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SIGNED MAHONIAN ON PARABOLIC QUOTIENTS OF
COLORED PERMUTATION GROUPS

SEN-PENG EU, TUNG-SHAN FU, AND YUAN-HSUN LO

ABSTRACT. We study the generating polynomial of the flag major index with each one-
dimensional character, called signed Mahonian polynomial, over the colored permutation group,
the wreath product of a cyclic group with the symmetric group. Using the insertion lemma of
Han and Haglund-Loehr-Remmel and a signed extension established by Eu et al., we derive the
signed Mahonian polynomial over the quotients of parabolic subgroups of the colored permuta-
tion group, for a variety of systems of coset representatives in terms of subsequence restrictions.
This generalizes the related work over parabolic quotients of the symmetric group due to Caselli
as well as to Eu et al. As a byproduct, we derive a product formula that generalizes Biagioli’s
result about the signed Mahonian on the even signed permutation groups.

1. INTRODUCTION

The enumeration of the major index with sign over the symmetric group S, studied by
Gessel and Simion (see [14], Corollary 2]) yields a remarkable factorization formula in terms of
g-factorials, called signed Mahonian polynomial,

S sign(0)g™@) = [1,[2] ¢+ 1] _1yerg: (1.1)
oESy
where [kl =1+ g+ +¢* 1 = (1 - ¢*)/(1 — ¢q). Adin, Gessel, and Roichman [2] extended
(CI) to the signed permutation group B, using the flag major index (fmaj) defined by Adin
and Roichman [3],
Z Sig“(ﬁ)quaj(ﬁ) = [2]-q[4]q- - [2”](—1)“q- (1.2)
BEBn
Biagioli and Caselli studied the generating polynomial of the flag major index with each
one-dimensional character x.j over the wreath product G,, := Z, 1 S,, of a cyclic group with

the symmetric group, and derived the following formula in the context of projective reflection
group (cf. [7, Theorem 4.1]),

Z Xf,h(ﬂ)quaj(w) = [T]Chq[QT]eChq T [m"]e"—lchq’ (1.3)
T€Grn

where e € {1,—-1}, 0 < h <r —1 and ( is a fixed primitive rth root of unity.
For k < n, Caselli derived the signed Mahonian over the parabolic quotient of symmetric
group S, by the subgroup Sk [9, Corollary 3.4], which includes (I.I]) as a special case,

Z (_1)|nV(U)qmaJ(U) =[k+ 1](_1)nk+n+kq[k + 2](_1)k+1q[k + 3](—1)k+2q e [n](,l)nflq,
o€Sp(n—k+1:n)

(1.4)
where S,(n —k+1:n):={c €S, :0'n—k+1) <o 'n—-k+2) <--- <o ln)}is
a system of representatives of the cosets of Sy in S,. Namely, S,(n —k+1:n) C S, is the
subset of permutations containing the word (n — k 4+ 1,n —k + 2,...,n) as a subsequence. Eu
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et al. derived broader results on the permutations with varied subsequence restrictions [10,
Theorem 1.2], and suggested extending the results further to the signed permutation group By,
in the spirit of [9, Problem 5.9].

In the realm of parabolic quotients of G,.,,, Caselli obtained the distribution of the flag major
index on the quotient of G, by the subgroup G, [9, Corollary 5.6],

> a™ I = [(k + Drlgl(k + 2)r)g - vy, (1.5)
TeCy

where Cj, is a system of representatives of the cosets of G, 1 in G, . In order to unify (I.4) and
([L3H), Caselli suggested studying further a signed analogue of (I3 [9, Problem 5.9],

Z Xgh(ﬂ_fl)quaj(ﬂ_l), (16)

meClk

which includes ([.3]) as a special case. The purpose of this paper is to study the signed Mahonian
on the parabolic quotients of G, by the subgroups G, and Sj, respectively, for a variety of
systems of coset representatives in terms of subsequence restrictions. See Theorems 2.2] 2.3
and for the main results.

2. PRELIMINARIES AND MAIN RESULTS

A permutation o € S, will be denoted by o = (01,...,0,), where o; = o(i) for all i € [n].
The inversion number of o is defined by inv(o) = #{(i,j) : 0 > ocjand 1 < i < j < n}.
The set of descents of o is Des(o) := {i : 0; > ;41 and 1 < i < n — 1}. The descent number
(des) and major index (maj) of o are defined by des(c) = |Des(o)| and maj(o) = 3 ;cpes(o) %
respectively. We will write [m,n| := {m,m + 1,...,n} for integers m < n and set [n] := [1,n].

2.1. The colored permutation groups. The group G, of wreath product Z, 1.5, consists
of all permutations 7 of [n] x [0, 7 — 1] such that 7(a,0) = (b, j) = w(a,t) = (b,i+j), where i+ j
is computed modulo r, with composition of permutations as the group operation of Z,?S,,. The
group G, reduces to the symmetric group S,, when r» = 1 and the signed permutation group
B, when r = 2. Members of G, , are represented as colored permutations on [n] by couples
(0,2z), where 0 = (01,...,0p) € Sp, z2 = (21,...,2,) € [0,7 —1]™ and 2, is the color assigned to
0. We also write m = (0, 2) in window notation with entries in colored integers,

= (m,m2, ..., ) = (07',05%, - ,02"),
where m; = 7(i,0) for all ¢ € [n]. If z; = 0, it is usually omitted. Sometimes m = (71,...,7y)
is called a (colored) word. Let || := (|m1|,...,|mn|), where |m;| = oy is the absolute value of ;.

The color weight (col) of 7 is defined by
col(m) :=21+ 22+ -+ + 2zp. (2.1)
There are 2r one-dimensional characters of the group G, ,,, which are of the form
Xea() 1= dnimgheoltn (22)
where € € {1,—1}, h € [0,7 — 1], and ( is a fixed primitive rth root of unity.
Definition 2.1. We use the following order for the flag major index

r—1

F:1l<.ocn o <cl< o<l << <. (2.3)

The major index (majz) and flag major index (fmaj) of 7 are defined by

majp(m) = Y i and  fmaj(m) := 7 - majp () + col(w). (2.4)

T >Ti41
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For example, if 7 = 3 and 7 = (42,2%,51,1,3!) € G35 then col(r) = 5, majp(7) = 4, and
fmaj(m) = 17.

2.2. Main results. For two integers a,b € [n], a < b, let G, ,(a : b) C G, denote the subset
of colored words containing (a,a+1,...,b) as a subsequence. We observe that the subgroup of
G, given by

(re€Gp:m=0%....(n = k), Tn ki1, - mn)}
is isomorphic to G, j, for all k£ < n, and that
Cr :=A{(m1,... ,Wn,k,a,o%kﬂ, . ,02) €Grn:On_pt1 < - <opn}
is a system of coset representatives of the subgroup in G, ,. Moreover, G, ,(n —k+1:n) =

{n=1: 7w € C.}. We obtain the following unified result.

