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1 Introduction

The concept set game was introduced by Hoede in [6]. A set game is a pair
(N, vs), where Ny is a nonempty, finite set, called the player set and vy :
2Ns 5 2Us associates with every coalition S of players a subset of U, called
the value (worth) of coalition S. We assume that vg(()) = 0.

A solution 1 on the set of all set games G associates a so-called allocation
(N, v5) = (¥i(Ng, v5))ien, € (2U4)Ns with every set game (Nj, v,). For every
1 € Ng, 1; represents the items that are given , according to the solution ¢, to
player ¢ from participating in the game. Several solutions were proposed for
set games (see [1,4,5,8]). As stated in [5], these solutions can be included in
the class of semi-marginalistic values. A semi-marginalistic value ¢ on the set
game space G has the following form

Vi(Ng,v5) = |J [05(S) = V], for all (Ny,v,) € Gandallie N, (1)

SCN,
Y

where V¢, is a set determined by the worth of a certain collection of coalitions,
somehow determined by S and/or 4. For example, by choosing Vi, := v,(S —
{i}) one obtains the individually marginalistic value (IM) introduced in [1], by
choosing V¥, := U vs(T') one obtains the overall-conditionally marginalistic
’ TCS
value (OCM) introduced in [8], and, finally, by choosing V&, :== U vs(T)
’ TCN,—i

s—1
one obtains the Driessen—Sun value (DS) introduced in [4]. B

In many situations, there is a cost associated to each element of the universe
U, and one is interested in how to share the costs between the players. One
method of cost sharing is proposed by Hoede in [7]. The allocation of the set
game determines for each player i, 1); as a set of elements of U,. If an element

ug,S C N has cost ¢(ug), then this cost is to be shared by all players that
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have ug in their allocation. Our goal is to show the intimate relationship be-
tween cooperative games and set games. This paper is structured as follows. In
Section 2 we show that with every cooperative game (V. v.) one can associate
a set game (N, vy), using basic units. In Sections 3,4 and 5 we will analyze
the relations between several solutions defined for a cooperative game and the
solutions defined on the associated standard set game.

2 The standard set game

Consider a cooperative game (N, v.), where N, is the set of players and v, :
2Ne 1 R is a mapping which associates with each coalition S the value of the
coalition. We associate with (IV,, v.) the following set game, called the standard
set game associated to (N.,v.). The universe Uy is Us = {ug/|S" C N}, where
the elements ug are called basic units. The set of players N, is Ny, = N, and
vy 1 2N — 2Us g defined by vs(0)) = 0 and v,(S) = {us|S" C S, 5" # 0}.
Every basic unit ug, S C N,, S # () has a cost c(us) = 3 (—1)517Tly (T),
1
while ¢(ug) = 0. One can easily verify that for each S, S C Ng,

ve(S) = > e(ur). (2)

TCS

3 The Shapley value

In this section we will first show two ways of obtaining the Shapley value for
a cooperative game (N, v.) via the standard set game associated with it. Let
(N, v.) be a cooperative game and (N, v,) its associated standard set game.
Consider the solutions IM,OCM and DS for (N,v,). From the definition
of these solutions (see Section 1) and the definition of a standard set game
follows that

t; = IM(N,vs) = OCM(N,vs) = DS(N,vs) = U{us}
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Consider for this 1); the cost sharing method a = (a;);en defined as described

before, leading to
1
a; = Y —c(us), (3)
scn 191
S3i

which is the Shapley value.
Next we will show how, for a restricted class of games, the Shapley value comes
forward with the help of the excess vector (complaint vector). Suppose that



I(v.) # 0. For every = € I(v.), the excess vector (complaint vector) 6(z) has
as its coordinates the excesse

e(S,x) :=v.(S) = Y =, for every coalition S,

1€S

and these excesses are written down in decreasing order. Using (2) the excesses
can be written ase(S,z) = Y c(ur) — ¥ x;. Suppose now that c(ug) > 0,
TCS i€s

for all S C N, and that we are interested in finding an imputation z that
keeps all the excesses negative. A natural way is to proceed as follows. First
set x; = c(u;) for each i € N;. Clearly, e({i},z) <0, for every i € N, but for
S with |S| > 2 it may happen that e(S,z) > 0. Next we change x such that

e(S,z) <0 for every S C N, |S| < 2. (4)
Clearly,
1
z; = c(ugy) + = > clur), for every i € N,
2 7o
|T]=2

satisfies (4). Proceeding in this way, we finally obtain that the imputation

1
T; = Z —c(ug)
g IS
Soi

maintains all the excesses non-positive. Obviously, = is exactly the Shapley
value for (N, v,).

4 The standard set game and the core

;From (2) follows that the core is the set of all imputations z satisfying
z(S) > 3 c(ur) and z(N) = > c(ur). First of all remark that if, in the
7Cs TCN

standard set game, c(ug) >0 for every S C N, then the core is nonempty.
In Section 3 we already saw that in this case the Shapley value has the prop-
erty that it makes the excesses non-positive. So it is in the core. In fact, the
nonnegativity of the costs of the basic units implies a stronger statement with
respect to (N.,v.), namely that the game is convex. It is easy to see that a
cooperative game is convex if for the standard set game associated with it the
following holds

> c(ug) > 0,for every S C N, T C N.
s'csur

S'A(S\T)#£0
S'A(T\S)#0



Hence, a game for which all basic units have nonnegative costs is convex.
Therefore, the core is nonempty and the Shapley value is an element of it.

5 Discussion

The axiomatization of values for set games was first studied by Aarts, Funaki
and Hoede [2,3]. The papers of Driessen and Sun [4,5] form a continuation of
this work. In first instance it was somewhat unclear how set games compare
to cooperative games. By the results given in this paper we now know that
set, games are intimately related to cooperative games with coalition values
in the reals. However, they cover only the combinatorial aspect of normal
cooperative games. It was for this reason that direct analogs for the 7-value
or the nucleolus could not be found for the standard set game.
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