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Abstract

Super efficiency evaluations are introduced along the lines of the
potential improvements approach in Bogetoft and Hougaard (1999)
Both a reference selection and a related super efficiency index is de-
fined. The new (potential slack) super efficiency index is compared
to a Farrell-based super efficiency index (as in Andersen and Petersen
1993) with respect to convex envelopment technologies.
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1 Imntroduction

This note extends the theory of efficiency analysis based on potential im-
provements. The potential improvement approach and an associated effi-
ciency index was introduced in Bogetoft and Hougaard(1999). We now in-
troduce a super efficiency measure based on the same set of ideas.

There are two main reasons to consider super efficiency measures.

First, traditional efficiency measures does not allow the analyst to rank
units on the frontier. A super efficiency extension of the traditional Farrell
measure was first introduced by Andersen and Petersen(1993) precisely for
this reason. By measuring the possible expansion of all inputs (or contrac-
tions of all outputs) for a given production plan, that is how much all inputs
can be increased without the plan is being dominated by (a convex combi-
nation of) the other production plans, it is possible to diflerentiate between
units that are efficient in the traditional sense.

Secondly, it is important to reward super efficiency as opposed to sim-
ple efficiency in a motivational set-up, e.g. a regulatory environment. The
usual measures can only motivate being as good as others. Super efficiency
can motivate becoming better than others. The importance of the Farrell
extended super efficiency measure in motivational and regulatory contexts
has been emphasized in Bogetoft{1994a,94b,95,97,2000).

The outline of this note is a follows: Section 2 introduces the basic set-
up and ideas. The consequences of combining the proposed super efliciency
index with Data Envelopment Analysis (DEA) are discussed in Section 3.
Final remarks are provided in Section 4.

2 Reference selection and a super efficiency
index

To simplify the exposition, we focus on the input space. What follows may
however, with the obvious changes, be generalized to the full input-output
space.

A technology, L, is a set of input combinations that can produce a fixed
amount of output ¥y € R™. Let L C R" be non-empty, closed, convex and
comprehensive (ie. L+ R? C L) and let z € L be an input vector.



Now, define the efficient subset of Las F(L) = {z € L |Vz” € R": [z" <
z 2" #z)=>z" ¢ L}. Let D = L\ F(L) be the dominated production plans
w.r.t. the technology L. Denote by C(L) = R%} \ D the ‘weak complement’
of the technology L.

Consider some production plan z € C(L) and let

ri(z, L) = sup{z} € Ry|(21,. .., %i-1, %, Zis1, - - -, Zn) € C(L)}

be the upper bound of 2z in the #’th dimension keeping all other dimensions
fixed. Note that, in general we may have some points z € C(L) for which
r? = 400 for one or more dimensions. Note also, that for z € F(L) we have
z=r*(z, L).

Given some technology L, denote by

Z = {z € C(L)|ri(z, L) < o0, Vi}

the set of production plans in C(L) for which the point r*(z, L) is well defined.

Now, a rather general super efficiency measure can be defined along the lines

of Luenberger (1992) and Bogetoft and Hougaard (1999) by the following
potential slack function.

Definition 1. For z € C(L) and g € R%_, the potential slack function is
given by
b(z,L,g) := sup{B € Ry | 2+ fg € C(L)}.

The potential slack function b(z, L, g) has a straightforward interpretation.
It measures the number of times the (strictly positive) input bundle g can
be enjoyed as extra slack without making 2 dominated w.r.t. the technology
L. Hence, a large potential slack reflects a high (absolute) super efficiency of
plan z € C(L). Note that b =0 if 2 € F(L).

Using the potential slack function, we can now define a reference direction
g(z) and a reference plan s(z) for z € C(L).

Definition 2. A reference direction g(2) and a reference plan s(z) for z €
C(L) is a pair of vectors (g(z), 3(z)) such that

s(z) = z + b(z, L, g(2))g(2).



Note that we allow the reference direction g(z) to depend on z. Hereby,
we deviate from Luenberger(1992).

Now, consider some technology L and some productmn plan z € Z We
define the potential slack approach by the reference direction g% and
reference plan 89, (see figure 1)

g7 () xr*(z,L)—z and sIPS(z) = z +b(z, L, g7° (2))g"3 (2),

where o« means proportional to. Note that if z € F'(L) it is meaningless
to talk about a refe&gnce direction since the selection becomes 2z itself.
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Figure 1: The potential slack reference plan s©°.