Theorem 2.2. Let x.j be a one-dimensional character of Gr,,. For1<k<n—-1,k<b<n
and b =n (mod 2), the following results hold.
(i) If n — k=0 (mod 2) then
S xea @™ = [+ Vrlagng - [rlen-agrg.
WEGT,n(b—k‘-i-l : b)
(ii) If n — k=1 (mod 2) then

S Xenlmg™I = <[/<: +1egr [r]chq) [(k + 2)r]es10ng - - ) cn1¢ng
TEGr n(b—k+1:b)

Moreover, we also obtain the signed Mahonian on the remaining cases Gy, (b—k : b—1) with
the one-dimensional characters x_; ;. Neat formulae are unlikely available; however, we provide
a formula for computing the signed Mahonian of G, ,,(b—k : b—1) from that of G, (b—k+1: b).

Theorem 2.3. For 1 <k<n—-1,k+1<b<nandb=n (mod 2), let U and V be the words
given by

U=0b-kb—k+1,...;b0—1) and V=0b-k+1,b—k+2,...,0).
The following results hold.
(i) If k is odd then

Z X*l,h(ﬂ-)quaj(ﬂ-) + Z X*l,h(ﬂ)quaj(W)
WEGr,n(U) ﬂ-eGTyn(V)

2[k + 1 —gr[(k + 2)7]|eng[(k + 3)r] Zqyptacng - - [nr](Z1yn—1cng for n even;

2 ([k: + 1] _gr[k +2]g [T]Chq) [(k + 3)r](—1ysvacng - [nr](—1yn-1cng  for m odd.
(ii) If k is even then

Z X_Lh(ﬂ_)quaj(ﬂ) + Z X_Lh(ﬂ_)quaj(w)
TEGrn(U)\Grn(V) TEGrn(V)\Grn(U)
ok + 1]_gr ([r]chq - 1) [(k + 2)7] _1yksicng -~ nr)Ciynoreng for n odd;

2f(r;q) - [k + Ugr[k + 2] —gr [(k + 3)r](_yyeracng - - [nr](Zyyn-1¢cng  for n even,

where f(r;q) = —(¢"q)[r — Y Zayrenglrl(—1yr—1¢ng-
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Definition 2.4. For any w € Sy, let G, ,(w) := {7 € G, : |7| = w}. For a,b € [n], a < b, we
define

H, ,(a:b) = U Grn(w),
wE Sy (a:b)
namely, H; ,(a : b) consists of colored permutations 7 such that || contains (a,a+1,...,b) as

a subsequence.

Regarding the signed Mahonian on the parabolic quotient of G, by the subgroup Sj, we
obtain the following result.
Theorem 2.5. For 1 <k <n-—1 and k < b <n, the following results hold.
(i) If k is odd then

Z X-1 h(W)quaj(w) = [T]Chq[zr]_th T [nr](—l)nflchq .
mE€Hrn(b-k+1:0) | [Uengl2l—¢ng - [k](—l)kflghq
(i) If k is even and n —b =0 (mod 2) then

‘maj(n [T]h[QT]fh “‘[TLT], n—1¢h
Z X—l,h(ﬂ')qf aj(r) _ 1 1¢"q ¢"q (=)n~'¢hq [k+1](—1)nghq-

7€ H, n(b—k+1:b) [erg[2-cng [k +U—ryreng
(iii) If k is even and n —b =1 (mod 2) then

Z X—1,4(m)g™4™) = Hergl2rlcrg = 7l (2 — [k 4+ 1 _qynen >
TEHy n (b—k+1:b) ’ [Uengl2—chg - [k + U—1yreng !

The rest of the paper is organized as follows. Section 3 and Section 4 are devoted to the
proofs of Theorems and 23] respectively. In Section 5 we derive a factorization formula for
the signed Mahonian on the set G, ,(w) (Theorem [E.1]), which allows us to prove Theorem
In Section 6 we obtain a product formula that generalizes Biagioli’s result about the signed
Mahonian on the even signed permutation groups (Theorem [6.1]). Finally, we close with two
remarks.

3. PROOF OF THEOREM

In this section we shall study the signed Mahonian over the quotient of the parabolic subgroup
G, in G, 5, and prove Theorem

For any finite set A = {ay,...,a,} of positive integers, let S4 denote the set of permutations
of {a1,...,a,} and let G, 4 := Z, 1 S, the group of colored permutations of A. For any word
W € Gy a, the inversion number of || is calculated using the natural order a; < --- < a,

of integers, and the flag major index of W is computed with respect to the following order of
colored integers

r—1 r—1
n

< <al<oo<al <a < <an.

3.1. Insertion Lemma. The insertion lemma of Han [12] and Haglund-Loehr—-Remmel [11]
describes the increment of major index resulting from the insertion of an additional element
into a given permutation, which works just as well for colored integers in the order (2.3]).

Definition 3.1. Given a set A C [n] and a colored word W € G, 4, let G, (W) denote the
subset of G, consisting of the members containing the word W as a subsequence. By abuse
of notation, we will use x.  to denote the following statistic of W

Xe h(W) = ei"V(‘WDCh-coI(W).
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Moreover, for any m € [n] \ A, let T(W;m!) denote the set of words obtained from W by
inserting m! for some t € [0,r — 1].

Remarks: To distinguish G, ,(W) from the notation G, ,(w) in Definition 24} we shall use
an upper case letter, say W, for a colored word restriction.

For any m € [n], let W be a word of G, 4, where A = {1,...,m —1,m+1,...,n}. Every
member of G, ,(W) can be obtained from W by inserting the colored integer m' for some
t € [0, — 1]. Haglund, Loehr and Remmel [IT], Corollary 4.2] proved that no matter what is
the relative order of m! with respect to the entries of W

Z gmAr(™) = gmair(W) [n]q- (3.1)
7T (W;mt)
This leads to the following results for e = 1.
Theorem 3.2. The following results hold.

(i) For any m € [n] and any word W € G, (1, m—1,m+1,....n}, we have
Yo xan(me™ 0 =y (W)g™ W) [
TEGrn(W)
(ii) For any k € [n — 1] and any word W € G, {n_j41,...n}, we have

Z Xl,h(w)quaj(”) = Xl’h(W)quaj(W)[(k + 1)T]<hq e [nr]chq.
TEGrn(W)

Proof. (i) Note that y1 (7) = ¢"<°(™ and col(r) = col(W) + ¢. By 24) and (BI)), we have

Z Y1 h(W)quaj(ﬂ) _ Z Ch-col(w)qr.majF(w)+co|(7T)
m€T(Wim?) neT(W;m?)

