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0DWKHPDWLFV DQG &RPSXWHUV LQ 6LPXODWLRQ �� ������ ��^��
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$EVW U DF W � : H VK RZ WK DW� Z LWK U HVS HFW WR DQ RU WK RQ RU P DO Z DY HOHW ��c� � / ��5�
DQ \ I�c� � / ��5� LV� RQ WK H RQ H K DQ G � WK H VX P RI LWV ?OD\ HU V RI G HWDLOV� RY HU
DOO WLP H�VK LIWV� DQ G RQ WK H RWK HU K DQ G � WK H VX P RI LWV OD\ HU V RI G HWDLOV RY HU DOO
VFDOHV� 7 K H ODWWHU LV Z HOO N Q RZ Q DQ G LV D FRQ VHT X HQ FH RI D Z DQ G HU LQ J VX E VS DFH
G HFRP S RVLWLRQ RI / ��5� Z K LFK � LQ WX U Q � U HVX OWHG IU RP D Z DY HOHW 0X OWLU HVROX WLRQ
$ Q DO\ VLV �05$ �� 7 K H IRU P HU K DV Q RW E HHQ G LVFX VVHG E HIRU H� : H VK RZ WK DW LW
LV D FRQ VHT X HQ FH RI D G HFRP S RVLWLRQ RI / ��5� LQ WHU P V RI U HG X FLQ J VX E VS DFHV
RI WK H G LODWLRQ �E \ �� VK LIW RS HU DWRU �

�� ,QW U RGXF W LRQ

$Q HOHPHQW ��c� � / ��5�_ZLWK WKH XVXDO LQQHU SURGXFW >c � c@ DQG QRUP MM c MM_LV
FDOOHG DQ RUWKRQRUPDO ZDYHOHW LI WKH IXQFWLRQV

�P�Q�c� � �
�
�
���P�c�b Q�� P� Q � =�����

_FDOOHG ZDYHOHW RUWKRQRUPDO IXQFWLRQV� IRUP D EDVLV IRU / ��5� >�@� 7KHUHIRUH�
FRUUHVSRQGLQJ WR D JLYHQ ZDYHOHW ��c�� DQ\ I�c� � / ��5� DGPLWV WKH RUWKRJRQDO
GHFRPSRVLWLRQ

I�c�  
�
;

P b�

�
;

Q b�

>I�c�� �P�Q�c�@�P�Q�c�������

1RZ� IRU HDFK P�Q � =� WKH SURMHFWLRQ RI I�c� RQWR �P�Q�c� LV
>I�c�� �P�Q�c�@�P�Q�c�  >I�c�� �

�
�
���P�c�b Q�@ �

�
�
���P�c�b Q�������

7KLV FDQ EH FRQVLGHUHG DV D GHWDLO YDULDWLRQ RI I�c�_DW VFDOH �P DQG DW WLPH�VKLIW
Q� )RU HDFK P � =� WKH SURMHFWLRQ RI I�c� RQWR WKH VFDOH�GHWDLO VXEVSDFH :P���
GHpQHG E\

:P��� � 
B

Q� =
I�P�QJ  VSDQI�P�QJQ� =�����

LV WKH SDUWLDO VXP RQ WKH 5+6 RI �����
�
;

Q b�

>I�c�� �P�Q@�P�Q�c�������

7KLV� LQ WXUQ� FDQ EH UHJDUGHG DV D ?OD\HU RI GHWDLOV� �/2'� RI I�c�_DW VFDOH �P
>�@� &RQVHTXHQWO\� DQ\ I�c� � / ��5� LV WKH VXP RI DOO LWV /2' RYHU DOO VFDOHV�

' DW H� - DQ X DU \ ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV DQ G SKU DVHV� : DY HOHW� VFDOH DQ G WLP H�VK LIW G HWDLOV� VK LIW�Z DQ G HU LQ J VX E VS DFH G H�

FRP S RVLWLRQ � VK LIW U HG X FLQ J VX E VS DFHV G HFRP S RVLWLRQ �
7 K H VHFRQ G DX WK RU 
V Z RU N Z DV VX S S RU WHG LQ S DU W E \ % U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO

�& 1 3 T ��

�
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1RZ� LQVWHDG RI /2' DW VFDOH �P� ZH GHpQH WKH /2'_DW WLPH�VKLIW Q_RI I�c�
DV WKH VXP

�
;

