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Abstract

At the access to networks, in contrast to the core, distances and feedback delays, as well as link capacities are small,
which has network engineering implications that are investigated in this paper. We consider a single point in the access
network which multiplexes several bursty users. The users adapt their sending rates based on feedback from the access
multiplexer. Important parameters are the user’s peak transmission rate p, which is the access line speed, the user’s
guaranteed minimum rate », and the bound ¢ on the fraction of lost data.

Two feedback schemes are proposed. In both schemes the users are allowed to send at rate p if the system is relatively
lightly loaded, at rate r during periods of congestion, and at a rate between » and p, in an intermediate region. For both
feedback schemes we present an exact analysis, under the assumption that the users’ job sizes and think times have
exponential distributions. We use our techniques to design the schemes jointly with admission control, i.e., the selection
of the number of admissible users, to maximize throughput for given p, r, and e. Next we consider the case in which the
number of users is large. Under a specific scaling, we derive explicit large deviations asymptotics for both models. We
discuss the extension to general distributions of user data and think times.
© 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

In today’s communication networks, design and
control of the network core and access are different,
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primarily because of the differences in scale in
bandwidth and distance. Quite often the bottleneck
is the access, rather than the core. This may happen
because the access network is characterized by
relatively low line speeds and the limited ability of
users to buffer and shape traffic (think of the ex-
treme case of a user with a wireless handset). Access
control, supported by the use of feedback, is an
important mechanism to address this problem.
Since distances between users/clients and network
access points are relatively short, feedback delay
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due to propagation is negligible, which contributes
to the efficacy of feedback control. In this paper we
investigate the problems of access control by in-
troducing simple models and techniques for their
evaluation, design and performance optimization.

We make three main contributions. First, we
present two simple models of network access. The
models provide a framework for the joint design of
feedback-based schemes for the adaptation of
source rates and admission control. Second, we
show how to compute the stationary behavior of
the aforementioned feedback queues. We illustrate
the use of these techniques to solve the design
problem. Finally we show how to use the theory of
large deviations to obtain explicit results when the
system and the number of sources is large.

In our model each user alternates between ‘on’
periods of transmission, and ‘off’ periods or ‘think
times’. The user model here differs from the fa-
miliar on—off source models, e.g. [2], in that file
sizes (where a file size is the amount of data the
source transmits during an active period) are in-
dependent, identically distributed (i.i.d.) random
variables, but the on periods are not specified a
priori. The on-periods are determined by the
combination of the file sizes and the transmission
rates allocated by the access control scheme, to be
described below, which depend on the interaction
of the multiplexer with the collective behavior of
users. In contrast, the think times are 1.i.d. random
variables. The lengths of on periods and the
throughputs of the individual users are key per-
formance quantities to be obtained from an anal-
ysis of the model.

The access line speed (p for each of the users) is
typically small compared to the output rate of the
access multiplexer, and therefore constitutes an
important constraint.

Another model feature is the minimum
throughput rate (r) that is guaranteed to the users.
In a number of applications clients derive zero
utility if the throughput is below a threshold. This
point has been made by Massouli¢ and Roberts
[18] for the case of TCP traffic, in which perfor-
mance collapse may ensue. As soon as the notion
of a minimum guaranteed rate is introduced, ad-
mission control needs to be considered, together
with the calculation of the capacity of the network.

We present two schemes for feedback-based
adaptation of the users’ rates. In both schemes
users are allowed to transmit at rate p if the system
is relatively lightly loaded, at rate » during periods
of congestion, and at a rate between r and p, which
is determined by the processor sharing discipline, in
an intermediate region. In our model the feedback
signal from the buffer to the sources is assumed to
arrive with negligible delay, which is reasonable
when the round trip distances are small. In the first
scheme the feedback is based on the number of
active users and whether the queue is empty or not.
The second scheme utilizes a threshold B* on the
buffer content. Depending on whether the buffer
content is less than, greater than, or equal to B*, the
user rate is p, r, or determined by the processor
sharing discipline, respectively. Importantly, the
second scheme does not require knowledge of the
(activity) state of the users, and is simpler to im-
plement on that count. However, the analysis of the
first queue is simpler and our results for it are in
closed form. As discussed below, the combined use
of the threshold and the number of admissible users
in the second model provides a greater facility for
regulating important trade-offs.

We note a feature of the behavior of the models,
which is counter-intuitive. Our analysis shows that
the effect of feedback is to increase the mean time
that the buffer is empty, while simultaneously in-
creasing the throughputs of the users. The expla-
nation of this apparently paradoxical behavior is
that the rates allocated to the users are higher
during the periods that the buffer is empty. Hence
feedback has the effect of reducing the on periods
and consequently the cycle time of each user, and
thereby it increases individual users’ throughput
and the system throughput, which is defined as the
sum of the individual users’ throughputs.

Next consider the role of the feedback parame-
ter B*, the threshold level in the buffer content in
the second model. By reasoning as above, we infer
that increasing B* has the effect of increasing the
throughput of the users. However, this is at the cost
of increasing the probability of buffer overflow.
Similarly, with all other parameters held fixed, in-
creasing the number of users N has the effect of
increasing both the total system throughput as well
as the probability of buffer overflow. Hence, this
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model allows the study of interesting trade-offs
between several important quantities, including the
individual users’ throughput, the system through-
put, the loss probability and the number of users.
By proper design the parameters B* and N can
regulate the trade-off.

