable Complex Analysis

In this section we show several results from computable complex analysis which we shall need for
the proof of the Effective Riemann Mapping Theorem and which are of independent interest. We
start with effective versions of two elementary results about analytic functions: computability
of the derivative and computability of the analytic branch of the square root function for a
simply connected open set and a starting point. Then we prove an effective version of the Open
Mapping Theorem and conclude that the inverse of a conformal mapping can be computed if the
mapping is given. Afterwards we show a result which does not seem to have a direct counterpart
in classical, non-effective complex analysis. It can be considered as a stronger version of the
Effective Open Mapping Theorem for conformal mappings. We conclude with an effective version
of a lemma by Bishop and Bridges [2] related to Harnack’s Theorem.

From now on, in this section and the two following sections, we shall always identify the set
of complex numbers € = {z = z + iy | #,y € R} with the real plane IR?. Computability on C is
therefore introduced via the representation p?. Following Ahlfors [1] we call a subset U C C a
region iff it is nonempty, open, and connected. We assume that every holomorphic function has
an open domain of definition. A holomorphic function is called conformal iff it is injective. But
note that the term “conformal” has mainly a geometric meaning. For this and other notions
from complex analysis the reader is referred to Ahlfors [1] or any other textbook on complex
analysis.

At first we show a uniform version of the fact that the derivative of a computable holomorphic
function is also a computable function, see Pour-El and Richards [15].

Proposition 4.1 There exists a computable functional Der with the following property: if p is a
Sopen—name for an open set U C C and q is a (p?, p?)-tracking name for a holomorphic function
f:U — C, then Der(p, q) exists and is a (p?, p?)-tracking name for the derivative f': U — C.

Proof. We show that there exists a computable functional G with the following property: if p
and ¢ are as above and r is a p?>-name for a point z € U, then G(p, q,7) exists and is a p?>-name
for f'(2). Applying the smn Theorem for n to G yields the desired functional Der.

Assume that p, ¢ and r are given and describe an open set U, a holomorphic function
f:U — C and a point z € U. Using p and r we can find a closed dyadic sphere Sc({, ) (that
means: ( € ID +iID and ¥ € ID) contained in U which contains z in its interior. Using g we can

compute the integral
[ 1O
aS(¢Y) 2 — =

with arbitrary precision, i.e. we can compute a p>-name for it, compare Weihrauch [21]. Division
by 27i is computable. Hence, by Cauchy’s integral formula we can compute a p>~name for f’(z).
O

We shall need to compute analytic branches of the square root function on simply connected
regions. We formulate a uniform version. The same can be done for analytic branches of the
logarithm. For a simply connected region U which contains a positive real number zy and not
the point 0 we denote the uniquely defined analytic branch of the square root function on U

. . .. U7Z0
which gives the positive square root for zp by v/ .
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Proposition 4.2 There is a computable functional Sqrt with the following property: if p is a
Sopen—name for a simply connected region U with 0 € U and q is a p*-name for a positive real
number zg € U (that means: q is a p*>-name for zy as a complex number), then Sqrt(p, q) exists
and is a (p?, p?)-tracking name for \/_U’ZO.

Proof. Let p,q be given as described and let r be a p?> name for a point z € U. Using p and r
we can find a finite list of dyadic complex points (y, ..., (; such that the piecewise linear path =
leading from zy over the sequence of points (; to z is contained in U. Using ¢ we can compute
a p’-name for

1
z1 :=log(z9) + / —dz
’y Z

where log denotes the real logarithm. Then we can also compute a p?>-name for e*t/2. This is
. U,zo
just the value /z .

We have shown that there is a computable functional which, given p and ¢ as in the theorem
and a p?-name for a point z € U, computes a p>~name for \/EU’ZO. Applying the smn Theorem
for n gives the computable functional Sqrt. O

The Open Mapping Theorem (see e.g. Ahlfors [1, p. 132]) asserts that the image of an open
set under a nonconstant holomorphic mapping is open as well.

Theorem 4.3 (Effective Open Mapping Theorem) There exists a computable functional
F with the following property: if p is a dopen—name for an open set U C C and q is a (0%, p?) -
tracking name for a nonconstant holomorphic function f with U C dom f, then F(p,q) is defined
and a dopen —name for f(U).

By applying the Computable Points Lemma we see

Corollary 4.4 If a set U C C is r.e. open and f is a computable holomorphic function with
U C dom f, then also f(U) is r.e. open.

Proof of Theorem 4.3. We assume that a dopen—name p for an open set U C € and a (p?, p?)-
tracking name ¢ for a nonconstant holomorphic function are given. We have to describe a
computable functional F' which, using these data, computes a dopen—name r for the set f(U).

By Theorem 3.2 we can compute a dclosed—spheres,opename for U. By reading this name we
obtain a list

SC(CU) Q90)7 SC(CI? 191)7 SC(C2) Q92)) e

containing all closed spheres Sc(¢,d) with ( € D +i-ID and ¥ € ID which are contained in U.
Note that this list is either infinite or empty, namely empty when the set U is empty. We show
how to construct a new list of open spheres which are contained in f(U) and cover f(U). For
each pair of numbers (7,n) we shall either add a sphere to the new list (then a vg2—name can
be appended to the so-far written prefix of r) or we add nothing to the list (then the symbol
# can be appended to the so-far written prefix of r). It is clear that r, defined by this process,
will be a dopen—name for U.

For each pair (i,n) of numbers we do the following. If Sc({;,¥;) does not exist, i.e. if the
list above is empty, then we add nothing to the new list. Let us assume that Sc({;, ¥;) exists.
Using ¢ we can compute the minimum min,cgg(¢, 9,) |f(2) — f()| of the continuous function
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z — |f(z) — f(&)| on the compact boundary 9S((;, ¥;) of the sphere S((;, ;) with arbitrary
precision (compare Weihrauch [21, Theorem 6.8]). We compute a natural number [ with
i CfC) e —1) -2 (1 +1)-27).
i 1)~ FG)] € (L= 1)-2 " 0+ 1) 2 7)

If [ <6, then we add nothing to the new list. If [ > 7, then, using ¢ again, we compute a dyadic
complex number ¢ (that means: £ € D +1i-ID) with

§—flG) <27,

we set £; n) := £ and we add the sphere S(§<z~,n>, 2177 to the new list. This ends the description
of the algorithm F' for computing 7.

