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LIMITS FOR EMBEDDING DISTRIBUTIONS
JINLIAN ZHANG, XUHUI PENG, AND YICHAO CHEN

ABSTRACT. In this paper, we first establish a central limit theorem which is new in probability,
then we find and prove that, under some conditions, the embedding distributions of H-
linear family of graphs with spiders are asymptotic normal distributions. As corollaries,
the asymptotic normality for the embedding distributions of path-like sequence of graphs
with spiders and the genus distributions of ladder-like sequence of graphs are given. We
also prove that the limit of Euler-genus distributions is the same as that of crosscap-number
distributions. The results here can been seen a version of central limit theorem in topological
graph theory.

1. INTRODUCTION

A graph is a pair G = (V, E), where V = V(QG) is the set of vertices, and £ = E(G) is the
set of edges. In topological graph theory, a graph is permitted to have both loops and multiple
edges. A surface S is a compact connected 2-dimensional manifold without boundary. The
orientable surface Ok (k > 0) can be obtained from a sphere with & handles attached, where k
is called the genus of Oy, and the non-orientable surface N;(j > 1) with j crosscaps, where j is
called the crosscap-number of N;. The Euler-genus vF of a surface S is given by

2k, if S = Oy,
7P =
{j, if S =Nj.
We use S; to denote the surface S with Euler-genus i, for ¢ > 0.

A graph G is embeddable into a surface S if it can be drawn in the surface such that any
edge does not pass through any vertex and any two edges do not cross each other. If G is
embedded on the surface S, then the components of S — G are the faces of the embedding. A
graph embedding is called a 2-cell cellular embedding if any simple closed curve in that face can
be continuously deformed or contracted in that face to a single point. All graph embeddings in
the paper are 2-cell cellular embeddings.

A rotation at a vertex v of a graph G is a cyclic ordering of the edge-ends incident at v. A
(pure) rotation system p of a graph G is an assignment of a rotation at every vertex of G. A
general rotation system for a graph G is a pair (p, \), where p is a rotation system and A is a
map on E(G) with values in {0,1}. If A(e) = 1, then the edge e is said to be twisted; otherwise
A(e) = 0, and we call the edge e untwisted. If A(e) = 0, for all e € E(G), then the general
rotation system (p, A) is a pure rotation system. It is well-known that any graph embedding can
be described by a general rotation system. Let T" be a spanning tree of G, a T'-rotation system
(p, A) of G is a general rotation system (p, A) such that A(e) = 0, for every edge e € E(T). For a
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fixed spanning tree T', two embeddings of G are considered to be equivalent if their T-rotation
systems are combinatorially equivalent. It is known that there is a sequence of vertex-flips that
transforms a general rotation system into a T-rotation system.

The number of (distinct) cellular embeddings of a graph G on the surfaces Oy, N;, and S; are
denoted by v(G),%,(G), and &;(G), respectively. By the genus distribution of a graph G we
mean the sequence

VO(G)v/Yl(G)7’72(G)7 T

and the genus polynomial of G is
Ta(z) = Z%(G)xk.
k=0

Similarly, we have the crosscap-number distribution {%;(G)}3Z, and the Euler-genus distribution
{ei(G)}22,. The crosscap-number polynomial T'¢(z) and the Euler-genus polynomial Eg(x) of
G are defined analogously.

For a deeper discussion of the above concepts, we may refer the reader to [3,[4]. The following
assumption will be needed throughout the paper. When we say embedding distribution of a graph
G, we mean its genus distribution, crosscap-number distribution or Euler-genus distribution.

Usually, the embedding distribution of a graph G with tractable size can been calculated
explicitly, we still concern the global feature of the embedding distribution of G. For example:
(1) Log-concavity. For this aspect, we refer to [10, 12| 13, 14} 29] etc. (2) Awverage genus,
average crosscap-number and average Euler-genus. The average genus of graph G is given by

) S Ew(©)
A = oy R Dhe iy

the average crosscap-number Jqvq(G) and average Euler-genus €4,4(G) of a graph G is similarly
defined. The study of average genus, average crosscap-number and average Euler-genus received
many attentions in topological graph theory. For researches on this aspect, one can see [2] 26 [33]
etc. There is also a notation of variance. For example, see that in [30]. The variance of the
genus distribution of the graph G is given by

_ - _ 2 k(G)
FYvar(G) = ];) (k 'Yavg(G)) Fg(l)

We define the variance of crosscap-number distribution 7,4,(G) and of Euler-genus distribution
Evar(G) similarly.

The motivation of this article is as follows. Let {G$}22, be a sequence of linear family of
graphs with spiders whose definition is given in subsection 3.1, and we denote the embedding
distribution of graph G¢, by {p;(n)}:2,. The normalized sequence of {p;(n)}2, is

pi(n) i=0.1.---

D heoPr(n)’
Then, the above sequence is a distribution in probability, we denote it by F,. One problem
appears, when n is big enough, whether the distribution F;, will look like some well-known
distribution in probability. If the answer is yes, then it demonstrates the outline of embedding
distribution for graph G when n is big enough. In the point of mathematics, this is to seek the
limit for F), or the embedding distribution of graph G,.
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In this paper, we make researches on the embedding distributions which are closely related
to the above problem. Under some weak conditions, we show the embedding distributions
(genus, crosscap-number or Euler-genus distributions) of G, are asymptotically normal distri-
bution when n tends to infinity. We say the embedding distributions (genus, crosscap-number
or Euler-genus distributions) of G2, are asymptotically normal distribution with mean p,, and
variance o2 if

lim sup pi(n / e 24t| = 0.