There are several possible frameworks in which
the trade-offs may be studied and quantified. We
require that the fraction of source data that is lost
does not exceed a given Quality of Service (QoS)
parameter e. Then we may seek a joint design of
the feedback control scheme and admission con-
trol, i.e., selection of B* and NV such that the system
throughput is maximized. The numerical proce-
dure that is developed in this paper allows such
design questions to be addressed. Indeed one of
the highlights of the numerical results that we
present later in the paper is the computed solution
for an instance of the above design problem.

The two proposed feedback schemes both fall
into the category of feedback fluid queues, which
were introduced in [24] as generalizations of the
well-known Markov-modulated fluid models in
[2,15]. In the latter, a fluid buffer receives or depletes
fluid at rate 7; (positive or negative) at times when a
background continuous-time Markov chain is in
state i. Typically, stochastic fluid models are char-
acterized by the generator (Q) of the background
process and a diagonal rate matrix (R) which con-
tains all fluid rates r;. In feedback fluid queues most
of the above remains true, except that the behavior
of the background process (i.e. the matrix Q), and
possibly the matrix R as well, depends on the current
buffer content. As a result the background process
is no longer an autonomous Markov process. In
this paper we confine ourselves to feedback fluid
queues in which Q and R are piecewise constant
functions of the buffer content level, see also [25].
Notice the crucial difference with [9], in which there
are also thresholds, like here, but these only affect R,
and not also Q. The analysis of these feedback fluid
queues, based on spectral expansions [2,8,9,15], is
one of the main contributions of this paper.

An intrinsic drawback of the analytical ap-
proach described so far is that it is computationally
intensive. This provides motivation for simpler,
asymptotic approaches to deal with the access
models. In both access models, we study large-

deviations asymptotics for the scaling introduced
by Weiss [28], i.e. the regime in which the number
of users grows large and resources (buffer and
bandwidth) scale proportionally. We derive ‘expo-
nential approximations’, comparable to those in
[3,4,7] for the ordinary FIFO discipline. Expo-
nential approximations of the first feedback model,
i.e., without the threshold, were obtained earlier by
Ramanan and Weiss [21] for exponential file sizes
and think times. Our major contribution is that
these results are explicit and the computations are
simple. Some of them have nice insensitivity
properties, i.e., depend on the distributions of the
think times and job sizes only through their means.

The role of feedback in packet networks has a
long history, see [26, Chapter 7] for a review. Re-
cently there has been a resurgence of interest,
driven in part by work on explicit congestion no-
tification (ECN) marking schemes by Gibbens and
Kelly [10,11,14], and others. In [20] a feedback
model with feedback delays is considered based on
the marking scheme of [8]. However, the feedback
considered there regulates the marking of packets
to be dropped later on, whereas in our model the
feedback regulates the actual source rate. The
processor sharing discipline has been highlighted
in recent work on QoS delivery by Roberts et al.
[22,23], albeit in the bufferless framework.

The organization of the paper is as follows.
Section 2 deals with the first access model. Section
3 considers the more advanced feedback scheme
that utilizes a threshold. The large deviations as-
ymptotics are described in Section 4. Finally Sec-
tion 5 reports on several numerical examples.

For reasons of space we have had to omit sev-
eral general results, specifically a treatment of
general feedback fluid queues, including finite
buffers and multiple thresholds, and the large de-
viations asymptotics for the feedback model with a
threshold. These results are in [17].

2. Feedback model without threshold
2.1. Model

We model a single aggregation or multiplexing
point in the network. The output trunk speed is C,



492 M. Mandjes et al. | Computer Networks 41 (2003 ) 489-504

and there are N access links. The peak (or line) rate
of each access link is p. The minimum rate given to
each access user is . We make the simplifying
modeling assumption that traffic can be considered
to be continuous fluid. For the benefit of the
reader, we note that in fluid models there may be
considerable transfer of fluid, i.e., high through-
put, even during periods when the buffer is empty.
This is because in fluid models, once the buffer is
empty, it remains empty for as long as the total
input rate does not exceed the output capacity.

In this section we describe the scheme without
threshold. When the multiplexer buffer is empty,
the access rate will be determined by dividing
equally the trunk rate between the (small) number
of active users, truncated to p. At the other ex-
treme, when the number of active users exceeds a
critical number, N” in this work, then the fair share
of the trunk rate for an active user drops below the
guaranteed rate of », and the buffer is no longer
empty and its content grows. As long as the buffer
content is positive, each source is assigned the rate
of just r. Clearly, N” is the largest integer not ex-
ceeding C/r.

While the buffer is empty and the number of
active users is small, say below a critical number
N’, then each active user transmits at peak access
rate p. It is easily seen that N’ is the largest integer
not exceeding C/p. When the number of active
users is between N’ and N”, which is the middle
range, and the buffer is empty, then the trunk
speed is shared equally, i.e., the processor sharing
regime holds. Hence, when the buffer is empty
there are two regimes characterized respectively by
the access line speed and the processor sharing
rate. In contrast, when the buffer is not empty,
there is a unique transmission rate, namely r, the
guaranteed minimum.

Table 1 summarizes the feedback protocol. Let
Y(¢) denote the number of active sources at time ¢,
and W (z) the buffer content at time . In the table
the allocated rate, as well as the sign of the ‘drift’
of the buffer content are given, as functions of Y (¢)
and W ().

