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Abstract

In most multi-item inventory systems, the ordering costs consist of a major cost and
a minor cost for each item included. Applying for every individual item a cyclic inven-
tory policy, where the cycle length is a multiple of some basic cycle time, reduces the
major ordering costs. An efficient algorithm to determine the optimal policy of this type
is discussed in this paper. It is shown that this algorithm can be used for deterministic
multi-item inventory problems, with general cost rate functions and possibly service level
constraints, of which the well-known joint replenishment problem is a special case. Some
useful results in determining the optimal control parameters are derived, and worked out
for piecewise linear cost rate functions. Numerical results for this case show that the
algorithm significantly outperforms other solution methods, both in the quality of the
solution as in the running time.

Keywords: Inventory, Multi-item, Joint replenishment problem, Deterministic de-
mand.

1 Introduction

Although in most of the literature on inventory theory single-item models are analyzed, in
practice one often needs to determine stocking policies for multiple items. In most multi-item
inventory systems, the ordering costs consist of a major ordering cost ¢ > 0 and a minor
ordering cost ¢; > 0 if item 4,1 < ¢ < n, is ordered (Brown [3], Goyal [7, 8, 9], Goyal &
Satir [11], Kaspi & Rosenblatt [16], Naddor [17], Silver [20]). For such a cost structure,
coordination of replenishments will save major ordering costs and, as will be shown, this can
be done efficiently if the inventory level for each item i is controlled by a cyclic rule. The
associated stocking policy (R, k1,...,k,) € IRy X IN" is to place a replenishment order every
R time units, and to include item ¢ in one out of every k; replenishments, 1 < ¢z < n. In
the literature the average cost of such a policy is evaluated in two ways. The first takes
account of so-called empty replenishment occasions which occur when the smallest frequency
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ki, 1 <2 < n, is larger than one. This induces for the major ordering costs a complicated
correction factor A(k),k = (k1,..., k), equal to

n

A(k) = (=1)*! > (lem(kayy -y ko))
=1 {ac{1,...n}:|a|=1}

with lem(kq,, ..., ka,) denoting the least common multiple of the integers k., ..., k,, (Dag-
punar [4]). With this correction factor the average cost of the above stocking policy is given
by
A(k)e/R+D " ®;(kiR)
=1
where ®;(k;R) denotes the minimum average cost of item ¢ replenished every k; R time units.
However, in most papers (see the overviews of Goyal & Satir [11] and Kaspi & Rosenblatt [16])

this correction factor is set equal to one, and so the average cost of the stocking policy
(R, ki, ..., k,) reduces to
c/R+> Pi(kiR)
=1
If the value ¢;(k;R) denotes the minimum holding and shortage cost of item ¢ during a
replenishment cycle of length k; R time units, then it follows that

¢ + ¢i(kiR)

i(hiR) = =

The associated optimal stocking policy is now given by an optimal solution of either the

optimization problem with correction factor
inf{A(k)c/R+ 37", ®;(k;R): R>0,k; € N,i=1,...,n} (Q.)
or the optimization problem without correction factor
inf{c/R+ > ®;(k;R): R>0,k; e IN,i=1,...,n} Q)

Due to the complicated correction factor A(k) the optimization problem (Q).) is much more
difficult to solve than the optimization problem (Q). Recently, Dekker, Frenk & Wildeman [5]
have developed an efficient algorithm, which is presented in Section 2, to solve the optimization
problem (Q) if the functions ¢; and ®;, 1 <17 < n, satisfy the following property.

Property 1.1 For every 1 <i <n the function ¢; : (0,00) — IR is convex and the optimiza-
tion problem inf{®;(z) : 0 < 2 < 0o} has a finite optimal solution x7 > 0.

Moreover, after the execution of the algorithm we also obtain an indication of the quality of
the generated solution for (Q)) with respect to the optimization problem (). This algorithm
was originally developed for maintenance models where the value ¢;(k;R) can be seen as
the expected cost due to failures if component ¢ is maintained every k;R time units. In
a subsequent paper, Wildeman, Frenk & Dekker [24] specialized their method to the joint
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replenishment problem with the inventory level of every item controlled by the economic
order quantity model. In this model, it is assumed that the demand process is deterministic
with demand rate A; > 0 for item ¢, ¢+ = 1,...,n, the lead time of any replenishment order
is equal to zero and no shortages are allowed. The last condition (for every item) implies
that the long-run fraction of demand satisfied directly from stock on hand equals one and so
this condition can be seen as a service level constraint. Moreover, the value h; > 0 denotes
the unit inventory holding cost of item ¢ per unit of time, and the corresponding cost rate
function f; : IR — [0,400) is given by

fi(w):{hix ifz>0 (1)

0 otherwise

Observe, for general cost rate functions f; : IR — [0, 00), the inventory holding and shortage
costs during the interval [t,t + At) with At small is approximated by fi(z)At if 2, denotes
the (positive or negative) inventory level of item ¢ at time ¢. It is well-known that for the
economic order quantity model the function ¢; is given by ¢;(R) = %hi/\ZRQ and this function
is clearly convex on (0,00). Moreover, the function ®; is given by ®;(R) = ¢;/R + %hi/\ZR
and this function has a finite minimum attained at R* = (QCi//\ihi)l/Q.

In Section 3 it is shown that the method of Dekker, Frenk & Wildeman [5] can be applied
to deterministic multi-item inventory models with or without a service level constraint and
general cost rate functions. Although the analysis can easily be extended for non-negative
deterministic replenishment lead times, we assume that the lead time of any replenishment
order equals zero. If a service level constraint is included, this replaces the shortage costs and
so for both models (with or without a service level constraint) we associate a class of cost rate
functions. For cost rate functions corresponding to a deterministic inventory model without
a service level constraint we impose the following natural condition.

Property 1.2 For every i € I C {1,...,n} the function f; : IR — [0,00) is strictly positive
and decreasing on (—o0,0) and strictly increasing on (0,00). Moreover, the function f; is
continuous on IR\ {0} and satisfies f;(07) :=limzo fi(z) = 0.