n—oo 4 i<crnzm+,un \/ﬁ
Since normal distributions have many very good properties, the genus distributions (crosscap-
number or Euler-genus distributions) of G, also have many good properties when n is big
enough. Such as: (1) Symmetry, normal distributions are symmetric around their mean. (2)
Normal distributions are defined by two parameters, the mean p and the standard deviation o.
Approximately 95% of the area of a normal distribution is within two standard deviations of the
mean. This implies that the genus distributions of G, are mainly concentrated on the interval
(Yavg (G2) =27/ Voar (GS), Yavg (G2)+2+/Vvar (GS)] when n is big enough. Similar results also hold
for crosscap-number and Euler-genus dlstrlbutlons We also show that the genus distributions
(crosscap-number or Euler-genus distributions) of G, are not always asymptotically normal
distribution. This is the first time someone prove the embedding distributions of some families
of graphs are asymptotically normal.

In Section 2, we establish a central limit theorem which is also new in probability. In Section
3, we apply this central limit theorem to the embedding distributions of G}, and give their limits.
In Section 4, some examples are demonstrated.

2. A CENTRAL LIMIT THEOREM

S} .
For a non-negative integer sequence{p;(n)}2,, let P,(z) = >_ pi(n)z’,z € R. In this section,

we always assume P, (z) satisfies a k'"-order homogeneous linear recurrence relation

(2.1) Po(2) = 01(2) Po1 (%) + bo(2) Pz () + - - + by (@) P (2),

where b;(z)(1 < j < k) are polynomials with integer coefficients. We define a polynomial
associated with (1))

(2.2) F(x,\) = A — by (2) N1 —bo(2) NP2 — by (2)\ — br(z)

Obviously, for any = € R, there exist some r = r(z) € N, my(z),--- ,m,(x) € N with
Sor_imi(x) =k, and numbers \;(z),i = 1,--- ,r with [A(2)] > [Xa(x)] > [As(x)] > - |\ (2)]
such that
(2.3) F(z,A) = (A= A ()™ o (A = A ()™ @),

And the general solution to (21 is given by

(24) Z )\n al O + aiJ(x)n + 4 a’i,mi(z)fl(x)nmi(z)il).
Let
e M)+ DX (1) + D Xy(1)
(2.5) o — 11())7 .~ A
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where D = A1(1). For any n € N, let X,, be a random variable with distribution
pi(n)

(1)’

The remainder of this section is devoted to the proof of the following theorem.

P(X,=1)= i=0,1,---,

5

Theorem 2.1. Let P,(z) = > .2 pi(n)z’,n > k+ 1 be polynomials satisfying (Z1). Atz =1,
suppose the multiplicity of maximal root for polynomial (Z2) is 1. Then the following results
hold depending on the value of v.

Case I: v > 0. The law of X,, is asymptotically normal with mean e-n and variance v-n
when n tends to infinity. That s,

Xn,—e- o1
]P’(# <) —/ e~ duy

=0.
Vuen —o V27

lim sup
n—00 z€R

In particular, we have

1

> pi(n)—/m \/12—71_6_7u2du =0.

0<i<z\/v-n+ten] o

lim su
n—o0 zeﬁ n(l)

Case II: v < 0. This case is impossible to appear.
Case III: v =0. For any a > %, the law of X"n_ae'" is asymptotically one-point distribution
concentrated at 0. In more accurate words, the following holds.

Xn—e-n 17 ZfCUZOa
n—oco ne 0, else.

Furthermore, if all these functions by(x),- - ,br(x) are constant, then the limits of the
law of Xy, is a discrete distribution. That is, for some Kk € N and w;j,j =0,--- ,k with
> wj =1, we have
j=1
(2.6) lim P(X,, =j) =w;,j=0,--- , k.
n—oo

Proof. One arrives at that

(2.7) D =X(1) > |X2(1)] = |A3(1)| = -+ |A(1)] and m4 (1) = 1.

By [21] and the smooth of F, for i = 1,--- ,r, \;(z) are continuous. Thus, for some ¢ > 0, we
have

(2.8) M(z) > | Ae(z)] > | As(@)] > - A ()], Vze(l—6140).

For mi(x) and A (z), we have the following fact.
Fact: for some ¢ > 0, we have A\;(x) is smooth on (1 — 4,1+ ¢) and

(2.9) my(x) =1, Vxe(l—-0,1+9).
One easily sees that
F(L2) = (A= A(1)(A = A (1)) (3= A (1)) D,
and
OF (z,\)

2.10
( ) ON  la=1,2=x(1)

£0.
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Actually, A\ (z) can be seen an implicit function decided by
F(z,A\)=0.

By the smooth of F' and the implicit function theorem, A;(z) is smooth on (1 —¢,1 + ¢) for
some € > 0. By the smooth of F' and ([210), for some ¢ > 0, we have

OF (z,\)
oA
which yields the desired result (29).
Combining (27)), the general solution to (21 is given by

£0, Vre(l—elte)Vre (1) —e (1) +e)

Po(z) = a(z)AT (2)

2.11 - () —
(211) + ) A @) (ai0(@) + ain(@)n + - + @, o)1 (@)™ 7).
1=2

We consider the following three different cases.

CaseI: v > 0. Let YV}, = X\"/%m and ¢y, (t) = Ee'®¥» be the characteristic function of Y,

where 1 is a complex number with i = —1.

In order to prove

T 1 2
P(Y, <z) —/ ——e 2du

lim sup
—oo V2T

207

by [22, Chapter 1] and the continuity theory([9l Chapter 15]) for characteristic function in
probability, we only need to prove

- 4 Xn—en . 1 w2
2.12 lim t) = lim Ee'' ven :/e”“ e zdu=e" 7, Vi
(212) Tim by, (1) = Tim [

We will give a proof of this.