An important aspect of our model is the be-
havior of the homogeneous sources. Each source
alternates between activity (on) and inactivity (off).
The inactivity periods are independent, exponen-

Table 1
Allowed user transmission rates (and sign of the buffer drift), as
functions of number of active sources and buffer content

w(t) >0

Number of active sources W(t) =0

0<Y (<N r (0) r (=)
N < Y(t)<N" C/Y (1) (0) (=)
N" <Y(t)<N NA 7 (+)

tially distributed random variables with mean 2~'.

Each source transmits a file during its activity
period, whose size (in bits) is independent of ev-
erything else and exponentially distributed with
mean p~'. The length of the induced activity pe-
riod is not given a priori, since this depends on the
rate(s) at which the file is transmitted. An impor-
tant parameter for the QoS is ¢, which the buffer
overflow probability is required not to exceed.

We follow a conventional approach in inferring
finite-buffer performance from an infinite-buffer
model. Since the long run fraction of time a source
is on, given that the buffer level is large, is
2/ (% + ur) (note that (ur)”" is the maximum time
to transmit a file of size u~!), the stability condi-
tion of this infinite-buffer model is given by

Ar
A4 ur

N < C. (1)
In practice, there is a need to prevent N from being
too large. One of the objectives of the analysis is to
calculate the capacity of our system, which is the
largest value of N such that the overflow proba-
bility of the queue does not exceed e. In particular,
the number N,(¢) of connections admissible as a
function of € and the guaranteed rate r, is an im-
portant design parameter. We return to the cal-
culation of this quantity in Section 5.2.

2.2. Preliminary results

To analyze the model described in Section 2.1,
we first review some results from the model without
feedback. Anick et al. [2] consider the model in
which the sources transmit at a constant rate, say
r, while in the on-state, i.e., the allowable trans-
mission rate does not depend on current occu-
pancy of the system. Detailed results on this model
are available [2,8,15].
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Buffer content distribution. For this case without
feedback we denote the state of the background
process (i.e. the number of sources that are trans-
mitting) and the buffer content process at time ¢ as
X(¢) and V(t) respectively. In [2] the stationary
distribution of the content process is given. It is
computed as follows. Clearly X(-) constitutes a
continuous-time Markov chain on the state space
{0,...,N}. The (i,j)th element (i # j) of its gen-
erator Q is given by

(N-0D1 if j=i+1,
0(i, ) = { iru if j=i-1,
0 otherwise.

The diagonal elements (i = j) are such that the
rowsums are zero. Element (i,j) represents the
probability flux of the continuous-time Markov
chain from state i to state j. Define by R the di-
agonal matrix diag {ro,...,ry} with ; the net in-
put rate if there are i sources in the on state, i.e.,
r,=1ir— C.

To find the stationary buffer content distribu-
tion, we first define Fi(x) :== P(X =i,V <x). It is
not hard to show that the vector F(:):=
(Fo(+), ..., Fy()) satisfies F'(x)R =F(x)Q. The
spectral expansion of the solution is given by

N

F(x) ="y explzal, 2)

=0

where the a; are coefficients determined later, and
(z;,v;) is an eigenvalue—eigenvector pair, i.e., ob-
tained from z;v,R = v,0.

The coefficients a; are calculated as follows.
Define D, the set of states with downward drifts, by
all states i such that ir < C, and U, the set of states
with upward drifts, by all other states. Assume that
there is no state i such that ir = C. Let Opp, Opu,
Oup, Quy be the submatrices that are obtained by
partitioning Q. The vector Fp(x) consists of the
Fi(x) with i € D; Fy(x) is defined analogously. It is
easily seen that a; = 0 if Re(z;) > 0, as the distri-
bution should range between 0 and 1. The re-
maining a; follow from F(0) = 0. It turns out that
there are just as many unknowns as equations.
Clearly, P(V <x) =), Fi(x).

Idle and busy periods. Elwalid and Mitra [8] give
explicit expressions for a number of quantities that

are related to the busy and idle periods of the
queue. A busy period is defined as a period in
which the buffer content is positive, whereas an
idle period is a period in which the buffer is empty.
It is easily seen that at the beginning of a busy
period the number of sources in the on-state is
equal to N” + 1; at the end of the busy period the
number of sources in the on state is in D. The
lengths of consecutive busy and idle periods are
independent.

Denote by P the distribution at the end of the
busy period. Then it is not hard to prove that

1
P = Eo )00 1) (0200 )

see Eq. (5.9) of [8]; (-,-) denotes the inner product
of two vectors. The mean idle period E/ is given by

b YpFl0)
(Fn(0)Opp, 1)
Finally, the mean busy period EB can be calculated
using Y, F;(0) = EI/(EI + EB):
£8 — g L2 il0)
> ien Fi(0)

)

2.3. Analysis

The model analyzed in this section has been de-
scribed in Section 2.1. Recall that Y (¢) € {0,...,N}
denotes the number of sources that are transmitting
at time ¢ in the feedback model of Section 2.1.
Notice that this does not constitute a Markov
chain, unlike X (¢) in Section 2.2. This is because the
sojourn times and transition probabilities depend
on the amount of fluid stored in the buffer. How-
ever, as long as the buffer is empty, Y (¢) behaves as a
continuous-time Markov chain.

Denote the stationary buffer content distribu-
tion in the feedback model by P(W < x). A busy
period in this model is distributed as the random
variable B’, and an idle period as I’. The sequence
of busy periods is i.i.d., and so is the sequence of
idle periods, as can be seen easily. The distribution
of Y(¢) at the end of the busy period is denoted by
(the vector) P'. The next lemma links B’ and P’ to
the corresponding quantities in the model without
feedback.
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Lemma 2.1. Busy periods B and B’ have the same
distribution. Also, the distributions P and P’ are
identical.