Examples of such cost rate functions are the convex, concave or quadratic holding and shortage
cost functions, discussed by Porteus [18] in his overview on stochastic inventory models.
Naddor [17] analyzes the case of expensive storage of items, where the cost of holding «
units is given by az™ with @ > 0 and m > 1 fixed. Arrow, Karlin & Scarf [1] consider
a convex penalty cost function for the case where small shortages are of little consequence,
but large ones create more than proportionally great difficulties for the customers. Inventory
models with both fixed and time-dependent shortage costs, which are discussed among others
by Hadley & Whitin [13] and Federgruen, Groenevelt & Tijms [6], can be represented by
cost rate functions satisfying Property 1.2. A special case of such a model is the lost-sales
model with unit holding cost h;, fixed cost 7m; per stockout and demand rate A;, which can be
represented by the cost rate function

fi(x):{hix ifz>0 @)

A;m; otherwise
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At the end of Section 3, we will consider in detail cost rate functions with linear shortage costs
and piecewise linear holding costs. The latter situation may arise when storage of products
requires the use of several sources of limited capacity with different unit costs. Observe if
these sources are used in order of ascending unit cost, the holding cost function will be convex
(see also Veinott [23]). Non-convex piecewise linear holding costs may be the result of using
sources of different capacities. Finally, a piecewise linear cost rate function can be used to
approximate a general cost rate function.

For cost rate functions corresponding to a deterministic inventory model with a service level
constraint, the next natural condition is imposed.

Property 1.3 Foreveryi € {1,...,n}\[ the function f; : IR — [0, 00) is continuous, strictly
increasing on [0, 00) and vanishes on (—o0,0).

Observe that the cost rate functions f; associated with the economic order quantity model,
given by (1), satisfy Property 1.3.

In the next section the algorithm of Dekker, Frenk & Wildeman [5] will be presented. In
Section 3 it is shown under which conditions on the cost rate functions Property 1.1 is satis-
fied. Moreover, results which are useful in deriving the optimal control parameters for each
item ¢ are derived. Section 3 is concluded by presenting results for a special class of cost
rate functions, i.e. piecewise linear holding costs and linear shortage costs. The results of
our numerical experiments are presented in Section 4. It will be shown that the algorithm
significantly outperforms well-known iterative solution procedures, both in the quality of the
solution as in the running time. Finally, in Section 5 the main conclusions are given.

2 An efficient algorithm for multi-item inventory problems

In this section we summarize the algorithm which was developed by Dekker, Frenk & Wilde-
man [5] to determine optimal cyclic maintenance frequencies in multi-component systems.
The optimization problem (@), discussed in the introduction, can be solved efficiently by this
algorithm if Property 1.1 is satisfied. In Section 3 it will be shown that for both types of mod-
els discussed in Section 1, with cost rate functions satisfying Property 1.2 or Property 1.3, the
function ¢; is convex on (0,00). Hence, to apply the algorithm, we only need to verify that
the function ®; has a finite minimum for every ¢. As will be proved, a sufficient condition
is given by lim, o fi(z) = o0, 7 € I, and lim,_, fi(z) = oo for i € {1,...,n}\ I. For
more detailed information on the algorithm the reader is referred to [5]. Before discussing
the algorithm we first transform the problems (@) and (Q.) by means of the transformation
R — 1/T into the equivalent problems

inf{cT"+ 57", ©;(k;/T):T>0,kie IN,i=1,...,n} (P)
and

inf{A(k)cT + 37 ©;(k;/T): T >0,k;e N,i=1,...,n} (F:)
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If v(-) denotes the optimal objective value of the optimization problem (-) then clearly v(Q)
equals v(P) and v(Q.) equals v(P.). Moreover, a feasible solution (T'(P), k1(P), ..., k.(P)) of
(P) is optimal if and only if (1/T(P), ki(P),...,kn(P)) is an optimal solution of (Q). Since
the objective function of (P) is separable in k;, ¢ =1,...,n, it follows that (P) reduces to

inf{cT—l—Zn:inf{q)i(ki/T) tk; € INY:T >0}

=1
By relaxing the constraints k; € IN, i = 1,...,n by k; > 1 we now consider the relaxation
inf{cl' 4+ >°0° , inf{®;(k;/T) : k; > 1} : T > 0} (Pr)
It can be shown (Lemma 3.1 of [5]) without any conditions on the functions ¢;(-), i =1,...,n,

that v(Pr) < v(F.) <wv(P). If fori=1,...,n the function g¢; : (0,00) — IR is given by
gi(T) == inf{®;(k;/T) : k; > 1}
then by Property 1.1 we obtain that

gi(T):{ ®;(1/T) if T <1/

®, ()  otherwise

with 27 := arg min{®;(z) : « > 0} (which by Property 1.1 exists and is finite). Moreover, it
follows that g¢; is convex and so the optimization problem (Pgr) given by

inf{cT" 4+ Zgi(T) : T >0}
=1

is a one-dimensional convex programming problem. Since any optimal solution T'(Pr) of (Pr)
satisfies 0 < T'(Pr) < max{l/2Y :¢=1,...,n} (Lemma 3.2 of [5]) we may use the bisection
algorithm, or golden-section search (see Chapter 8 of Bazaraa, Sherali & Shetty [2]) to locate
an optimal solution T'(Pr) of (Pr). Under certain conditions (see Lemma 4.3 of [5]) one can
show that the feasible solution (T'(Pgr), 1,...,1) is an optimal solution for (P) and so, if these
easy verifiable conditions are satisfied, the problem is solved. If not, we determine an optimal
solution of the optimization problem (FP) given by inf{®;(k;/T(Pr)) : k; € IN},i=1,...,n,
and this generates a feasible solution (T'(Pg), k1(F'P), ..., k.,(FP)) of (P) with

k;(FP) := argmin{®;(k;/T(Pr)) : ki € IN}

Observe by Property 1.1 that the optimization problem (F'P) can be solved easily (cf. [5])
and the next feasibility procedure yields exactly its optimal solution for i =1,...,n.