Let a, = -, b, = /<2 and y = e%t. By these definitions, one easily sees that
No v

nA;(1) B 1 e’n 0
(2.13) D Von v

/ " _ 2
n/\l(l)D—F/\l(l)D A (1) 2en. U i _ l
2D2 " 2 vn 2
By Taylor formula, we have
A1 (y) AL(1) " 2 2 2
22— 2 1)+ s D - 1) - 1+ ol — 1),
and
242
y = l4apt+ Ot + o(a2t?).
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Therefore, by lim y =1, it holds that
n—oo

) _ X0

1
D D ant + za2t® + o(aZt?))

2
XD — (L)) (ant + 5027 + 0(a3%))’

2D2
1
—l—o((ant + iaitz + 0(ait2))2>.
/\/1(1) L 9 1 " / 27,242 1
= =5 (an nt+ 5 nt)+ﬁ[/\ (1)D — (A (1))*]azt +o(-),
where in the last equality, we have used a2t? = m. By [27) and the above equality, we obtain

n—en Pn ant\,—bnt Pn —bnt
lim Fet™ o — lim Ee!Xn—bnt — Jim Pafe™f)e " lim Paly)e ™"

AT A A
R At 24 (z)aly) et = lim 22 () e bt = lim exp{nln 15/) — bpt}

= tim expf P o+ 5030%) 5 Y (0D = (D3 bt -+ 0l

£

= e 2 R
where in the last equality, we have used (Z3]).
In the above equality, we replace t by it. Then, we get

i tanen +2

lim Ee " von =e 2
n— o0

which finishes the proof of (Z12).
Case IT: v < 0. Let Y,, = Xa=<2 and by, (t) = Eet'™. Set a, = ——~—,b, = ,/8_2—;‘ and

\V —vn /71)"7 n —
y = etnt,
By Taylor formula, we have
A1(y) M) 150 1 " 21 2,2 1
Then, by 271, we have
P ant),—bnt Pn —bpnt
lim Ee' v*vn = lim Ee®tXn=0nt — {im % = lim L
AT AT A
= nll)rrgo %e_bnt = nll)rrgo 1D(3) e bt = nh_)rrgo exp{nIn 11()y) — bt}
. nA1(1) 1 2 21 2,2 1
znlgnéoexp{ 5 (ant + 2ant HW D (1)D — (X (1))?] a2t —bnt—i-n-o(ﬁ)
= e_%

In the above equality, we replace ¢ by it and get

(Xn—en .2
(2.14) lim Ee'' v =e7.

n—00

On the other hand, by the properties of characteristic function, one sees

Xn—en

’Ee“ Von

<1
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which contradicts with (2.I4) and gives the desired result.

Case IIT: v = 0. Let Y,, = £2=€n ¢ = n= b, =en' = and y = e,

no

By Taylor formula and v = 0, we have

A (y) A (1) 1 o
w20 Ay 0D - () 1 + 0t~ 1))
(1) 1 1 s
= (et + §ait2) + 5z M (1)D - (A1 (1))*]azt® + O(n=>%)
¢!
= #ant +0(n**) =en"t + O(n>*).
Therefore,
lim exp{nln M) bpty = lim exp{n-en “t +n-0(n>*) —en' %} =1
n— 00 D " n— 00 '
Then, by 27, we have
n—en P, —bnt P, —bnt
lim Ee!™ %™ = lim EetenXn—bnt = Jim L = lim L
n—00 n—00 n—oo a(l)Dm n—00 a(l)D”

n—o00 a(l)Dn n—oo D7 € n—o00

AT AT A
= lim Me_b"t = lim MO = lim exp{nln# —byt}=1.

In the above equality, we replace t by it and get

X i 4 Xn—en
lim Eelt~ % =1

n—00

which yields the desired result.
Now we give a proof of (Z.6). Noting [2IT]), we have

P.(z) = a(z)\] + Z(ai70(:v) +a1(z)n+--+ aiymi(z),l(w)nmi(””)*l))\?,
i=2

where m;(x) = m;,i = 2,--- ,r are constants. Since P,(z) is a polynomial of x and A\;,i =
1,---,r are constant, a(x) is also a polynomial of 2. Assume
K
a(z) = Z e’
§=0
then,
P,(e?) a(e)D™  ale!) & <
: tXn _ 1 n — 7 — — Lt
Jim Bet =l Ay = @D~ a(m)
j=
where w; = a?]i). In the above equality, we replace ¢t by it and get
K
. BtX, _ ijt
(2.15) nh_)rrgo Ee Zowje .
=

By the continuity theory([9, Chapter 15]) for characteristic function in probability, we obtain
the desired result. ]

By (2.6]), the condition v > 0 is necessary to ensure the asymptotic normality. In the end of
this section, we give a remark here to explain the e, v appeared in Theorem 2.1
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Remark 2.2. In the special case, when P, (x) = a(z)\}(x), it holds that
(1)

EX, = PZ(l) =e-n+0(1)
and
Var(X,) = T (1;:(—1?1(1) - (izgi)z =v-n+O(1).

Since M(z) > N(z),i = 2,--- ,k, we can expect that for the P,(z) in (ZI1) and P,(z) =
a(x) N} (x), they have the same asymptotic mean and variance when n tends to infinity.

