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REPRESENTATIONS OF DEGENERATE HERMITE POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, LEE-CHAE JANG, HYUNSEOK LEE, AND HANYOUNG KIM

ABSTRACT. We introduce degenerate Hermite polynomials as a degenerate version of the ordinary
Hermite polynomials. Then, among other things, by using the formula about representing one A-
Sheffer polynomial in terms of other A-Sheffer polynomials we represent the degenerate Hermite
polynomials in terms of the higher-order degenerate Bernoulli, Euler, and Frobenius-Euler polyno-
mials and vice versa.

1. INTRODUCTION AND PRELIMINARIES

Carlitz initiated the study of degenerate Bernoulli and Euler polynomials and numbers and ob-
tained some interesting arithmetical and combinatorial results in [3,4]. In recent years, some math-
ematicians began to investigate degenerate versions of quite a few special numbers and polynomi-
als, which include the degenerate Bernoulli polynomials of the second kind, degenerate Stirling
numbers of the first and second kinds, degenerate Bell polynomials, degenerate Frobenius-Euler
polynomials, and so on (see [8,9,11-14] and the references therein). It is remarkable that studying
degenerate versions is not only limited to polynomials but also extended to transcendental func-
tions. Indeed, the degenerate gamma functions were introduced in connection with degenerate
Laplace transforms in [10].

Gian-Carlo Rota began to construct a completely rigorous foundation for umbral calculus in the
1970s. The Rota’s theory is based on the linear functionals in (L)) and (I12)) and differential operators
in (I3) and (16). The Sheffer sequences, which are defined by (20), occupy the central position in
the theory and are characterized by the generating functions as in (21J), where the usual exponential
function enters. The motivation for [8] started from the question that what if the usual exponential
function in 21I)) was replaced by the degenerate exponential functions in (). It turns out that it
corresponds to replacing the linear functional in (L)) and (I2)) by the family of A-linear functionals
in (9) and (I0) and the differential operators in (13)) and (I6) by the family of A-differential operators
in and (I4). Indeed, with these replacements we were led to define A-Sheffer polynomials,
which are charactered by the desired generating functions (see (19).

The aim of this paper is to introduce the degenerate Hermite polynomials as a degenerate version
of the ordinary Hermite polynomials and to study their properties. Specifically, by using the formula
(24) about representing one A-Sheffer polynomial by other A-Sheffer polynomials we will represent
the degenerate Hermite polynomial in terms of three other degenerate polynomials, namely the
higher-order degenerate Bernoulli, Euler and Frobenius-Euler polynomials and vice versa.

The outline of this paper is as follows. In Section 1, we will briefly go over very basics about
umbral calculus including A-linear functionals, A—differential operators, A—Sheffer sequences and
the important formula in 24). For further details on these, we let the reader refer to [8]. In addition,
we will recall the definitions for the Hermite polynomials, the degenerate Stirling numbers of the
first and second kinds, higher-order degenerate Bernoulli polynomials, higher-order degenerate Eu-
ler polynomials and higher-order degenerate Frobenius—Euler polynomials. In Section 2, we will
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introduce the degenerate Hermite polynomials in a natural way and derive an explicit expression
for them. Then we will represent the higher-order degenerate Bernoulli, Euler and Frobenius-Euler
polynomials in terms of the degenerate Hermite polynomials and vice versa.

From now on, unless otherwise stated, A is arbitrary but is a fixed non-zero real number. It is
well known that the Hermite polynomials, H,,(x), (n > 0), are defined by the exponential generating
function as

(1) 2 = ’;)Hn(x)%, (see [18]).

From (), we note that

2) Hy(x) = (—1)"¢"

In particular,

nl s —1242xt —n—1
— Qe t dt n>0
Zni% » (n20),

where the contour encloses the origin and is traversed in a counterclockwise direction.
Carlitz introduced the degenerate Bernoulli polynomials of order r(€ N) given by

3) (ﬁ) ej)i(l‘) = ioﬁrf,rl)(x);_r:’ (see [3,4])‘

Here ¢ (¢) are the degenerate exponential functions given by

H,(x) =

@) e;(z) =(1+A0)F, ey(t) =eb(t)=(1+A0)%, (see[10,14,15,16]).
Forx =0, ,B A= [3,52 (0) are called the degenerate Bernoulli numbers of order r.