= Z qr~majF(7r) (ChQ) col(mr)
weT (W;mt)

_ (Chq)col(W)th ) (qr)majF(W) [n]qr

= (¢")" - xia(W)g™ W]

Hence
Z Xl,h(ﬂ')quaj(ﬂ) _ Z Z Xl,h(ﬂ')quaj(ﬂ)
TEGr n(W) t=0 \7eT(W;mt)

= W™y (14 g+ + ("))
= x1a (W)™ nr) g,

where the last identity is due to the fact that " = 1.

(ii) We shall prove the assertion by reverse induction on k. The initial case k = n — 1 is
proved in (i) when m = 1. Suppose the assertion holds for & > j. Given W € G {n—j+2,..n}>
we partition Gy, (W) into the subsets G,.,(W') for every word W’ of the set

r—1
TW) = JTW;(n—j+1)").
t=0
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By (i), (8I)) and induction hypothesis,

Z Xl,h(ﬂ')quaj(ﬂ) _ Z Z Xl,h(ﬂ')quaj(ﬂ—)

TEGr n(W) W'eT(W) \7€Grn(W')
_ Z <X1,h(W/)quaj(W,)[(j + 1)T]<hq L [nr]chq>
W'eT(W)

_ Z leh(W/)quaj(W’) [(j+1)T]<hq“‘[nT]<hq
W’eT(W)

= Xl,h(W)quaj(W) [jr]chq[(] + 1)T]Chq T [nr]ﬁhq'
The results follow. O

3.2. Extended Insertion Lemma. Eu et al. [I0, Theorem 1.3] derived the generating poly-
nomial for the increment of major index with sign resulting from inserting an additional pair
of consecutive elements in any place of a given permutation.

Definition 3.3. Given A C [n] with m,m+1 ¢ A and a word W € G, 4, let T(W;m®, (m+1)")
denote the set of words obtained from W by inserting m® and (m + 1)! adjacently for some
s, t €[0,r —1].

For any m € [n—1],let W = (Wy,...,W,_2) € Gy 4, where A ={1,..., m—1,m+2,...,n}.
Every member of G, ,,(W) can be obtained from W by inserting m® and (m + 1)! for some
s,t € [0,r —1]. Let F,. (W) C Gy, (W) denote the subset of members such that the elements
m,m + 1 are adjacent and have the same color, i.e.,

r—1
Frn(W) = | T(W;mf, (m + 1)),

t=0

Given 7 = (m,...,m,) € Grn(W) \ Frn(W), let m; = m* and 7; = (m + 1)%, for some
i, 2; € [0,7 — 1]. Notice that m;, 7; are either adjacent and z; # z;, or not adjacent. There is
an immediate involution 7 — 7’ on the set G, (W) \ F,., (W), with |inv(|7’|) —inv(|7])| = 1,
col(n') = col(m) and majp(7") = majp(w), such that 7’ is obtained from 7 by replacing the
ordered pair (7;,7;) with ((m + 1)%,m%). Since x_15(m) = (=1)"{ImD¢hcol(™ and fmaj(r) =
r - majp(m) + col(r), we have

Z X—1n(m)g M = Z X—1,4 (g™ (3.2)

WEGT,n(W) WeFr,n(W)

The right hand side of [B.2]) can be derived by using the proof of the result in [10, Lemma 4.3].
We describe the method below.

Every member of F,,,(W) can be obtained from W by inserting m?, (m + 1) adjacently, for
some t € [0,r — 1], to the left of W, between two entries of W, or to the right of W, i.e., one of
the n — 1 spaces of W. These spaces are indexed by 0,1,...,n — 2 from left to right. Using the
order (23), the jth space, which is between W; and Wj, is called a RL-space of W relative
to m! if it satisfies one of the following conditions:
j=mn—2and W,_o < ml,
j=0and m* < W,
0<j<nande>Wj+1>mt,
0<j<nandmt>W;>W;iy,or
0<j<nande<mt<Wj+1.
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Any space which is not a RL-space is called a LR-space (relative to m!). Suppose there are d
RL-spaces of W relative to m!, we label the RL-spaces from right to left with 0,1,...,d — 1
and label the L R-spaces from left to right with d,d+1,...,n —2. By the same argument as in
the proof of [10, Lemma 4.3], we have the following result.

Lemma 3.4. If 7 is obtained from W by inserting the pair (x1,x2) adjacently at the jth space
of W (0 < j < n—2), where (x1,x3) is either (m',(m + 1)) or ((m + 1)*,m") for some
t € [0,r — 1], then we have
majp(m) = majp(W) + a; + b; if (w1, 12) = (m!, (m + 1)?),
F majp(W) +a; +bj+j+1 if (z1,22) = ((m+ 1)L, mh),
where a; is the label of the jth space and b; is the number of RL-spaces relative to m' appearing
to the right of the jth space.

By Lemma B.4] and the proof of [10, Theorem 1.3], we have
Z (=1)imvlim) gmair () — (_1)inv(WD) gmaip (W), _ 1) (—1yngln](—1yn-1g- (3.4)
7T (W;imt,(m+1)t)

Note that (81)) and (3.4) hold for each t € [0,r — 1] since the proofs of [11} Corollary 4.2] and
[T0, Theorem 1.3] work well for individual relative order of m! with respect to the entries of W.
This leads to the following signed analogue of Theorem for e = —1.

Theorem 3.5. The following results hold.
(i) For any m € [n — 1] and any word W € Gr{1,....m—1,m+2,..n}, We have

> xca(md™ = Xy (W)™ [(n = 1)r) yyneng[nr]pyn-ieng.
TEGr n(W)

(3.3)

(ii) For1 <k < L”Tflj and any word W € G, (op41,...ny, we have
Z X,Lh(ﬂ')quaj(w) = X,Lh(W)quaj(W)[(n — 2k + 1)7“](_1)n72k<hq ce [nr](_l)n—lghq.
TEGr n(W)

Proof. (i) Note that x_15(m) = (=1)(mh¢hel™ and col(r) = col(W) + 2¢t. By @) and
B4)), we have

Z X_Lh(ﬂ_)quaj(ﬂ)

TET(Wimt (m+1)t)

= Z (_1)inv(\7r|)qr~majp(7r) (Chq)col(w)

€T (Wimt,(m+1)t)
| inv r\maj
— (¢hg) Ry WD ()W g i) g

= (¢")*  X_ 1 W)™ M [ — 1] _pyngr 0] 1yn-1qr-
Hence

= > X—1,1(m)g ™)

t=0 \7eT(W;mt,(m+1)?)
fl,h(ﬂ)quaj(w) [n — 1](71)"qr [n](—l)nflqr (1 + (Chq)2 NI (Chq)Q(T*1)>

fl,h(W)quaj(W)[(n - 1)r](—1)"ﬁhq[nr](—1)"*1Chq'
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Along with (3.2), the assertion (i) follows.
(ii) Using a similar argument to that for the proof of Theorem [B.2((ii), the assertion (ii) can
be proved by induction on k. O

