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Abstract

Let integer n > 3 and integer r = r(n) > 3. Define the binomial random r-uniform
hypergraph H,(n,p) to be the r-uniform graph on the vertex set [n] such that each r-
set is an edge independently with probability p. A hypergraph is linear if every pair
of hyperedges intersects in at most one vertex. We study the probability of linearity of
random hypergraphs H,(n,p) via cluster expansion and give more precise asymptotics of
the probability in question, improving the asymptotic probability of linearity obtained by
McKay and Tian, in particular, when r = 3 and p = o(n~"/%).

1 Introduction

For all positive integer n > 3, let [n] denote the integer set {1,2,...,n}. Let [n]; = n(n—1)--- (n—t+1)
denote the t-th falling factorial for every positive integer t < n. Define the binomial random r-uniform
hypergraph H,(n,p) to be the r-uniform hypergraph (r-graph for short) on the vertex set [n] such that
each r-element subset (r-set for short) is an edge independently with probability p. A hypergraph is linear
if every pair of hyperedges intersects in at most one vertex. Let £,(n) be the set of all linear r-uniform
hypergraphs with n vertices. All asymptotics in this note are with respect to n — oco. We study the
probability of linearity of random hypergraphs H,(n,p), and improve the following result by giving more
precise asymptotics of the probability.

Theorem 1.1 ([13, Theorem 1.2]). Let r =r(n) = 3. If p(*) = O (r~n), then

P (H,(n,p) € £,(n)) = exp (—% (”) o (n—i (”) p>> |

If r2n < p(:f) =0 (7‘_3713/2), then

P (H,(n,p) € Ly(n)) = exp —% <Z> 2p2 + w <:> 3p3 yo|lgt ) 1 <n> 2p2

For random 3-uniform hypergraphs, the above theorem gives that if p = o (n_3/ 2), then

1) P (Ha(n ) € La(n)) = exp (~ 352 + 20 +0(1))

1.1 Cluster expansion and dependency graphs

Cluster expansion is a powerful tool in the rigorous study of statistical mechanics. It was pioneered
by Mayer in the 1930’s and remains widely used nowadays, see, for example, [4]. The cluster expansion
allows us to express the logarithm of partition function as a sum over clusters. Here we introduce the
standard cluster expansion setting, which is formulated in a way that is convenient for our application.

Definition 1.2. Given an undirected graph G = (V(G), E(G)).
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(d1) A connected component of G is a maximal set of vertices such that every pair of vertices is connected
by a path. The number of connected components of G is denoted by ¢(G).
(d2) The set of polymers C(G) of G is the vertex sets of all connected induced subgraphs of G, namely,

C(G) ={C CV(G): c(G[C]) = 1},

where G[C] denotes the subgraph of G induced by the vertex set C'. For any two distinct polymers
C;,C; € C(G), we write C; ~ Cj if C; U C; € C(G); otherwise, C; o C;. Equivalently, C; + C;
if dg(C;,Cj) > 1 and otherwise, C; ~ C}, where dg(-,-) denotes the graph distance in G, that is,
the number of edges in the shortest path among two subsets of vertices. Note that if we have that
Ci ~ Cj and C;N C; =0, then C; and C; are adjacent in G, that is, there exists an edge in E(G),
with one endpoint in C; and the other in C; . The size of a polymer, denoted by |C|, is the number
of vertices in it.

(d3) For every non-empty ordered multiset of polymers (C1,...,Cy) € C(G)", let G(C4,...,C,) be the
graph on [n] with {4, j} € E(G) if C; ~ C}.

For instance, fix a polymer C € C(G). For a multiset of n copies of C, we have G(C,...,C) = K,,
where K,, denotes the complete graph on [n].