We have to show that the new list of spheres really covers exactly the set f(U). We shall
show:

1. For any i,n, if §<Z,n> exists, then S(&(z,n)a 21—n) C f(S(&G,%)).
2. For every point zp € U there exists a pair (i,n) with f(z0) € S(§i ), 21-n),

Fix a pair (i,n) of numbers and assume that &; ) exists. Let z1 € S((; n), 21-7). Then for
22 € 05(¢;, )

£ (22) — 21] > £ (22) = F(G)| = 1£(G0) = Egimy| — €Gimy — 21| > 6-27" =27 =217 = 3. 27",

If there were no point Z € S((;, ¥;) with f(2) = 21, then z — f(z)lﬁ
mapping on an open neighborhood of Sc({;,?;). By the maximum principle (e.g. Ahlfors [1, p.
134]) the maximum of the absolute value of this function on Sc((;, ;) would be taken on the

boundary 9S(¢;, ¥;). But we have

would define a holomorphic

£(6) = 21l S 1£(G) — i+ 1€y — 5l <27 H2 =32 < min [f(ea) 2.
Hence, there exists a number Z € S((;, ;) with f(Z) = z;. This proves the first claim.

For the second claim fix a point zg € U. Since the function f is holomorphic and nonconstant
there exists a dyadic number ¢ such that the closed sphere Sc(zp,?') is contained in U and does
not contain any number z # zy with f(z) = f(2¢). Especially, there is a natural number n with

9.27" < i — .
L |f(20) — f(2)]
Let § > 0 be so small that also Sc(zg,9' + §) C U. The function f is uniformly continuous on
Sc(zp,9" + §) C U. Therefore, there exists a positive §' < § with |f(z1) — f(22)] < 27" for all
21,22 € Sc(zg, 9 + d) with |21 — 22| < &'. Let ¢’ be a complex dyadic number in S(zg,d’). Since
Sc(¢',9") C U there is an index ¢ with {; = ¢’ and ¥; = 9'. We see
7-27" < min |f(G) — f(2)].

z€08(¢i,9;)

Hence, §(; ) exists and we obtain
£ (20) — €yl < 1F(20) = FC)| + | £(G) — €yl <27 427" =217,

19



We have shown f(z0) € S(§(in), 2" ™). O

If a holomorphic function f : U — C (where U C C is open) is injective, then its inverse
f~': f(U) — C is also holomorphic. Hence, then f : U — f(U) and f~!: f(U) — U are

conformal bijections.

Theorem 4.5 There exists a computable functional Inverse with the following property: if p is a
Sopen—name for an open set U C C and q is a (p?, p?)—tracking name for an injective holomorphic
function f : U — C, then Inverse(p,q) is defined and a (p?, p?)-tracking name for the inverse
function f~1: f(U) — C.

Proof. We shall describe a computable functional G which on input (p,q,r) computes a p>-
name for f !(z) if p and ¢ are names as in the theorem and r is a p?-name for a number
z € f(U). An application of the smn Theorem for 7 yields the desired computable functional
Inverse.

Let p be a dopen—name for an open set U C C, let g be a (p?, p?)-tracking name for an injective
holomorphic function f : U — C, and let r be p?>-name for a point z € f(U). It is sufficient to
show that for arbitrary n € IN we can find a dyadic sphere with radius less than 27" containing
f71(2). Indeed, using p we can by Theorem 3.2 compute a dclosed—spheres,open T1ame for U. Using
this name we can compute a list (S({;,?;)); of spheres with dyadic center {; and dyadic radius
¥; < 27" which cover exactly U. By the Effective Open Mapping Theorem, just proved, for each
of these spheres S({;, ;) we can compute a list (S({;;,?;;)); of open spheres covering exactly
f(S(¢,9;)). Eventually, we will find a pair (i,7) such that the sphere S((;j,%; ;) contains z.
Then S({;, ;) contains f 1(z). Thus, for arbitrary n we can find a sphere with dyadic center
and dyadic radius less than 2~™ which contains f~!(z). This ends the proof. O

Hence, if U is r.e. open and f : U — C is a computable conformal mapping, then also
f1:f(U) — Cis a computable conformal mapping.

Now we shall prove a stronger version of the Effective Open Mapping Theorem for conformal
mappings. First, we formulate a non-effective consequence of the Koebe % Theorem about the

distance functions distg\; and diste) ¢(1) of an open set U and its image f(U) under a conformal
mapping f.

Lemma 4.6 Let U C C be a proper, open subset of C and f : U — C be a conformal mapping.
Then f(U) C C is also proper and for every u € U

Af W) - d(C\ U u) <d(C\ f(U), f(u) < 4-|f'(w)]-d(C\ U,u).

=

Proof. First assume that f(U) = C. Then f would be a conformal bijection between U and C.
This would imply U = C in contradiction to our assumption. Hence, f(U) C C.

We fix a point v € U and define r := d(C \ U,u). Because of r # 0, f'(u) # 0 (this holds
true because f is injective) and z € S(0,1) <= rz+ u € S(u,r) we can define a function
9:5(0,1) = C by

9(2) = — 7l (f(rz+u) = f(u)
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for all z € S(0,1). The function g is conformal and satisfies g(0) = 0 and ¢'(0) = 1. Hence, the
Koebe % Theorem (compare Bishop and Bridges [2, Ch. 5, Theorem 7.14], Henrici [8]) implies

(0, 7) S 9(S(0,1)).

This is equivalent to

(), "2 € p(s(um).

Using S(u,r) C U we conclude S(f(u), M) C f(U), hence

%'(“)' <d(C\ f(U), f(u)).

That is the left inequality.