3.3. Proof of Theorem The following lemma will be used in the proof of Theorem
Lemma 3.6. For 1 <k <n-—1, let W be the word (n —k+1,...,n) in G, (n_py1,.n}- Then

r—1

Z Z X1,h (W) g™V = [k + 1) gr [P eng.
=0 \W/eT(W;i(n—k)t)

Proof. For each t € [0,r — 1], notice that (n — k) is less than every entry of W and that the
leftmost space of W is the unique RL-space of W relative to (n — k)*. Moreover, inv(W) = 0,
col(W) = 0, and majp(W) = 0. If W’ is obtained from W by inserting (n — k)' at the jth space
from left to right, 0 < j < k, then inv(|W’|) = j, col(W’) =t and majz(W’') = j. Hence

Z X—l,h(W/)quaj(W/) — Z (—1)‘”V(\W/|)qr-majF(W/) (Chq)COI(W,)
WIeT(Wi(n—k)") W'eT(W;(n—k)?)
k
= (¢") (1Y ()
7=0

= (ChQ)t[k + 1

Hence
r—1
3 S @™ ) = 1] (14 Pt () ),
t=0 \xeT(W;(n—k)t)
The result follows. ]

For any integer d and a word W = ((01,...,0k),2) € Gy, let W+d := ((01+4d, ..., 04+d), 2),
a member of G (411, a+k}- The following result, derived from Theorems .2(i) and B.5(i), will
be used in the proof of Theorem

Corollary 3.7. For 1 <k <n -2, k+2<b<mn, and any word W € G, (p_p41,.p}, we have

Z Xs,h(ﬂ-)quaj(w) — Z Xe,h(ﬂ')quaj(ﬂ)-

WEGr,n(W—Q) WeGr,n(W)

Proof. We first prove the case ¢ = —1. Consider the following two sets G, 3 . ,}(W) and
Gri1,...n—2y(W —=2). Themap U — V from G, g3 (W) onto G, 11, 2y (W —2) defined by
V = U — 2 is a bijection such that inv(|V|) = inv(|U|), col(V') = col(U) and fmaj(V') = fmaj(U).
We partition G, (W —2) into subsets G,.,,(V') for all V' € G, 11, 2} (W —2). Note that every
member of G, (V) is obtained from V by inserting (n — 1)% and n' for some s,t € [0,r — 1].
By Theorem [B5(i), we have

Z X,l,h(w)quaj(”) = X,l,h(V)quaj(v)[(n — 1)7“](_Dnchq[m"](_l)nﬂchq.
TEGrn (V)

Moreover, we partition G, (W) into subsets G, ,(U) for all U € G, (3 . (W). Note that
every member of G, ,(U) is obtained from U by inserting 1° and 2' for some s,t € [0,r — 1].
Likewise, we have

Z X,l,h(ﬂ)quaj(”) = X,Lh(U)quaj(U)[(n — 1)74](_1)nghq[n7n](_1)n71<hq.
TEGrn(U)
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By the bijection between G, (3 . (W) onto Gy (1 n—2) (W — 2) mentioned above, we have

Z Xfl,h(ﬂ')quaj(ﬂ)

TEGrn(W-2)

= > > xcia(m)g™Im

VEGT,{I ,,,,, n72}(W72) T‘-GGTJI(V)

= Z X*l,h(v)quaj(v) [(n - 1)T](,1)nchq[n7’](,1)n—1<hq
= > X-1a (@)™ ) (= 1)r](yncng[nr]—1yn-1cng

- Y [ S vtmem

,,,,,, n} (W) \m€Grn(U)

= ) x-1a(m)gmI.

WEGr,n(W)
This proves the case e = —1 of the assertion. Using Theorem [3.2(i) and a similar argument, we
obtain
S xanmd™I = 3"y ()™,
WEGT,n(W_l) WeGr,n(W)
By iteration, the case ¢ = 1 of the assertion is proved. O

We now prove Theorem

Proof of Theorem[Z2. Let W = (n—k+1,...,n). Consider the parities of n and k.
Case 1: n —k =0 (mod 2). By Theorems and B35 for e € {1, —1} we have

Z XQh(ﬂ-)quaJ(ﬂ-) — [(k + ]‘)T]Ekch’q e [nr]gnflghq-
TEGr n(W)

Case 2: n —k =1 (mod 2). For the case ¢ = 1, by Theorem B2, we also have

> xanm@a™ I = [(k 4+ Drleng[(k + 2)rleag - [n7] ey (3.5)
TEGrn(W)

For the case e = —1, we partition G, ,(W) into subsets Gy ,(W’), where W’ ranges over all
words obtained from W by inserting (n — k)! for some t € [0, — 1]. By Theorem [B.5(ii), we
have

> xca@a™ I =y (WG ™IV (ke + 2)r] qyeraeng - 0] Cipn-ienge
TEGrn(W')
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Moreover, let T'(W) := ;:é T(W;(n—k)'). We have
Z X_Lh(ﬂ_)quaj(w)

TEGr n(W)

- ¥ 3 ()™

W'eT(W) \m€Grn(W')
= > (W™ Ik + 207] ayengng -+ 7] Cayneagg )
W/ eT(W)

r—1

= Yo X W)E™I [(k + 2)r]Cpyergng - (] Cpneigng.
t=0 \W/eT(W;(n—k)t)

Hence by Lemma [3.6], we have
Z X—l,h(ﬂ')quaj(ﬂ — <[kj + 1],qr [’I"]Chq) [(kj + 2)T](,1)k+1<hq s [nr](,l)n—%hq. (3.6)
TEGyn(W)
Combining [B.5]) and ([B.6), for € € {1,—1} we have

Z Xe,h(ﬂ')quaj(ﬂ—) = ([k + 1]eqr [T]Chq) [(k + Q)T]elﬁqchq T [m”]gnflghq-

TEGr n(W)
Notice that [k + 1]egr[r]eng = [(k + 1)7]¢ng if € = 1. By Corollary B.7], for 1 <d < |£] we have
Do Xeamd™ W= 37 xe(mg™I. (3.7)
TEGrn (W —2d) TEGyn(W—2d+2)
The proof of Theorem is completed. O

4. PROOF OF THEOREM [2.3]

In this section we study the relation between the signed Mahonian polynomials on the sets
Grn(b—Fk+1:0) and G, (b —k : b—1). In the following we compose permutations right to
left.