(d4) A cluster 7 is a non-empty ordered multiset of polymers (Cy, ..., C|,|) such that G(y) = G(C1,...,C)y))
is connected. The size of a cluster 7, denoted by |v|, is the number of polymers in it, and the num-
ber of vertices of a cluster v, denoted by [|v||, is the sum of size of polymers it contains, that is,
71 = Zoe, 101

(d5) The set of all clusters of G is denoted by I'(G). The set of all clusters of G with pairwise disjoint
polymers is denoted by

I'y(G) ={y e I'(Q) : C;N C; = 0 for any distinct C;,C; € ~v}.

Note that each element in I'y(G) is a cluster whose elements form a partition of a polymer, since
for every v € I'y(G), polymers {C' : C € v} are disjoint and their union Uce,C € C(G).
(d6) The set of all connected spanning subgraphs of G is

CSpan(G) = {(V(G),E) : EC E(G),c((V(G),E)) = 1}.
Here for every graph H € CSpan(G), we have V(H) = V(G), E(H) C E(G), and ¢(H) = 1.

The cluster expansion method can be naturally combined with dependency graphs. The dependency
graph models have been widely used in probability and statistics to establish normal or Poisson ap-
proximation via the Stein’s method, cumulants, etc. (see, for example, [7, 8]). They are also heavily
used in probabilistic combinatorics, such as Lovéasz local lemma [3], Janson’s inequality [9], concentration
inequalities [21], etc.

Given a graph G = (V, E), we say that random variables {X;};cy are G-dependent if for any disjoint
S, T C V such that dg(S,T) > 1, random variables {X;}ics and {X,};ecr are independent.  Or
equivalently, random variables {X; };cc, and {X;};ec, are independent for any two distinct polymers C
and Cs of the graph G such that Cy £ Cs.

Note that the dependency graph for a set of random variables may not be necessarily unique and the
sparser ones are the more interesting ones. Since no two disjoint S, T C [n] are non-adjacent in K, then
the trivial dependency graph K, is a valid dependency graph for any set of variables {Xi}ie[n}-

Given G-dependent random variables { X; };cv(q), for every set of vertices S C V(G), the joint moment
of random variables {X;};cg is defined by

p(S)=E [HXZ

€S

)

with (@) := 1. Let {Ci};c[n) be a set of pairwise non-adjacent disjoint polymers of G, in other words, for

all distinct 4, j € [n], we have C; # Cj, or equivalently, dg(C;, C;) > 1. Then one important factorisation
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property for G-dependent variables, following from the definition of dependency graph, is that

(2) U Ci | = H N(Cz)

i€[n] i€[n]

Let {Xy}ev(c) be G-dependent random indicators and X = >~ ¢y () Xv. In our application, each
indicator indicates the occurrence of some combinatorial structure, and mdicators are dependent with
a dependency graph. By writing the probability of the non-existence of some combinatorial structure
P(X =0) as a partition function, the cluster expansion then gives the formal expansion formula as a
sum over clusters, whose truncation approximates the asymptotic probability. This is inspired by [16], in
which they also treat P (X = 0) as a partition function and investigate the connections between cluster
expansion and the Lovész local lemma, giving a lower bound for P (X = 0).

The standard cluster expansion gives the formal cluster expansion

(3) logP (X =0) = Z DT weo

~yel(G Cevy
with Ursell function ¢ : T'(G) — R defined by

(4) o= 3 (-,

HeCSpan(G(v))

M'

where ey denotes the number of edges of the graph H. Note that if the cluster v contains one single
polymer C € C(G), then ¢() = 1, because G(C) = K;.

For completeness, we include a simple derivation of equation (3), following the routine cluster expansion
derivation procedure (see, for example, [16, Section 2.2] or [4, Proposition 5.3.]). First, the inclusion-
exclusion formula gives

(5) P(X=0)= > (-DF¥u(s).
SCV(G)

Let G. be a graph on vertex set C(G) such that for all distinct C;,C; € C(G), if C; ~ Cj, then
{C;,C;} € E(G.). Next we utilise the factorisation property as shown in (2) to prove that the right hand
side of equation (5) can be written as some partition function of hard-core model, more specifically, as a
summation over independent sets of graph G,

(6) - Y [0

UEZ(G.) CEU
where Z(G) denotes the set of all independent sets for every graph G.