For the right inequality we notice that the set V := f(U) is open and the inverse function
f1:f(U) = Cis a conformal mapping. By substituting V, f !, and the point v := f(u) for
U, f, and u in the left inequality, we read

21 )] -d(C\ Vo) <d(C\ FHV), FH(v)) = d(C\ U, u).

Using (f1)'(v) = % we obtain

d(C\V,v) <4-|f'(u)| - d(C\U,u).
That is the right inequality. O

Theorem 4.7 There exists a computable functional F' with the following property: if p is a
Sopen,o—name for an open set U C € and q is a (p?, p?)—tracking name for an injective holomor-
phic function f with U C dom f, then F(p,q) is defined and a dopen,a—name for f(U).

Applying the Computable Points Lemma yields the following corollary.

Corollary 4.8 If U C C is an r.e. open set with an r.e. closed boundary and f : U — C is
a computable conformal mapping, then also f(U) is r.e. open and its boundary Of(U) is r.e.
closed.

Proof of Theorem 4.7. By Theorem 3.9 it is sufficient to show that a computable functional
exists which computes a dgist open,o—name for f(U), given the input p and g as above. Such a
name consists of two components: a (p?, p<)-tracking name for the distance function diste f(v)
and a (p?,p)-tracking name for the restricted distance function distey f(y | ¢(uy, restricted to
f(U). By the Effective Open Mapping Theorem we can compute a 50pen name () for f(U),
and hence by Theorem 3.9 we can compute the first component, a (p?, p<)-tracking name (2
for the distance function diste\ 7). It is now sufficient to show that there is a computable
functional G which computes a (p?, p>)-tracking name r®) for the restricted distance function
disten p(r | )| £, since using 72 and r®) one can easily compute the desired second component,
a (p?,p)- trackmg name for the restricted distance function distg, s | Y

We shall show that there is a computable functional H which on 1nput: a dopen,p—nAImME p

for an open set U C C, a (p?, p?)-tracking name ¢ for an injective holomorphic function f with
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U C dom f, and a p? name r for a complex number z, computes a p>-name for d(C \ f(U), z)
if z is an element of f(U). Applying the smn Theorem for 5 to H gives the desired computable
functional G.

We do not need to specify what H does if z is not an element of f(U). So assume that p, ¢
and r are given as described and that z € f(U). By Theorem 3.2 and using p we can compute
an infinite list

SC(CU) Q90)7 SC(CI? 191)7 SC(C2) Q92)) e

containing exactly all closed dyadic spheres contained in U. This list is infinite because we can
already assume that z € f(U) and hence U # ). For each ¢ we do the following, using the name

q for f:

1. We compute a p—name for the absolute value of the derivative f'({;), according to Propo-
sition 4.1. Note that f'({;) # 0 since f is injective on U.

2. We compute a p-name for d(f({;), z).
3. We compute a p-name for d(C\ U, (;).

4. Using these three names we compute a p-name ¢(®) for
a; :=4-|f'(G)|-d(C\ U, &) +d(f(G), 2) -

Using all these names ¢ we can compute a p~-name s for the infimum a := inf;cy a; and set
H{p,q,r) :=s.

In order to show the correctness of the algorithm we have to show only a = d(C\ f(U), z). We
distinguish the cases U = € and U # C. In the first case we have d(C\U, ¢;) = oo for all ¢, hence
a; = oo for all i, hence a = oco. Since f(U) is a conformal image of U we also have f(U) = C,
and hence d(C\ f(U), z) = co. Thus, in the first case U = C we have a = co =d(C\ f(U), 2).
In the second case U # C each of the distances d(C\ U, ¢;) is finite, hence each q; is finite, hence
a is a real number. Also, the conformal image f(U) of U # C is a proper subset of C. Hence,
d(C\ f(U),z) is a real number. A triangle inequality and the right inequality of Lemma 4.6
yield

d(C\ F(U),2) < d(C\ F(U), F(G)) + (G, 2) < a

for all 4, hence d(C\ f(U), z) < a. Fix a real number ¢ > 0 and a complex number zy € C\ f(U)
with d(C \ f(U),z) = d(z0,2). The set {Z € U | d(z0,f(Z)) < e} is open and nonempty.
Therefore there is a sphere Sc((;,¥;) in this set. For this i, a triangle inequality yields

d(C\ f(U),2) = d(20,2) = d(£(G), 2) = d(20, f (&) > d(f(Gi), 2) — ¢,

and the left inequality of Lemma 4.6 yields

a; —4-|f'(G)] - d(C\ U, ()
a; —4-4-d(C\ f(U), f(&))
a; — 16 - d(zo, f({))

a; —16 - ¢.

\ARARIY
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We have shown that for every ¢ > 0 there exists an index ¢ with a; < d(C\ f(U),z) +17-¢c. We
conclude d(C \ f(U),z) > infjew a; = a. This ends the proof of a = d(C \ f(U), z) and of the
theorem. O

We end this section with a result which will be needed in the last part of the proof of the
Riemann mapping theorem. It is related to Harnack’s Theorem. For the proof we need the
following consequence of Poisson’s integral formula, see Bishop and Bridges [2].

Lemma 4.9 (Bishop and Bridges [2, Ch. 5, Proposition 7.2]) Let R be a positive real number,
z0 € C, and f :C C — C be a function which is holomorphic on a neighborhood of Sc(zg, R).
Then for any z € S(zp, R)

R — |2
R+ |z|

2- |2
R+ |z|"

IF () < 1f(z0)] - + max{|f(2)] | z € Sc(z0, R)} -

Actually, we use only the following corollary.

Corollary 4.10 Let R be a positive real number, zg € C, and f :C C — C be a function which
is holomorphic on a neighborhood of Sc(zp, R) and with max{|f(z)| | z € Sc(z0,R)} < 1. Then
for any z € Sc(zp, R/2)

1F(2)l <

Proof. For z € Sc(zg, R/2) one has by the lemma:

Aol + 3

<‘.~.’a|r—l

R —
SO < el F * 7t

— 1= 1fC) g
< 1= 1) s
= LI o

a

We use the following representation dg. of compact subsets of IR? (more generally, of IR")
taken from Weihrauch and Brattka [22]:

og (witp) = K iff K C vg2(w) and Sopen(p) = R? \ K.

