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A NEW GENERALIZATION OF OSTROWSKI’'S INTEGRAL
INEQUALITY FOR MAPPINGS WHOSE DERIVATIVES ARE
BOUNDED AND APPLICATIONS IN NUMERICAL
INTEGRATION AND FOR SPECIAL MEANS

S.S. Dragomir, P. Cerone and J. Roumeliotis

ABSTRACT. In this paper we establish a new inequality of Ostrowski type for functions with
bounded deriviatives. This has immediate applications in Numerical Integration where new es-
timates are obtained for the remainder term of the trapezoid, mid-point and Simpson formulae.
Application to special means are also investigated.

1 INTRODUCTION

In 1938, Ostrowski proved the following interesting inequality [1, p. 469]:

Theorem 1.1. Let f : [a,b] = R be continuous on [a,b] and differentiable on [a,b] and its derivative
f": (a,b) = R is bounded in (a,b), that is, ||f'l| . := sup,ea s If' (x)] < 0o. Then for any x € [a,b],
we have the inequality:

b o — atb)?
(1.1) ‘f(a:)—ﬁ/a f(t)dt‘ < i+ﬁ] b-a) £ -

The inequality (1.1) is sharp in the sense that the constant i cannot be replaced by a smaller one.

For some extensions, generalizations and similar results, see Chapter XV of the book [1] by Mitri-
novié¢, Pecari¢ and Fink where further references are given.

In the recent paper [2], S. S. Dragomir and S. Wang have applied this inequality for special means:
p—logarithmic, logarithmic and identric means. They have also applied it in Numerical Analysis to
obtain some new adaptive quadrature formulae.

In this paper we point out some generalizations of (1.1) and apply them to some special means and
in Numerical Integration to obtain amongst other things new estimations of the remainder term for
trapezoid, midpoint and Simpson’s formulae.

2 THE RESULTS

The following generalization of Ostrowski’s inequality holds:

Theorem 2.1. Let f : [a,b] — R be continuous on [a,b], differentiable on (a,b) and whose derivative
f": (a,b) = R is bounded on (a,b). Denote || f'||,, := subc(qp |f' ()| < 00. Then

(2.1)

b
/ () dt — {f(m)-(l—h)nLM-h] (b—a)
1

171

< [Z(b—a)z [h> + (h—1)°] + (:c—“;b)Q

for allh € 0,1] and a +h- 5% <2 <b—h 52
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106 S.S. Dragomir, P. Cerone and J. Roumeliotis

Proof. Let us define the mapping p : [a,b]> — R given by

t—[a+h-52],t€a,q]
p(x,t) ::{
—[b=h-252] t € (z,b]

Integrating by parts, we have:

b
(2.2) / p(z,t) f (t)dt

/: (t— {a—kh.b;a])f'(t)dt%-/mb (t— [b—h'b;abf’(t)dt

- (b—a)-hM+(b—a)-(l—h)-f(x)—/bf(t)dt.

2
On the other hand,

b

p(a:t ‘ /|pa:t||f |dt<||f|| /|pa:t|dt

: ::;:: A \t—( o [ (oot

Now, let us observe that

/It—qldt
p

q

(q—t)dt—f-/r(t—q)dt

[(a=p)°+(r—a)’] :%(p—r)r‘? (a- Hzrp)Q

I
l\DI»—A,ﬁ\

for all r,p,q such that p < g <r.
Using the previous identity, we have that

[l
e fon 595

and
b b—a
/E t—(b—h- 5 )‘dt
1 5 b—a z+b]?
~ o [pontye) oz
Then we get
_l@—a)’+(b—1x) b—a z—a\’ b—z . b—a ?
=3 2 {3 2 T\ 72 "3
2 2
_ (b-a [h2+(h—1)2]+<a:—a;b>

and the theorem is thus proved. i

Remark 2.1. a. If we choose in (2.1), h =0, we get Ostrowski’s inequality (1.1).
b. If we choose in (2.1), h=1 and x = “TH’ we get the trapezoid inequality:

i),

1 20 4
03) <Lo-o?|r].
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Corollary 2.2. Under the above assumptions, we have the inequality:

t)dt—% {f(x)+w] (b—a)