3. THE LIMITS FOR EMBEDDING DISTRIBUTIONS

In this section, we consider the limit for embedding distributions of H -linear family of graphs
with spiders {G2}52 ;. In subsection 3.1, we give a definition of G¢. In subsection 3.2, we briefly
describe the production matrix. Then we give the limit of embedding distribution for graph G,
in subsection 3.3. Finally, we demonstrate the relation between the limit of crosscap-number
distributions and Euler-genus distributions in subsection 3.4.

3.1. H-linear family of graphs with spiders. The definition of H-linear family of graphs
with spiders, gave by Chen and Gross [6], is a generalization of H-linear family of graphs intro-
duced by Stahl [27]. Suppose H is a connected graph.Let U = {uq,- -+ ,us} and V = {vq, -+ ,vs}
be two disjoint subsets of V(H). Fori =1,2,--- , suppose H; is a copy of H and let f; : H — H;
be an isomorphism. For each i > 1 and 1 < j < s, we set u; ; = fi(u;) and v;; = f;(vj). An
H-linear family of graphs, denoted by G = {G,}524, is defined as follows:

° Gl = Hl.
e G, is constructed by G,_1 and H, be amalgamating the vertex v,_1; of G,—1 with
the vertex uy ; of Hy, for j =1,---,s.

FI1GURE 3.1. The graph G2 in a generic H-linear sequence

Figure [3.1] shows an example for the graphs Hy, Hy and Gbs.

Now, we inroduce the definition of H-linear family of graphs with spiders. For 1 < j < s, let
(Jj,t;) and (J;, %) be graphs in which {t;;/},{Z;}, respectively, are sets of root-vertices.
For 1 <i < s, I; and I; are subsets of {1,---,s}. A graph {G2}° ,is constructed from G,, by
amalgamating the vertex u; ; of G, with the vertex t; of J; for j € I;, and amalgamating the
vertex vy, ; of G, with #; 7 of J; for j € I;. The graphs (J;,t;) and (J;,%;,) are called spiders
for the sequence G. The resulting sequence of graphs is said to be an H-linear family of graphs
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with spiders and is denoted by G°. We call G° ring-like, if there is a spider among Ji, J2, ..., Js
that coincide with a spider among Ji,J2,...,Js. The graphs in Figure demonstrate an
example of ring-like, in which s =1 and J; = J;.

— LY L I o

[l

U v U, V3, ,
H G, J7), G,

3

FIGURE 3.2. Using a spider to construct G§

3.2. Production matrix. By permutation-partition pairs, Stahl [27] showed that the calcula-
tion of genus polynomial of G,, can be converted to a (transfer) matrix method. Such matrices
are also called production matrices [I1] or transfer matrix [20] (using different techniques and
methods). Here we briefly describe the production matrix of G (or G°). For more details on
this, see [20] 1] etc. We refer to [3] for face-tracing algorithm.

We suppose that there are k embedding types for the graph G,, with roots ui,1,u1,2,...,%1,s,
Un,1,Un,2, - --,Uns. For 1 <j <k, let v/(Gy) be the number of embeddings of G,, in Oy, with
type j and

T (2) =Y 7 (Gn)a'.
i>0
From the definition H-linear family of graphs and face-tracing algorithm, we obtain
(T, (@), T, (@), ., T¢, (@) = M(2) - (Tg,_,(2),Tg, , (@),--,T&, (@)
(3.1)

where o’ is the transpose of the vector a and

mya(z) maz(x) - myp(x)

ma1(z) maoz(x) - mog(x)
M(x) = '

mp1(x) mpa(x) - mpg(a)

is the transfer matriz [20] or production matriz [I1] of genus distribution of G (or G°). In
[11], the authors showed that the production matrix M (z) can been calculated with a computer
program.

Let
Va, (2) = (Tg, (2), T, (),--- ,TE, ()",

another property for the genus polynomial of H-linear sequence with spiders is that there exists
a k-dimensional row-vector
V= (vi(2),---  vk(z))
such that I'gs (x) = V - Vg, (x). Note that if there are no spiders, that is G° = G, then V' =
(L,1,---,1).
For the case of Euler-genus polynomials, there also has the production matriz of Fuler-genus
distribution of G (or G°). We take [4] as an example of this.
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Example 3.1. Suppose P, is the path graph on n vertices. An ladder graph L, is obtained by
taking the graphical cartesian product of the path graph P, with P, i.e. L, = P,0P,. From
Section 3 in [4], the 2 x 2 production matrix of Euler-genus distribution of the ladder graph is
given by

2 4
M(z) = [ 2 + 422 4z }

It follows that
2 4
M) = [ 6 4 } .

The mazimum genus, mazimum non-orientable genus and maximum FEuler-genus of a graph
G, denoted by Ymax(G), Ymax(G) and emax(G), respectively, are given by ymax(G) = max{i|y;(G) >
0}, Amax(G) = max{i|%;(G) > 0} and enax(G) = max{ile;(G) > 0} respectively. One can see
that emax(G) = max{29max(G), Ymax(G)}. A cactus graph, also called a cactus tree, is a con-
nected graph in which any two graph cycles have no vertex in common. Recall that a graph
G with orientable maximum genus 0 if and only if G is the cactus graph, and a graph H of
maximum Euler-genus 0 if and only if H is homeomorphic to the path graph P, on n vertices
forn > 1.

The following two basic properties are followed by the definition of H-linear family of graphs
with spiders.

k
Proposition 3.1. For 1 < j <k, Zmij(l) are all the same constant D. Moreover, for any
i=1

n > 2, we have Pl:i(ll()l) = D, where P,(x) = Tgs (x) or Egs ().

Remark 3.2. In the proof of Theorem [3.8 below, we will see D have the same meaning as that
appeared in Section 2, so we use the same notation.