The following proposition is a translation of Corollary 7.3 in Ch. 5 of Bishop and Bridges [2]. It
is related to Harnack’s Theorem, compare Henrici [8].

Proposition 4.11 Given a dopen—name p for a region U C C and a 6 —-name q for a compact
subset K C U, one can compute a number n € IN such that

Yot s min{lf()] | 2 € K)

for all holomorphic functions f : U — C with sup{|f(z)| |z € U} < 1.

max{|f(2)| | z € K} <
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Proof. For a region U we set F(U) := {f : U — C | f is holomorphic and |f(z)| < 1} for all
z €U}

First, we show the following: given a dopen—name p for a region U and two dyadic complex
numbers (p and £ in U we can compute a number m such that

3m -1 1
g 1£(Go)

for all f € F(U). First, we compute a dyadic number ¥y with Sc(¢o,29¢) C U. Then, since U is
connected, we can use p and Theorem 3.2 in order to find a finite list of pairs ({1, %1),. .., ({, %)
such that ¢ € S({;,9;) and for each i € {1,...,{}

£ <

¢ € S(Cifl,ﬁifl) and SC(CZ',2I9i) cU.

We claim that m := [ + 1 has the demanded property. By Corollary 4.10 one obtains via
induction |f({)] < 3’13—71 + % 1f(Co)| for all s € {1,...,1} and finally also

R | 1
|f(£)| < 3i+1 + 3i+1 ’ |f(<0)|

This proves the first claim.

Given valid p and ¢, we can compute a finite set of pairs ({1,%1),...,({;,¥;) such that the
union of the spheres S({;, ;) covers K and even each of the larger spheres S((j, 3-1;) is contained
inU. For any twoi,j € {1,...,l} let m(¢, j) be a number as computed according to the algorithm
described in the first step of the proof. We claim that n := 2 + max{m(i,j) | i,j € {1,...,l}}
has the desired property.

Indeed, let zp,21 € K be two numbers in K. Let ig,i; € {1,...,l} be indices with zy €
S(Cig, ¥iy) and z1 € S(iy,Y4,). Then Sc(zo,2 - ¥;,) C U. By applying Corollary 4.10 we obtain
|£(Gio)| < §1£(20)| + 3 and [ £(21)] < §I£(Gia)| + 3. Together with |£(,)] < S50t + by
|f(¢io)| we obtain

3"—1 1
|f(z1)] < an +3—n'|f(zo)|-
This proves the claim because zy and z; are arbitrary elements of K. O

5 The Effective Riemann Mapping Theorem

We formulate several effective versions of the Riemann Mapping Theorem as described in the
introduction, among them the main result of the paper.

Form now on we denote by D = S(0,1) C C the unit disk in the complex plane. If z is a
complex number and we write z > 0, then this means that z is a positive real number.

Theorem 5.1 There exist computable functionals F and G with the following properties:

1. If p is a dopen,o—name for a simply connected region U which is a proper subset of the
complex plane, and q is a p*-name for a point zo € U, then F(p,q) erists and is a
(0%, p?)-tracking name for the unique conformal bijection f : D — U with f(0) = zo and
f'(0) > 0.
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2. If p is a (p?, p?)-tracking name for a conformal mapping f defined on D, then G(p) is
defined, 72G(p) is a Sopen,a—name for the proper, simply connected region f(D), and 3G (p)
is a p*>-name for the point f(0).

This is the main result of the paper. It will be proved in the following section. We have
formulated the first part with the conformal bijection mapping D onto U. By Theorem 4.5
we could also formulate it using the inverse mapping. It is also worthwhile to remember that
Theorem 3.9 gives other representations of open sets which are equivalent to dopen,o-

If we forget about the point which is supposed to correspond to 0 in the unit disk and define
two representations 5é)pen,z9 and d¢ons Of proper, simply connected regions by

!

open,d ‘= the restriction of dopen,s to names of proper, simply connected regions C C,

Scont(p) = f(D) iff pisa (p?, p?)-tracking name for a conformal mapping f on D,

then we can express the most important aspects of Theorem 5.1 compactly as follows.

Corollary 5.2 The representations 5é)pen,t9 and deont of proper, simply connected regions are
equivalent.

Proof. Given a 5gpen,37name p of a proper, simply connected region U C C we can immediately
compute a name ¢ for a point zyp € U. Applying the functional F' from Theorem 5.1 to p and
g we can compute a dcons—name for U. The other reduction follows immediately from the other
part of Theorem 5.1. O

This corollary expresses that the topological information contained in a 5gpen737name for a
simply connected region, that is, enumerating a covering sequence of open spheres in the set
and a dense sequence of points in its boundary, is equivalent to the geometric information which
describes a conformal bijection of the set with the unit disk.

Let us consider the simply connected regions and functions with computable names. We call
a finite string v a program for an open set U (or a closed set C' or a function defined on the
unit disk) if v is a vs,,,—name for U (resp. a vs,, . ,—name for C resp. if @, is a (p?, p*)-tracking
name for the function), compare Definition 2.11.

Corollary 5.3 IfU is a nonempty, proper, r.e. open, connected, and simply connected subset of
C, its boundary OU is r.e. closed, and zy € U is a computable point, then the unique conformal
bijection f : D — U with f(0) = 29 and f'(0) > 0 is computable. Given programs for U as an
r.e. open set, for OU as an r.e. closed set, and of zy, one can compute a program of f.

Proof. This follows from the first part of Theorem 5.1, from Lemma 2.12 and from Lemma
2.13. O

By forgetting the point corresponding to 0 and taking also the inverse statement into con-
sideration we can characterize which subsets of the complex plane are computably isomorphic
to the unit disk and obtain the theorem stated in the introduction.