For every S C V(G) such that S € C(G), we have {S} € Z(G.). For every S C V(G) such that
S ¢ C(G), we have S induces a union of pairwise non-adjacent maximal connected subgraphs, that is,
there exists a unique set of polymers U € Z(G.) such that S = UceyC, and C; ¢ C; for all pairs of
distinct C;,C; € U. The factorisation property (2) then gives

(7) (Dl (s) = T[T (1) (0).
cesS
Conversely, for every U € Z(G.), we have UceyC C V(G), thus U determines S uniquely; combining
with equation (7), it follows that equations (5) and (6) are equivalent.
Now we derive the formal cluster expansion. Let (‘j ) denote the family of i-sets of S for every set S
and every positive integer i < |S|. From equation (6) we have

Z H ‘Cl H Licircy

UCC(GQ) CeU {Ci,cj}é(g)
C
SEED DTS SN | [C ST | (ETEsrs
n>1 " (C1,...,Cn)EC(G)™ i€[n) Ii<jsn
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Note that by a simple expansion,

IT twey= 11 <1 - 1{ci~cj}> = > 0" I Lo

1<i<j<n 1<i<j<n He®, {i,j}eE(H)
where &,, denotes the set of all graphs on n vertices. Then formally, we have
P(X=0)=1 +Z > W(H
n>1 " Heo,

where

W(H) = > 0 I Yemey TT CD'u(cCr),

(C1,..,.Copy )EC(G)VH {ij}eE(H) kelvm]

and W (H) satisfies
(al) W(H) = W(H') whenever H and H' are isomorphic H = H’, that is, differ only by vertices
relabelling;
(a2) W(H) = W (H;)W (Hz) whenever H is isomorphic to the disjoint union of H; and Hs.
Let €, be the set of all connected graphs on n vertices. Via the exponential formula [19, Corollary
5.1.6], we reduce the sum over the set of all graphs to the set of all connected graphs

1 —
log P (X Z = Z W(H Z W Z (—1)°H lIvI H 1 (C)
n>1 Hed, ~veI'(G) HeCSpan(G(y)) Cey

where I'(G) denotes the set of all clusters of G. A similar derivation of the cluster expansion utilizing the
exponential formula also appears in [4, Proposition 5.3]. Then equation (3) follows.

Remark 1.3. (r1) In probability theory and statistical physics, given a graph H and a vector p =
{Pv}tvev(m), the partition function of the hard-core model (also the independence polynomial) on

H is defined by
iip)= Y. [][»-

UeZ(H)icU

The cluster expansion is essentially the multivariate Taylor series forlog Iy (p) in variables {pv}vev(H)

around 0. Let pp = ((—1)‘C|M(C))Cec(g). Then equation (6) can be regarded as the partition function

Ig, (p) of the hard-core model on G..
(r2) For independent indicators {X;}icn), if 0 < E[X;] <1 for alli € [n], then we have the Taylor series
of logarithmic function

(8) log P (X Z log (1 — Z Z -E[X
i€[n] i€[n] J>1

The empty graph K, := ([n],0) is a valid dependency graph for this independent case. Since the
polymers of K, are all of size one containing a single vertex, and the clusters of K,, are all multisets
containing multiple copies of the same vertex, then for independent indicators {Xv}ve[n], expansion
in equation (3) becomes

© toepx=0= ¥ Do [[ue) =X 5 ¥ or-pERD.
yET K] Cey i€[n] ]>1 " HeCSpan(K;)
Comparing (8) and (9), it follows that
(10) Yoo D= =),
He CSpan(Ky)

which is well-known, see, for example, [16, Eq. (2.13)] or [20, Eq. (3.37)].
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2 Linearity of binomial random hypergraphs

The probability of random hypergraphs being linear is equal to the probability of the non-existence of
hyperedge pairs intersecting in more than one vertex. Then we accordingly define a set F of ‘forbidden’
hypergraphs, containing all r-graphs (e; U eg, {e1,e2}) on vertex set e; U eg such that 2 < |e; Neg| < r:

(11) F = U {(61 Ueg,{e1,e2}) i ler] = lea] =7, ]ex Nea| = t}.