Proposition 3.3. Suppose M(x) is the production matriz of genus distribution (Euler-genus
distribution) of G, then M(x) is a constant if and only if the mazimum genus (maximum
Euler-genus) of G, equals 0,Vn € N.

3.3. The limits for embedding distributions of H-linear families of graphs with spi-
ders. A square matrix A = (ai,j)ﬁjzl is said to be non-negative if
ai)jZO, Vi,jzl,'-',k.

Let A be a non-negative k X k matrix with maximal eigenvalue r and suppose that A has exactly
h eigenvalues of modulus . The number A is called the indez of imprimitivity of A. If h = 1, the
matrix A is said to be primitive; otherwise, it is imprimitive. A square matrix A = (a;, J)f je1 18
said to a stochastic matrix if

k
daj=1j=1,-k
i=1

The following property of primitive stochastic matrix can be found in Proposition 9.2 in [I].

Proposition 3.4. Fvery eigenvalue \ of a stochastic matriz A satisfies |\| < 1. Furthermore, if
the stochastic matrix A is primitive, then all other eigenvalues of modulus are less than 1, and
algebraic multiplicity of 1 is one.
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Theorem 3.5. Consider the sequence of graphs G° = {G2}52,. Let {p;(n),i =0,1---,} be the
genus polynomial (Euler-genus polynomial) of graph G2, P, (x) be the genus polynomial (Euler-
genus polynomial) of G2, and M(x) be the production matriz for G°. If the matrix M(1) is
primitive, then the results of Theorem [2] hold. Furthermore, if M (z) is a constant, then the
limit of the law for embedding distributions of Gy, is a discrete distribution.

Proof. Suppose that the characteristic polynomial of the production matrix M (z) is
F(z,A) = N — by ()N — by ()N "2 — b g (2)\ — i (),

where b;(x)(1 < j < k) are polynomials with integer coefficients. We also assume F(z,\) =

(A = A1(2)™ @ .o (X = A\ (z)™@. Then, by the results in [6] ([]), the sequence of genus
polynomials (Euler-genus polynomial) of H-linear family of graphs with spiders G?, satisfy the
following k*"-order linear recursion

P, (z) = by(x)Pp_1(z) + bo(x)Pro(x) + - - - + bi(z) P ().
By Proposition Bl and Proposition B4l if M (1) is primitive, we have

D= (1) > Pa(D)] = Pa(1)] = -+ [A(1)] and my (1) = 1.

For any n € N, we denote the embedding distribution of graph G2, by {p;(n),i =0,1,2,---,}
and let X,, be a random variable with distribution

P(Xn:z'):gfg)), i=0,1,-

)

and

XD =(M@) DN + DX ()

D’ D? '
So following the lines in the proof of Theorem [2ZT] we finish our proof. Furthermore if M (z) is a
constant, then all these functions by (z),- - - , bx(x) are constant. Noting the case III in Theorem

this theorem follows. O
21

(3.2) e=

The primitive of the matrix M (1) is very important in our proof. For this, we give the
following example.

Example 3.2. Let

o= 8]

M (1) is imprimitive. By calculation, we obtain

3r+1+|z—1 3r+1—|z—1
Mz = 2 Sasp

In this case, we even don’t have the differentiability of A\ (z) at z = 1.

)\2 (:E)

Remark 3.6. As pointed by Stahl [27], in all known cases, the production matriz M (x) for the
genus distributions of any H-linear family of graphs is primitive at x = 1. Currently, we don’t
know whether this is true for general (or most) linear families of graphs.
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In the rest of this subsection, we apply Theorem [B.5] to path-like and ladder-like sequences of
graphs.

A vertex with degree 1 is called a pendant vertez, and the edge incident with that vertex
is called a pendant edge. If a pendant vertex u of a graph G is chosen to be a root, then the
vertex u is called a pendant root. Suppose (H,u,v) is a connected graph with two pendant
roots w,v. For i = 1,2,...,n, let (H;,u;,v;) be a copy of (H,u,v). By the way in subsection
3.1, we construct a (H,u,v)-linear family of graphs and a (H,w, v)-linear family of graphs with
spiders (Ji,t14) and (Ji,%1.), where (Ji,t14) and (J1,%1.7) be two connected graphs with
roots t1 4,1ty 4 respectively. For the (H,wu,v)-linear family of graphs with spiders or not, they
have the same production matrix. Therefore, we use the same notation {PX}°°, to denote
them. For convenience, we call the graph PH path-like. Figure 3.3 demonstrate the graphs H
and P the shadow part of H can be any connected graph.

u v u, . . ( : v,

FIGURE 3.3. Graph H (left), and path-like graph P2 (right)

Corollary 3.7. The genus distributions (Euler-genus distributions) of the path-like sequence of
graphs {PH}>_| with spiders are asymptotic normal distribution if the maximum genus (mazi-
mum Euler-genus) of (H,u,v) is greater than 0.

Proof. Let (H,u,v) be a graph with two pendant roots u and v. We introduce the following
two partial genus distributions (partial Euler-genus distributions) for (H,u,v). Let d;(H) be the
number of embeddings of (H,u,v) in the surface O; (S;) such that « and v lie on different face-
boundary walks. In this case, we say that the embedding has type d. Similarly, let s;(H) be the
number of embeddings of (H,u,v) in O; (S;) such that u, v lie on the same face-boundary walk,
and we call the embedding has type s. The two partial genus polynomials (partial Euler-genus
polynomials) of (H,u,v) are given by Dy (x) = Z di(H)z', and Sg(z) = Z s;(H)x". Clearly,
i>0 i>0

(3.3) PH(I) = DH(.’L') + SH(,T),

where Pp(x) is the genus polynomial (Euler-genus polynomial) of (H, u, v). By face-tracing and
Euler formula, we have the following claim.