Theorem 5.4 For a subset U C C of the complex plane the following two statements are equiv-
alent:
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1. U is a nonempty, proper, r.e. open, connected, simply connected subset of C and its bound-
ary OU 1is r.e. closed.

2. There exists a computable conformal bijection f from D onto U.

Furthermore, there exists an algorithm which computes a program for a conformal bijection of
the unit disk onto U if it is given a program for such a set U as an r.e. open set and a program
for its boundary as an r.e. closed set. Also an algorithm performing the inverse task exists.

Proof. The assertion follows from Corollary 5.2, from Lemma 2.12 and from Lemma 2.13. O

One should bare in mind that by Theorem 4.5 also the inverse of a computable conformal
mapping is computable. Using Theorem 3.9 and the Computable Points Lemma one can ob-
tain further effective topological properties which are equivalent to the two effective properties
above that the set is r.e. open and its boundary is r.e. closed. One combination corresponds
to constructive conditions formulated by Bishop and Bridges [2]. They formulate their main
result with a property called “mappability”, but they show that for a simply connected region
U it is equivalent to a property called “maximal extent property”. This can be translated into
the language of computability as the condition that U is a proper subset of C and that the
restricted distance function dist@\U|U, restricted to U, is computable (to be precise: for this
property they use the distance induced by the embedding of C into the Riemann sphere). The
picture is complete when one additionally interprets constructive openness by r.e. openness.

Theorem 5.4 answers a problem posed by Pour-El and Richards [15, Problem 5]. It is
interesting that the answer to their problem is given by a class of sets which lies strictly between
the class of proper, r.e. open, simply connected regions and proper, recursively open, simply
connected regions, as we shall see immediately.

Zhou [24, Problem 5.4] asked whether the image f(D) of the unit disk D under a computable
conformal mapping f on D is a recursively open set. Theorem 5.4 and the following proposition
show that this is not the case. The proposition shows that the proper hierarchy considered in
Theorem 3.12 for arbitrary dimension n > 1 is still proper in dimension 2 if we restrict ourselves
to proper, simply connected regions. Let R denote the set of proper, simply connected regions
in the complex plane.

Proposition 5.5
{U € R | U is birecursively open}
C {U € R | U is recursively open}
C {U€R|Uisr.e. open and 9U is r.e. closed}
C {U€eR|Uisr.e. open}.

Proof. The inclusions follow from Theorem 3.12. That they are proper is shown by the following
counterexamples. For i = 2, 3,4, we define

My:={z=z+iy|0<z<2 and 0<y<1}U{z==z+iy|z € M; and 0 <y < 10}

where the sets Ms, M3, and M, are the typical one-dimensional examples of sets defined in
the proof of Theorem 3.12. The sets M; are proper, simply connected regions. The set M, is
recursively open but not birecursively open, Ms is r.e. open and has an r.e. closed boundary,
but it is not recursively open, and the set My is r.e. open but its boundary is not r.e. closed. O
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6 Proof of the Effective Riemann Mapping Theorem

In this section we shall prove Theorem 5.1. At the end of the section we make two remarks
about the proof.

First we prove the second assertion of Theorem 5.1. It is well known that f(D) is a proper,
simply connected region if f is a conformal mapping on D. The work which still needs to be
done has been done already in the proof of Theorem 4.7. Let H be a computable functional
whose existence was proved in Theorem 4.7, let ¢ be a computable dgpen,sname for the unit
disk D, and let r be a computable p>~name for the point 0 € C. We define the functional G by

G(p) := (H{g,p),np(r)) -

The functional G is computable by the utm Theorem for n. It has the properties stated in the
second part of Theorem 5.1. Thus, the second part of Theorem 5.1 is proved.

We come to the first part of Theorem 5.1, to the construction of the conformal bijection
of the unit disk onto a proper, simply connected region U, given only topological information
about U (the uniqueness follows from the Schwarz Lemma).

We split the construction of the functional F' into two steps.

1. We show that there is computable functional F; with the following property: if p is a
dopen,oname for a proper simply connected region U C C and q is a p?-name for a point
29 € U, then F(p,q) exists and is a (p?, p?)-tracking name for a conformal mapping
f:U — C so that f(U) is a proper subset of the unit disk D, that f(z9) = 0 and that

f'(20) > 0.

2. We show that there is computable functional F, with the following property: if p is a
dopen,oname for a simply connected region U which contains the point 0 and is a proper
subset of the unit disk D, then F»(p) exists and is a (p?, p?)-tracking name for a conformal
mapping f : U — € with f(U) = D, with f(0) =0 and with f'(0) > 0.

Before we prove the existence of the two functionals F; and Fy we show how to obtain
the final computable functional F' of the first part of Theorem 5.1 from them. Let H be
a computable functional whose existence was proved in Theorem 4.7, let Comp denote the
computable functional from Corollary 2.10, and let Inverse denote the computable functional
from Theorem 4.5. Assuming that we have F; and F, with the properties above, we define the
functional F' by

F(p,q) := Inverse o Comp(F5 o H(p, Fi(p,q)), Fi(p,q)) .

It is clear that F' is computable. Given names p and ¢ as in the first part of Theorem 5.1 we
first compute Fi(p,q), which is a name for a conformal mapping fi on U = open,0(p), then
F>oH(p, F1(p,q)), which is a name for a conformal bijection f2 from f;(U) onto D, then a name
for their composition fo o f; and finally a name for the inverse mapping f := (f2 o f1) !, which
is the desired conformal bijection from D onto U with f(0) = zo and f’(0) > 0.

We come to the first step, to the construction of the computable functional Fj. It is sufficient

to describe how F; works for valid input. Let p be a dopen,s—name for a proper, simply connected
region U and let ¢ be a p>name for a point 29 € U. The geometric idea is the following:
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we compute a point not in U (actually a point in the boundary 9U), shift it to 0, take an
appropriate square root. Then the complement of the image contains an open set. By shifting
again appropriately and inverting we obtain a conformal image of U which is contained in some
bounded disk. Shifting a third time and multiplying with a suitable factor gives a conformal
image of U which is a proper subset of the unit disk. Furthermore we can achieve that the given
point zy is mapped to zero and the overall mapping has positive derivative in zj.