Proposition 4.1. For 1 <k<n—-1andk+1<b<n,letU andV be the words given by
U=@0b-—kb—k+1,....6—1) and V=(b—k+1,b—k+2,...,b)
Then there is a bijection m — 7' of Gy (U) \ Gyrn(V) onto Gypn(V) \ Grn(U) with Des(n’) =
Des(r), col(n’) = col(w) and the following property.
o If 7 contains the entry bt for some t € [1,r — 1] then 7 contains the entry (b— k)t and
inv(|7'|) — inv(|7|) = k (mod 2).
e Otherwise, ™ (m', respectively) contains the entry b (b — k, respectively) and inv(|7'|) —
inv(|rr]) =k —1 (mod 2).
Proof. (i) Given a word m € G;.,(U) \ G, (V) with the entry b* for some ¢ € [1,7 — 1], let

;o b=k b—k+1 - b—1 b
T=\b—k+1 b—k+2 -~ b (b—k! )™

Notice that if b* appears to the right (left, respectively) of b — 1 (b — k, respectively) in 7 then
inv(|7’|) — inv(|7r|) = k (—k, respectively). Moreover, if b* appears between b —j — 1 and b — j
for some j (1 < j <k —1) then inv(|7’|) —inv(|7|) = k — 2j. Hence inv(|7’|) and inv(|x|) have
the same (opposite, respectively) parity if k is even (odd, respectively).
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(ii) Note that Gy (U) NGrpn(V) = G p(b—k : b). Given a word m € G,,,(U) \ Gy (V') with
the entry b, notice that b appears to the left of b — 1. There are two cases.

Case 1. If b appears to the left of b — & in 7, then set

;o b b—k b—k+1 b—k+2 --- b-—1
TT\b—k+1 b—k b—k+2 b—k+3 -~ b )7

Note that inv(|7’|) —inv(|7|) =1 — k.

Case 2. Otherwise, b appears between b — j — 1 and b — j for some j (1 <j < k—1). Ifin
particular j = 1 then set

o b—k - b—2 b b—1
T=\b—k+1 -~ b=1 b b—k )T

otherwise 2 < j <k — 1 and set
S b=k b=j=1 b b= b=l e b=1
“\b—k+1 - b=—j b—j+1 b—k b—j+2 -~ b '
Note that in the former case inv(|7’|) — inv(|7|) = k — 1, while in the latter case inv(|7’|) —
inv(|w|) = k — 25 + 1. Hence inv(|7’|) and inv(|7|) have the same (opposite, respectively) parity
if k is odd (even, respectively).

The inverse map 7’ — 7 can be constructed by composing 7’ with the inverse of the permu-
tation. The assertion follows. O

Now we prove Theorem [2.3]

Proof of Theorem [2.3. By Corollary B, it suffices to consider U = (n — k,...,n — 1) and
V=(n—-k+1,...,n). Notice that G, ,(U) NGy, (V) = Gy pn(n —k:n).
(i) For k odd, by Proposition [.1] we have

2 >, xem@d™ ) = Yo x-ua(med™i

WeT(Un) \m€Grn(W) WeT(Vin—k) \m€Grn(W)
> > xawmg™im | =— Y > xcialmg™im |
WeT(U;nt) \m€Gyn(W) WeT(Vi(n—k)t) \m€Grn(W)

for each t € [1,r — 1]. Hence

Z X_Lh(ﬂ_)quaj(ﬂ) + Z X_Lh(ﬂ_)quaj(w)
TEGrn(U) TEGrn(V)

(4.1)
—9 Z Z X_Lh(ﬂ_)quaj(ﬂ)
WeT(Vin—k) \m€Grn(W)
Case 1. nis even. Then n —k =1 (mod 2). We have
Z Z X_Lh(ﬂ_)quaj(ﬂ)

WET(Vin—k) \m€Grn(W) (4.2)

= Y (X_M(W)quaj(w)[(k + 2)r] _qyrrichg [nr](,l)n_lchq) .

WeT(Vin—k)
Moreover,

Yo xeaMW)g™MIW =1 — g (1) = e+ 1) (4.3)

WeT(Vin—k)
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By (@), (£2) and (4£3)), the assertion (i) is proved for n even.
Case 2. n is odd. Then n — k = 0 (mod 2). By Theorem B.5 it suffices to consider the

members in G, , (V') containing (n — k — 1)° and n — k adjacently for each s € [0, — 1]. Hence

Z Z X*l,h(ﬂ—)quaj(ﬂp)

WGT(V,n*k) WEGr,n(W)

- > S (g

s=0 \WeT(V;(n—k—1)5n—k) \7€Grn(W)

r—1
= Z <X—1,h(W)quaJ(W) [(k 4+ 3)r](_1ysracng - [W](—nnflghq)
s=0 \WeT(V;(n—k—1)%,n—k)
(4.4)
Moreover,
r—1 .
Z Xfl,h(W)quaJ(W)
s=0 \WeT(V;(n—k—1)%,n—k)
. ) (4.5)
_ Z X—l,h(T)quaJ(T) (1 + Chq 4t (ChQ)r >
T7e€T(Vin—k—1,n—k)
= [k’ + 1],(]1" []C + 2](]1" [T]Chq'
By (41), (£4]) and (4.5), the assertion (i) is proved for n odd.
(ii) For k even, by Proposition [4.1] we have
> > xca(mg™i™ | =— > xcia(m)g™im |
WeT(Uin) \7€Grn(W) WeT(Vin—k) \7€Grn(W)
> > xcalmg™im ) =y > xcialmg™im ]
WeT(U;nt) \m€Gyn(W) WeT(Vi(n—k)t) \m€Grn(W)
for each t € [1,r — 1]. Hence
Z X_Lh(ﬂ_)quaj(w) + Z X_Lh(ﬂ_)quaj(w)
TEGr n(U\Gr,n(V) TEGrn(V)\Grn(U)
(4.6)

r—1
=2y > > xcun(m)gmI

t=1 \WeT(V;(n—k)t) \7€Grn(W)

Case 1. n odd. The assertion can be proved by the argument of Case 1 of the proof of (i),
regarding the members of G,.,,(V) containing the entry (n — k)* for each ¢ € [1,r — 1].
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Case 2. n even. It suffices to consider the members in G, (V') containing (n —k —1)° and
(n — k)t adjacently for each s € [0,r — 1] and ¢ € [1,r — 1]. Hence

> ( > Xl,h(ﬂ)quaj(“))

WeT(Vi(n—k)t) \7€Grn(W)
1

T

Z Z X*l,h(ﬂ—)quaj(W)

WeT(V;(n—k—1)%,(n—k)t) \7€Gr (W)

i
o

\3
|
—

> <Xf1,h(W)quaJ(W)[(k + 3)r](Cayrrzeng [nr](—l)"*lchq)
s=0 \WeT(Vi(n—k—1)%,(n—k)t)
(4.7)
For each s € [0,r — 1], there is a bijection W +— W’ of T(V;(n — k — 1)%,(n — k)*) onto
T(Vi(n—k—1)% (n—k)") such that

Xfl,h(W)quaj(W) (ChQ) s—t if 5>t

X—l,h(W)quaj(W) ( _ (Chq)s—t> ifs <t (4.8)

X1, (W)g™maiWV) = {

The bijection is established as follows. Let (n — k)! and (n — k — 1)! appear at the entries
W;, Wj41 of W for some j. The corresponding word W' is obtained from W according to the
following rule. If (W}, W;11) is an ascent, i.e., (W;, Wji1) = ((n—k—1)", (n—k)"), then replace
the ordered pair by ((n — k — 1)*,(n — k)t) if s > t and by ((n — k), (n — k — 1)%) if s < t.
Moreover, if (W;, W,41) is descent, i.e., (W;, W,t1) = ((n — k), (n — k — 1)!), then replace the
ordered pair by ((n —t)!,(n —k—1)*)if s >t and by ((n —k —1)%,(n —k)!) if s < t.