2<t<r—1

Note that removing isomorphic duplicates from F does not affect the probability that we are interested
in, we thus assume that the r-graphs in F are pairwise non-isomorphic. We also can assume that no
hypergraphs in F have isolated vertices.

The complete r-graph on n vertices, denoted by K, is the hypergraph consisting of n vertices and all
possible edges of size r, that is, K" = ([n],{S C [n] : |S| = r}). For every F € F, let A be the set of
all subgraphs of K] that are isomorphic to F. There are [n],,/Aut(F') such subgraphs, where Aut(F')
denotes the number of automorphisms of F. Let A7 = Upc A . Then the random variable

X=> Yrcump)
FeAF

counts the number of all copies of all forbidden r-graphs of F in H,.(n,p). Hence the probability of random
hypergraphs being linear P (H,.(n,p) € L,(n)) equals the probability P (X = 0) such that H,(n,p) avoids
all copies of all r-graphs of F.

Next we define a dependency graph D on the vertex set A7 for random indicators {YrcH, (np)} Fear
with two indicators being dependent if the corresponding forbidden r-graphs share edges,

(12) D= (Af, {{FI,FQ} € <A2F> : E(F)) N E(Fy) # @}) .

Using the above dependency graph for random indicators of the forbidden structures, we then can
utilize the truncated cluster expansion series to approximate the probability of a binomial random 7-
uniform hypergraph being linear and to obtain more precise asymptotic probability of linearity. In this
setting, a polymer is a set of forbidden subgraphs whose induced subgraph in D is connected. We will use
the truncation of cluster expansion series involving clusters with certain restricted number of forbidden
subgraphs. For every integer k > 0, denote the k-th term of the cluster expansion and the k-th truncated
expansion with disjoint polymers as

,= Y D0 amd 18, = Y 19,

“ . D! .
YELY(D):lIvlI=k Cey ielk—1]
Now we are ready to state our main result utilizing the truncated cluster expansion.
Theorem 2.1. Letr=r(n) =2 3. Ifp=o0 (n2_r), then for every integer k > 0,
(13) P (H,(n,p) € L(n)) = exp (Tgk + 0 (Aps1(D)) +o (1)) ,

where D is the dependency graph for the indicators of forbidden r-graphs defined by (12) and A;(D)
denotes the sum of joint moments over polymers of size i in the graph D,

D)= S u(©).

Ccec(DY|C|=i

Moreover, for anye >0, ifp=o0 (nz_r_e), then there exists an integer k = k() > 0 such that

(14) P (H,(n,p) € Lr(n)) = exp (Tgk +o (1)) .



Theorem 2.1 gives the more precise asymptotics of the probability of random hypergraphs being linear.
We next consider a specific example, by restricting to the 3-uniform hypergraphs case, and computing
only the first few terms of the series explicitly for illustration purpose. This extends the asymptotic
probability of linearity for Hs(n,p) given by McKay and Tian in (1).

Corollary 2.2. Ifp=o0 (n_7/5), then

1 2 55 3
(15) P (ta(n. ) € La(n) = exp (—g's? + 30%5° — Dot + 2t +0().