Feasibility Procedure

For each # = 1,...,n apply the following steps:

1. Compute k = |T(Pgr)x;] with |-| the lower-entier function.
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2. If k=0 then k;(FP) =1

3. If k > 1 then k;(FP) = k or ki(FP) = k + 1 depending on whether ®;(k/T(Pr)) <
®;((k+1)/T(Pr)) or ®:(k/T(Pr)) 2 ®;((k+1)/T(FPr))

If the value v(F'P) is given by

n

v(FP) =T (Pr)+ Y ®i(ki(FP)/T(Pr))

=1
then by our previous observations we obtain
W(FP) > u(P) > o(P) > v(Pp)

Hence, if v(F'P) is close to v(Pr) we know that the objective value of the feasible solution
(T(Pr), k1(FP),...,k,(FP))is close to the optimal objective value of (P) and (F.). If, given
a tolerance, it is not close enough, we try to improve the feasible solution by the following

procedure.

Improved-Feasibility Procedure

1. Let k;(IFP) = ki(FP),i=1,...,n, with k;(F'P) the values given by the above feasi-
bility procedure.

2. Solve the optimization problem

min{cT 4+ Zn:q)i(ki(IFP)/T) T >0}

=1
and let T'(1F'P) be an optimal value for 7.

3. Determine new constants k;({F'P) by applying the feasibility procedure to the value
T(IFP), and let v(IFP) be the corresponding objective value.

This procedure can be repeated with in step 1 the constants k;(#'P) replaced by k;(IF'P),
and this can be done until no further improvement is found. It can be shown ([5]) that
v(IFP) < v(FP) and so every time the improved feasibility procedure is used, the corre-
sponding solution is at least as good as the previous one. Observe by Property 1.1 that the
optimization problem in step 2 of the improved-feasibility procedure is a one-dimensional
convex optimization problem. If the final objective value v(IFP) is still not close to v(Pr),
then a univariate Lipschitz optimization algorithm (see Horst & Pardalos [15]) can be ap-
plied. Before applying such an algorithm, a lower and an upper bound on the optimal value
T(P) of (P) must be determined. Since (Pg) is a convex-programming problem, an upper
bound Ty, is given by the smallest 7" > T'(Pr) for which the objective function of (Pr) equals
v(/F'P) (Lemma 4.6 of [5]). If there also exists a value 1}, given by the largest T' < T'(Pg) for
which the objective function of (Pgr) equals v({F'P), then this value is a lower bound on T'(P)
(Lemma 4.7 of [5]). Otherwise, we take the lower bound 1},,, = (1/¢) (v(IFP) — 3" ®;(z))
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(Lemma 4.5 of [5]). Finally, a Lipschitz constant of the objective function of (P) on the in-
terval (1o, Typ) must be determined. For this the reader is referred to Appendix A of [5].
Due to the special structure of the objective function of (P) it can be shown that the Lip-
schitz constant of this objective function is decreasing in 7" on [T, T,,] and so we may use
an improved version of Evtushenko’s algorithm (cf.[5]). We now summarize the results by

presenting the following solution procedure for (Q):

1. Solve the convex-programming problem (Pg) and use 0 < T'(Pr) < max;<i<, 1/z}. An
optimal value T'(Pgr) can be found by applying a bisection algorithm if the objective
function of (Pg) is differentiable, or otherwise by applying golden-section search.

2. If T(Pr) < miny<i<, 1/27 then the vector (T'(Pr), 1,...,1) is optimal for (P) and (F.);
stop.

3. If T(Pr) > minj<i<, 1/27, check whether the objective function of (Pg) evaluated in
minj<;<, 1/} equals v(Pgr). If so, the vector (T'(Pr), 1,---,1) is optimal for (P) and
(P.); stop.

4. Otherwise, we first find a feasible solution for (P) by applying the feasibility procedure
or the improved-feasibility procedure. If the corresponding objective value is within a

certain tolerance of v(Pg), then this also applies to v(P); stop.

5. If this does not happen and therefore the solution is not good enough, apply a global-
optimization technique on the interval [T}y, Typ] to find a value for T'(P).

To conclude this section, we consider a policy introduced by Goyal & Soni [12], who allow
for multiple cycle times. In their paper they consider three basic cycle times, i.e. T3 = T,
Ty = 3T and T5 = 57, which implies that k;, ¢ = 1,...,n, can attain values from the
set {1,1.5,2,2.5,3,4,4.5,5,6,7,7.5,...}. It is easy to see that the optimal objective value
v(GS) of this problem must satisfy v(Pr) < v(GS) < v(P), and thus our method also
provides information about the optimal costs of the more general class of coordination policies
suggested by Goyal & Soni [12].

In the next section we will consider a general class of deterministic multi-item inventory

problems to which the above solution procedure can efficiently be applied.

3 Analysis of the underlying models

In this section we consider a simple deterministic multi-item inventory model, where all
demand is backlogged, and the inventory for each item i, 1 < ¢ < n, is controlled by a periodic
review, order-up-to level policy. If for any 1 < ¢ < n the function f; satisfies Property 1.2
(corresponding to an inventory model without a service level constraint) or Property 1.3
(corresponding to an inventory model with a service level constraint) then for this model the
function ¢;, introduced in Section 1, will be derived and shown to be convex. This implies, if
the functions ®;, ¢ =1, ..., n, have a finite minimum on (0, c0), that Property 1.1 is satisfied
and so the method of Dekker, Frenk & Wildeman [5] can be applied. A sufficient and weak
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condition to guarantee that ®; has a finite minimum will also be discussed in this section.
Since we first verify the convexity property of the underlying inventory model of an arbitrary
item ¢, the subscript ¢ will henceforth be omitted. In the so-called (R, 5)-policy, every R > 0
time units a replenishment order is placed with cost ¢, to raise the inventory position to the
order-up-to level S, with —oco < S < oo. Although the results can easily be extended for
non-negative deterministic replenishment lead times, we assume that the lead time equals
zero. The demand rate is constant and deterministic, and denoted by A > 0. We start our
analysis by considering an inventory model without a service level constraint. The analysis
of an inventory model with a service level constraint is much easier and will be carried out

afterwards.