Proof. Both in the models with (Section 2.1) and
without (Section 2.2) feedback, during busy peri-
ods on-periods terminate at a rate iry when there
are i sources in their on-state. In both models the
busy period starts when there are N” + 1 = [C/r]
sources transmitting. Hence, the buffer dynamics
in both models have the same probabilistic prop-
erties during a busy period. This immediately im-
plies both assertions. [

Corollary 2.2. With the same argument as in the
proof of the previous lemma, we find

P(W<x|W>0)=PV<x|V>0), x>0.
This immediately implies that
P(W <x) = P(V <x|V > 0)P(W > 0) + P(W = 0)
_ZiFi(x)*ZiFi(O) _
= 172£m)[mW>m+MW_m'
As P(W =0)=1—P(W > 0), the only quantity
that is left to compute is the probability of an
empty buffer in our feedback model. This is given
by

Er Er

WW_m_HHEH_H+B’
applying Lemma 2.1. As we know EB from Section
2.2, we only have to find E/’. This will be done in
the next lemma, but first we introduce some re-
quired notation.

Opp 18 a square matrix of dimension N” + 1.
For i # j:

(N=DA if j=i+1,
QIDD(ivj) =4 ipp if j=i—-1,

0 otherwise,
if i<N', and

(N—Di if j=i+1,
Q/DD(ivj) = C:u lf]:l_ 17

0 otherwise,

if i is between N’ 4+ 1 and N”. The diagonal ele-
ments are such that the rowsums are zero, except
for O, (N",N"), which equals —Cu — (N — N")4.

Notice that, as long as the buffer is empty, Y(¢) is a
Markov chain which obeys the transition rates of

Opp-

Lemma 2.3. With P is defined in (3), the mean idle
time in the feedback-based model is given by

E' = <_P(Q/DD)7171>' (5)

Proof. This follows directly from standard results
of mean passage times [13]. It says that the mean
time spent by Y (¢) in j before the set D is left, given
that the process starts in i, is given by the (i, /)
entry of —(Q),,)""

Then the reasoning is analogous to Egs. (5.11)
and (5.14) of [8], as follows. The vector —P(Q’DD)f1
gives the mean time spent in all states in D during
an idle period of the buffer, applying Lemma 2.1.
The sum of its entries is the mean length of the idle
period. O

We arrive at the following result for the buffer
content distribution in the feedback-based model.
A similar proportionality result was found, al-
though not explicitly mentioned, in Adan et al. [1],
where another feedback fluid queue is analyzed
that has two types of behavior, depending on
whether the buffer is empty or not.

Theorem 2.4. In the feedback-based model, the
stationary buffer content distribution is given by

2 FE(x)->,F(0) EB
PV <x) = 1—S. F(0) E+EB
|EI/
+H+B’

where the vector ¥(x) is given by (2), EB by (4), and
El’ by (5). Equivalently,
E/ + EB
ElI' + EB

An important interpretation of the above the-
orem is the following: the gain with respect to the

model without feedback (where the sources always
send at rate » when active) is expressed by the term

El + EB
—— < 1.
El' + EB (6)

PW >x)=PWV >x)
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The fact that this ratio is less than 1 is due to the
fact that E/’ > E/, which can be understood as
follows. Clearly, I’ can be interpreted as a first
entrance time in the birth-death process with
generator O, namely as the first entrance time to
state N” + 1, starting from a state i <N” that is
drawn from the distribution P’. Similarly 7 is the
corresponding entrance time in the birth—death
process with generator O, due to the fact that
P = P'. Since the death rates in O}, are larger than
those in Q, while the birth rates are equal, it fol-
lows that EI' > EI.

In many situations, particularly when the
number of sources is large, EB will be much
smaller than E/ and E/I’. In that case (6) is well
approximated by [E/ - ([EI’)_I. That is, the ratio of
mean idle times of the buffer in the models without
and with feedback effectively quantifies the per-
formance gain from feedback.

3. Feedback model with threshold
3.1. Model

In this section we consider a generalization of
the feedback model presented in Section 2.1. As
before, Y(¢) is the number of active users at time ¢
(with state space {0,...,N}) and W () is the buffer
content at time ¢. We now introduce a threshold
level B* > 0 such that the sources are allowed to
send at peak rate p as long as W(¢) < B*. When
W (t) > B* the sources are allowed to transmit data
only at the guaranteed rate ». When W (¢) = B* the
processor sharing policy applies. In that case the
buffer content process will ‘stick” at level B* for as
long as the number of active users lies in the set
N +1,...,N". The algorithm is summarized in
Table 2. Notice that the model described in Sec-
tion 2.1 is a limiting case of this model, as it is

obtained by letting B* | 0. We will describe the
exact solution of the stationary buffer content
distribution.

Notice that the stability condition for this
model is the same as (1). Define the matrix Q") to
be O (as defined in Section 2.2); generator Q) is
also defined as Q, but with rate r replaced by rate
p. Finally, O is similarly defined, but now
O(i,i — 1) = Cu. The idea is that Y (¢) behaves like
a Markov chain with generator OV, Q%) Q")
whenever the buffer content process W(¢) is re-
spectively below, at, or above level B*. Further-
more R is defined as in Section 2.2, i.e. as a
diagonal matrix of dimension N + 1, its ith diag-
onal element being given by ir — C. R is similarly
defined, except that its ith diagonal element is
given by ip — C. The entries in these matrices are
the net fluid rates into the buffer for the guaran-
teed rate (W (¢) > B*) and peak rate (W (¢) < B*)
regimes respectively.