< [%(b—a)2+ (:c—““’)

for all x € [H%, %3”] , and, in particular, the following mizture of the trapezoid inequality and mid-
point inequality:

(2.4)

11l

(2.5) b=a)* ||l

<1
-8

- [ (1) + L0y

Finally, we also have the following generalization of Simpson’s inequality:

Corollary 2.3. Under the above assumptions and with h = %, we obtain

(2.6) t)dt — % [f (a) +4f (z) + f (B)] (b — a)

< [%(b—a)u <x—“+b)

forallz € [H’%, %Sb] , and, in particular when x is at the mid-point, the Simpson’s inequality

1.

(2.7 [ twa-tr@+ar (5 + s 0] 0-0)
< 0=l

It is interesting to note that the smallest bound for (2.1) is obtained at = “£* and h = 3. Thus
the quadrature rule (2.5) comprised of the linear combination of the mid-point and trapezmdal rule is
optimal and has a lower bound than Simpson’s rule (2.7).

3 APPLICATIONS IN NUMERICAL INTEGRATION
The following approximation of the integral f; f (z) dz holds.
Theorem 3.1. Let f : [a,b] — R be a differentiable mapping on (a,b) whose derivative is bounded

n(a,b). If I, : a = 0 < 1 < ... < Tp—1 < zn = b is a partition of [a,b] and h; = ziy1 — z,
i =0,...,n—1, then we have:

b
(3.1) /f(x)deAT(In,f,é,f)+RT(In,§,6,f)
where
(3 2) A _ _ o f +f 1‘1+1)
: T (In,6,8,F) = (1—6) Y f( h+62—hl,

i=0
0 €[0,1],zi+4- % < < wip1—6- %,i =0,...,n—1; and the remainder term satisfies the estimation:

n—1 n—1 )
< 1. 6+(5—1)]Zhg+z(£i_w)]
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Proof. Applying Theorem 2.1 on the interval [z;,zi+1],7 = 0,...,n — 1 we get

b [0y pleo + LI L) [y

i

2

< [[52 TGN L (LS ] 171

for all 6 € [0,1] and &; (i =0, ...,n — 1) as above.
Summing over i from 0 to n — 1 and using the triangle inequality we get the estimation (3.2). i

Remark 3.1. a) If we choose § =0, then we get the quadrature formula

b
(3.4) [ f@ds = ar L&, 0) + Br (1,6.1)
where Ar (I, &, f) is the Riemann’s sum, i.e.,
T (In7£7 f) = Z f (51) hi: gz € [$i,$i+l] 7i = 07 ey T — 17
i=0

and the remainder term satisfies the estimate (see also [2]):

n—1 2
h; Ti + Tig1\2
. n <|f — ;- — .
(3.5) IRT(I,E,f)|_||f||OO;[4 + (6 -5 )]
b) If we choose § = 1, then we get the trapezoid formula
b
(36) [ £@do = A7 1)+ Re (1. 1)
where Ar (I, f) is the trapezoidal rule
n—1
_N f@)+ f (i)
)= 3 R,
and the remainder terms satisfies the estimation
(3.7) |Rr (In, f)| < [Edl|P Sh?.
) —_ 4 P (2
Corollary 3.2. Under the above assumptions we have
b
(38) [ f@ds=Br 6.0+ Qr 1.6.1)
where
(6, f) = [Zf ) hs +Zf+—f““)h],
Tit1 +3Ti T + 3T
gi € [ 4 ) 4 :| )

and the remainder term satisfies the estimation

(3:9) Q7 (In, & £)| < ||f’||w[ th+z( g -t ]

In particular, we have

b
(3.10) / f(z)dz = By (In, f) + Qr (In, )
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where

7 (s f) = [Zf(’“*’““)h +Z—f + @),
and Qr (I, f) satisfies the estimation:
1/l = o
(3.11) Q7 (In, )] < Tgh

Finally, we have the following generalization of Simpson’s inequality whose remainder term is esti-
mated by the use of the first derivative only.