3 Proofs of main results

The density of a graph G is defined by d(G) = eq/vg, where vg and eq are the numbers of vertices
and edges of G respectively. Another commonly used (see, for example, [15, 14]) density measure m,(G)
is defined by
(16) m«(G) = min fG o

HCGep>1vG — vy

Next we introduce joint cumulant, which is a fundamental tool in probability theory. Given G-
dependent random variables {X,},cv (@), for every set of vertices S C V(G), the joint cumulant of
random variables {X;}iecs is defined by

(17) r($)= Y )M (x| =D ] (),

well(S) Pern

where II(S) denotes the set of all partitions of S. The joint cumulant x(S) can be regarded as a measure
of the mutual dependences of the variables in S. An important property of the joint cumulant x(.S) is
that if S can be partitioned into two subsets S7 and S5 such that the variables in S7 are independent of
the variables in Sa, then x(S) = 0. In other words, if S ¢ C(G), then x(S) = 0 (see, for example, [18]).

Given a family F of r-graphs, we consider the probability that H,(n,p) is F-free, that is, it simulta-
neously avoids all copies of all r-graphs in F. Let ¢ > 0 be an integer, define ;(D) to be the sum of
joint cumulants over polymers of size ¢ in the dependency graph D, namely,

k(D)= Y K(O)

cec(D):|C|=i
Lemma 3.1 ([14, Corollary 12]). Let F be a finite family of r-graphs and p = p(n) € (0,1) satisfy
(18) np™ ) = o(1) and np?dF) =0 (1),

where

m*(f)zglel%m*(G) and d(./.")zgle%l__d(G).

Then, for every integer k > 0, we have

(19) log P (H.(n, p) is F-free) = > (=1)'ri(D)| = O (Ag41(D)) + o (1).
i€[k]

Moreover, if np™*F)
Api1(D) =o(1).

= n"¢ for some € > 0, then there exists an integer k = k(e, F) > 0 such that

Here we introduce another lemma relating the cluster expansion and cumulant series in equation (19).

Lemma 3.2 (Cumulant-cluster lemma). Let {X,},ev(q) be G-dependent random indicators and k > 0
be an integer. Then

(20) o= > (-19k(0),
CeCL(G)
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where Ci(G) = {C € C(GQ) : |C| € [k]} denotes the set of polymers with size at most k.

Now we are ready to prove the main result.

Proof of Theorem 2.1. Let F defined by equation (11) be the set of forbidden r-graphs. Since each r-set
of [n] is an edge independently with probability p in H,(n,p), then for distinct subgraphs Fy, Fy € A,
indicators 1{m cu,(np)} and 1{mcm,(np)) are dependent if E(F1) N E(Fy) # (). Hence graph D defined
by equation (12) is a dependency graph for random indicators 1¢pc g, (np)y for F' € A7,
Next we verify conditions in equation (18). Since
m,(F) =min min ‘G o _ ! -

GeF HCG,eg>1vg — Vg max max (vg—wv r—2
¢ GengG,eH>1(G i)

and

. . eq 2 1
(F) cer (&) glelgvg maxvg r—1’
€

then 2d(F) = my(F) for all 7 > 3. Thus if np'/"=2) = 0(1), then
(21) [log P (H, (n,p) € £,(n)) = Th .| = O (Aks1) +0(1).

Moreover, if p = o (n_(’"_2)_5) for some € > 0, then combining with Lemma 3.2, we complete the
proof. O

What remains is to show Lemma 3.2. We introduce an auxiliary lemma for its proof.

Lemma 3.3. For all connected graph H, we have

(22) Z Z (—=1)%¢ H Yperayy = Z (—=1)%c.

nell(V(H)) Ge CSpan(K|.|) Per GeCSpan(H)

We first introduce the chromatic polynomial. Given a graph H and a positive integer A, a (proper)
A-colouring of H is a map ¢ : V(H) — [A] such that ®(u) # ®(v) for all {u,v} € E(H). The chromatic
polynomial P () of H is the number of A-colourings of H.