Note that hm [3 ) () = )( ), where B )(x) are the ordinary Bernoulli polynomials of order r,

(see [1- 20])
Also, he considered the degenerate Euler polynomials of order r given by

; (i) 0= L st epa.

n=0

(r) _

where & A = & (r)f (0) are called the degenerate Euler numbers of order r.
The degenerate logarithmic functions are defined by Kim-Kim as

n

1
6) logy (1+1) = Zﬂt Duijar =7 (140" = 1), (see [9]),

where (x)g2 =1, ()2 =x(x—A)--- (x— (n— 1)/1), (n>1).
Note that
log; (ex(141)) =ex (log; (1+1)) =1+t
The degenerate Stirling numbers of the first kind are defined by Kim-Kim as

(7) ZSmnl X)a, (n>0), (see[9,11,12,13]),

where (x)o =1, (x), =x(x—1)---(x—n+1), (n>1).
As an inversion formula of (7)), the degenerate Stirling numbers of the second kind are defined as

X)np = zn:SQJL (n,0)(x);, (n>0), (see]9,13,14,16]).
=0
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In [14], the degenerate Frobenius-Euler polynomials of order r are defined by

®) Y g0 = Y
—— | ()= x|lu)—
e(t)—u) * =t n!’
where u € C with u # 1, and hf:%t (u) = hf:%t (OJu) are called the Frobenius-Euler numbers of order r.

Let C be the field of complex numbers. Let .% be the algebra of formal power series in ¢ over C
k

given by
o 1
F = {f(l) :];)akﬁ ay € (C},

and let P = C|x] be the algebra of polynomials in x over C.
K

o
For f(t) € Z, with f(t) =} Ay We define the A-linear functional (f(z)|-); on [P by
=0

©) (FOIXa)r = (k=0), (see [3]).

In other words, the A-linear functional (f(t)|-) is the unique linear functional on [P mapping (x) 2
onto ai. From (9), we note that

(10) <tk‘(x)n,l>l = n!5n7k7 (n7k 2 0)7 (See [8])7

where 6, is the Kronceker’s symbol.
If A =0, then the symbol (-|-)¢ is simply denoted by (:|-). With this notation, (9) and (10)
respectively become the linear functionals used in Rota’s theory (see [18]):

(11 (O =ar,  (k=0),
and
(12) (") =!8k,  (n,k>0).

The order o(f(r)) of the formal power series f(¢)( 0) is the smallest integer k for which a; does
not vanish. If o(f(z)) = 1, then f(z) is called a delta series; if o(f(¢)) = 0, then f(¢) is called an
invertible series, (see [8,18]).

For each non-negative integer k, we define the A-differential operator on P by

(13) ()2 (D = { (Gt BEER (see ),

and, extending this linearly, any power series

yields the A-differential operator on P given by

(14) ORCIES W () I SNCED)

k=0
In other words, we have

oo

(F0), = X 5

k=0
If 2 = 0, then the differential operator (¢X) is simply denoted by ¢*. Now, (I3) and (I4)) respec-
tively become the differential operators used in Rota’s theory:

KK ik <n,
(15) th”:{ (n)ko ’ ;fk;:lz (see [18]),
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and, extending this linearly, any formal power series
k
ft) = Z 7 ‘t €

yields the differential operator on [P given by

(16) F()x = Z (Z) ax*, (n>0).

k=0
From (14)), we note that

(17) (1)), @nn = @+V)ar, (e

)P
(€ (1) =1), P(x) = P(x+y) = P(x), (&} (1)|P(x))n =P(y), (see[8]).
For f(1),g(t) € . with o(f(¢)) = 1 and o(g(t)) = 0, here exists a unique sequences s, ; (x)
(degs, 4 (x) = n) of polynomials such that (see [8])

(18) (g (F1) 502 (), =n'ur,  (n,k >0).
The sequence s, 3 (x) is called the A-Sheffer sequence for (g(¢),f(z)), which is denoted by
Sn,A (x) ~ (g(t)’f(t))17 (SCC [8])
For 5,,1.(x) ~ (8(1), /(1)) we have
1 ik

T T0) = L0y Geels),

for all y € C, where f(t) is the compositional inverse of f(t) with f(f(t)) = f(f(t)) =t.
For A =0, and with f(¢),g(¢) € .% as before, there exists a unique sequence s, (x) (degs,(x) =n)
of polynomials such that (see [18])

(20) (g(r)(f( ) sn(x)) =n!8ug, (n,k>0).

The sequence s, (x) is called the Sheffer sequence for (g(z), f(¢)), which is denoted by s,(x) ~
(8(2), f(2)), (see [18]).

For s, (x) ~ (g(2), f(¢)), we have

1 o
g(f(1)) Z k kY

P(x+y), P(x)eP,

19)

21

(see [18]),

for all y € C, where f(t) is the compositional inverse of f(t) with f(f(t)) = f(f(t)) =t.