Claim: If the graph (PX | uj,v,_1) and (Hp,un,,v,) embed on surfaces O; (S;) and

n

O; (S;), respectively, then the graph PH embeds on O;1; (Sit;)-

By using the claim above, we will build recurrence formulas for the partial genus polynomials
of PH. There are four cases.

Case 1: If both the embeddings of P2 | and (H,,,u,,v,) have type d, then the embedding
of PH has type d. This case contributes to Dpy () the term Dpu (x)Dp,, (2).

Case 2: If the embeddings of PH | and (H,,un,v,) have type d and s, respectively,
then the embedding of P has type d. This case contributes to Dpu(x) the term
Dpu (2)Sh, (2).

Case 3: If the embedding of P | has type s and the embedding of (H,,, u,,v,) has type
d, then the embedding of P has type d, this case contributes to Dpsu (x) the term

Spu_()Dm, (2).
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Case 4: If both the embeddings of PX | and (H,,un, v,) have type s, then the embedding
of P!' has type s. This case contributes to Spru (z) the term Spu_(2)Sw, ().
The following linear recurrence system of equations summarizes the four cases above.
(3.4) Dps(x) = (D, (2)+ Su, (@) Dps (2)+ Du, (@)Sps (),
(35) Sep(@) = S, ()Spy (@)

Rewriting the equations above as

[ Dpy (w) } - [ D () 451, (2) 25: (%) }

DPT{{I(CC)
Squjfl (@) |

Since (H,,, un, vy) be a copy of (H,u,v), thus the production matrix M (z) of the genus ( Euler-
genus) distributions of {PH}>0 | is

[ Dp(x) ;)L Sh(x) gg(:f)) } _

For simplicity of writing, we use D(z), S(x) and P(x) to denote Dy (z), Sg(x) and Py(z),
respectively. Obviously, the eigenvalues of matrix M (z) are given by

A(z) = D(x) + S(x),  Aa(z) = S(x).
Since the graph H is connected, S(z) = 0 is impossible. We make the following discussions on
the D(z)
If D(x) = 0, then H is the path graph P, on m vertices (m > 2). In this case, the maximum
genus (maximum Euler-genus) of (H,u,v) is equal 0.
Now we consider the case D(z) # 0. Under this situation, A1 (1) > A2(1) and the matrix M (1)
is primitive. By direct calculation, we get
D'(1)+ S'(1)
D(1)+5S(1)”
—(D'(1) + 5"(1))* + (D(1) + 8(1)) (D"(1) + §”(1) + D'(1) + §'(1))
(D(1) + 5(1))? '

cmx™. By Cauchy-Schwarz inequality,

v =

We assume P(z) =3

m

(Z mcm> < Zm%m : Zcm = <Z(m2 —m)cm + chm> ' ZCW’

m

which implies P’(1)? < (P”(1) + P'(1)) - P(1). By this inequality and (33)), one easily sees that
v > 0. Therefore, v = 0 is equivalent to the above Cauchy-Schwarz inequality becomes equality,
that is

Since P(z) # 0, we have ¢, > 0 for some m > 0. The above equality is also equivalent to that
for some x € R

ma/Cm + /C, =0, V¥Ym > 0.
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Therefore, v = 0 if and only if Vee(H) = Ymin(H) (Emax(H) = emin(H)) . Noting that, a
known fact in the topological graph theory says that Ymaz (H) = Ymin(H) (Emax(H) = emin(H))
implies that H is the cactus graph (H is the path graph), we complete our proof.

O

FIGURE 3.4. Graph H (left), and ladder-like graph L (right)

Given any graph (H,u,v) whose root-vertices v and v are both 1-valent, as in Figure [3.4]
we construct a ladder-like sequence of graphs {(LX, u,,v,)}%, [7]. The shadow part of H can
be any connected graph, and the ladder-like sequences are a special case of H-linear family of
graphs.

Corollary 3.8. The genus distributions of the ladder-like sequence of graphs {LH}> | are
asymptotic normal distribution.

Proof. By [7], the production matrix for genus distributions of the ladder-like sequence of graphs

LE LE LI ... s
[41: 2z 0 ] [0 0 0]
M(z)=p(x) |0 0 0] +gqg(z)|0 2 4f,
0 2z 4z 4r 2z O
where p(x),q(z) € Z(x) are the partial genus polynomials for H. Also by [7], ¢(x) = 0 is impossible.
Obviously, D = 4(p(1) + ¢(1)) and the eigenvalues of matrix M(1) are given by
Ar=4(p(1) +q(1)), A2 =4p(1) —2¢(1), A3 = 0.
By p(1) > 0 and ¢(1) > 0, one easily sees that
A1 > |A2], A1 > |As)
and the matrix M (1) is primitive.
With the help of a computer, one arrives at that

_3('(1)+d (1) +3p() +q(1)
3(p(1) + a(1) |
v= gy 240 - 27 () + ¢ ()’
+99(1) (3p"(1) + 3¢ (1) +34'(1) + 7p'(1))

+p(1) (27p”(1) T 27p' (1) + 274" (1) — 9¢' (1) + 14q(1))] .