Given a graph H and a positive integer k, a partition containing k subsets {Vi,...,Vi} of V(H) is
called a k-independent partition of H if for every i € [k], we have V; # 0 and V; € Z(H). Let a(H, k)
count the k-independent partition of H. Then we have the chromatic polynomial in factorial form

VH

(23) Py(\) = a(H, k)N,
k=1

(see, for example, [2, Theorem 1.4.1]). An equivalent formula for Py (\) written as a polynomial in A,
known as the Whitney-Tutte-Fortuin-Kasteleyn representation (see, for example, [12, Eq. (A.11)] or [17,
Eq. (1.2)]) is
(24) Py(N) = Y (1P,

ECE(H)
where ¢(E) = ¢(V(H), E) counts the number of the connected components of subgraph (V(H), E) for
every edge set E C E(H).

Proof of Lemma 3.3. By inspecting equations (24) and (4), one observes that the Ursell function is the
linear term of the chromatic polynomial (this is also a well-known fact, see, for exmaple, [1]). Then we
have the right hand side of equation (22)

) Y <_1>ec:dP§A(A>(A:O:%(Zaw,k)m)\_Ozza<H,k><—1>k—1<k—1>!.

GeCSpan(H) B k=1
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Using the the combinatorial identity obtained before in (10), the left hand side of equation (22) can be
rewritten as

(26) Z Z (=1)%¢ H Y per(ay = Z (=)™ (|x| - 1)! H 1 pez(m)}-

m€ll(V(H)) GeCSpan(K|.|) Perm mell(V(H)) Per

Notice that the right hand side of equation (26) is a sum of |7 |-independent partition for any = € II(V (H)).
Thus we have

S (0wl = DT Ypezamy =

S
T

M

Z (—=1)F 1k — 1)! H lipezan

reIl(V (H)) Pen k=1 7eIl(V (H)):|x|=k Pen
vy
(27) = o(H,E) (1) k-1
k=1
Then combining (25) and (27), we complete the proof. O

Proof of Lemma 3.2. From the cluster expansion, we have

TGk—i—l = Z L, = Z o0 H(—l)mﬂ(c)

_ !
i€[k] V€LY (G):[lvIIE[K] Cey
1 e C;
- Y 4 ¥ VI
(C1,...,Crn )€Y (G) HECSpan(G(Cl,...,Cn)) i€[n]
2icin) |Cil€[K]
(28) = Z Z yeH H 1)l%l,
{C1,...,0n }€Ty(G) HECSpan(G(Ch,.. ,Cn)) i€[n)
2icin) |Cil€[K]

where the first summation in the last line is an abuse of notation, and denotes the summation over
(unordered) sets of polymers. From the definition of joint cumulants, we get

PR Es V(S N G VI W G V(T S VI | 10

CeCr(G) CeCr(G) well(C) Per
- X3 0 [T,
CeCr(G) mell(C Perm

Combining with identity in (10), it follows that

OCIERTESD DD DR SN | (L

CeCr(G) CeCy(G) mell(C) HeCSpan(K | 4|) Perm

Fix an arbitrary polymer C € Ci(G), for every partition 7 = { P, ..., Py} € II(C), by factorising into
pairwise non-adjacent maximal connected subgraphs, with each induced by Ci, ..., C, respectively, there
exists a unique finest partition consisting of only polymers «’ = #’(7) = {C1,...,C,} € II(C) such that

(p1) n=m,

(p2) for all i € [n], we have C; € C(G),
(03) (Ch, .., Cn) € Ty(G), and

(p ) HPEﬂ' /L( ) HC’EN’ H (C)



FIGURE 1. A polymer of size seven with a partition {{1,3},{2},{4,7},{5,6}}
and the corresponding polymer partition {{1},{3},{2},{4},{7},{5,6}} such that

p(1,3) p(2) p(4,7) 1 (5,6) = p (1) p(2) e (3) e (4) 1 (5,6) p (7).