We show that the sketched construction above can be performed effectively. Using m3p (the
“O—component” of the Jopen p—name for U) we can compute a p>-name r() of a point in the
boundary OU of U. Let z; := p?(r()) be this point. Using ¢ we can compute a p*> name () for
o := |2y — 21| and a p?>-name r®) for a real number 8 with zyp — 2; = a - €. The mapping

hi:C— C with hi(z)=eP.(2—2)

is a conformal mapping. The image V' := hy(U) is a simply connected region with 0 = hy(z1) ¢ V
and o = hy(z0) € V. Therefore the analytic branch y/~""® according to Proposition 4.2 of the
square root function on V' is well-defined. The function / Vi i injective on V because applying
vNa V' and then squaring gives the identity on V. Furthermore,

) v, . ) ) ) v,
if z € vV %, then the symmetric point —z is not contained in vV . (1)

Assume on the contrary that there is complex number z € vV Y With —z eV Y% Then by
the injectivity of v/~ "'® there are different numbers z, # 23 in V with \/z_gv’a =z= —\/,%V’“.
But squaring gives zo = 23, a contradiction.
We have \/a""® = \/a € VV Ve Therefore, (1) tells us —y/a € V'V Ve Hence, the function
ho : V — C with
ha(2) =1/(Vz"* + Va)

is well-defined. It is a conformal mapping. Therefore the set hy(V') is a conformal image of V,
hence a simply connected region. We claim that it is contained in a bounded disk and that we
can compute a radius of such a disk (using the names p, ¢ and the already computed names r(1)
r( | and r®).

First let us go back to the function h;. Using the p?>-names #(!) for z; and #(®) for 8 we can
compute a (p?, p?)-tracking name (4 for the function h; (by the smn Theorem for 5). Applying
the computable functional of Theorem 4.7 to the dopen,9-name p for U and to r(4) gives us a
dopen,p—name r®) for V. The computable functional of Proposition 4.2, applied to 7 and r(2)
yields a (p?, p?)-tracking name 7(®) for /= Ve Applying the functional of Theorem 4.7 to r(®)

and r(® yields a dopen,p—hame (") for the set V'V Y Prom (), the already computed p?>-name
for o we can also compute a p?>-name r(® for \/a. Using 7(®) and the first component of r(7)
we can compute a dyadic number § > 0 with S(/a, 8) C VV Y Now we can apply (1) and see
that S(—y/@,8) N vV * = 0. This implies ha(V) C (0,5 1).

Now we only have to shift the set and to multiply it by a scalar so that the image of zy lands

in 0, the derivative of the overall function f; is positive in zp, and the whole set is mapped to a
proper subset of S(0,1). We define f; : U — C by

J .
fl(z) = 5 : elﬂ : |h'2(a)

>
=
L2

- (h2h1(2) — h2(a)) .



It is clear that this mapping is conformal and satisfies f1(z9) =0 € f1(U). We see

5 5 |ho(a) 1
fl(U)QS(—g'eﬁ' hZ(a) ha(a),5) C D
wnd 5 . | 5
filen) = 5 T2 (@) - (o) = - (@)] > 0.

We claim that, using the input p and g, we can compute a (p?, p?)-tracking name for f;.

Using the p>name r®) for \/a and the (p?, p?)-tracking name (6 for \/~ V% we can also
compute a (p?, p?)-tracking name (%) for hy. Using this name and the p?>name ) for a we
can compute a p?-name (10 for h%(a) according to Proposition 4.1. We summarize: from
the input p and ¢ we have we have computed the rational number §, we have computed p?-
names for 3, for o, and for h}(a), and we have computed (p?, p?)-tracking names for hy and hs.
By Corollary 2.10 and because the elementary functions addition, subtraction, multiplication,
division, absolute value and exponentiation are computable, we can compute a (p?, p?)-tracking
name for f;. This finishes the first step of the construction.

We come to the second step of the construction, to the construction of the computable
functional F>. We shall show that every set in the following class of sets

S={UCC|0€U, UCD, U=#D, U isopen, connected, and simply connected} .

can be mapped effectively by a conformal mapping f : U — D with f(0) = 0 and f'(0) > 0
onto the unit disk D, if a dopen,s—name for the set is given. The conformal mapping f will be
obtained as the limit of a sequence of functions which are compositions of certain dilating maps,
called Koebe maps.

For the definition of the Koebe maps we need automorphisms of the unit disk D. For zy € D
the mapping

Z— 20

Pz 2 D — D with  p,(2) = for z € D

0% —

is a conformal automorphism of D which interchanges the points 0 and zg, that is, p,,(0) = 2o
and f,,(z0) = 0. The following lemma is obvious.

Lemma 6.1 There exists a computable functional G; with the following property: if p is a
p*-name of a point 29 € D, then G1(p) is defined and a (p?, p?)—tracking name for .

For the definition of the Koebe map and the first three statements of the following lemma we
fix a set U € S and a point zg € D\ U. Let a := |2| and 3 be a real number with 2y = - e 5.
We define the Koebe map ky ., : U — C by

. B .o i
%U,zo(Z) =e 6. (Mﬁo \/_Ha( v O,ua> (eﬂz) .

Lemma 6.2 1. The map Ky, is a well-defined conformal function with Ky .,(0) = 0 and
HU,ZO (U) € S.
2. HIU’ZO (0) = 122 45 4 real number greater than 1.

= y0a
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3. d(C\U,0) < d(C\ Ky, (U),0).

4. There exists a computable functional Gy with the following property: if p is a dopen —name
for a set U € S and q is a p>—name for a point zg € D\ U, then G2(p,q) is defined and a
(p?, p?)-tracking name for Ky .

Proof. The first three statements are pure complex analysis and the proofs can be found in
various sources. We give the proofs nevertheless for completeness sake.