In the rest of this corollary, we will prove v > 0. Assume
p(z) = Zam:cm, q(z) = Z bnz™.
m m

Using Cauchy-Schwarz inequality again, we see that p'(1)% < (p” (1) +p'(1)) -p(1) and ¢'(1)* < (¢" (1) +
q'(1)) - q(1). Therefore, in order to prove v > 0, it is suffice to show that

54p'(1)q' (1) + 9p(1)q (1) < 2q(1)° +94(1) (3p" (1) + 79'(1)) +p(1) (274" (1) + 14q(1) ),
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which is equivalent to
3 [54ija¢bj + 9aijbj] <2q(1)*+ 3 [27(12 — i) +63i +27(5% — j) + 14] aib;.
i, 1,
The above inequality is due to
12+ z]: [27@ — )2+ 366 — )+ 14]aibj =2¢(1)% + z; (27 (i—j+ 3) + 2)azbj >0.
We complete the proof of v > 0.

By Theorem B35 the genus distributions of the ladder-like sequence {L% }52, are asymptotic normal
distribution with mean e - n and variance v - n. g

3.4. Limits for crosscap-number distributions of graphs. We demonstrate the relation-
ship between the limits of crosscap-number distributions and Euler-genus distributions.

Theorem 3.9. Let a,, = FGOS; bp, =1—ay. If lim a, =0, we have
n—oo
. 7i(GR)
(3.6) lim sup‘ - —"1 =0,
"0 zER 0; 8G° 0<i<w L (1)

which implies that the limits of crosscap-number distributions are the same as that of Fuler-genus
distributions.

8; then b, = 1— 8; Let U,, @n, W.,, be three random variables

with distributions glven by the genus, crosscap- number and Euler-genus respectively, that is

%(GR) p - g = 1(GR) )=
For (1) P(U, =) = For(l) P(W, =1)

Proof. Since a,, =

P(U, =i) =

Since

EG(:E) = Fg({EQ) + Fg(x),
for any 7 € N, we have

Eay (1) - P(Wy, = 1) = ei(Gy) = 7, (Gr) +7(Gr)

75
= B(Uy = 3) Tz (1) + B0, = i) - Tz (1),

here ~ i (G?) is defined as 0 when 4 is an odd number. Therefore, it holds that

P(W, = i) = a,P(2U,, = i) + b,P(U,, = i)
By this, for any = > 0, we have

P(W, < z)—P(U, < 2) = a,P(2U, < z) + (b, — DP(U, < z).

Thus

P(W,, <) —P(U, <z)| <a,+ (1-b,).

By the definitions of W,,, U,,, the above inequality implies (33)). O

By (36), once the limits of Euler-genus distributions is obtained, the limits of crosscap-
number distributions is also known.

With the same method as that in Theorem 3.9, we obtain the following corollary.
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Corollary 3.10. Let {G,,}52 be any sequence of graphs, which is not required to be H-linear

family of graphs with spiders. If nler;O gc%éll; = ﬁ =0 or nler;O B(Gy) = oo, we have

ek |\, €a, (1) 0<i<aw L, (1)

‘ Z £i(Gn) 7i(Ghn)

4. MORE EXAMPLES AND SOME RESEARCH PROBLEMS

The graphs, which have explicit formulas for their embedding distributions, mainly are linear
families of graphs with spiders, see [4, [6], [8, [TT, 29] for details. There are many linear families of
graphs with spiders which satisfy the conditions of Theorem 2] or Theorem However, we
give a few examples to demonstrate the theorems, including the famous Mobius ladders, Ringel
ladders and Circular ladders.

Example 4.1. Let Y,, be the iterated-claw graph of Figure [£1]

A aa e e

K Y,

FIGURE 4.1. The claw Y7 (left), and the iterated-claw graph Y,, (right)

The genus polynomial for the iterated-claw graph Y,, [14] is given by
Ty, () = 202Ty, ,(z) — 8(—3x + 82Ty, _,(x) — 3842°Ty, _,(z).
Since
F(z,\) = X\ =202\ +8(82% — 32)\ + 38423,
F(1,LA) = (A=16)(A—2(1 - V7)(A—2(VT+1)),
the conditions of Theorem 21 hold for P, (z) =Ty, (z) and A;(1) = D = 16. By the derivative

rule of implicit function and with the help of Maple, one sees

68
T YT

For the constants e, v given above, we have

lim su
nooeves | Ty, (1)

SO B
Z %‘(Yn)—/ 5¢ 2% du| = 0.

0<i<z\/vnten
By [], the Euler-genus polynomials of Y,, satisfy the following three-order recurrence relation
Ev,(r) = 203z +282%)Ey, ,(x) — 16(—32? — 1223 + 42*)Ey,,_, (x) — 307225Ey,,_, ().
Set P, (z) = &y, (z) and
F(x,\) = \* — 2(3z + 2822)A\? 4 16(—322 — 1223 + 42™)\ + 307225.

Since F(1,A) = (A —64)(A—6)(A+ 8), the conditions of Theorem [ZTlhold and D = A1(1) = 64.
By the derivative rule of implicit function and with the help of Maple, one sees

160 269092

s7 T 1975500

e =



LIMITS FOR EMBEDDING DISTRIBUTIONS 17

For the constants e, v given above, the Euler-genus distributions of Y,, are asymptotic normal
distribution with mean e-n and variance v-n. By Theorem[3.9] the crosscap-number distributions
of Y,, are also asymptotic normal distribution with mean e - n and variance v - n.