Assume that, for each A € R* of the set of nonzero real numbers, s, (x) is A-Sheffer for
(g2(t), f1(1)). Assume also that limy_q f3 (f) = f(¢), limy_,o g, (f) = g(¢), for some delta series
f(¢) and an invertible series g(¢). Then we see that lim,_,, f, (#) = f(¢). Moreover, by (I9), for
each A € R* we have:

! < (f _y S xﬁ
(22) mea (fa(0) = kgb i ()

If limy_, 5 2 (x) = s (x), then, by 22)), we have

1 &0 — is (x)ﬁ
g(f(1)) =Y
Hence s, (x) is Sheffer for (g(¢), f(¢)), and
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In this case, we may say that the family {s,, a(x } 1er Of A-Sheffer sequences s, ; (x) are the degen-
erate sequences for the Sheffer polynomial s, (x). For example, { Bus (x)} ser: (see @), with r = 1)
are the degenerate sequences for the Bernoulli polynomials B, (x), where B, (x) = limy_,o 3, 1 (x)
are given by
't~ Y B
= X)—.

d—1 =7
However, s,, 3 (x) itself is oftentimes called the degenerate Sheffer polynomial for the Sheffer poly-
nomial s, (x).

For f(t),g(t) € % and P(x) € P, it is easy to show that

(f(1)g)IPE))2 = (gW)(f(1)) P2 = (F0)](8(1)) , P(x))a, (see [8]).
For s, 5 (x) ~ (g(t), f(t))a, raa(x) ~ (h(t),1(t));, we have

23) sua () = kzo Crsria (). (sce [8))
24) Cnke = %<ZE§8; (1(F@)" (x)n,l>l-

2. REPRESENTATIONS OF DEGENERATE HERMITE POLYNOMIALS IN TERMS OF OTHER
DEGENERATE SHEFFER POLYNOMIALS AND VICE VERSA

where

In light of (I, we may consider the degenerate Hermite polynomials which are given by

(25) e, (t*)- e} (2t) ZHM
Note that
ST " —1242xt ~ "
Y;)%IL%H"’A(X)H =e :nngn(x)a.
By 23), we get
i " C1ia 0 l21 e i m
(26) Y Hua) s = e (1%)-6320) = Y (=Diagy X ®0ma2"
n=0 : =0 * m=0 :
— i nvz 122" 2 ()n-2ia \ 1"
= IN(n—21)! n’

By comparing the coefficients on both sides of (26]), we obtain the following theorem.

Theorem 1. For n > 0, we have the expression given by

i 2" 2 (1)1
-y -
Hn,l (x) n: l:ZO l‘(n—2l)' (x)anI,l,
where [x| denotes the greatest integer not exceeding x.

Note that H, ; (x) is the A-Sheffer sequence for (e; (4£2)
two A-Sheffer sequences:

@7 () ~ ((%)z)l Hya(x) ~ (m Gﬁ)’%t)z'

,%5). Now, we consider the following
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By (23), (24) and @27), we get

(28) E7) (@) = Y sy (x).
=0
where
1/ a3 [\
(29) Cox = F<m 2 (X)n1 .
3

A
o) e ’
) () o)
<k> = 4[1‘ ( ) A(t)_i_l ( ) k 21, Y
o 2
-2 <k> l;) iy (1= R,z
= n! (1)%7)L (r)k IA"
Of,gn,kz%(g)!(n—k—l)!kz kel
Therefore, by (28) and (29), we obtain the following theorem.
Theorem 2. For n > 0, we have the representation given by
n (112
s =ny { ) 1a o)
A ,;0 ocin i kI (n—k — D121k (L) onket A fom
[: even
For
- e (t)—1\" 1 t
(30) B0~ ((29=1) 1) | B~ (e(20)1)
we have
(31) B ()= Y CokHis (%),
k=0
where
1/ ex(32) [\*
(32) Cop = _,<ﬁ 5] |
k! (A(t) ) 2 A
1 t A TN
= —t t
e (=) (37| utoma),
o) 2 (1 ’
) () o)
<k> ;’) nai k) er(t)—1 ()nsar, N
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2]
2
_k(n (l)ll r
(1);
= n! 2 ; ﬁ(i)kfm.
o<icn i kl(n—k— D)2k (S)17 =0

I: even

Therefore, by (31)) and (32)), we obtain the following theorem.
Theorem 3. For n > 0, we have the representation given by
y d (D1, (Z)kfz A
p,fﬁg(x):nzz{ y 2 Aok, }Hkv,l(x).