Models without a service level constraint

To determine for the inventory model without a service level constraint the function ¢(-), we
observe that the holding and shortage costs for an arbitrary (R,S) policy during a cycle of

length R are given by
R

I(R,5) ::/ £(S = At
0
and the average costs for an arbitrary (R, .S) policy equal

(i, )= LR ®)

Hence, the minimum holding and shortage costs during a cycle of length R are
e(R) :=inf{I(R,5): —00 < 5 < o0}
and so
c+ ¢(R)
R

We first consider the optimization problem associated with the objective function ¢(R). Since

¢(R):=inf{g(R,S5): —00 < 5 < 0} =

by Property 1.2 the function f is decreasing and continuous on (—o0,0) it follows for every
St < S5 <0 that

R R

F(S) = Ayt > / F(Sy — M)dt = I(R, S5)

0

I(R, Sy) :/

0

Moreover, since f is strictly increasing and continuous on (0,00) with f(07) = 0, one can
show similarly that I(R,S;) > I(R,Sz) for every S; > S > AR, and so the optimization
problem associated with the optimal objective value ¢(R), R > 0, reduces to

P(R)=inf{I(R,5): 0 < 5 < \R) (Pomy)

Since the function S — I(R,.S5) is continuous and the feasible set of (P, (g)) is compact, we
obtain that the set of optimal solutions of (Pw(R)) is nonempty and so

p(R) =min{I(R,5):0< S < AR}
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Before characterizing in Theorem 3.1 an optimal solution of (Pw(R)), we introduce for every
function f satisfying Property 1.2 the value

R} = sup{R > 0: f(AR) — £(07) < 0}

with f(07) := limgqo f(2). Since f is continuous and strictly increasing on (0, c0) it follows
that 1} is the unique solution of the equation f(AR)— f(07) = 0. This implies that B} =0
if and only if f is continuous in 0.

Theorem 3.1 If Property 1.2 holds, the optimization problem (PLP(R))7 R > 0, has a unique
optimal solution denoted by S(R), and it satisfies S(R) = AR if 0 < R < R} and 0 < S(R) <
AR if R > R%. Moreover, Jor R > R the optimal solution S(R) is the unique solution on
(0, AR) of the equation f(S)— f(S — AR)=0.

Proof: Since the function f might only have a discontinuity at zero, it follows for every
R > 0 that the partial derivative 2L(R,S) of the function I(R,S) = fOR F(S — At)dt exists for
every 0 < S < AR and on (0, AR) this partial derivative is given by

ol 1

—(R,S)=—
Since the function f satisfies Property 1.2 it follows for every 0 < R < R and 0 < S < AR
that

(f(S) = F(S = AR))

F(S) = f(S = AR) < f(AR) = f(07) < f(AR}) = f(07) <0
and so %(R,S) < 0 for every 0 < S < AR < ARj. This implies by the continuity of the

function S — I (R, S) that AR is the unique optimal solution of (P, g)) for every 0 < R < R
Moreover, since Property 1.2 implies

8[ +N .7 8[ o

—f(=AR)

\ <0

1
5 (F(07) = f(=AR)) =
and the function S — SL(R, S) is continuous and strictly increasing on (0, AR), there exists
for every R > R} a unique value 0 < S(R) < AR satisfying 2L(R,S(R)) = 0 and this proves
the desired result. ]

The next result discusses some important properties of the function R — S(R).

Lemma 3.1 If Property 1.2 holds then the function R — S(R) is continuous and increasing
on (0, 00).

Proof: We only give a proof of the above result for B} > 0 since the proof for R} = 0 can
easily be adapted. To start the proof, we first show that the function R — S(R) is increasing
on (0,00). By Theorem 3.1 it is sufficient to verify this property on [R},00). Consider
therefore Ry > Ry > R} > 0. Since by Property 1.2 the function f is decreasing on (—00,0)
it follows for every 0 < S < ARy < ARy that f(S — ARy) > f(S — AR3) and hence

J(S) = f(S = ARy) < f(S) = F(S — ARy) (4)
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for every 0 < S < AR,. If we assume by contradiction that S(R;) < S(Rs) it follows by
Theorem 3.1 that S(Ry) < AR and this yields by (4) that

F(S(R1)) = F(S(R1) = ARy) < F(S(R1)) = f(S(R1) — AR2)

Since the function S — f(S5) — f(S — ARy) is strictly increasing on (0, AR3) this implies for
Ry > R} that S(R1) < S(Rz2) < ARz and hence by Theorem 3.1 we obtain the contradiction

For Ry > Ry = R? it follows by a similar argument that

0 = F(S(R) = F(S(R) = ARy) < F(S(R1)) — F(S(R) — ARy)
< JOR}) - 1(07) =0

and again we have derived a contradiction. Hence, the function R — S(R) is increasing and
to verify the continuity of this function we first observe by the monotonicity that b_|_(ij) =
lim g R S(R) exists and satisfies S(R}) < by (R}). Moreover, for every R > R} we know
by Theorem 3.1 that S(R) < AR and this implies by (R}) < AR}. Since S(R}) = AR}
(Theorem 3.1) it follows that by (R}) = S(R}) and so B — S(R) is continuous at R = R}.
Also, for Ry > R} we obtain that by (R;1) := limpyg, S(R) exists. By Theorem 3.1 and
R — S(R) increasing it follows that R — S(R) — AR is decreasing and this shows
bi(Ry) — ARy = ]%iir]r% (S(R)—AR) < S(R1) — AR <0
1
and

be(Ba) = Jim S(R) > S(R) >0

Applying now the continuity of f on IR\ {0} yields

0= lim J(S(R)) = F(S(R) = AR) = f (bt (Br)) = by (Fr) — ARy)

and again by Theorem 3.1 it follows that b4 (R;) = S(R1). Hence, we have shown that
the function R — S(R) is right-continuous in R = R;. Similarly, it can be shown that
b_(Ry) := limpyp, S(R) = S(R;) and so R — S(R) is left-continuous in R = Ry, implying
the desired result. ]