Example 4.2. Let G,, = P,,0P; be the grid graph [17]. The genus polynomials for the grid
graph G, are given by the recursion

Ia,(z) = (1+30z)lq,_, () —42(—z + 42*)Lq, _, ()
—72(x* + 142, _,(2) + 17282, _, (x).
With the help of Maple, the conditions of Theorem 211 hold for P, (z) =T, (z) and
D= )\(1) =24, e:%, U=%>O.
The Euler-genus polynomials for the grid graphs G,, [4] satisfy the recursion
Ea,(r) = (14 11z +842%)&q, , (x) + 122%(7 + 302 — 282%) &g, _, ()
—2882*(1 + 4z + 322°%)Eq,, ., (x) + 276482%E¢,_, ().
With the help of Maple, the conditions of Theorem [Z1l hold for P, (x) = &g, (z) and

5488 4819233780 <
3037 T 28011371653 '

By the discussions above, the embedding distributions of the grid graph G,, are asymptotic
normal distributions.

D=X(1)=96, e=

Example 4.3. Suppose that n is a positive integer. Let C),, be the cycle graph on n vertices.
The Ringel ladder R,, is obtained by adding an edge joining the two vertices of the leftmost edge
and rightmost edge of the ladder graph L,. A circular ladder CL,, is the graphical Cartesian
product CL,, = C,,0P,. The Mdébius ladder ML, is formed from an 2n-cycle by adding edges
connecting opposite pairs of vertices in the cycle. i.e., the Mobius ladder can be described as a
circular ladder with a half-twist. It is known in [6] that the Ringel ladder, circular ladder, and
Mobius ladder are ring-like families of graphs. Let H,, be the Ringel ladder R,, circular ladder
CL,, or Mdobius ladder M L,,.

By Theorem 3.1 in [6], the genus polynomials for H,, [0] satisfy the recursion
Ty, (x) = 4T, ,(x) + (-5+202)Cy, ,(x)+ (—56x+2)y, ,(x)

—4(32z — 11)aT'H, _,(z) + 8(28z — 1)zT'w, ,(x)
+32(8z — 3)2° Ty, _,(x) — 2562°T g, . ().

Since

F(x,)\) AT —4X8 — (=5 +202)\° — (=56 + 2)\*
+4(322 — 11)z\® — 8(28z — 1)xA\? — 32(8z — 3)x\ + 256>
= A=DA+2vV2) A =2vVZ) A =1+ VI +82) (A —1 -1 + 8x)
(A= %(1 VBT D)) (A - %(1 VB2 T D)),

the conditions of Theorem[ZThold for P,(z) = Ty, (z) and A1 (z) = v8x + 14+1,D = X\ (1) = 4.
With the help of Maple, one easily sees

1
a2
3 VT 77

e =
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By Theorem 2.1], for the constants e, v given above , we have

S| 1,2
lim sup ~i(Hy) —/ —e 2" du| =0.
" weR H"(l) O<i<z\/zm+e-n oo V2T

The Euler-genus polynomials for H,, [4] are given by the recursion
En,(x) = (122+4)&x, ,(z) + (—122% — 342 — 5)&x, ,(2)
+(—2402° — 202% + 262 + 2)Ep,, 4 (2)
+4(80x3 + 12822 + 142 — 1)2&m, _,(z)
+16(1122° + 822 — 14z — 1)2°Ex, . ()
—128(82% 4 18z + 3)z*Ey, _, (x)
—2048(2x + 1)25Ex,_, ().
Since
F(x,)) = A — (122 +4)\5 — (=1222 — 342 — 5)\5 — (—24023 — 202% 4 262 + 2)\?
—4(802% + 12827 + 142 — 1)a\® — 16(1122° + 8% — 142 — 1)2*\?
+128(8x% + 18z + 3)2* A + 2048(2z + 1)a°,

F(LA) = (A+22A=3)A—-4)A-8)(A— %(5 —V/89)) (A — %(5+ V/89)),

the conditions of Theorem [ZT] hold for P,(x) = Ex, (x) and D = A\;(1) = 8. With the help of
Maple, we have
AM(z) =v2022 +4x+1+22+1 e:é v = 22 > 0.
’ 5’ 125
By Theorem 211 for the constants e,v given above, the Euler-genus distributions of H,, is
asymptotic normal distribution with mean e - n and variance v - n.

4.1. Some researches problems. In the end of this paper, we demonstrate some research
problems.

Question 4.1. In our paper, the limits of the embedding distributions for graphs are mormal
distributions or some discrete distributions. Can we prove that the limit of the embedding dis-
tributions for any H-linear family of graphs is a normal distribution or a discrete distribution.
Furthermore, if the mazimum genus (Euler-genus) emax(G) of H is great than 0, do we have the
limit for the genus distributions (Euler-genus distribution) for any H-linear family of graphs is
a normal distribution?

Question 4.2. Suppose that {én}?f:l is a family of graphs with B(én) — 0o (orientable maz-
imum genus Ya (Gr) — 00). Are the crosscap-number distributions (genus distributions) of Gy,
asymptotic normal.

A bouquet of circles B, is define as a graph with one vertex and n edges. A dipole D, is
a graph with two vertices joining by n multiple edges. In [15], Gross, Robbins, and Tucker
obtained a second-order recursion for the genus distributions of B,,. The genus distributions of
D,, were obtained by Rieper in [25], and independently by Kwak and Lee in [16]. The wheel W,
is a graph formed by connecting a single vertex to each of the vertices of a n-cycle. The genus
distribution of W,, was obtained in [5] by Chen, Gross and Mansour. The following special case
of question is may not hard.
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Question 4.3. Are the embedding distributions of By, D, and W, asymptotic normal?

The following question is for the complete graph K, on n vertices and complete bipartite
graph K, »,.

Question 4.4. Are the embedding distributions of K,,, and K, ,, asymptotic normal?

Another question is the following.

Question 4.5. Is the embedding distribution of a random graph on n vertices asymptotic nor-
mal?
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