When the technology L is non-level, i.e. has no segments parallel to the
coordinate hyperplanes, a selection based on the potential reference direction
has several advantages compared to a reference selection based on propor-
tional (Farrell like) adjustments. We proved this in Bogetoft and Hougaard
(1999). The potential slack approach basically has the same advantages.
The same axiomatic characterizations of the references selections and proofs

4



hereof applies (with the obvious changes). In particular, the potential slack
reference selection is uniquely characterized by being

e efficient,
ie. sP3(2) € F(L),

e invariant to affine transformations,

i.e. sPS(h(z), k(L)) = h(s(z, L)) for any h(z) = (a1%1 + By, -+ T +
ﬁn)ralv oy Oy > 0:

e and symmetric,’

ie. z, =..=2, and r*(z,L); = ... = r*(z, L), implies 87%(2); = ...
8P5(2)n.

I

One obvious advantage of the potential slack reference plan is efficiency. It
is straightforward to show that the usual Farrell super efficiency selection will
not always be efficient. On the other hand, efficiency may be a drawback of
the potential slack approach as we ghall illustrate in a DEA framework below.
Another advantage of the potential slack approach is its invariance to not only
linear transformations, as the Farrell approach, but to affine transformations
ag well. This is important if some characteristics, e.g. quality, strength etc.,
are measured on an interval scale only, cf. Bogetoft and Hougaard(1999).

Qo far we have focused on the reference selection. As in the case of the nor-
malized potential improvements inefficiency index in Bogetoft and Hougaard
(1999) we can define a normalized potential slack super efficiency index.

Definition 3: For z € 2 and L non-level, the normalized potential slack
super efficiency index EF$ i3 defined as

n P8 __

3 Z4
E‘PS(Z, L) —_ Z i+ =
=14 %

where +00 > 2z > z; > 0, for alli.

1The symmetry condition can be modified along the lines of Bogetoft and
Hougeaard(1999).



Clearly, EP® > 0, where |z € F(L) < EPS = 0]. Moreover, we may
define [{z € C(L) : 2 ¢ Z} & EP% = o0}. The index EF® can be interpreted
as a weighted sum of potential slack (¢F° — z). | |

This index will be

e continuous,

¢ invariant w.r.t affine transformation

EPS(h(z),h(L)) = EF%(2,L) for any h(z) = (a1 + B1, .y QnZy +
ﬁn),al, vey Oy 2> 0

e and strictly monotonic (in inputs)
i.e. * > z and z* # z implies EPS(z*, L) < E¥S(z, L)

as can be shown along the lines of Bogetoft and Hougeard (1999).
Example 1: Let n =2, and

L={zeRi|z>p(0,1)+ (1-B)1,0), 80,1}

Clearly, C(L) = Z in this case. For z = (},4), we get r* = (4,2), and
sP5(z,L) = (},4). Now, if for example (2, 27) = (3,1) and (27, z) = (2,1)
we get EF3(z, L) = 3/8. 0

3 Convex envelopment technologies

Now, consider a set of observed production plans A = {a*}[; where a =
(z,y) € R? x R7. To determine the normalized potential slack super index,
EP3_ for some unit a* € A with respect to a technology estimated as the
convex envelopment of production plans in A\ {a*°}, one may start by deter-
mining the reference plan r*. To do so one must solve the following n linear
programming problems (one for each input dimension):

iIlf Ti
8.t.

Yok XexF < 1,



Zk’#ho'\k <mk°1 jzli"'ii_l‘li-’-l!“'in?

Tkiko AUF > U, j=1...,m,
A>00r A€ {A] Tpur, A = 1},
assuming constant or variable returns to scale respectively.

From the above programs it is clear that a reference plan r* cannot always
be found for a given production plan a*°, i.e. there may not be a solution to
some of the n programs. In such cases, we define ] to oo.

Given r{ < oo for all i = 1, .., n, the index value EPS for production plan
a*® can be found by solving the following linear programming problem,

inf 8

s.t.
Ek;eh'\kiﬂfﬁfﬂf"-}-ﬁ(ﬁ—zi ), i=1,...,n,
Ckwko XUF 2 457, i=1...,m,

A200r A€ { N ipn, A* = 1},

assuming constant or variable returns to scale respectively. If there is no
feasible solutions to this program, we define 5* to be oo

The solution 3* can be used to determine both the potential slack selec-
tion $¥° and the index value EFY ag

(k) = 2 + (" - aP)

and

ku ko

.y Z"'i = T

i i=1 % — “‘1

n

EPS :B) Z -
=1 %
Clearly, if f cannot be determined (is oo ) for some i , or if 3* cannot be
determined (is oo), the index value EFJ cannot be determined (and can be
defined as co). Units with EF® = co are able to expand one or more inputs

indefinitely without becoming dominated by a combination of other units.
For comparison; the Farrell-based super efficiency measure EF4(z) can

be calculated as




inf EFA
8.t.