It follows that

r—1

Z_: Z X*l,h(W/)quaj(Wl)

s=0 \W'eT(V;(n—k—1)%,(n—k)t)

= > X-1(W)g ™)
WeT(

Vi(n—k—1)t,(n—k)t)

(1t ()T ()T = ()T
_ Z Xfl,h(W)quaj(W) (ChQ) 2t
WeT(Vin—k—1,n—k)
X <1 g+ ()T = ()T - - ((hQ)_t>
= [k+ U lb+2)-¢ (¢") (= 1= CPa = = (") + () + o+ ().
(4.9)
The assertion follows from (4L.8)), (£7) and (£9), where the factor f(r;q) is given by
r—1
fr30) =3 (") (— 1= "=+ = (¢"0) T+ (¢") o+ (M),
t=1

That f(r;q) = —(¢hg)[r — 1 (Z1)r¢nglr](—1)r-1¢a can be proved by induction on r. O
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Specifically, for r = 1 and the sign character x_jo(c) = (—=1)"™(?) | we derive the following
results from Theorems 2.2 and 2.3} which have been established in [I0, Theorem 1.2]. We make
use of the notation [n]+,! == [1]4[2] ¢ - [n](—1)n-14-

Theorem 4.2. (Eu et al. [10]) For 1 <k <n—1 and k < b <mn, the following results hold.
(i) If k is odd then we have

Z (_1)inv(o) qmaj(o) _ [“]iq-_
€S (b—k+1:b) ’
(ii) If k is even and n —b =0 (mod 2) then
. . !
S (g - gy
o€ (b—k+1:b) [k +1)q!
(iii) If k is even and n —b =1 (mod 2) then

inv(o) , maj(o n)+4!
Z (—1)iv(@) gmai(o) — k[ ]1q ' (2 [k + 1(1yny).
0€Sn(b—k+1:b) [ + ]:I:q-

5. PROOF OF THEOREM

In this section we shall study the signed Mahonian on the set G, ,(w) := {7 € G,,, : |7| = w}
for every w € S, and prove Theorem

We shall show that each G, ,(w) contains a unique member @ = (@1, ..., w,) with the least
flag major index, and fmaj(w) = maj(w). We make use of a hierarchy of G, ,(w), established
by a sequence of nested subsets,

GO (w) c G (w) € -+ € G (w) = Gpp(w), (5.1)

n
where Gﬁ?}z(w) :={w} and for k =1,2,...,n,

Gg?b(w) ={(x1,..., Tk Wpg1,...,Wp) 1 T5 € {wj,w]l, e ,w;fl}’j =1,...,k}
We observe that the structure (B.I]) realizes the following factorization.

Theorem 5.1. For any w € S, we have

Z Xgh(ﬂ)quaj(w) - einV(w)(Chq)maj(w) . [T]chq[r](chq)Q e [T](ghq)n-
TEGrn(w)

Given a w € S, there is a member @ of G, ,(w) with fmaj(w) = maj(w), which can be
determined by the following procedure. That  is the unique member of G, ,,(w) with the least
flag major index follows from Lemma [B.41i).

Algorithm A.

(i) If w contains no descent then w = (1,2,...,n) and let @ = (w, (0,...,0)).

(ii) Otherwise, with respect to the descents of w, we decompose w into des(w)+1 increasing
runs, indexed by 0,1,...,des(w) from right to left. Then w is obtained from w by
assigning a color ¢ € [0, — 1] to each entry in the run indexed by j if j = ¢ (mod r)
for j =0,1,...,des(w).

For example, let w = (8,9,7,1,6,2,4,3,5) € Sg. Note that w has five increasing runs (8,9),
(7), (1,6), (2,4) and (3,5), and maj(w) = 17. For r = 3, we have w = (8!, 9!, 7, 12, 62, 2}, 41,
3, 5) and fmaj(w) = 17. For r = 2, we have w = (8, 9, 7!, 1, 6, 2!, 4!, 3, 5) and fmaj(w) = 17.
We have the following observation.

Lemma 5.2. For any w € S, we have
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(i) xep (D) = e hmaitw),
Proof. (i) For 1 < i < des(w) + 1, let a; be the number of entries of the ith increasing run of

w from left to right, and let b; = a1 + -+ 4+ a;. Suppose des(w) + 1 = dr + ¢ for some d and t,
0 <t <r—1. Notice that

maj(w) = by + by + -+ + bdes(w)

. 9.2
majp (W) = by + brtt + -+ ba—1)r4+- (5:2)
We observe that the color weight of w is
CO|(U~}) = (t — 1)@1 + (t — 2)@2 + -+ a1
d
+ ((r = Dag_1yrpe41 + (" = 2)ag_1yrre2 + - + QG- 1)rst4r-1)
i=1
d
=by+--+b+ Z ((b(ifl)r+t+1 - b(ifl)rqtt) +o+ (b(ifl)r+t+r71 - b(z’—l)r+t))
i=1
d
=by+- - +b1+ Z ((b(ifl)rthJrl +oot b(ifl)r+t+r71) —(r— 1)b(i71)r+t) .
i=1
(5.3)

By (52) and (5.3]), we have
fmaj(w) = r - majp(w) + col(w) = b1 + b2 + - -+ + bar+1—1 = maj(w).
(ii) By the assertion (i), we have maj(w) = fmaj(w) = r-majz(w)+col(w), and thus maj(w) =
col(w) (mod r). Note that |w| = w. Hence
Xen(i@) = (D heol(@) _ nv(w) chrmai(w),

The results follow. O

Consider the sequence of nested subsets of G, ,,(w) in (51). We define maps m — ¢(m; k,t)
from G%}: Y to GS{Q by a color increment of ¢ on each entry of the prefix of length & of .

Definition 5.3. For 1 <k <n,t € [0,r — 1] and any 7 = (0, (21,...,2)) € GS{“;”, let
SD(Wa kat) = (J? (Zl +1,... ) %k + t, Rk4+1y-- -5 Zn))

For example, if r = 3 and 7 = (42,2,5%,1,3), we have ¢(m;3,2) = (4!,22,5,1,3). Note
that Gﬁ%(w) = {p(mk,t) : 7 € Ggfn_l)(w) and t = 0,1,...,7 — 1}. We observe the following

connection between Ggﬁ; 1)(w) and Ggﬁz(w)

Lemma 5.4. For 1 <k <mn,t € [0,r —1] and any word w € chn_l)(w), we have

(i) fmaj(p(m;k,t)) = fmaj(m) + k - t.