3.2. Analysis
Our purpose is to find the joint distribution

G;(x) defined as
Gi(x) = lim P(Y(¢) = i, W (1) < x).

—00

To do this we determine the Kolmogorov forward
equations for

GP(1,x) .= P(Y(£) = i, W (1) <x)
<

, 0<x< B
G (t,x) = P(Y (1) = i, W (1) <),

x = B".

For x < B* we have that

GP(t+hx) = (1 —h(g?), +q%.))G (t,x — hr”)
+hg) G\ (t,x)
+hg? ,G?) (1,x) + O(h),

cf. [2]. By taking 4 | 0 we find, in matrix form,

Table 2

Allowed user transmission rates (and sign of the buffer drift), as functions of number of active sources and buffer content
Number of active sources W(t) < B* W(t) =B* W(t) > B*
0<Y() <N p (=) NA r (=)
N' <Y(@)<N" p(+) C/Y() (0) r (=)
N'<Y({t)<N p(+) NA r(+)
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0
ot
where G%)(¢,x) is an N-dimensional row vector.

However, for x > B* the Kolmogorov equations
take a less simple form. With G¥(¢,B*—):=
lim,p- G?)(t,x), we find that

G (t+ h,x) = GV (t,x — hri")

26700 + 26V (IR = GV (10",
X

- h(%?;‘)fl + qz(rz)ﬂ)

< (G (t,x = hr") — G (1, B"))
- h(‘]ﬁll + q,(ﬁrl)

x (G (t,B") = GP(1,B"~))

— h(g?” 1+q5’,’-)+1)G(‘”>(t B*—)
+ha", (G (t,x) = G\ (1, B"))
+hq) (Gl 1<r, x) — lﬂ(r B")
"‘hql(i)u( (t B*) Gfpl(t B*-))
+hqf:>1,< \(6,B°) = G\ (1,B°=))

+
+hql 1! i )l(t B* )
+ hqz+1 1G1+1 (t7B*7) + O(h)
After letting 2 — 0, this leads to

ket (t,x) + el (t,x)R")
X

ot a
= (G"(1,x) = G"(1,B")) 0"
+ (G(r)(t7B*) - G(‘D)(taB*f))Q(*)

Assuming statlonarlty, we now set G’>( x) =
G()( ) and G¥ (1, ):G,(p>( Yfori=0,...,N, and
take all derivatives with respect to ¢ equal to 0.
In matrix form,

d
aG(P) (x)R(p) yall) (x)Q(p), (7)
and
% GY(X)RY = (GV(x) — GV (B)) Q"
+(G"(8") - G"(B"-))0"
+ G (B'-)0". (8)

Solving (7) is immediate and leads to

Z aPv? exp| z; ®)y], 9)

where (z(‘” (”)) 1s an eigenvalue—eigenvector pair
of z](f’>v(‘”)R(1’) v, ®)o®), and the a(”) are coefficients.
The solution of (8) can be found as follows. To
deal with the inhomogenecous terms we first dif-
ferentiate with respect to x, so that we find ho-
mogeneous equations for

g (x) = % G (x).

We write down the solution for the resulting
system of equations using the spectral method.

In the case that all eigenvalues are different, we
find the solution to the differentiated system to be
of the form

Za expzrx]

Where (z(r) v

,v;0) is an elgenvalue elgenvector pair
of z! z; WIRM = vﬁ )0, and the a ) are coefficients.
As Q is a generator, it has an elgenvalue 0, and
hence one of the eigenvalues zﬁ) IS zero, say

D=0, cf. [19]. With this in mind integration

1mmed1ately yields that

GU(x) = a/v/ explzx] +af v x +w,  (10)
J#Jx
where aj(.’) = ﬁj(-”/zﬁ-r) for j# j., a\") = aj('), and the
components w; of w are integration constants.
Now the vectors a®, a”), and w can be found by
considering the following boundary conditions:

(i) G¥(0) =0 for all i >N'+1 (ie., the buffer
cannot be empty when it fills), leading to N—
N’ equations.

(ii) Similarly, G¥ (B*—) = G\"(B*) for all i€
{N'+1,...,N'}. This gives N+ N —N" +1
equations.

(iii)) For all zj(-r> with a non-negative real part, the
corresponding a/(-") is zero, since the G\ (x)
should remain bounded for x — oco. There
are N” 4 1 such eigenvalues [19]. Notice that
this also entails that the equilibrium distribu-
tion of Y(¢) is given by w.

(iv) By letting x — oo in (8), setting the left-hand
side equal to zero, we find the N + 1 global
balance equations for w=lim, G" (x).
What we do here in fact, is to substitute the
integrated solution (10) back into the inhomo-
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geneous (undifferentiated) equations (8) to
find the integration constants. From the glo-
bal balance equations we can derive the N
local balance equations for i € {1,...,N},

(N =i+ 1)Iwi; = iru(w; — G (B"))
+Cu(G(B") — G (B'-)
+ipuGP (B ).

(v) Finally we normalize: Zio w; = 1.
Noticing that there are just as many boundary
conditions as coefficients (namely 3N + 3), we

conclude that the system is solvable. We have
proved:

Theorem 3.1. The above procedure gives the exact
solution to the buffer content distribution.