1. By z — pq(e¥® - 2) a conformal automorphism of D is defined. Hence, the set pqo(ePU)
is an open connected, simply connected subset of D with o = pq(e® - 0) € pq(e®U) and

0 = pa(e® - 29) € pa(ePU). Therefore the analytic branch / * (€U of the square root
function introduced in Proposition 4.2 is well defined on s (e?U). It maps the set uo(e?U)
into D. Since the mapping z — e ¥ . \/a(z) is a conformal isomorphism of D, we conclude
that Ky ;, is a conformal mapping on U with kg ,,(U) C D. The image Ky ;, is open, connected
and simply connected, it contains the point 0 = kg7 ,,(0) but not the point e7# . \/a. Hence,
KU,Z()(U) €S.

2. Straightforward computation yields:

Ry (0) = e B il (V@) -

From a € (0,1) one deduces immediately 21+7% > 1.

3. Let square : C — C denote the squaring function square(z) := z2. The function
A:D — D with A(2):=e P (uqosquareo ,u\/a)(eiﬁ - z)
satisfies A(0) = 0 and is not a rotation. Therefore, by the Schwarz Lemma (see e.g. Ahlfors [1])
|IA(2)| < |z| forall ze D\ {0}. (2)
Since for any Z € D the function pz is its own inverse, we see
Ao Ky (2) =2

for all z € U. Let us fix a point 21 € 9ky,(U) with |z1] = d(C \ Ky, (U),0). Then z; €
D. We choose a sequence (%), of points in U with lim, kp,,(2,) = z1. We can assume
that the sequence (Z,), converges itself since it is bounded and we can switch to a converging
subsequence. The limit 23 := lim,, Z, does not lie in U since otherwise by continuity of k., we
had 21 = ky,z,(22) € KU,z (U). On the other hand we have X o ky ., (2,) = 2, for all n. Hence,
by continuity of A we obtain A(z1) = z2. With (2) we obtain |z2| < |z1|. We conclude

d(C\U,0) < |z2| < |z1| =d(C \ Ky, (U),0).

4. Assume that a dopen—name p for a set U € S and a p*-name ¢ for a point zg € D\ U are
given. Using the functional G; from Lemma 6.1 we can compute a (p?, p?)-tracking name for
the function which assigns to each number z € D the value (€' -2). According to the Effective
Open Mapping Theorem we can use this name and p in order to compute a dopen—name for the set
pa(ePU). Now we can apply the functional of Proposition 4.2 to this name and to a p?> name for
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i8
«, computed from ¢, and compute a (p?, p?)-tracking name for the analytic branch /** (V)

of the square root function on juq(e®U). Finally, using the functional G; from Lemma 6.1 we
can also compute a (p2, p?)-tracking name for u va- We have now (p?, p?)-tracking names for
the three functions in the middle of the definition of the Koebe function and, by using ¢, also
for the rotations z — ez and z — e 2. We can compute a (p?, p?)-tracking name for the
composition of these functions by Corollary 2.10. This proves the assertion. O

The third property of Koebe maps is the reason why they are useful for our purpose: they
are dilating maps. By choosing the point zg € D \ U as close as possible to the center 0 of the
disk D one can achieve that the dilation of the Koebe map ky,;, is large, i.e. the ratio between
the inner radius d(C \ ky,z,(U),0) and d(C \ U,0) of U is large enough so that by iterating this
process the images of U form a sequence of sets in & whose inner radii tend to 1. We shall see
that the composition of all of these maps tends to a conformal mapping of U onto D.

In general, it is impossible to compute a point zp € D \ U which is really as close as possible
to 0, that is, satisfies |z9| = d(C \ U,0). But it is sufficient to have a point zp € D \ U with
20| < 3 (14d(C\U,0)).

Lemma 6.3 There exists a computable functional G3 with the following property: if p is a
Sopen,o—name for a set U € S, then Gs(p) is defined and a (p?, p*)-tracking map for a Koebe
map Ky, where zy is a point in D\ U with |zy| < 1 - (14 d(C\ U,0)).

Proof. Assume that a dopen,s—name p for a set U € S is given. By Theorem 3.9 we can compute
a ddist,open,g—name for U. Using this we can compute the inner radius d(C \ U,0) of U with
arbitrary precision. On the other hand, using the d—part 73p of p we can compute a sequence of
points which form a dense subset of the boundary QU of U. Since we know the inner radius of
U we can especially compute a p’-name ¢ for a point 2y € U with |2p| < % (1+4d(C\T,0)).
Applying the functional Go of Lemma 6.2.4 to 72p and q yields a (p?, p?)-tracking name for a
Koebe map with the desired properties. O

We come to the iteration. For p € ¢ we define two sequences (p(™),, and (¢(™),, of sequences
in X¥ by

p® = p,
¢ = Gy(p™),
p Y = H(p™ ™)

where G3 is the computable functional from Lemma 6.3 and H is the computable functional
from Theorem 4.7.
Furthermore, using the functional Comp from Corollary 2.10 we define

PO = g® () = Comp(g™+D) ().

is computable.
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From now on we assume that p is a dopen,gname for a set U € S. Then we can define for
each n € IN:

U, = 50pen,8 (p(n)),
kn := the Koebe map which is (p?, p?)-tracked by ¢,
fn = Kpo...0Kg

= the function which is (p?, p?)-tracked by (™).

By the lemmata shown in this section the sets U, are elements of S and the functions f, are
conformal bijections from U onto Up41 with f,,(0) = 0 and f),(0) > 0. We wish to show that
the functions f,, converge towards a conformal bijection f from U onto D and that from p we
can compute a (p?, p?)-tracking name for f. First we show

Lemma 6.4 The inner radii d(C \ Uy, 0) of the sets U, tend to 1 for n tending to infinity.