(11) Xe,h(@(w; k? t)) = Xe,h(ﬂ-)gh.k-t-
Proof. (i) If t = 0 then ¢(m;k,t) = 7 and the assertion holds. For a fixed ¢ > 1 and any
7= (m1,...,7) = (0,(21,-.-,2n)) € G%‘{l)(w), note that m; = w; for k < j < n. For
1 <1i < k-1, we observe that in the order [2.3)) if z;, zi4+1 € [0,r—t—1] or 2;, zi41 € [r—t,r—1]
then the position ¢ is a descent of both (neither, respectively) of m and o(7;k,t); otherwise
the position ¢ is a descent of either 7 or ¢(m; k,t). We partition the prefix my,...,m of 7 into
alternating sections of maximal sequences of consecutive entries with a color in [0,7 — ¢ — 1]
and consecutive entries with a color in [r — ¢, — 1]. Let ag,aq,...,asq be the lengths of these
sections (from left to right), where either d = 0, or a9 > 0 and aq,...,asq > 0 for some d > 1.
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Note that a9 + a1 +---+asq = k. For 0 < j < 2d, let b; = ag + a1 + --- + aj. Consider the
following cases of the prefix my,..., 7.

Case 1. z; € [0,7 —t — 1]. Then the colors of m1,..., 7 are of the form
Tlyeoosm: 0,0 —t—=1],[r —t,r —1],[0,r —t —1],...,[r —t,r = 1] [0,r — ¢t — 1].
;g ai a2 02;21 a2d

If the position k is a descent of m, i.e., Ty = W > Wr4+1 = Tg+1, then by the construction of
w in Algorithm A, we have z; = 0 and zpy; = r — 1. It follows that the position k is also
a descent of p(m;k,t). Otherwise, the position k is not a descent of 7, i.e., either k = n or
T, < Ti+1- In the case k < n, we observe that either o < o011 and 2z; = zx41, Or 0% > Tp41
and z; = zx+1 + 1. Hence the position £ is not a descent of ¢(7; k,t) either. We have

d d d

fmaj(p(m; k,t)) — fmaj(m) = T-Za0+a1+---—i—a2j 1 —i—t-thgj—(r—t)-Zan,l
j=1 7=0 j

d—

—7r-Y (ag+ a1+ + ag)

>_A

7=0
= t(ao + a1 + - + agq)
=k-t.

Case 2. z € [r — t,7 — 1]. Then the colors of 71, ..., are of the form

Tlyeoo, g [P —t,r—1),[0,7r —t =1],[r —t,r = 1],...,[0,r =t = 1] [r —t,r —1].

ag ai a2 a2d—1 a2q

Note that £ < n and that either oy < ogy1 and zp = 2gy1, Or o > 041 and zx = 2p41 + 1.
Hence the position k is not a descent of m. Since z € [r —t,r — 1], zx +t =z +t — 7 (mod 1)
and zp +t — r < z;. Hence the position k is always a descent of ¢(m;k,t). We have

d
fmaj(p(m; k,t)) — fmaj(m r- Zao+a1+ 4 ag;) +t- Zazj 1—(r—1) ZG,Q]
J=1
d—1
—r- Za0+a1+ 4 agi—1)

7j=1
=t(ap +ai + -+ azq)
=k-t.

The assertion (i) follows.
(ii) Let 7’ = ¢(m; k,t). Note that |7'| = |r| and col(7") = col(w) + k - ¢ (mod 7). Hence

el k. £) = @mDCHEARIED — 3 (ychok,
The assertion (ii) follows. O

Now, we prove Theorem [5.11
Proof of Theorem [51]. For 0 < k < n, we shall prove

> Xen(m)g™mAT = ) (chg)maAC) ] ] engyz o ) cngye (54)
G (w)
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by induction on k. By Lemma [5.2] for £ = 0 we have
Z Xe,h(ﬂ')quaj(ﬂ) — Xs,h(w)quaj(w) — Einv(w)(Chq)maj(w)‘ (5.5)
€GO (w)

Moreover, by Lemma [5.4] for k£ > 1 we have

Z Xen(m)gmaim = Z erh (m: &, §))gfmai(e(mkd)

G (w) reGE Y (w) \I=0

— Z Z Xe, h Ch kg fmaj(n)-i-k J

reGED () \7=0

= (1+(ChQ)k +(¢hg) Y ) > Xenl(m)g™im

reGETY (w)

=llegr 22 Xen(ma™ .

meGl Y (w)
By induction hypothesis, (5.4]) follows. The proof of Theorem [5.1]is completed. O
Using (1)) and Theorems and 5.1 we now prove Theorem

Proof of Theorem [2.5. By Theorem 5.1, we have
Z X*l,h(ﬂ-)quaj(ﬂ)

wE€Hy n(b—k+1:b)

= 2 Y Xrr(m)g™I® (5.6)

wESn(b—k—i—l:b) WEGr,n(w)

- Z (—1)m™ ) (¢"q) ) [rleng[rlicrgy - [rlicrgyn-

WwESy, (b—k+1:b)

By (5.6) and Theorem 2] we have the following results.
(i) If k£ is odd then

maj(m [n] hg
> X—1,k(m)g™ ) = ﬁ [FlenglPlicngyz -+ [P](chgyn
wE€Hy n(b—k+1:b)

[rlengl2r] cng -+ [nr](_l)nﬂghq.
[1]Chq[2]7<hq oo [k](,l)k—lchq

(ii) If k is even and n — b =0 (mod 2) then
iy [lieny!
Z Xfl,k(ﬂ)qf Alm) — [k + 1](—1)"<h ’ [T]Chq[r](ChQ)Q o [T](C”Q)n

[
7€ Hy o (b—k+1:b) [k + 1]ceng!

[Flengl2r] _eng++ [n7](_1yn-tcng
- k4 1y g
[1]Chq[2]—chq Tt [k + 1](_1)kChq [ + ](_1) Chq
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(iii) If k is even and n — b =1 (mod 2) then

maj(m [n]:lz h !
Do xeapma™I = 2T (2 b cyng) - Il Flichaye
T€Hy n(b—k+1:b) [k 4 Leng!

[Flgng[2r]—gng - - [”T](fl)”‘lC’lq
B 2 — [k + 1] (_yyncng)-
[1]Chq[2]—chq T [k + 1](_1)k<hq ( [ + ](*1) Chq)

The results are established. O

6. A BYPrRODUCT

In this section we study the signed Mahonian over the subgroup of G, , given by
Grp ={m € Gpp:col(m) =0 (modr)}, (6.1)
which is a special complex reflection group [7], denoted by G(r,r,n). By ([22]) and (61, it is

known that the group Gy, has 2 one-dimensional characters, éV(Im) for € € {1,—-1}. For a
m=(m1,...,m) € GF,,, let Dmaj(m) denote the statistic of 7w defined by

Dmaj(7) := fmaj((m1, ..., Tn—1,|mnl])), (6.2)

following the notion of D-major index for the even signed permutation groups defined by Biagioli
and Caselli [0]. For any w € S,,, define

Grn(w) = {r € G}, : |n| = w}.
We obtain the following results.