P b�

>I�c�� �P�Q�c�@�P�Q�c�������

7KHQ� LV LW WUXH WKDW DQ\ I�c� � / ��5� LV WKH VXP RI LWV /2'_RYHU DOO WLPH�VKLIWV"
,Q RWKHU ZRUGV� LV LW WUXH WKDW

I�c�  
�
;

Q b�

�
;

P b�

>I�c�� �P�Q@�P�Q�c� "�����

7KH DQVZHU LV DrUPDWLYH DV ZH VKDOO VKRZ� 7KLV LPSOLHV WKDW D ZDYHOHW DSSUR[LPD�
WLRQ FDQ EH FDUULHG RXW HLWKHU E\ VFDOH�GHWDLOV VXPPDWLRQ RU E\ WLPH�VKLIW�GHWDLOV
VXPPDWLRQ�
:H EHJLQ E\ UHFDOOLQJ EDVLF IDFWV RI +LOEHUW VSDFH ELODWHUDO VKLIWV� 7KH PDLQ

UHVXOW LV JLYHQ LQ 7KHRUHP ��

�� 0 DLQ 5HVXO W V

/HW + EH D VHSDUDEOH +LOEHUW VSDFH ZLWK LQQHU SURGXFW >c � c@+ DQG QRUP MM c MM+ �
/HW 8 � + � + EH D ERXQGHG OLQHDU RSHUDWRU� $ FORVHG VXEVSDFH : LV D ZDQGHULQJ
VXEVSDFH IRU 8 LI LW LV RUWKRJRQDO WR DOO LWV LPDJHV XQGHU SRVLWLYH SRZHUV RI 8 >�@�

: " 8Q:� � Q ! �������

,Q DGGLWLRQ� LI WKH VXEVSDFHV 8Q:� Q y �� VSDQ +� WKHQ : LV D JHQHUDWLQJ ZDQ�
GHULQJ VXEVSDFH IRU 8 �
$ ERXQGHG OLQHDU RSHUDWRU 8 � + � + LV D ELODWHUDO VKLIW� RU VLPSO\ D VKLIW� LI

LW LV XQLWDU\ DQG LW DGPLWV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH : � ,Q RWKHU ZRUGV� D
XQLWDU\ RSHUDWRU 8 RQ+ LV D VKLIW LI DQG RQO\ LI + DGPLWV WKH ?ZDQGHULQJ VXEVSDFH�
GHFRPSRVLWLRQ

+  
�
0

P b�

8P:������

7KH GLPHQVLRQ RI : LV FDOOHG PXOWLSOLFLW\ RI WKH VKLIW�
:H PXVW QRWH WKDW LI 6 LV D FRPSOHWHO\ QRQXQLWDU\ LVRPHWU\ RQ + WKHQ NHU6e LV

WKH XQLTXH JHQHUDWLQJ ZDQGHULQJ VXEVSDFH DQG

+  
�
0

P �

6P:������

7KHUHIRUH� 6 LV QRZ D XQLODWHUDO VKLIW�
7R SURFHHG� OHW ' � / ��5�� / ��5� EH WKH GLODWLRQ�E\�� �RU G\DGLF VFDOLQJ� RS�

HUDWRU GHpQHG E\

'I  J� J�W�  
S
�I��W�������

DQG 7 � / ��5�� / ��5� EH WKH WUDQVODWLRQ�E\�� RSHUDWRU GHpQHG E\

7I  J� J�W�  I�Wb ��������
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,W LV HDV\ WR VHH WKDW ERWK ' DQG 7 DUH VKLIWV RI LQpQLWH PXOWLSOLFLW\� 0RUHRYHU�
WKH ZDYHOHW RUWKRQRUPDO IXQFWLRQV �P�Q�c� JHQHUDWHG IURP DQ RUWKRQRUPDO ZDYHOHW
��c� FDQ QRZ EH ZULWWHQ DV