=0 Lotz ki (n—k— 1)1 (L) 125+
[: even

From (8)), (19) and (23)), we note that

(33) B (xfu) ~ ((W),)A Hyp(x) ~ <e,l (%,2)%)&.

By @3), (24) and (33), we get

(34) W (xfu) = Y CoiHya (),
k=0
where
1/ ex(i?) (t)"
(35) Cpi = —<7, > ) )
TR\ )

- 2’<1k! < (J(Si u) P Gﬂ) ()2 (X)nz >)L
- B (), 0m),

— @[2](”—k)21(1)1,/1<< 1—u )r

2 1122 () —u

|~

(X)n—k—21.2 >

A

T
[

] (n—=k)au(1)1a ()
11221 n—k—21,4 (u)
(1) g,zhfzr—)k—l,/l (1)

ocicnk (5)12(n—k— 1)1kt
I; even

Therefore, by and (33)), we obtain the following theorem.

I
=
<
SN—
—
=
gl

T
<)

= n!

g

Theorem 4. For n > 0, we have the representation given by

: D" ()
(r) ( 77)L n—k—lJL
h, 5 (x|u) = n! { }Hk,/l (x).
A ,;) O%E;k (L) 124k (n—k— 1) k!
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For Sn,A (x) ~ (g(t)af(t))l’ Pn.a (x) ~ (l’f(t))l’ we have

18, = (g (F1)) 52 (), = ()] (st)) 1502 (),

(36) = ()" |Par (),
By (36), we get
37) (8(1) 302 (x) ~ (L f(t)2, (n=0).

From (23)), we have

(38) H, (%) ~ <e,1 (%ﬂ),%t))t — <e,1 (%ﬁ))AHm,l(x) ~ (1,%;)1.

Since 2" (x)n,l ~ (1, %t)l’ (el (%tz))AHn,l (x) =2" (x)n,l

Hence,
H _ 2n —1 1 2
i) =2 (37)) @

nee (1)
) zgo T (£, (*)nn

w (Dia
" 12 (n)2
= 2 Z 1'41 (x)anI,l
=0 :
[%} (_1)[712n—21

" IZ:‘) I'(n—2I)! (X)n—21.45

which gives another proof for Theorem 1. Assume that
Y (")
(39) Hy (%) = Y Coxd) (x)
k=0

Then, by @23), @4) and @27)), we get

ey (2t)+1\r
(40) Cux = %<%(Zl)k ()‘)n,/1>/l
AC) “) ) <r'<>l<x>m>A

-
_ 2k<” <( ) (ell<z2>>l<x>nk,x>
(L

)
Z)g 1/1 n— k)21<<€x(2;)+1>r

A

(*)n—r—212 >/1

— 9ok




REPRESENTATIONS OF DEGENERATE HERMITE POLYNOMIALS 9

) i—k (Z) : [il M (’_ > (€] (20| @i 22),

J

1ol (_l)l,l(”_k)ﬂ(;)(Z)zkzn_k_zl(j)n—k—zm
2?2 Il
j=01=0
r 3 (= () (M on—21
1 (EDm =R () ()2
- ?Z Z l!(n—k—j2])! (])n7k72l,l-
j=0 1=0

Therefore, by (39) and (40), we obtain the following theorem.

Theorem 5. For n > 0, we have the representation given by

1 & r ] (=) (n— k)!(r') (2) 2n . (r)
H, ) (x) = > k;,) { j;,) 1;) Nn—k _121)! (n—k-212 }ébk,l (x)-

Next, we would like to find another representation of H,, ; (x) in terms of éak(jl) (x). From (Q), we
observe that '

(1) Cuk = %<<e‘(2§+l>re;‘ G(w) (20)¢ (x)n,a>l
(22w )
(2 e () ),
- (24 ),
— (295 a0

To proceed further, we note that

[%] 2n72l(_1)
k — LA ok
[%] 2n—21(_1)
LA
(42) =X 2y Ok

[n%k] 2n—k—21(_1)
— ok AN 2 .\

= 24(n)iH, g 2(x).
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By @1I) and #2)), we get
k r
(43) Cos = (”)"<<e7“ (2+ 1)

roame

Therefore, by (39) and (43)), we obtain the following theorem.
Theorem 6. For n > 0, we have the representation given by
1 n r r i ,
w0 =53 (1)2[ 5 (7)) aw.
k= j=0

Let us assume that

(44) Hyp (1) = Y CuiBl) (x)
k=0
Then, by 23)), 24) and (30), we have
ey
45 Cox = —( 2 2 (x),
@) = (3 (lw)( ¥l