Theorem 6.1. For e € {1,—1}, the following results hold.

(i) For any w € Sy, we have
Z 6inv(\7r|)quaj(7r) _ 6inv(w)qmaj(w) . [r]q[r]
T€G} ,(w)
(ii) We have

2o [Pyt

Z 6inv(\wl)quaj(w) = [r]q[2r]eq -+ [(n = 1)r]eng[n]en—1.
T€GY

Note that for r = 2 in Theorem [6.1fii), we obtain [4, Theorem 4.8]. For any word 7 =
(0,(21,--+,2n)) € Grp, let m € G}, denote the word given by

7 = (0, (21 2ty ) (6:3)

where 2} = —(21+ -+ 2p-1) (mod 7). For any w € S, let @ = (W1, W2, ...,w,) € Grn(w) be
the word obtained from w by Algorithm A, and let @* be determined from w by (63]). Note
that @w* is the unique member of G7, (w) with the minimum Dmaj by Lemma

Lemma 6.2. For any w € Sy, we have Dmaj(w*) = maj(w).
Proof. By ([6.2)), (63]) and Lemma [5.2] we have Dmaj(w*) = fmaj(w) = maj(w). O
We associate w* with a sequence of nested subsets of G, (w),
GiD(w) € GiP(w) € -+ € GG (w) = Gy, (w),
where G;(S)(w) ={w*} and for k =1,2,...,n — 1,
G;(ff)(w) = {(T1y ooy Ty Wi s -+ 5 W1, WER) xj € {wj,w]l,...,wjrfl},j =1,...,k}

By the same argument as in the proof of Lemma [£.4], we have the following connection between

G;fy(ff*l) (w) and G;,gf) (w).
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Lemma 6.3. For 1 <k<n-1,t€[0,r —1] and any word € G:,(,]f_l)(w), we have

Dmaj(p(m; k,t)*) = Dmaj(r) + k - t.
Proof. By (6.2), (€3] and Lemma [5.4], we have
Dmaj(p(m; k,t)*) = fmaj(p(m; k, t)) = fmaj(r) + k - t = Dmaj(7) + k - ¢.
The result follows. 0

Proof of Theorem[61. (i) By Lemma [6.2, we have
Z V(i) gPmaij(m) — inv(|@™]) ,Dmaj(d™) _ cinv(w) gmaj(w) (6.4)
meGr) (w)
Moreover, by (6.4]) and Lemma [6.3] we have

r—1
Z eiHV(IW\)quaJ(W) — Z ZeiHV(Iw(ﬂ;k,j)*I)quaj(w(ﬂ;k,j)*)
reGi® (w) reGiED () \I=0
R T D i e

WEG:’%il)(w)

k
= <H (1+q +-+ q(r—l)i)> Z nv(Iml) gDmaj(r)
=1 neGr) (w)

- . k - .

= Emv(w)qmaj(w) . H (1 _|_ ql + . _|_ q(rfl)l)
1=1
By induction, the assertion (i) of Theorem follows.
(ii) By (L) and the assertion (i), we have

Z 6inv(|7r\)quaj(7r) _ Z Z 6inv(|7r\)quaj(7r)

m€Gy , weSn \7meG} , (W)

n—1

_ <H (1 +qi 4. +q(r—1)i)> Z 6inv(w)qmaj(w)
=1 wESy
n—1 ‘ ‘

— <H (1 +q 4+ q(rl)z)> mq[g]eq .. [”]enflq
=1

= [rlg2r]eq - - - [(n = D)r]en—2g[n)en—1q-

The proof of Theorem is completed. O

7. Two REMARKS

Biagioli and Caselli derived the result (I3]) in the context of projective reflection group (cf.
[T, Theorem 4.1]. One of the key ingredients of Biagioli and Caselli’s method is to prove the
following formula [7, Theorem 4.4]

Y (I mam = [rlgf2r] g - [nr) -t (7.1)
7T€Gr,n

using the decomposition Gy, = U,S,, where Uy, := {mr € Gy, : m1 < --- < m,}, Le., every
m € G, has a unique factorization m = 7o with 7 € U,, and ¢ € S,,. This approach is also
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used in [I, 2 §]. See [8 Proposition 4.1] for a proof. Using (I1I), the following intermediate
stage is deduced

Z (_1)inv(\n|)quaj(7r) — Z (_1)inv(|Tchol(T)[1]qT [2],qw---[n](,1)n—1qr. (7.2)
T€Grn T7€Un

We present an alternative proof of (L3]), using (I.I) and Theorem [5.1] as follows.

Z Xe,h(ﬂ')quaj(ﬂ) — Z Z Xs,h(ﬂ')quaj(ﬂ)

7E€Grn weSn \7TEGyn(w)
= [rlenglrlicngyz -+ [Tl(chgm Z () (¢hg)ymailw)
wWESy
= [T]Chq[r](chqp e [T](Chq)n . [1]<hq[2]€chq e [n]enflchq
= [T]Chq[Qr]EChq cee [nr]gn—lchq.
The proof of (3] is completed.
In this paper, we study the signed Mahonian on the quotients of the parabolic subgroup G,

of Gy.,. We observe that two systems 7" and T” of coset representatives of G, may share the
same signed Mahonian polynomials. We write T" ~ T" if the following relation between 7' and

T’ holds.
Z Xs,h(ﬂ-)quaj(w) — Z XQh(ﬂ-)quaj(T()‘
el Tel’

Theorem 2.2 indicates that G, (b—k—1:b—2) ~ G, ,(b—k+1 : ) for each one-dimensional
character, and Theorem implies that for e = —1, H, ,(b—k:b—1)~ H,,(b—k+1:0) if
kis odd and Hy,(b—k —1:b—2) ~ H,,,(b—k+1:b) if k is even.
For any word a = (aq, ..., a) on the set [n], let S, () C S, be the subset of permutations
containing « as a subsequence, and let
U Grnlw)

wESh ()

For € = 1, using Theorem 5.1, we have

Z Xl,h(ﬂ')quaj(ﬂ) _ Z Z Xl,h(ﬂ')quaj(ﬂ)

T€H, n(a) weSn(a) \TEGr (W)
maj(w)
= [MlengFligrgz -+ [licng D <<hq>
wESy ()
aj(a)
= [Plerglrlicrgy -+ iy - (" q) [ + Ugng [k + 2] cng -+« []eng
_ ()™ blet2rlay -l
= (¢"0) UengPlong lerg

Hence for any word a = (o, ..., ag) on the set [n — 1], we actually have H, ,,(a) ~ Hy (o +1)
for e = 1. We are interested in a bijective proof of the above relations.
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