To verify that the function ¢(-) is convex on (0, co) we first need to prove the following result.
Lemma 3.2 If K denotes the convex cone given by
K={(R,5):R>0,0<S5<AR}

and Property 1.2 holds, then the function (R,S) — I(R,S) is convex on K.
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Proof: For
_ IS f(2)d= ifx >0
F(z) = { _Ofggf(z)dz otherwise ?)

it follows by Property 1.2 that the function  — F(z) is strictly convex on [0, c0) and concave
on (—o0,0). Observe for every (R, S) € IRy X IR that

(R, S) = % (F(S) = F(S - AR)) (6)

Hence, for every two distinct points (R;,5;) € K,i=1,2,and 0 < a < 1 we obtain that
IHaR1+ (1 —a)Rg, 514 (1 — a)S3) =
$(F(aS) 4 (1= 0)82) = Fla($ = AR + (1= a)(S2 —~ ARa))
and this implies by the strict convexity of I’ on [0,00) and the concavity on (—oo,0) that
I{aR; + (1 — a)Ry, aS1 4 (1 — a)5,)
< % (aF(S1) + (1 — a)F(S2) — al'(S1 — AR1) — (1 — a) F(S2 — AR3))
= al(Ry,51) 4+ (1 — a)I(R3, 52)

which shows the desired result. O

The convexity of the function ¢ is now an immediate consequence of Lemma 3.2, as will be
shown in the next theorem.

Theorem 3.2 If Property 1.2 holds then the function ¢ is convex on (0,00).

Proof: Let Ry,R; € IRy and 0 < « < 1 be given. By Theorem 3.1 it follows that
aS(R1) 4+ (1 — a)S(Rz) < AMaRy+ (1 — a)Ry). Applying now Lemma 3.2 and the definition
of ¢(R), we obtain

plaRy + (1 — a)Rs3) IaR1+ (1 — )Ry, aS(R1) + (1 — ) S(R2))
al(Ry, S(Ry))+ (1 — @)I(R2, S(R2))

= ap(R) + (1 - a)p(R,)

which proves the desired result. a

In Theorem 3.2 it is shown that the function ¢ is convex on (0,00) and this implies by
Theorem 11B of Roberts & Varberg [19] that for every R > 0 the right-derivative

i PRER) = o(R)
R0 h

and the left-derivative

exist. By definition, the function ¢ is differentiable on (0,00) if ¢/, (R) = ¢’ (R) for every
R > 0. A slightly stronger result is now proved in the following theorem.
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Theorem 3.3 If Property 1.2 holds then the function ¢ is continuously differentiable on
(0,00). Moreover, the derivative ¢'(R) of ¢ at the point R is given by f(S(R)).

Proof: We only show the result for R} > 0 since the proof for R} = 0 is similar. 1If
0 < R < R} it follows by Theorem 3.1 that

/OARf(w)dx

This implies by the continuity of the function f on (0,00) that ¢/, (R) = f(AR) = f(S(R)) for
every 0 < R < R} and ¢’ (R) = f(AR) = f(S(R)) for every 0 < R < R%}. Hence, the function
¢ is differentiable on (0, 7) and its left-derivative ¢’ (R}) is given by f(AR}) = f(S(R3F)).
Consider now some R > R}. By the definition of ¢ it follows for every i > 0 that

> | =

o(R) = /ORf(/\R _M)dt =

R+h R
R+ —plB) < [ () =Mt = [ F(S(R) = My (7)

R+h
= [ rsm - e
R
Since by Theorem 3.1 we know that S(R) < AR this implies by the continuity of the function f
on (0,00) that ¢/, (R) < f(S(R)— AR) for every R > R}. Similarly, we obtain for R —h > R}
with & > 0 that n
pR=h) = o)< = [ F(S(R) =Myt
) — AR) for every R > Rj}. Since the function

and as before it follows that ¢’ (R) > (R
¢!, (R) for every R > 0 (Roberts & Varberg [19]) and so

f(s
¢ is convex we know that ¢’ (R) < ¢’ (R)

the inequality
f(S(R) = AR) < ¢_(R) < ¢! (R) < f(S(R) — AR)

holds for every R > R}. By Theorem 3.1 it follows that f(S(R) — AR) = f(S(R)) for
every R > R} and this implies by the above inequality that the function ¢ is differentiable
on (R},00) with ¢'(R) = f(S(R)). From (7) it is easy to verify that ¢/ (R}) < f(07) =
F(AR}) = f(S(R})) and since ¢ (R}) = f(S(R?})) we obtain by the convexity of ¢ in a similar
way as before that ¢'(R}) equals f(S(R})). Hence, we have shown that ¢'(R) = f(S(R)) for
every R > 0, and by Lemma 3.1 and the continuity of f on (0,00) we finally obtain that the
function ¢ is continuously differentiable on (0, o). ]

As will be shown at the end of this section, the above result is extremely useful in deriving
analytical formulas for ¢ if f has some special form. Moreover, it can also be used to compute
the Lipschitz constant for our global optimization procedure discussed in Section 2.

Models with a service level constraint

We will now consider a deterministic inventory model with a service level constraint and so
we assume that the cost rate function satisfies Property 1.3. Let S(R,S) denote the long-run
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fraction of demand for some item satisfied directly from stock on hand if an (R, S)-policy is
used. By the regenerative structure of the inventory position process it follows that

total demand satisfied directly from stock in one cycle

B(R,S) =

total demand in one cycle

Since the denominator equals AR we obtain that

0 ifS<0
B(R,S)=<% S/AR if0<S<AR (8)
1 otherwise

As before, the holding costs during one cycle are given by

R

I(R,5) :/ £(S = M)t
0
and the average costs for an arbitrary (R, S)-policy equal
c+ I(R,S
g(R,S):= 7](% )

The minimum holding costs during a cycle of fixed length R, subject to the service level
constraint F(R,S) > 3, with 0 < # <1 fixed, are now given by

p(R) :=inf{I(R,S): —oc0 < S < o0,3(R,S) > G}
and thus

c+ p(R)

¢(R) :=inf{g(R,S5): —00 < 5 < o0,8(R,S5) > p} = 7

Since by Property 1.3 the cost rate function f is increasing on IR and vanishes on (—o0,0),
the optimization problem associated with ¢(R) is trivial to solve and by (8) we obtain that