Proof. For each n € IN the function z — f,(z-d(C\ U,0)) maps D into D and 0 to 0. By the
Schwarz Lemma we conclude

fn(0) <1/d(C\U,0).
Let z, be the point with s, = Ky, .,. Then by Lemma 6.2.2
L [z ‘1—|—|z0|

f1(0) = &7,(0) - ... Kkg(0) = 2\/m R

Each of the factors ~=22l s greater than 1 by Lemma 6.2.2. Hence, due to the last inequality

24/ |2n]

must tend to 1 for n tending to infinity. Since the function A : (0,1] — R

the factors Lt|zn|
2y |20

with h(z) := 12 is strictly decreasing on the interval (0, 1] and takes the value k(1) = 1 at the

2V
point 1, also lim,_, |2,| = 1. Our choice |z,| < %(1 + d(C \ Uy, 0)) finally implies that also
limy o0 d(C \ Uy, 0) = 1. 0

Thus, according to this lemma and Lemma 6.2.3 the sequence (d(C \ Uy,0)), of inner radii
is an increasing sequence of positive real numbers with limit 1. We claim that the functions f,
converge locally uniformly and that, given p, we can compute a modulus of convergence in the
sense of Proposition 2.15.

Lemma 6.5 There exists a computable functional Gs with the following property: if p is a
dopen,p—name for a set U € S, then Gs(p) exists and describes a modulus of convergence in the
sense of Proposition 2.15 for the sequence (fn)n of functions f, on U, defined as above.

For the proof we follow closely Bishop and Bridges [2]. We shall need Proposition 4.11 and
the following lemma. For the proof the reader is referred to Bishop and Bridges [2].

Lemma 6.6 (Bishop and Bridges [2, Chapter 5, Corollary 7.5]) Let b € (0,1) and let U C D be
an open set with S(0,b) C U. Furthermore let g : U — C be a conformal mapping with g(0) =0,
with g'(0) > 0, and with S(0,b) C g(U) C D. Then

Vi

<3 X
9(z) ~ 2 <3 g

for all z € S(0,5?).
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Proof of Lemma 6.5. Let p be a dopen g name for a set U € S, let p™ U, and f, be derived
from p as above. We show that we can create a list of triples (w, m,[) of strings w and numbers
m, [ such that all pairs (w,m) with vg.2(w) C U and m € IN occur as the first two components
of triples in this list and for each triple (w,m,!l) in the list

|£i(2) = fe(z)| <27™

for all j > k > 1 and all z € vg.2(w). Indeed, using p and Theorem 3.2 we can create a list of
all w with vg.2(w) C U. We must show that for any such w and any m we can find a suitable
number [.

First, using w, we can compute a §i—name for the compact set K := {0} Uvg.2(w), which is
contained in U. From this name and from p we can compute a number n € IN with | f;(2)| 3;;1
foralli € N and z € K, by Proposition 4.11 (remember that f;(0) = 0 for all i). We set @ := 331
and choose a rational number b with

I IA

Vv1—0»

— <2 ™,
b —a

a<b®<1l and 3-
Using the dopen,s—names p(”) for the sets U, we can by Theorem 3.9 compute the inner radii
d(C\ Uy, 0) with arbitrary precision. Since they tend to 1 for n tending to infinity we can find
a number [ with d(C \ U;,0) > b. We claim that this number has the demanded property.
Since the sequence of inner radii is increasing we have d(C\ Uy, 0) > b for all k£ > [. Therefore,
if j > k > [, then we can apply Lemma 6.6 to the set U and the function x; o ... 0 kg4q and
obtain for any z € K

VvV1—5> <3 VvV1—5>

. 2—m
P lf) = B oa

1£i(2) = fr(2)| = |kj 0 ... 0o kiy1 0 fi(2) — fu(2)] <3

|

The non-effective content of Lemma 6.5 already tells us that the sequence (fy,), of functions
converges locally uniformly on U. By theorems of Weierstrass and Hurwitz the limit of a locally
uniformly converging sequence of conformal functions exists and is a conformal function again.
Let f be the conformal limit of the functions f,. Since f,(U) = Upy1 € D for all n, also
f(U) € D. Since fp(0) =0 and f},(0) > 0 we conclude f(0) = 0 and f’(0) > 0. Furthermore,
since the inner radii d(C \ Uy, 0) tend to 1, we have f(U) = D. Thus, f is a conformal bijection
from U onto D. Finally, let H be the computable functional of Proposition 2.15 for n = m = 2.
We define the functional F5 by

Fy(p) := H(G4(p),Gs5(p)) -

Then F is computable and Fy(p) is a (p?, p?)-tracking name for f. This ends the construction
of the functional F5 of the second step of the total construction. We have proved Theorem 5.1.

We conclude this section with two remarks on the proof. In the construction of the conformal
mapping we have used only Koebe maps. There are many other possible families of suitable
maps, compare Henrici [8] and Remmert [17]. Others might be better for complexity theoretic
reasons.
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Theorem 4.7 was essential for the classically simple direction of the Riemann Mapping Theo-
rem: for going from information about the conformal mapping to topological information about
the set. But we have used it also in the main construction and have applied it to Koebe functions
and the square root function. This application was not really necessary since for the square root
function and the Koebe maps one can obtain direct estimates, see Bishop and Bridges [2].

7 Conclusion

We have formulated several effective versions of the Riemann Mapping Theorem. The strongest
version showed that certain topological information — essentially enumerating a covering set
of open spheres in the set and a dense set of points in the boundary — about a proper simply
connected region is equivalent to geometric information about a conformal bijection between
this set and the unit circle in the complex plane. This also gave a characterization of those
proper simply connected regions for which there exists a computable conformal bijection onto
the unit disk.

We conclude with several open problems. In preparation for the results about the Riemann
Mapping Theorem we analyzed various types of information about open subsets of Euclidean
spaces and derived computability classes of open sets. These types of information and these
classes should be analyzed more thoroughly. Also, effective complex analysis could be developed
more systematically and broader along the lines of the results of Section 4. For the Effective
Riemann Mapping Theorem itself, one can aim for generalizations to multiply connected regions
or Riemann surfaces, thus, going further along the suggestions by Pour-El and Richards [15,
Problem 5]. Another interesting problem is to analyze the computational complexity of the
transformations in the Effective Riemann Mapping Theorem.
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