= k_< fk (X)n,a>/l
> (o (3)) 2oms),
- k'<<#> 2 H"’l(x)> :

A

(=) maee),

1 & Soa(l+r—kor—k)

For r > k, we have

1
(46) Cok = H<(e;t (t)—1)

Smk g (@O ),
e (Z(Zfl)k;f_ D er) 1) 2 et

k 2[ n\ (k o
- kleZ (l(+r)(k))5“(l+r k= k) (=) (e (0| Hy 0 (2))

1=0j=0 I

= ZZ l+r (k)SZA I+r—kr _k)(_l)k_an—lvl(j)'
1=0j=0

The next theorem now follows from (44} and (46).
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Theorem 7. For r > n > 0, we have the representation given by

ma =L (L7 ,+,)(k)suz+r—k 01 10) b ).

imo k! UiS0i0
For r < k < n in (43]), we have
1 ¢ o
(47) Cuk = = <’.)(—1)"f<eﬁ(t>t""\Hn,x<x)>A
k! iZo\J
1 a r r— —r
P U O
B () & (7
= m Jg()(]) | k+rl
25 G (1 .
b ]Zo<j>(‘” Hy 2 )

Therefore, by (@4) and (47), we obtain the following theorem.

Theorem 8. For n > r, we have the representation given by

r—1 n
o-ra{rt’ Hr)(k)SulJrr—k -1 () B )
k=0"" \ j=01=0
(=1~ J()Z“
T kAT

+n!§{i .

Hosra ()} 0.

+7r)!
Let
(48) Hyp () = Y Cush!) (xlu).
k=0

Then, by 23), @4) and (33), we have

( (12t u)
4 -
(49) ka A < (1(22‘)2) t) (')C)n,l>)L

1 <<—€a<’>;“>f k

k! !

(IZ) 2(x), >

“al () e () 7o),

_k( e ((ealr) —u) | (1) 2 Hup (),
N m«%( ) —u)" 2 ()i, ()
'>( u) I {ef ()|Hy (%)),

) (=) Hy 1),

Therefore, by (@8) and (49)), we obtain the following theorem.

11
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Theorem 9. For n > 0, we have the representation given by

ﬁ Y <Z> Zk[i‘, <r.>(—u)r_an_k7,1 (i) | ) (el

Hn,l ()C) - j
k=0 =0

Finally, we would like to obtain another expression of H,, ; (x) in terms of h](:/)l (x|u). With C,, 1 as

in (@8)), we have

Cn,k

1<(#)

= By 0

2 <<el (20) —u)’
k(1 —u)

B (1—u)" =

(5T (1) (V2K (= 1), 5 (n — k)! :
: > & (jl)!(n(— k)ﬁlz(l)! : (=) 2" () ki

Hence, we have the following theorem.
Theorem 10. For n > 0, we have the representation given by

0 (;)(—l)z,z (n—k)!
11—k —21)!

1

n r[%q
G PN

Hip,(x) = (=) 922 (i | 1) ().

3. CONCLUSION

Special polynomials and numbers can be studied by several different methods, which include
generating functions, combinatorial methods, umbral calculus, p-adic analysis, differential equa-
tions, probability, orthogonal polynomials and special functions. These various means of investi-
gating special polynomials and numbers can be applied also to degenerate special polynomials and
numbers. Indeed, in recent years, degenerate versions of many special polynomials and numbers
were explored with such methods, and some of their arithmetical and combinatorial properties were
discovered. Moreover, those degenerate versions of some special polynomials found some appli-
cations to other areas of mathematics such as differential equations, identities of symmetry and
probability theory.

Hermite polynomials are orthogonal polynomials that arise in such diverse areas as combina-
torics, numerical analysis, probability, physics, random matrix theory and systems theory. In light
of the regained recent interests in degenerate special numbers and polynomials, the introduction
of the degenerate Hermite polynomials followed naturally. In [8], the A-linear functionals and the
A—differential operators were introduced in order to effectively treat A—Sheffer polynomials (see
(18D, (19)). In particular, the important formula in and (24), which expresses one A—Sheffer



REPRESENTATIONS OF DEGENERATE HERMITE POLYNOMIALS 13

polynomial in terms of other A—Sheffer polynomials, were derived in [8]. In this paper, we ap-
plied this formula and expressed the higher-order degenerate Bernoulli, Euler and Frobenius-Euler
polynomials respectively in terms of the degenerate Hermite polynomials and vice versa.

As one of our future research projects, we would like to continue to study ‘A-umbral calculus’
and their applications to physics, science and engineering as well as to mathematics.
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