Corollary 3.3. Under the above assumptions we have:

b
(3.12) / f (@) de = St (I,&, ) + Wr (In, £, f)

where

3
|
—

7 (In, €, f)

I
wl N

%Z )+ f @in)lh
1=0 =

Tiy1 + 0% Ti+5Tit1
6 ’ 6 ’

§& €

and the remainder term Wr (I, &, f) satisfies the bound:

(3.13) \Wr (In, & Ol < ||| [36 Zh +Z( - w) ]

and, in particular, the Simpson’s rule:

b
(3.14) / f (@) dz = S (I, ) + Wr (I, f)
where
_ n—1
v (I, f) —§Z (BB it £ 31 @) + f @i
=0

and the remainder term satisfies the estimation:
(3.15) W (L )] < 2 £ th

4 APPLICATIONS FOR SPECIAL MEANS

Let us recall the following means:

(a) The arithmetic mean

(b) The geometric mean
G = G (a,b) :=Vab;a,b > 0;

(¢) The harmonic mean

H =H(a,b) := ;a,b > 0;

Q=
+
o=
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(d) The logarithmic mean

a ifa=0»b

if a b a,b > 0;

L= L(a,b) ::{

lnb lna

(e) The identric mean

{ a ifa=10
I=1I(a,b):= l(bb>bia ;
e\ o if a ;A b
(f) The p-logarithmic mean

aifa=0b

Lp = Ly (a,b) := pPH+1_gp+1 ;.
[@inw—w]p‘f“¢b

where p € R\ {0, —1}.
The following inequality is well-known in the literature:
H<G<L<I<A.

It is well-known that L, is monotonically increasing over p, assuming that Lo = I and L_; = L.
Now, let us reconsider the inequality (2.1) in the following equivalent form:

2

24 (h—1)2 T — +
< [(b—a)( +(4 1)>_+_(( :|||f||

for all h € [0,1] and z € [a, b] such that

b—a b—a
. <pr<b_~h-
a+h ( 5 )_x_b h ( 5 )

(1) Consider the mapping f : (0,00) — (0,00), f (z) = 2P, p € R\ {—1,0}. Then, for 0 < a < b, we
have

(1) ‘(1—h)f(a:)+f(a)+f( e /f dt‘

b
LOSIO a@w) 52 [ H@de = 1),

1= { s B2

|p| ap*l lfp € (_007 1] \ {_17 0} ’
and then, by (4.1), we deduce that:

(4.2) |(1 — h)a” + hA (a?,b") — L% (a,b)|
{(b_a) {h +(Z—1) ]+(mb_—?) }Jp(a,b)

IN

where

. "™ if p > 1
dp (a,b) := { |p| a?~ 11fp€( 00, 1]\ {-1,0}

and h € [0,1],z € [a+h- 5% b—h-252].
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(2) Consider the mapping f : (0,00) = (0,00), f (z) = L and 0 < a < b. We have:

f@+f®) _ I 1
f—H (a,b),b_a/af(z)dz—L (a,b),

1
170, = =

and then by (4.1), we deduce, for all h € [0,1], and a + h- 252 <z <b—h- 252 that:

h? + (h—1)° — A)?
(4.3) (1 — h) HL + Lah — zH| < “”ff [(b—a)[ +(4 D ]+ (”(Cb_a; ]
(3) Consider the mapping f : (0,00) = R, f(z) =Inz and 0 < a < b. We have:
F@+1® _ e 1 [ ¢ yde=mnr,
2 b—a ),
, 1
T

and then, by (4.1), we deduce that

o MESCA[E

Q| =
||
—~
o
|
S
=
| ——
>
M
+
—
>
|
—
N
M
| S
—
8
|
b
N2
M
| S

for all h € [0,1], and z € [a+ h- 5%, b—h- 25].
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