The above solution enables the computation of
several key quantities. Denoting the throughput
per user by 7, it is straightforward to obtain that

N

Nt=>Y ipGP(B"~)
i=0
NI/
+ Y G B) -G (B -)
i=N'+1

N
+Y ir(wi — G(BY)).
i=0

The mean file transfer delay ET is found from

_ 1/
TS (11)

4. Many sources

The intrinsic drawback of the technique of the
previous sections is its computational complexity.
When the size of the system (i.e., the number of
sources) grows, a large eigensystem needs to be
solved. This explains the interest in simpler as-
ymptotic approaches. In this section we will focus
on the so-called ‘many-sources scaling’, which was
introduced by Weiss [28]. In this regime, we derive
explicit results on the overflow probability.

In the many-sources scaling, buffer and band-
width resources are scaled by the number of users

N. In other words, if we scale C = Nc, the expo-
nential decay rate of P(W > Nx) can be deter-
mined explicitly in terms of x and model
parameters », p, A, u, and c¢. Because W is now
implicitly parametrized by N, we write Wy. The
random variable Vy is defined as the buffer content
in the corresponding model without feedback (as
in Section 2.2).

4.1. Feedback model without threshold

Asymptotics. First we estimate the average be-
havior of the number of active sources in the as-
ymptotic limit (large N). It is not hard to show that
there are two regimes.

(A) In the first regime Ap/(1 + up) < c, cf. (1). In
this case, in the asymptotic limit, on average
the sources are allowed to transmit at peak
rate; the buffer will be empty nearly always.
The number of active sources on average will
be Nm, with m := A/(A + up).

(B) In the second regime, ¢ is between ir/(1 + ur)
and Ap/(4 + pp). In this case, the network will
in general be in the processor sharing regime.
The average number of active users simulta-
neously in the system is Nm with
m:=1— uc-,"". The sources are allowed to
transmit at a rate m’ between r and p, where
m' :=c/m= Ac/(A — pc).

The following lemma gives the decay rate of the
probability of a non-empty buffer in each of the
regimes. A similar result can be found in Ramanan
and Weiss [21].

Lemma 4.1. The decay rate of the probability of a
non-empty buffer is given by
.1
A;ergo v logP(Wy > 0) =1(0).
When Ap/ (A + up) < c (regime (A)), 1(0) is given by
c 1—c/r
1(0) = (1 —;)log( i )
+bg<ﬂiiﬂ2)+£_£
P r op

and when Jr/(A+ pr) < c<Ap/(A+ pp) (regime
(B)), 1(0) is given by
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0= (=) s (552) 2 0-5)

Proof. Directly from Theorem 11.15 of [27], the
decay rate of the probability of a non-empty buffer
equals

c/r
fx
[ e (i )

Here u, is the (downward) probability flux per
source, when the number of sources in the on state
s Nx:

. ) pu
K = {Cﬂ 'x—l

if xp <ec,
otherwise.

Direct calculation yields the stated expression. [

Define A(¢) as the amount of fluid generated in
the interval [0,7) by one source with off-periods
that are ii.d. Exp(1) random variables, and
on-periods that are i.i.d. Exp(ru), and constant
generation rate r. Let E, (E;, respectively) denote
expectation given that the source start in the off
(on) state at time 0.

Proposition 4.2. The decay rate for positive buffer
content values is given by

.1
A}lm N log P(Wy > Nx) =: I(x) = J(x) 4+ 1(0),
with

J(x) = inf sup (Q(x +ct) — ¢ log [, e
>0 9 ’
— — E 0A(1)
(1 r)log'Eoe ) (12)

Proof. Evidently,

P(Wy > Nx) = P(Wy > Nx|Wy > 0)P(Wy > 0).
As shown in Section 2.3,

P(Wy > Nx|Wy > 0) = P(Vy > Nx|Vy > 0).

Immediately from Theorem 1 of [6], we have
.1
A}Lrgc i log P(Vy > Nx|Vy > 0) = J(x).

Together with Lemma 4.1 this proves the
stated. [

The variational problem in (12) cannot be
solved analytically; numerical methods have to be
applied. Fortunately, for large x asymptotics are
available.

Simple approximations for large buffers. Let 0*
satisfy the equation lim,_, ¢'logEe™® = c0.
Define, fori =0, 1,

a; := lim log E;e”™ 0 — c6*¢.

—0o0
In [6] it is proven that, for x — oo,
J(x) = 0%x — Eal - (1 - E)ao + O(x).
r r
Following the Chernoff dominant eigenvalue
method of [7], we propose an even simpler ap-
proximation:

A!im ]l\f log P(Wy > Nx) ~ 0*x + 1(0). (13)

Here 0* = ru/(r —c) — 2/c, and 1(0) is given in
Lemma 4.1. In [7] it is shown that this approxi-
mation is conservative for all x (in fact it is the best
possible linear estimate that is conservative for all
x). Notice that the analysis of [7] requires the
sources to be time-reversible, which condition is
trivially met for exponentially distributed file sizes
and user think times. In [7] it is concluded that the
approximation is usually not overly conservative.

General think-time and file-size distributions for
large buffers. The nature of approximation (13) is,
for large x,

P(Vy > Nx) ~ P(Fy > 0)e "™, (14)

We may follow the same approach in case of
general (rather than exponentially distributed)
think-time and file-size distributions. The ques-
tions then are: how to compute the counterparts of
the probability of a non-empty buffer P(Vy > 0)
and the exponential decay rate 6*?