R
o(R) = inf{/ F(S = A)dt: S > BAR)
0
_ /Rf(ﬂ/\R—At)dt
oﬁR
_ / F(BAR — Ab)dt
0

implying that S(R) = AR for R > 0. Hence, it follows by a similar argument as in Lemma 3.2
that ¢ is convex on (0, 00). Moreover, it is also easy to verify by the continuity of f that

¢'(R) = BF(BAR)

and so we have completed the analysis of a deterministic inventory model with a service level

constraint.
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Verification of Property 1.1

The first part of Property 1.1 is satisfied, since for both models it was shown that the function
o is convex and continuously differentiable. This implies by Theorem 1.1.1.6 of Hiriart-Urruty
& Lemarechal [14] that the function R — ®(1/R) also satisfies these properties. By this
observation, the next result is easy to prove.

Theorem 3.4 The optimization problem inf{®(z) : 0 < z < oo} has a finite optimal solution
a* if and only if the finite value x* is a solution of the equation ®'(z) = 0.

The above result is useful to compute a finite optimal solution if one exists. A sufficient
condition to guarantee that such a finite optimal solution exists is given by the next result.

Theorem 3.5 For any [ satisfying Property 1.2 the optimization problem in Theorem 3.4
has a finite optimal solution if lim ;. f(z) = co. The same result holds for any f satisfying

Property 1.3 if im0 f(2) = c0.

Proof: We only prove the first part, since the proof of the second part is almost identical.
From (3), (5), (6) and ¢ > 0 it follows that

g9(R,S) F(S) - F(S — AR))

v
This implies by the nonnegativity of the function f that for every (R,5) € K (defined in
Lemma 3.2) and S < AR we have

-1 -1 1
. _ > R _
9(R,8) > S F(S = AR) > 5 F(=3AR)
Similarly, for every (R, S) € K and S > £AR it follows that

1 1 1
9(R,8) > 1=F(8) > 1 F(GMR)

and so we obtain that

1 . 1 1
g(R,S) > R mm{F(§/\R)7 —F(—§/\R)}
for every (R,S) € K. Since lim |y f(z) = oo it follows that limp o F(%/\R)//\R = o0
and limp_co —F(—3AR)/AR = 0o and this shows that the function ® has a finite positive
minimum point. a

For most inventory models the above condition on the cost rate function is very natural, and
in some sense also necessary. To show this, we consider again the lost-sales model, for which
the cost rate functions are given by (2). In this case the property lim ;o fi(¥) = oo is not
satisfied. By Theorem 3.1 we obtain that

AR if R< R*
ﬂm:{ R ifR<R}

/\ch otherwise
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where R} = 7 /h, and thus the function ¢(R) is given by

LALR? if R < R

R) =
(1) { /\ﬂ'R—%/\hch otherwise

Observe that ¢(R) is continuously differentiable and convex on (0, 00). Using straightforward
calculations, one can verify that ®(R) < 0 on (0, 00) if (A%)? < 2¢Ah, and so the optimization
problem inf{®(z) : 0 < < oo} does not have a finite optimal solution in this case, implying
that the method of Dekker, Frenk & Wildeman [5] can in general not be applied for the
lost-sales model. We conclude this section by considering a special case of a cost rate function
[ satisfying Property 1.2.

A piecewise linear cost rate function
Assume that the cost rate function f is given by

—px <0
h1$ 0§9€<a1

flaj—1) + hi(z — a;—1) g <ae<a, 1=2,....,m—1

f(am—l) + hm(x - am—l) Um—1 S r < 00

where p > 0 and h; > 0 for all :. Hence, we have piecewise linear holding costs and linear
shortage costs. In Figure 1 this cost rate function is illustrated. Observe that for general cost
rate functions f, numerical integration procedures are needed to evaluate ¢(R) and ®(R). If
we use the trapezoidal rule (see Stummel & Hainer [21]), the cost rate function is replaced
by a piecewise linear function. Therefore, the analysis below will provide a useful tool for
analyzing more general cost rate functions.

ayp az as

Figure 1: A piecewise linear cost rate function.

Since f is continuous in 0 it follows immediately that B} = 0. For ¢ =1,...,m — 1 we define
R; such that S(R;) = a;. By Theorem 3.1 it follows that this corresponds to

fla;) = fla; — AR;) =0 = Ri=(f(a;) + pa;)/ p
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Moreover, we define Ry := 0, ag := 0, R,, := 00 and a,, := oo. The next lemma determines
for a given R > 0 the value of S(R).

Lemma 3.3 For R,_; < R< R;, v=1,...,m, it follows that
ai—1 < S(R) < a;

In particular,
4

p+hi
Proof: Since S(R;_1) = a;,—1 and S(R;) = a; the first part immediately follows by Lemma 3.1.
To prove the second part we observe that

S(R) = a;_y + AR — Ri_1)

FS(R)) = f(S(R) — AR) = flai—1) +hi(S(R) — a;i—1) + p(S(R) — AR)
= (p+h)S(R)+ flai—1) — hja;—y — pAR

By setting this expression equal to zero we obtain that

p hiai—y — f(a;—1)
= A
S (8] p+h et p+h
p
= AR - R;- i
p+h; (B = Rica) + dicy

which shows the desired result. O

By Theorem 3.1 and Theorem 3.3 we obtain that the derivative of ¢(R) is given by
¢'(R) = f(S(R) = AR)
for R > R; =0. This implies by Lemma 3.3 for R;_1 < R < R;, ¢+ =1,...,m that

h;
p+h;

¢'(R)=—p (ai—l — ARy — AR — Ri—l))

and also

"(R) = Ahy—2—
PIR) p+ h;

Hence, by Theorem 3.2 it follows that ¢(-) is a convex, piecewise quadratic function, and so

1
o(R) = ¢(Ri—1) + p(ARi—1 — a;—1) (R — Ri—1) + 5/\’%’], -|l-)h» (R~ Ri—1)? (9)