Then, we have

Yo V)sey= 30 Y > ey IT 0¥uce)

CeCr(G) CeCy(G) mell(C) HeCSpan(K | 4|) Cen'(r)
=2 X > o I (=0
CeCr(G) well(C) HeCSpan (K|, ‘) i€[n]

W/(W):{Clv“'vc”l}

Since I'y(G) is the set of all clusters of G with pairwise disjoint polymers, we then rearrange the partitions
according to their corresponding polymer partitions and have that

{rell(C):CeC(@)}=Smell':{Cy,...,Cn} €Ty(G): > _|Ci| € [K] ¢,

i€[n]
where
Ir .= {77 S H(Uie[n]Ci) s (m) = (Cy, . .. ,C'n)}
denotes the set of partitions of U;c[,)C; for a given set of polymers {C1,...,Cp} € T'y(G). Hence

(29) Z (—1)'0‘/4(0): Z Z Z (—1)°n H |C\

CeCr(Q) {C1,...,Cn}€ly(G) mell’ HeCSpan(K ) i€[n]
2Yicin) |Cil€lK]

Note that we have
[T ) = TT 01w ()
Per i€[n]

if and only if every element of the partition = € II' is an independent set of G(C1,...,Cy). Then by
comparing equations (28) and (29), it suffices to show that for all (C1,...,C,) € I'y(G),

> > =0 I LYpezwion,..cny = > (=1)°H,

nell’ GeCSpan(K| ) Pen HeCSpan(G(Chy,...,Crn))

which follows from Lemma 3.3. ]

4 Computations for Hs(n,p)

The goal of this section is to compute the terms in Theorem 2.1 explicitly to prove Corollary 2.2.

Proof of Corollary 2.2. For 3-uniform hypergraphs, the forbidden hypergraph is on four vertices with a
pair of 3-sets sharing two vertices, we call it a link. Then for random indicators of links, we construct the
dependency graph D following equation (12), such that two links are adjacent if and only if they share
one hyperedge. A polymer C € C(D) of size k is a set of links {F1,..., F;} whose induced subgraph in
D is connected.
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We first enumerate all contributing non-isomorphic types of clusters, and compute value (b(’y)(—l)”“f”
[lce, #(C) /||t for each cluster type . Then we multiply each value with the size of the respective
isomorphism class. More precisely, noting a cluster is a set of link sets, an isomorphism between two
clusters 1,72 is a bijection between their vertices (the union of vertices in all links): Ucey, Upec V (F) —
Ucey, Urec V(F), which induces a bijection from the hyperedges of 71 to the hyperedges of 72, and a
bijection from the polymers of v; to the polymers of v5. An automorphism of a cluster is an isomorphism
to itself. For each cluster v € I'(D), we consider the distinct copies of v in the complete r-graph on n
vertices by choosing all the vertices in Uce, Urpec V (F') from [n] (ordered selections without repetition),
and every element of I'(D) isomorphic to « is counted once for every automorphism of ~.

Now, we compute the terms in (14) for p = o (n_7/ 5) explicitly.

(c1) Clusters « such that ||v| = 1.
There is only one cluster type, a single forbidden link, namely, a hypergraph with two hyperedges
intersecting in two vertices.

({123+4-234})
Thus, we have that
2
0 _ _ InJap® 149 3 5,
Lpy=~— E p(C) = - 1 - gt tgn +o(1).

cec(D):|C|=1

(c2) Clusters v such that ||| = 2.
There are two cluster types: one polymer of size two, and two polymers of size one, namely,
one polymer consisting of two edge-sharing forbidden links, or two edge-sharing polymers with

each being a single forbidden link. Also note that for any two (not necessarily distinct) polymers
(Cy,Cy) € C(D)? such that C; ~ Cj, we have that G(C;, C;) = Ka, thus ¢(C;,C;) =

({123+234, 234+345}) ({123+234, 123+235}) {123+234 123+124} ({123 + 234},
{234 + 345})

Therefore, we get
0
Lpa= >
YELg (D):|lv]|=2

= Y ()%ho+ Y —%(—1)%(01)#(02)

1)l H (C

l
M G

cec(D):|C|=2 (C1,C2)ely (D)

|C1|=|C2|=1

_[nlsp® | Infsp® | [nlap®  [n)sp® 3
=3 + 1 + 5 1 4np +o(1).