The probability of a non-empty buffer is com-
puted as follows. As long as the buffer is empty,
the process behaves like an infinite-server queue if
the number of jobs is below N’, and like a pro-
cessor sharing queue if the number of jobs is be-
tween N’ and N” + 1. Let Dy be the number of jobs
in the system. It is easily verified that in the case of
exponential think-times and file-sizes, the blocking
probability (i.e., the probability of Dy = N” + 1)
equals
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N=

)N”-H (VNLN/HPN/) N'(N —]'V” —1)!
N! ’
(15

where the normalizing constant Norm is given by

Nom =3 (4) 01

o (
Norm

R o e NN = )
+ Z (%)j(r/—NpN)N (]X” J)'

J=N'+1

It is tedious but straightforward to verify that the
decay rate of (15) is indeed 7(0), as was defined in
Lemma 4.1.

Importantly, formula (15) also holds in the case
of general think-time and file-size distributions,
with respective means A~' and x~'. This is due to
insensitivity results for networks of generalized
processor sharing queues, as was shown by Cohen
[5]

We now focus on the exponential decay rate 0*.
Let T be the distribution of the think-time and F
the distribution of the file-size. During busy peri-
ods, the buffer is fed by a superposition of N on—
off sources with off-times distributed like 7, and
on-times distributed like F/r (with peak rate r).
Let A(¢) be the amount of traffic generated by such
a source, in steady state, in an interval of length ¢.
Then (under mild technical conditions) the expo-
nential decay rate in this model is the solution of

lim ; log Ee™) = ¢, (16)
see Glynn and Whitt [12]. Eq. (16) does not nec-
essarily have a solution. In case of heavy-tailed on-
times there is no solution—approximation (14)
does not apply.

General think-time and file-size distributions for
small buffers. Above we concentrated on loss be-
havior under general think-time (with mean 1/1)
and file-size distributions (with mean 1/u), and
large buffers. For small buffers a result from
Mandjes and Kim [16] is applicable: for x | 0,

1 2
lim — log (5 > Nx) :7"\/;+1(0) +O),

with constant ¢ given by

(r—c)i

Strikingly, ¢ depends on the distributions of the
think times and file sizes only through their means,
making this an insensitivity result.

o= \/(cr,u +(r—c)2) log ( or ) —erp— (r = &)).

4.2. Feedback model with threshold

As before, we scale the resources buffer and
bandwidth: C = Ne¢, and B* = Nb*. Again, this
regime allows explicit results, which we describe
below.

As in Section 4.1, it turns out that there are two
possible regimes: (A) the buffer is empty with an
overwhelming probability and the active sources
transmit at rate p almost all the time, and (B) the
buffer occupancy is approximately nb* on average,
and the active sources send at a rate between r and p.

(A) n”)p < ¢, where n?) is the on-probability in
the ‘peak rate regime A(A+pu)~'. In this
case the ‘average state’ of the system is a
(nearly) empty buffer, and the active sources
transmit at peak rate. In order for the buffer
to exceed level Nx, where x exceeds b*, four
events have to occur in order: (1) The buffer
must become non-empty, i.e., the number of
sources in the on-state must exceed Nc/p. (2)
Given that the buffer content is at the point
of becoming positive, an amount of Nb* of
fluid has to accumulate. At the epoch the buf-
fer content reaches Nb*, let the number of
sources transmitting be No. (3) If o is smaller
than ¢/r, then the number of sources in the
on-state has to grow to Nc¢/r, in order for
the buffer to exceed level Nb*. If o is already
at least ¢/r then in this phase nothing has to
happen. Let No/ be the number of sources in
the on-state at the end of this phase. (4) An
amount of N(x — »*) of fluid has to accumu-
late in the buffer, where at the beginning of
this phase the number of sources transmitting
is No/. This makes the decay rate be the sum
of four decay rates:

.1
}\}Ln; N log P(Wy > Nx) =~ ZI,-. (17)
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Notice that this construction (the decay rate
of a steady-state probability being formulated
as the solution of a transient problem, namely
the decay rate of the path from equilibrium
towards the rare event) is essentially of the
Freidlin-Wentzell type. Details on this ap-
proach are found in [27, Chapter 6]. In [17]
explicit expressions for the four decay rates
are given, in terms of the model parameters r,
p, ¢, A, and p.

(B) n")r < ¢ < n®p. In this case the ‘average state’
of the system is a buffer occupancy of Nb*, and
all active sources sending at rate m' =
¢2/(% — cp). In equilibrium, the system is op-
erating in the processor sharing regime.
Clearly, the first two decay rates of case A
do not apply anymore, as the queue is already
operating at level nb* on average. Hence, only
the other two decay rates have to be com-
puted. Again [17] provides the explicit expres-
sions.

5. Numerical results

In this section we provide numerical results. We
first consider an example where we maximize the
system throughput, using the procedure of Section
3. The second example relies on the many sources
asymptotics of Section 4.

5.1. System throughput maximization

We consider a buffer that is fed by 10 identical
and independent on-off sources. Let Y(¢) denote
the number of active sources at time ¢; we choose
the process Y(-) as the regulating process. As be-
fore, W () will denote the buffer content at time ¢.
The output trunk speed is C = 11. The off-times of
the sources are exponentially distributed with
A = 3. File sizes are exponentially distributed with
u = 2. The peak transmission rate of the sources
p =4, which is the actual transmission rate when
the buffer content is below B* = 2, and the rate
drops to its minimum value » = 2 when the content
is above B*. Notice that the buffer content may
stick at B* for as long as 3, 4, or 5 sources are
active; then the total actual transmission rate is 11,

i.e., the output trunk speed, equally shared among
the active sources. As a consequence the transition
intensity of the process Y(-) from state i to i — 1,
given that the buffer process remains at 2, is equal
to i-2C/i = 22. These considerations allow us to
write down the diagonal matrices R?”) and R"), as
well as the tri-diagonal matrices O%), O") and Q™.