�P�Q�c�  �
�
�
���P�c�b Q�  'P7Q��c�� P� Q � =������

'HpQH WKH FORVHG VXEVSDFH

: ��� � 
B

Q� =
I7Q�J  VSDQI7Q�JQ � =������

7KHQ� VLQFH I�P�QJP�Q� = LV DQ RUWKRQRUPDO EDVLV IRU / ��5�� >�@�

/ ��5�  
�
0

P b�

'P: ���  
�
0

P b�

'P
B

Q� =
I7Q�J  

�
0

P b�

:P���������

ZKHUH

:P���  'P: ���� P � =������

:H QRWH WKDW WKH VXEVSDFHV :P��� DUH QHLWKHU '�LQYDULDQW QRU '
e�LQYDULDQW�

5HPDUN �� 7KH VXEVSDFHV :P��� ZHUH GHpQHG LQ ������ 7KLV DQG ����� \LHOG

:P���  
B

Q� =
I'P7Q�J�

7KH\ ZHUH UHGHpQHG LQ ������ ZKLFK WRJHWKHU ZLWK ����� \LHOGV

:P���  'P
B

Q� =
I7Q�J�

7KH QH[W SURSRVLWLRQ VKRZV WKDW WKHUH LV QR DPELJXLW\ KHUH� ERWK H[SUHVVLRQV IRU
:P��� FRLQFLGH�

3URSRVLWLRQ �� 7KH IROORZLQJ LGHQWLW\ KROGV IRU HYHU\ LQWHJHU P � =�

'P
B

Q� =
I7Q�J  

B

Q� =
I'P7Q�J�������

3URRI� 6LQFH ' � / ��5�� / ��5� LV OLQHDU� FRQWLQXRXV DQG LQYHUWLEOH� LW IROORZV �E\
WKH %DQDFK &RQWLQXRXV ,QYHUVH 7KHRUHP� WKDW 'P LV OLQHDU DQG FRQWLQXRXV IRU
HYHU\ P � =� 5HFDOO WKDW

'PVSDQI7Q�JQ� =  VSDQI'P7Q�JQ� =������

DQG

'PVSDQI7Q�JQ� = v 'PVSDQI7Q�JQ� =�������

VLQFH 'P LV FRQWLQXRXV >�� 3UREOHP ����@� 0RUHRYHU�

'PVSDQI7Q�JQ� =  'PVSDQI7Q�JQ� =������

E\ WKH IDFW WKDW 'bP LV DOVR FRQWLQXRXV� 7KHUHIRUH� E\ ������ DQG �������

'PVSDQI7Q�JQ� = v 'PVSDQI7Q�JQ� =

v 'PVSDQI7Q�JQ� =  'PVSDQI7Q�JQ� =�

+HQFH

'PVSDQI7Q�JQ� =  'PVSDQI7Q�JQ� =�
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,W IROORZV IURP WKLV DQG IURP ������ WKDW

'PVSDQI7Q�JQ� =  'PVSDQI7Q�JQ� =  VSDQI'P7Q�JQ� =�

7KLV SURYHV �������

:H QRZ GHULYH D VHFRQG ZDYHOHW GHFRPSRVLWLRQ RI / ��5� LQWR RUWKRJRQDO VXP RI
UHGXFLQJ VXEVSDFHV IRU WKH VKLIW '� )RU WKLV ZH EHJLQ E\ GHpQLQJ� IRU HDFK Q � =�
WKH VXEVSDFH

+Q��� � 
B

P� =
I�P�QJ  

B

P� =
I'P7Q�J  VSDQI'P7Q�JP� =������

_FDOOHG WLPH�VKLIW GHWDLO VXEVSDFH� ZKLFK LV LQYDULDQW IRU HYHU\ SRZHU RI '� 6LQFH
'e  'b�� DQG VLQFH P UXQV RYHU =� LW IROORZV WKDW +Q��� LV DOVR 'e�LQYDULDQW�
+HQFH +Q��� UHGXFHV '� 0RUHRYHU� VLQFH �P�Q�c� " �P�S�c� ZKHQHYHU Q � S�

+Q��� " +S��� IRU Q � S�

:H QRZ VKRZ�

7KHRUHP �� /HW ��c� � / ��5� EH DQ RUWKRQRUPDO ZDYHOHW� 7KHQ WKH VSDFH / ��5�
DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ

/ ��5�  
�
0

Q b�

+Q����������

ZKHUH WKH VXEVSDFHV

+Q��� � 
B

P� =
I�P�QJ� Q � =

DUH UHGXFLQJ IRU '�

3URRI� 5HFDOO WKDW� VLQFH +Q��� " +S��� IRU Q � S�

�
0

Q b�

B

P� =
I'P7Q�J | 

t

�
;