(c3) Clusters « such that ||v| = 3.
We only focus on one cluster type: one polymer of size three, namely, one polymer consisting of
three edge-sharing forbidden links, since if the cluster is formed by more then one polymer, then it
must be extended from clusters « such that ||v|| = 2 and more than one polymer, which are already
asymptotically negligible.
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5 ol 532

® /0
© @ 12 234
({123 +234, ({123 +234, ({123 +234, ({123 +234, ({123+234, ({123+234,

123 + 235, 934 4345, 234+ 345, 9234 + 345, 234+ 345, 123 4 235,

234+ 235})  345+456)) 345+ 356))  234+246}) 234 4236)), 120+ 236}).
(123 + 931, ({123+234,

934 + 345, 234 4 235,
(3) ()
(AN, L
© (2
({123 + 234, ({123 + 234, ({123 + 234, ({123 + 234, ({123 + 234,
123 + 124, 193 4 124, 123 + 124, 123 + 125, 123 + 135,
234 + 124}) 123 + 235}), 234 4 345}) 234 + 345}) 234 + 345})
({123 + 234,
123 4 124,
234 + 235})

Hence, we have that
thy= ¥ e Tae)
veTy(Dylyl=3 1" Céy
= Y D)@ +0 (n*’) + 0 (np!)

CeC(D):|C|=3
_ [nlsp® [nlep®  [nlep®  [nlep*  [nlep? 4 [nlep®  [n]ep?
BECEE] 9 9 30 9 7] ax3  2xz ol

where the last row of the types of polymers are of contribution O (n4p3) = o(1).

(c4) Clusters v such that [|v|| = 4.
As before, we only focus on one cluster type: one polymer of size four, since clusters with more
than one polymer contribute negligibly.

O——O o’e (5
R 58

({123 4 234,123 + 235,123 + 236,234 + 235}), ({123 + 234,123 + 235,
({123 + 234,234 + 235,235 + 236,123 + 236}) 234 + 235,123 + 136})

We then have

.= ¥ @(—1)”“’”]_[#(0):Zﬂip:+[”]6p4 mlsr | o).

! 2x8 2
sero(@ri—s 1 Cey
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(c5) Clusters v such that ||| € {5,6}.

({123 + 234, 123 + 235, ({123 + 234, 123 + 235, 123 + 236,
123 + 236,234 + 235,234 + 236}) 234 + 235,234 + 236, 235 + 236})

Then we have
P(7) [n]ep* [n]ep
Ihstlpe= > DM [ u(@) =557 + g +ol).
veTy(D):|Hlle{5,67 ' Cey !

Since there is a finite number of types of polymers with size seven, we thus have A7(D) = o (1). Hence,
we ignore the remaining terms by equation (13). Adding up the contributing terms for p = o (n_7/ 5
gives the asymptotic probability of Hs(n,p) being linear in Corollary 2.2. O

5 Concluding remarks

We have shown that the truncation of the cluster expansion series gives the asymptotic linearity of
binomial random hypergraphs. The analysis of the truncation utilised results in [14], which exploit the
correlation among random variables and rely heavily on FKG inequality. It would be interesting to
investigate whether this is necessary for the truncation. Alternative ways of handling truncation that
are commonly used include establishing the absolute convergence of the series via the Kotecky-Preiss
criterion [11], for example, see [5, 10].

It also would be interesting to investigate whether the cluster expansion series also gives the linearity of
random hypergraphs with given number of edges. However, in that case, all graph-dependent indicators
are dependent, and the only valid dependency graph for them is the complete graph. In this case, we
may need to modify the method by incorporating the notion of weak dependence, see, for example, [6].
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