The derivative of ®(R) for R > 0 is given by
_ Re'(R) = (e + p(R))

@'(R) -
and thus by the above observations we obtain for R;_; < R < R; that
®'(R) = = P(AR._1 —a;_1)Ri_y — ¢ — o(Ri_1) + lhi P \(R?- R%,) (10)
R? 2 pH+h il

The next result is a direct application of Theorem 3.4 and Theorem 3.5.
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Lemma 3.4 Letk :=inf{i=1,...,m: ®(R;) > 0}. Then it follows that R* := arg min{®(R) :
R > 0} is given by

2 Rr_1) —p(ARp_1 —ap_1)Rr_
R*:¢[C+@( k1) — P(ARR—1 — ar_1) k1]_|_Rz_1 (11)

Ahgp/(p+ hi)

Proof: By the definition of & and Theorem 3.5, the value R* must be contained in the
interval [Ry_1, Ri). Using (10) and the necessary and sufficient first order optimality condition
®'(R*) = 0 (see Theorem 3.4), the desired result follows. 0

Observe that (11) is equivalent with
R* = OékRk_l

for k > 1, where

(p+ hg)
=4/l —2—2 Q' (Ry_
o ¢ hypA (B-1)

This section is concluded by summarizing the above results in the following algorithm which
efficiently determines the optimal replenishment interval R* if the cost rate function is piece-
wise linear.

Step 0 Let ¢, A\, p, hy,.. . by > 0and 0 < ay < -+ < g < 00 be given,
and set i :=0,a;:=0, R, =0, f(a;) =0, ¢(R;) := 0 and ®'(R;) = —o0
Step 1 While ®'(R;) <0 and ¢ < m do:
=141
flar) = Flais) + hilas — i)
Ri = (f(a:) + pa:)/Ap
o(R;) = p(Ri- 1) -I-P(/\Rz 1= @i1)(Ri — Ri_y) + 5 AR p_|_h (R — Ri_1)*
O'(Ry) = [p(ARi — ai) Ri — ¢ — o(R)] / R}
J

Step 2 k:=1 and R™ is determined by (11)
Algorithm 3.1: An algorithm to calculate R* for a piecewise linear cost rate function.

4 Numerical results

In this section we will investigate the solution procedure for (Q), described in Section 2,
and compare it with the heuristic approaches of Goyal [7], Brown [3] and Goyal & Gu-
nasekaran [10]. Goyal [7] and Brown [3] apply an iterative algorithm, where they initialize
each k; = 1 and then find the corresponding optimal R by setting the derivative of the ob-
jective function of (@) equal to zero. Subsequently, they find for each ¢ a value of k;, by
setting the derivative of the objective function of (Q) with respect to k; equal to zero, and
rounding to the best integer value. Once a value for k; is found, it is compared to the k; in
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the previous iteration. When for each item ¢ the k; in two successive iterations are equal,
the algorithm terminates. Otherwise, a new optimal R is found for the current values of k;
and the procedure is repeated. Goyal & Gunesakaran [10] use the same procedure, but they
obtain for each 7 a value of k; by rounding the value of k;, obtained by setting the derivative
of the objective function of (Q) equal to zero, to the nearest integer. This procedure is faster
than the one of Goyal [7] and Brown [3], but will lead to poorer solutions. Although the above
algorithms are fast, they cannot guarantee an optimal solution, and have the disadvantage
that they are often stuck in a local optimal solution (see Van Egmond et al. [22]). The algo-
rithm of Dekker, Frenk & Wildeman [5] however guarantees an optimal solution, and it can
also give in very little time a good approximation by solving the relaxed problem (Pgr) and
applying a (improved) feasibility procedure. Using the objective value of the relaxed problem,
it is possible to give an upper bound on the deviation of this approximated solution. This
aspect is not shared by the other solution methods in the literature. Numerical experiments
by Kaspi & Rosenblatt [16] indicate that using the initial values of k; suggested by Silver [20]
together with the iterative approach of Goyal [7] and Brown [3] leads to good results. How-
ever, to obtain the initial values of k; one needs to set the derivative of the objective function
of () with respect to R equal to zero, and substitute the corresponding value of R into the
objective function. The initial values of k; are then obtained by setting for ¢ = 1,...,n the
derivative of the objective function with respect to k; equal to zero. This leads to solving a
system of n equations, which can be done analytically for the joint replenishment problem
with no shortages allowed and cost rate functions given by (1) (see Silver [20]). However, for
general cost rate functions numerical procedures are needed to obtain the initial values of k;,
and therefore this approach is not suitable for our situation.

In particular, we have tested the algorithm for the piecewise linear cost rate function which
was discussed in Section 3. The algorithm was implemented in Borland Pascal 7.0 on a
Compaq 486DX/66 personal computer. We selected 6 different values for the number of
items n, and 7 different values for the major setup cost ¢. For the number of breakpoints m
in the holding cost function we analyzed 3 cases. This yields 126 different combinations of
these parameters, and for each combination 25 problem instances were created by randomly
choosing values for h;, p;, A; and a;;. Hence, in total 3150 test problems were evaluated. In
Table 1 the data are reported.

n = 3,57, 10, 25, 50

¢ = 10, 50, 100, 200, 500, 750, 1000
m = 3,510

ci € [1, 500]

hik e [1,20]

i €[5, 500]

Ai € [10, 500]

aik —aik—1 € [1,50]

Table 1: Tested parameter values.

In Table 2 the relevant results of the algorithm for the 3150 test problems are presented.
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The deviations of the relaxation, the solutions obtained by the feasibility procedures and
the solutions of the heuristics by Goyal [7], Brown [3] and Goyal & Gunesakaran [10] were
determined by comparing the objective values with the optimal objective value v(P) obtained

by Lipschitz optimization, where a maximum relative devation of 0.01% was allowed.