After the numerical determination of the
eigensystems of the matrices Q®(R®)™' and
O"(RM)™" we apply the appropriate boundary
conditions to find the 33 unknowns (note that
N = 10). After solving this (linear) set of equa-
tions, the stationary distribution G of the joint
process (Y (¢), W(¢)) can be found numerically. A
graphical representation of G(y) =P(W <y) =
Z:ﬁo G;(y) is given in Fig. 1. The throughput
of the system can be found as

10
t=> Jjrip— G(B") + jpGY (B"-)
j=0

+C(GY(BY) — GP(B*-)) = 10.2652.  (18)

Finite-buffer model. The corresponding finite-buf-
fer system can be solved similarly [17]. We did the
calculations for B = 5, leaving all other parameters
the same. Clearly, now the size of the jump’ that
G(y) has at y =5 is exactly the (time average)
probability of a full buffer:

10
P(W=B)=1->_ G"(B) =201 x 107,
j=0

—2-

44 \
\

-84 .
\

Fig. 1. B = o0: log,, (1 — G(»)) as a function of y.



M. Mandjes et al. | Computer Networks 41 (2003) 489-504 501

It is also not difficult to find the average amount of
fluid sent into the buffer per unit of time, or fluid
input rate t*:

10
™= jrip— G(B")) + jpGY (B )
j=0

+C(G(B") — G (B'—)) = 10.2656,  (19)

and the average amount of fluid sent over the link
per unit of time, or throughput, as

=3 Cloy - GP(0) + 662 0)
=0

=10.2651. (20)

Notice that the numerical outcomes for these
quantities are close to each other and to (18),
which can be explained by the fact that we chose

11

10.5 7

95 | .

throughput
©
T
1

s .

7.5 B

7 1 1 1 1
0 1 2 3 4 5

threshold B1

Fig. 2. Throughput as a function of threshold B* for
N =7 (bottom), ..., 12 (top).

the (finite) size of the buffer quite large. Indeed by
subtracting (20) from (19) we immediately find
that the average amount of lost fluid per unit of
time, or fluid loss rate,

Fluid loss rate = t* — 7 = 5.83 x 1074, (21)

is small. Another way to find this result is to use
10

Fluid loss rate = Y _ (jr — C)(p; — G}’ (B)).  (22)
=0

The fraction of fluid that is lost can be found as the

ratio of the fluid loss rate (21) and the fluid input

rate (19):

Fraction of fluid lost = M
Fluid input rate

= 5.67x 107, (23)

log of loss fraction

|
0 0.5 1 15 2 25 3 3.5 4 4.5 5

-20 1 1 1 1
threshold B1

Fig. 3. log,, (loss fraction) as a function of threshold B* for

N =7 (bottom), ..., 12 (top).
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Maximization of system throughput. As a final
application we show how the threshold level B*
and the number of sources N may be jointly cho-
sen such that the system throughput is maximized,
with the fraction of lost fluid not to exceed
e = 107%. The other parameters are as before. In
Figs. 2 and 3 we plot the throughput and the loss
fraction as functions of the threshold level for
N =7,...,12. From Fig. 3 it can be seen that only
for N <9 the loss fraction criterion can be satisfied
for some value of B*. From Fig. 2 we compare the
corresponding throughputs for these pairs of
(N, B*). It turns out that the system throughput is
maximized by choosing N =9 and B* =2.05,
giving a throughput of 9.5725. This also allows us
to compute the mean file transfer time, see (11):
solve ET from

9.5725  0.5000
9  [ET+0.3333’
giving E7 = 0.1368. During the active period a

source’s throughput is 0.5000/0.1368 = 3.6526,
which is between » = 2 and p = 4.

5.2. Impact of the choice of the guaranteed rate r

The purpose of this subsection is to provide an
illustration of the effect of the feedback mecha-
nisms proposed in a more practical situation. For
reasons of convenience, we assume that the num-
ber of sources is sufficiently large to use the ap-
proximations of Section 4. We consider a 45 Mbit/
s link, with a buffer of 10 Mbit. The sources have
peak rates of 3 Mbit/s. The users alternately send
files (exponentially distributed with mean 100 kbit)
and ‘think’ (for an exponentially distributed time
with mean 10 s). We again require that the loss
probability is below ¢ =107°. We focus on the
impact of r, the guaranteed minimum throughput
advertised to customers, because this is an im-
portant parameter.

Clearly, for a fixed value of B* (possibly 0), the
loss probability increases with ». On the other
hand, the number of admissible sources N, de-
creases in 7, for fixed loss probability. In Fig. 4, N,
is given as a function of r, for different values of B*
(B*=0,2,...,8 Mbit). We observe that for low

1000 T T

980

960

940

920

900

880

860

number of admissible users

840

820

800 -

780 L L

1.5 2 25 3

guaranteed rate r

Fig. 4. Number of admissible sources as a function of the guaranteed rate r.
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values of r, N, is quite sensitive to the threshold
value B*; the opposite is true for r in the neigh-
borhood of p.
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