Y oksk, A2 < EFAgl, i=1,...,n,

Ek#ko )‘kyf Z yjkoi .7 = 1,...,171,
A 2001‘ AE {)‘lzk?‘-‘kn k= 1}

If the primary aim is to differentiate among the units that are efficient
in the usual (non-super) efficiency measures, it is inconvenient to have many
units with EPS = oo or EFA = oo, It is relevant therefore to investigate
when the super efficiency measures become infinite.

Consider the following example:

Example 2: Let a’,a? € R x R be two production plans using one input to
produce one output. Let the technology be determined by points dominated
by the convex cone of the observed data, i.e. as a constant returns to scale
(CRS) technology. Excluding the plans one at a time and determining the
super input efficiency of each plan relative the (CRS) technology spanned by
the other we find that * is well defined for both production plans. Clearly,
this holds for any number of plans. However, if the number of outputs is
increased from one to two the following situation might occur: a! = (2,3, 0)

and a? = (22,0, ). Clearly, none of the production plans have a well defined
reference point r*. )

The problem in Example 2 is caused by ‘eztreme specialization’ (see also
Bogetoft 1995).

Extreme specialization on the output side occurs when a unit is the sole
producer of some output. This makes it impossible to find combinations of
the other units that will dominate on the output side and 3* consequently
becomes co. This is not just a problem for the super efficiency measure
considered here. It leads to infinite super efficiency also in a Farrell set-up.

Extreme specialization on the input side occurs when a unit is the only
unit that does not use a specific input. This does not affect the existence of
the normalized potential slack super efficiency index, i.e. we may still have
EPS < 0o, It does however make the Farrell-based super efficiency measure
infinite, EFA = oo. The reason is that the Farrell measure is based on



multiplicative expansions of all inputs while the present measure is based on
additive expansions. In case of extreme specialization on the input side, the
present measure therefore has an advantage.

Unfortunately, it is not only extreme specializations that can create infi-
nite super efficiencies and hereby prohibit the effective use of super efficiency
to differentiate among efficient units.

In a VRS model, the inability to scale up and down can make the number
of units with infinite super efficiency equal to the number of units K. This
happens for example, in both the Potential Slack and the Farrell approach,
if all output vectors are located as output non-dominated extreme points of
a convex set, i.e. if y* is an extreme point of conv{y,...,y*} for all k and
v* € Gleonv{y!, ..., y%}) for all k, where G(Y) = {y/ €Y |Vy" € R™: [y 2
vy’ #v] =y ¢ Y} To see this, simply note that there is no solution
to the constraint zk#&o /\ky? > y;o, j =1,...,m, and Ek#ko M* =1 in this
case.

In & CRS model, and assuming that there is no extreme specialization,
the ability to scale up and down ensures the existence of a finite Farrell
based super efficiency measure, i.e. EF4 < co for all units. This is obvious
from the program above; the lack of extreme output specialization ensures
the existence of a solution to 3 i, A"‘y}‘ > y_’,’“, j = 1,...,m, while the
lack of extreme specialization on the input side ensures the existence of a
solution to Yy, A¥z¥ < EF Agh i=1,...,n, for a sufficiently high value of
EFA_ A gimilar result is not available for the Potential Slack approach. Even
without extreme specialization and with the ability to scale up and down, all
units may be infinitely super efficient. To show this, consider the following
simple example. Let a* = (1,25, 25,1) for all k. Also, let us assume that
the (%, z%) points are all input non-dominated extreme points of a convex
set, i.e. (z¥, z%) is an extreme point of conv{(z},z3), ..., (zf, 25 )} for all k
and (2%, z) € F(conv{(z},x}), ..., (z¥,zX)}) for all k. Now, in the r1(a®)
program the constraints 3y, A*zf < z°, 5 = 2,3 implies that 3y, A<
1 while the constraints  z.s, ,\"yj‘ > yf", j = 1, implies Y pxk, Mo> 1
and we have a contradiction. Hence, r{(a*) = oo for any ko. We have
hereby demonstrated that even in the CRS model, and even disregarding

cases of extreme specialization, all units can be infinitely super efficient in
the Potential Slack approach.



4 Final Remarks

In this note, we have extended the theory of efficiency analysis based on po-
tential improvements by introducing a super efficiency measure. This mea-
sure shares the attractive properties of the potential improvement approach.
The selection is efficient, invariant to affine transformations and symmetric.
Also, the normalized super efficiency index is continuous, invariant to affine
transformations and strictly monotonic.

A drawback of the Potential Slack efficiency measure, as of the more
traditional Farrell like super efficiency measure, is the poesibility of units
being infinitely super efficient. In such cases, the measure cannot differenti-
ate among the efficient units. In this regard, the Potential Slack approach
has a slight advantage over the Farrell approach in cases with extreme spe-
cialization on the input side. On the other hand, the Farrell approach has
advantages in many other cases, in particular in DEA models involving con-
stant return to scale.
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