Relazation (Pr): Average running time (sec.) 0.02
Average deviation (v(P) — v(Pr))/v(Pr) 0.599%
Minimum deviation 0.000%
Maximum deviation 2.273%
Feasibility Procedure (FP): Average running time (sec.) 0.00
Average deviation (v(FP)— v(P))/v(P) 0.276%
Minimum deviation 0.000%
Maximum deviation 3.984%
Improved- Feastbility Procedure (IFP):  Average running time (sec.) 0.21
Average deviation (v(IFP)—v(P))/v(P)  0.090%
Minimum deviation 0.000%
Maximum deviation 3.003%
Goyal and Brown (G&B): Average running time (sec.) 0.53
Average deviation (v(G&B) —v(P))/v(P) 0.705%
Minimum deviation 0.000%
Maximum deviation 11.880%
Goyal & Gunesakaran (GG): Average running time (sec.) 0.38
Average deviation (v(GG) — v(P))/v(P) 1.205%
Minimum deviation 0.000%
Maximum deviation 17.300%

Table 2: Average results of 3150 test problems.

It can be seen from the table that solving the relaxation takes very little time (on average
0.02 seconds). Applying the feasibility procedure takes a negligible amount of time, and so we
obtain within very little time a feasible solution for (@), with an average deviation of 0.276%
and a maximum deviation of 3.984% in our test examples. Applying the improved-feasibility
procedure also takes little time (on average 0.21 seconds), and leads to an average deviation
from the optimal costs of 0.09% and a maximum deviation of 3.003%. Hence, the algorithms
of Goyal [7], Brown [3] and Goyal & Gunesakaran [10] are outperformed, while the running
times of the improved-feasibility procedure are smaller.

The deviations of 11.88% for the heuristic of Goyal [7] and Brown [3], and the deviation of
17.3% for the method of Goyal & Gunesakaran [10] occur for one of the problem instances
with ¢ = 10 and n = 7. In Table 3 and Table 4 the parameters and results for these instances
are given. Both heuristics are stuck in a local minimum after a small number of iterations,
which is caused by the initialization of each k; at the value one. For both test problems the
solutions obtained by solving the relaxation and applying the (improved) feasibility procedure
were much better than the ones of Goyal [7] and Brown [3], and Goyal & Gunesakaran [10]
(compare v(FP) and v(IFP) with v(G&B)).
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c=10,n=7, m=25
item ¢;  hii hie his hia his  ain a2 aiz aia pi Ai
1 25 18 13 11 5 10 27 73 81 121 420 19

2 2 10 18 10 5 4 25 68 113 162 58 346
3 481 12 12 7 20 13 22 34 67 84 205 275
4 104 5 11 13 19 5 47 81 86 132 323 158
5 60 10 5 8 17 7 11 59 80 100 140 371
6 458 14 15 1 9 3 20 28 60 99 243 358
7 133 2 2 14 19 9 27 58 103 126 411 203

Optimal solution Goyal and Brown

R =10.0795 R =0.3858

k=1{51754115} B={1,1,1,1,1,2,1}

v(Q) = 5286.95 v(G&B) = 5915.06

v(FP) = 529527 v(IFP) = 5290.99

(0(G&B) — v(Q))/v(Q) x 100% = 11.88%

Table 3: Parameters and results of problem instance for which the heuristic of Goyal and
Brown performs worst.

c=10,n=7, m=3
item ¢ hi ki his an a2 p Ai
1 490 1 1 1 30 63 74 405

2 2 17 17 17 43 58 216 451
3 63 8 16 6 3 24 412 78
4 144 5 7 20 10 39 385 163
5 171 5 14 9 12 48 430 148
6 36 14 13 1 39 49 336 85
7 32 15 1 11 8 47 459 15
Optimal solution Goyal & Gunasekaran
R =0.059 R=0.244
k=1{26,1,6,6,8,4,9} k=1{61,1,1,21,2}
v(Q) = 3159.33 v(GG) = 3705.89
v(FP) = 3159.77 v(IFP) = 3159.37

(v(GG) — v(Q))/v(Q) x 100% = 17.30%

Table 4: Parameters and results of problem instance for which the heuristic of Goyal &
Gunesakaran performs worst.

The running time of the Lipschitz optimization depends on the number of items and on the
setup costs. The number of breakpoints m did not have a significant influence on the running
times. In Table 5 the average running times of the 75 examples in each class of test problems
are reported. The running time appears to be increasing more than linearly in the number of
items, which is caused by the fact that the interval [T}, T},] containing the optimal 7" (see
Section 2) tends to increase as n increases. Since the objective function is steeper for larger

values of S, which causes smaller upper bounds, the running times decrease as the value of S
increases.
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n=3 n=5 n=7 n=10 n=25 n=>50

c=10 0.24 0.64 1.09 2.13 9.44 21.42
¢ =50 0.13 0.30 0.59 1.05 5.20 14.79
¢ =100 0.09 0.26 0.47 0.88 4.26 11.89
c =200 0.08 0.21 0.42 0.63 3.07 9.01
¢ = 500 0.08 0.14 0.25 0.44 2.36 6.74
c =750 0.06 0.11 0.20 0.38 1.79 6.06
¢ = 1000 0.06 0.09 0.17 0.34 1.47 4.59
average 0.11 0.25 0.46 0.83 3.94 18.64

Table 5: Average running times (sec.) of the Lipschitz optimization.

5 Conclusions

In this paper we analyzed a generalized joint replenishment problem, with general cost rate
functions and possibly service level constraints. It was shown that the algorithm of Dekker,
Frenk & Wildeman [5] can be used to solve this problem efficiently. The main advantage of
this algorithm lies in the fact that it gives in very little time a good near-optimal solution
with a known upper bound on the deviation, and, if necessary, it provides a guaranteed
optimal solution using Lipschitz optimization. Useful results to determine the optimal control
parameters were derived, and worked out for cost rate functions with piecewise linear holding
costs and linear shortage costs. For this special case, the performance of the algorithm was
compared with well-known heuristics, and it outperformed them both in the quality of the
solution as in the running time.

Finally, we like to remark that although deterministic inventory models are not always re-
alistic, they may be used to obtain a lower bound for stochastic inventory models. In a
subsequent, paper we will apply the procedure to stochastic inventory models with an (R, .S)
inventory policy.

Acknowledgement: The authors thank Ralph Wildeman for writing the computer program.
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