Q b�

B

P� =
I'P7Q�J

u

 
B

Q� =

B

P� =
I'P7Q�J�������

ZKHUH | PHDQV XQLWDULO\ HTXLYDOHQW� 6LPLODUO\� DV :P��� " :S��� IRU P � S

DFFRUGLQJ WR WKH RUWKRJRQDO GLUHFW VXP LQ ������ ZH JHW IURP ������ WKDW
�
0

P b�

B

Q� =
I'P7Q�J | 

B

P� =

B

Q� =
I'P7Q�J�������

6LQFH I�P�QJP�Q� = LV DQ RUWKRQRUPDO EDVLV IRU / ��5�� LW IROORZV IURP ����� WKDW

/ ��5�  
B

P�Q� =
I�P�QJ  

B

P�Q� =
I'P7Q�J�

7KXV� E\ XQFRQGLWLRQDO FRQYHUJHQFH RI WKH )RXULHU 6HULHV�
B

P� =

B

Q� =
I'P7Q�J  

B

P�Q� =
I'P7Q�J  

B

Q� =

B

P� =
I'P7Q�J�������

DQG WKHUHIRUH� DFFRUGLQJ WR �������

/ ��5� | 
�
0

Q  b�

B

P� =
I'P7Q�J  

�
0

Q b�

+Q����������

7KLV FRPSOHWHV WKH SURRI RI WKH 7KHRUHP E\ ZULWLQJ  IRU | � DV XVXDO�
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:H FRQFOXGH IURP WKH DERYH WKDW�

3URSRVLWLRQ �� :LWK UHVSHFW WR DQ RUWKRQRUPDO ZDYHOHW ��c� � / ��5�� DQ\ I�c� LQ
/ ��5� DGPLWV WKH ?VFDOH�GHWDLO� GHFRPSRVLWLRQ

I�c�  
�
;

P b�

�
;

Q b�

>I�c�� �P�Q�c�@�P�Q�c��������

DV ZHOO DV WKH ?WLPH�VKLIW�GHWDLO� GHFRPSRVLWLRQ

I�c�  
�
;

Q b�

�
;

P b�

>I�c�� �P�Q�c�@�P�Q�c��������

:H PXVW QRWH WKDW WKH GHFRPSRVLWLRQ ����� LV D ZDYHOHW ZDQGHULQJ VXEVSDFH
GHFRPSRVLWLRQ RI / ��5� ZKLFK JLYHV ULVH WR WKH GHFRPSRVLWLRQ ����� RI I�c� LQ / ��5��
0RUHRYHU� LW LV DOVR FRQVHTXHQFH RI D ZDYHOHW 05$ ZKLFK LV GHpQHG DV IROORZV >�@�
$ VHTXHQFH RI VXEVSDFHV I9P���� P � =J RI / ��5� LV D ZDYHOHW 05$� ZLWK

VFDOLQJ IXQFWLRQ ��c�� LI WKH IROORZLQJ FRQGLWLRQV KROG�
�L� 9P��� ~ 9P� ����� P � =�
�LL�

7

�

P b�
9P���  I�J�

�LLL�
6�

P b�
9P���  / ��5��

�LY� Y�c� � 9P��� �� Y�� �c�� � 9P� ����� P � =�
�Y� I���c�b Q�� Q � =J LV DQ RUWKRQRUPDO EDVLV RI WKH VXEVSDFH 9�����

&RQGLWLRQ �Y� LV ?QDWLYH� RQO\ WR ZDYHOHW� ZKLOH FRQGLWLRQV �L���LY�� RQ WKH RQH
KDQG� GHpQH WKH VKLIW RSHUDWRU ' >�@� DQG RQ WKH RWKHU KDQG GHpQH� LQ JHQHUDO�
DQ LQFRPLQJ VXEVSDFH 9� IRU WKH VKLIW RSHUDWRU '_?vD OD� /D[�3KLOOLSV 6FDWWHULQJ
7KHRU\� 7KHQ ZLWK FRQGLWLRQ �Y�� 9� GHSHQGV RQ ��c�� KHQFH LW LV ZULWWHQ DV 9�����
:H UHIHU WR WKH ZRUN RI $QWRQLRX DQG *XVWDIVRQ >�@ IRU WKHVH DQG RWKHU LQWHUHVWLQJ
FRQQHFWLRQV EHWZHHQ ZDYHOHW 05$ DQG YDULRXV SDUWV RI 0DWKHPDWLFV�
:KDW LV LQWHUHVWLQJ� IURP LQYDULDQW VXEVSDFH YLHZ SRLQW� LV WKDW E\ FRQGLWLRQV �L�

DQG �LY�� HDFK 9P��� LV D'
e�LQYDULDQW VXEVSDFH� 0RUHRYHU� LW LV DOVR LUUHGXFLEOH� L�H��

LW GRHV QRW FRQWDLQ DQ\ QRQWULYLDO UHGXFLQJ VXEVSDFH RI '� 7KLV LV GXH WR WKH IDFW
WKDW 9P��� FDQ EH H[SUHVVHG LQ WHUPV RI WKH VXEVSDFHV :N���� b� � N x Pb ��
DV >�@

9P���  
Pb�
0

N  b�

:N����������

DQG ZH KDYH QRWHG DERYH WKDW :N��� DUH QHLWKHU '�LQYDULDQW QRU '
e�LQYDULDQW�

7KH GHFRPSRVLWLRQ ������� RQ WKH FRQWUDU\� FDQQRW EH GHULYHG IURP D ZDYHOHW
05$ VLQFH WKH VXEVSDFHV +Q��� DUH UHGXFLQJ VXEVSDFHV IRU '� 5HGXFLQJ VXEVSDFHV
RI VKLIWV DUH ZHOO XQGHUVWRRG� 7KXV WKH GHFRPSRVLWLRQ ������ RI / ��5�_FDQ EH
FDOOHG D ZDYHOHW UHGXFLQJ VXEVSDFHV GHFRPSRVLWLRQ_SURYLGHV IXUWKHU XQGHUVWDQGLQJ
RI ZDYHOHWV DV ZHOO DV WKHLU UHODWLRQVKLSV WR VKLIW RSHUDWRUV�
:H FORVH E\ QRWLQJ WKDW� IRU HDFK P � = DQG HDFK Q � =�

:P��� ?+Q���  'P7Q�  �P�Q�������

ZKLFK LV VLPSO\ WKH GHWDLO DW VFDOH��P DQG DW WLPH�VKLIW�Q� 7KHUHIRUH� WKH SURMHFWLRQ
RI I�c� � / ��5� RQWR �P�Q

3� ����� I�c�  >I�c�� �P�Q�c�@�P�Q�c�������
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LV WKH GHWDLO YDULDWLRQ DW VFDOH��P DQG DW WLPH�VKLIW�Q� 7KHQ� VLQFH WKH RUWKRJRQDO
FRPSOHPHQWV RI I�P�QJ LQ :P��� DQG LQ +Q���� UHVSHFWLYHO\� DUH RUWKRJRQDO� ZH
DOVR KDYH

3� ����� I�c�  3: � ���3+ � ���I�c�  3+ � ���3: � ���I�c��������

7KLV DJDLQ H[SODLQV ZK\ WKH VFDOH�GHWDLO GHFRPSRVLWLRQ ������ DQG WKH WLPH�VKLIW�
GHWDLO GHFRPSRVLWLRQ ������ DUH GHFRPSRVLWLRQV RI WKH VDPH I�c� � / ��5�� &RQ�
VHTXHQWO\� ����� DQG ������ DUH WZR RUWKRJRQDO GHFRPSRVLWLRQV RI WKH VDPH VSDFH
/ ��5��

$F N QRZ O HGJP HQW

:H ZLVK WR WKDQN 3URIHVVRU .� *XVWDIVRQ IRU KLV LQWHUHVWLQJ FRPPHQWV�

5HI HU HQF HV

�� ,� $ Q WRQ LRX � .� *X VWDIVRQ � : DYHOHW V DQ G 6 W RFKDVW LF 3 U RFHVVHV� 0DWK � & RP S X W� 6 LP X ODWLRQ ��

������ ��^����
�� 5� % HDOV� 7 RSLFV LQ 2SHU DW RU 7 KHRU \ � 7 K H 8 Q LY HU VLW\ RI & K LFDJR 3 U HVV� & K LFDJR� �����
�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������ ���^����
�� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU � % RVWRQ � �����
�� 6 � 0DOODW� $ : DYHOHW 7 RXU RI 6 LJQ DO 3 U RFHVVLQ J� $ FDG HP LF 3 U HVV� 1 HZ < RU N � �����

8QLYHU VLW \ RI & DO LI RU QLD LQ /RV $QJHO HV� /RV $QJHO HV� & $ � � � � � �� � � � � 86$

( � PDLO DGGU HVV� OHYDQ#HH�XFOD�HGX

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU




