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Abstract

In this paper, we study some degenerate parabolic equation with Cauchy–Dirichlet

boundary conditions. This problem is considered in little H€older spaces. The optimal
regularity of the solution v is obtained and is specified in terms of those of the second
member when some conditions upon the H€older exponent with respect to the degen-
eracy are satisfied. The proofs mainly use the sum theory of linear operators with or

without density of domains and the results of smoothness obtained in the study of some

abstract linear differential equations of elliptic type.
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1. Introduction

This paper is devoted to the study of a degenerate parabolic problem in the

square X ¼�0; 1½��0; 1½ described by the variables ðt; yÞ
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t2aDtvðt; yÞ � D2yvðt; yÞ ¼ kðt; yÞ;
vjoX�C1 ¼ 0;

�
ð1Þ
where C1 ¼ f1g��0; 1½; a 2�1=2;1½ and k is a function belonging to the fol-
lowing weighted subspace
hr
0;UðXÞ ¼ fk 2 hr

0ðXÞ : UðtÞk 2 hr
0ðXÞg
of the little H€older space hr
0ðXÞ, 0 < r < 1, defined in Section 2. The weight U is

defined by
UðtÞ ¼ t�2a et
1�2a

:

In this work, we give an alternative approach with respect to the results due

to Favini and Yagi [3]. These authors have studied some abstract problems of

parabolic type with a degenerate term in the time derivative. They have par-

ticularly used the notion of multivalued linear operators and construct fun-

damental solutions when the right-hand side has a H€older regularity with
respect to the time.

Our techniques are different and use the sum theory of linear operators in

two cases:

1. When the domains of these operators are dense.

2. When the operators are not necessarily densely defined.

On the other hand, in order to have some maximal regularities, we will use
the optimal results obtained in the study of some abstract linear differential

equations of elliptic type by Labbas [4] and El Haial–Labbas [5].

Problem (1) can be regarded as the principal part of the following diffusion

problem
Dtuðt; xÞ � D2xuðt; xÞ ¼ f ðt; xÞ;
ujoT�C1 ¼ 0;

�
ð2Þ
set in the curvilinear triangle T
T ¼ fðt; xÞ 2 R2 : t 2�0; 1½; 0 < x < ta ¼ uðtÞg;
when we make the change of variables and function
ðt; yÞ ¼ ðt; x=taÞ;
uðt; xÞ ¼ vðt; yÞ:

�

T is then transformed into X.
This last problem represents Fick�s second law which modelizes, for in-

stance, the concentration (of atoms) uðt; xÞ at time t in a position x, (like the
carburization of steel) in a homogeneous system (pure metal or any alloy). It is
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also the modelization of the lateral diffusion of a polluant in a flow of river with

variable width.
We also mention that in the framework of the LpðT Þ-space, with 1 < p < 1,

a study is given in Labbas–Medeghri–Sadallah [7] for Problem (2) where it is

proved that the solution u has the optimal smoothness, that is
u 2 H 1;2
p ðT Þ ¼ fw 2 LpðT Þ : Dtw;Dj

xw 2 LpðT Þ; j ¼ 1; 2g;
provided that a 2�1=2; p � 1½ and f is in some LpðT Þ-weighted subspace.
In this paper our main results (which are the equivalent to those obtained in

the LpðT Þ-study mentioned above) are the following:

Theorem 1. For k belonging to the weighted space hr
0;UðXÞ with a > ð1þ rÞ=2,

Problem (1) admits a unique strict solution v 2 hr
0ðXÞ such that
D2yv 2 hr
0ðXÞ;

t2aDtv 2 hr
0ðXÞ:

�

Moreover v satisfies the vector-valued weight regularities
t�2av 2 hr
0ðXÞ;

t�2av 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ

�

for all q > 1.
2. On little H€older spaces

2.1. Preliminary results

In this section ðX ; k � kX Þ stands for a complex Banach space, Q is an open
set of Rn (not necessarily bounded) and l 2 N. We denote by ClbðQ;X Þ the
space of the vector-valued functions with continuous and bounded derivatives
up to the order l in Q. In the case X ¼ C, one will simply write ClbðQÞ instead of
ClbðQ;CÞ.
For r 2�0; 1½; the Banach space CrðQ;X Þ denotes the space of the bounded

and r-H€older continuous functions f : Q! X , such that
supx2Q kf ðxÞkX < 1;
9C > 0 : 8x; y 2 Q; kf ðxÞ � f ðyÞkX 6Ckx� ykr

;

�
ð3Þ
endowed with the norm
kf kCrðQ;X Þ ¼ sup
x2Q

kf ðxÞkX þ sup
x6¼y

kf ðxÞ � f ðyÞkX
kx� ykr ¼ kf k1 þ ½f �CrðQ;X Þ:
For simplicity, we shall write CrðQÞ instead of CrðQ;CÞ.



814 T. Berroug et al. / Appl. Math. Comput. 162 (2005) 811–833
It is well known that any function f 2 CrðQ;X Þ, with r 2�0; 1½, can be ex-
tended to a function of CrðQ;X Þ. This is why we shall write in the sequel
CrðQ;X Þ or CrðQ;X Þ, or briefly CrðX Þ.
The little H€older Banach space hrðQ;X Þ is defined by
hrðQ;X Þ ¼ f 2 CrðQ;X Þ : lim
d!0

sup
0<kx�yk6 d

kf ðxÞ � f ðyÞkX
kx� ykr

(
¼ 0

)
; ð4Þ
the norm k � khrðQ;X Þ is that inducted by k � kCrðQ;X Þ. We can show that

1. for any � 2�0; r½ and l 2 N� n f1g, we have
ClbðQ;X Þ � C1bðQ;X Þ � hrðQ;X Þ � CrðQ;X Þ � hr��ðQ;X Þ � Cr��ðQ;X Þ
� C0bðQ;X Þ;
2. f 2 hrðQ;X Þ if and only if
8d > 0; 9CðdÞ > 0 : 8x; y 2 Q;
kx� yk6 d ) kf ðxÞ � f ðyÞkX 6CðdÞkx� ykr

with limd!0þCðdÞ ¼ 0;

8<: ð5Þ
3. for all r 2�0; 1½, every function of hrðQ;X Þ can be extended to a function of
hrðQ;X Þ.

One of the main results concerning the little H€older spaces is the following
density property (see Lunardi [8]).
Proposition 2. Let Q be an open set with regular boundary of Rn or a (possibly
unbounded) interval of R. For every r 2�0; 1½ and l 2�r;þ1½, the space hrðRn;X Þ
(resp. hrðQ;X Þ) is the closure of ClðRn;X Þ (resp. ClðQ;X ÞÞ in CrðRn;X Þ (resp.
CrðQ;X Þ).

We have obtained a similar result in the curvilinear triangle T
T ¼ fðt; xÞ 2 R2 : t 2�0; 1½ and 0 < x < ta ¼ uðtÞg
(see [1]).
We will use the notations
hr
0ðXÞ ¼ fv 2 hrðXÞ : vjoX�C1 ¼ 0g;
hr
0;0ð½0; 1�Þ ¼ f/ 2 hrð½0; 1�Þ : /ð0Þ ¼ /ð1Þ ¼ 0g;
hr
0ð½0; 1�;X Þ ¼ fN 2 hrð½0; 1�;X Þ : Nð0Þ ¼ 0g
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and
C0ð½0; 1�Þ ¼ f/ 2 Cð½0; 1�Þ : /ð0Þ ¼ 0g;
C0;0ð½0; 1�Þ ¼ f/ 2 Cð½0; 1�Þ : /ð0Þ ¼ /ð1Þ ¼ 0g;
Cr
0;0ð½0; 1�;X Þ ¼ fN 2 Crð½0; 1�;X Þ : Nð0Þ ¼ Nð1Þ ¼ 0g:
The domains of closed linear operators defined in Lebesgue spaces are dense in
general. It is not the same in the framework of the spaces of H€older continuous
functions. For example, in the Banach space Cr

0;0ð½0; 1�;X Þ and for the operator
C defined by
DðCÞ ¼ fN 2 C2ð½0; 1�;X Þ : N 00 2 Crð½0; 1�;X Þ and Nð0Þ ¼ Nð1Þ ¼ 0g;
CðNÞ ¼ N 00;

�

the closure of DðCÞ in Cr

0;0ð½0; 1�;X Þ is exactly

hr
0;0ð½0; 1�;X Þ ¼ fN 2 hrð½0; 1�;X Þ : Nð0Þ ¼ Nð1Þ ¼ 0g:
The little H€older spaces are therefore the good appropriated spaces if we want
to apply the sum theory of densely defined operators in the H€older space.

2.2. Anisotropic properties

One will need the following lemmas.

Lemma 3. Let h 2 hr
0ðXÞ. Then the vector-valued function N defined by
NðtÞðyÞ ¼ hðt; yÞ; t 2 ½0; 1�

is in the space
L1ðð0; 1Þ; hr
0;0ð½0; 1�ÞÞ \ hr

0ð½0; 1�;C0;0ð½0; 1�ÞÞ:
L1ðð0; 1Þ; hr
0;0ð½0; 1�ÞÞ denotes the space of the vector-valued functions N

strongly measurable such that NðtÞ 2 hr
0;0ð½0; 1�Þ for a.e. t 2 ð0; 1Þ.

Proof. Let h 2 hr
0ðXÞ.

1. The strong measurability of N is obtained by an analogous argument as in

Najmi [9] (p. 95).

2. 8d > 0; 9CðdÞ such that for jy � y 0j6 d and t 2 ½0; 1�, one has
jNðtÞðyÞ � NðtÞðy 0Þk ¼ jhðt; yÞ � hðt; y 0Þj6CðdÞkðt; yÞ � ðt; y 0Þkr

6CðdÞjy � y0jr

with limd!0þ CðdÞ ¼ 0. So NðtÞ 2 hr
0;0ð½0; 1�Þ. Now for a.e. t 2 ð0; 1Þ we get

kNðtÞkhrð½0;1�Þ ¼ max
y2½0;1�

jhðt; yÞj þ sup
0<jy�y0 j6 d

jhðt; yÞ � hðt; y0Þj
jy � y0jr 6 khkhr

0
ðXÞ:
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Thus N 2 L1ðð0; 1Þ; hr
0;0ð½0; 1�ÞÞ and

kNkL1ðð0;1Þ;hr
0;0

ð½0;1�ÞÞ 6 khkhr
0
ðXÞ:

3. 8d > 0, 9C1ðdÞ such that for kt � sk6 d one has
kNðtÞ � NðsÞkC0;0ð½0;1�Þ ¼ max
y2½0;1�

jhðt; yÞ � hðs; yÞj6C1ðdÞjt � sjr

with limd!0þ C1ðdÞ ¼ 0. On the other hand

Nð0ÞðyÞ ¼ hð0; yÞ ¼ 0:

Then N 2 hr
0ð½0; 1�;C0;0ð½0; 1�ÞÞ. h

It is not difficult to deduce the following lemma which specifies the relation
between global and anisotropic regularities in the above spaces.
Lemma 4. One has
hr
0ðXÞ ¼ L1ðð0; 1Þ; hr

0;0ð½0; 1�ÞÞ \ hr
0ð½0; 1�;C0;0ð½0; 1�ÞÞ:
3. Sums of linear operators

Let us now recall the essential of the sum theory we will have to apply.
Let A and B be two closed linear operators in a complex Banach E, with

domains DðAÞ and DðBÞ. We assume that there exist positive constants CA, CB,
�A, �B such that
ðD:G:0Þ DðAÞ þ DðBÞ ¼ E;

ðD:G:1Þ

ðiÞ qð�AÞ �
P

�A
¼ fz 2 C� : j argðzÞj < �Ag

8z 2
P

�A
kðAþ zIÞ�1kLðEÞ 6CA=jzj;

ðiiÞ qð�BÞ �
P

�B
¼ fz 2 C� : j argðzÞj < �Bg

8z 2
P

�B
kðBþ zIÞ�1kLðEÞ 6CB=jzj;

ðiiiÞ �A þ �B > p;

ðivÞ rð�AÞ \ rðBÞ ¼ ;;

8>>>>>>>>><>>>>>>>>>:
ðD:G:2Þ

8n 2 qð�AÞ; 8g 2 qð�BÞ;
ðAþ nIÞ�1ðBþ gIÞ�1 ¼ ðBþ gIÞ�1ðAþ nIÞ�1;

(

where qð�AÞ and qð�BÞ are the resolvent sets of �A and �B, rð�AÞ and rðBÞ
are the spectra of �A and B.
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Due to Da Prato–Grisvard [2], we have the two following results.

Theorem 5. Assume (D.G.0), (D.G.1) and (D.G.2). Then for any k > 0, the sum
Aþ Bþ kI
is closable and 0 2 qðAþ Bþ kIÞ.

The inverse of Aþ Bþ kI is given by the Dunford�s integral
Lk ¼
�1
2ip

Z
C
ðB� zIÞ�1ðAþ zI þ kIÞ�1 dz;
where C is a sectorial curve separating rð�AÞ and rðBÞ and lying in

qð�AÞ \ qðBÞ. The function
w ¼ ðAþ Bþ kIÞ�1ðf Þ ¼ Lkðf Þ
is called a strong solution of equation Awþ Bwþ kw ¼ f .

Theorem 6. Assume (D.G.0), (D.G.1) and (D.G.2). Let F be a Banach subspace
containing DðAÞ and continuously imbedded in E such that there exists a constant
K satisfying, for some h 2�0; 1½,
8x 2 DðAÞ; kxkF 6KðkxkE þ kxk1�h
E kAxkh

EÞ:
Then DðAþ BÞ � F .

When neither DðAÞ, nor DðBÞ is dense in E, Labbas [6] has proved the fol-
lowing result.

Theorem 7. Assume (D.G.1) and (D.G.2). Then for any k > 0, there exists a
closed extension gAþ B such that
Lk ¼ ð gAþ B þ kIÞ�1:
In this case Aþ B is closable and thus DðAþ BÞ � Dð gAþ BÞ. But in [6], we can
find an example where DðAþ BÞ is strictly imbedded in Dð gAþ BÞ.
4. Proof of Theorem 1

4.1. Writing Problem (1) in an operational form

Let us go back to our problem we started from
t2aDtvðt; yÞ � D2yvðt; yÞ ¼ kðt; yÞ;
vjoX�C1 ¼ 0;

�
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where k 2 hr
0;UðXÞ and
a >
1þ r
2

:

Set
gðt; yÞ ¼ t�2akðt; yÞ;
then
g 2 Eexp;X ¼ fw 2 hr
0ðXÞ : et1�2aw 2 hr

0ðXÞg:
Remark 8. Observe that if f (defined on the curvilinear triangle) is in the space
Eexp;T ¼ ff 2 hr
0ðT Þ : et

1�2a
f 2 hr

0ðT Þg;
then the corresponding function g defined on the square X by
gðt; yÞ ¼ f ðt; xÞ; y ¼ x=ta
belongs to Eexp;X.

Let us set
wðt; yÞ ¼ e
�k t

1�2a
ð1�2aÞvðt; yÞ;

hðt; yÞ ¼ e
�k t

1�2a
ð1�2aÞkðt; yÞ;

(

where k is a fixed number in �0, 2a � 1½. Then w verifies
t2aDtwðt; yÞ � D2ywðt; yÞ þ kwðt; yÞ ¼ hðt; yÞ
and
t�2ahðt; yÞ ¼ e
�k t

1�2a
ð1�2aÞe�t

1�2aðet1�2a t�2akðt; yÞÞ ¼ e
k

2a�1�1ð Þt1�2aðet1�2a t�2akðt; yÞÞ

¼ e
k

2a�1�1ð Þt1�2aðUðtÞkðt; yÞÞ:
Hence, thanks to the fact that the function , defined by
,ðtÞ ¼ e
k

2a�1�1ð Þt1�2a
is in C1bð½0; 1�Þ (since k 2�0, 2a � 1½), we deduce that
t�2ah 2 hr
0ðXÞ:
Thus, for the resolution of Problem (1), it is sufficient to solve
t2aDtwðt; yÞ � D2ywðt; yÞ þ kwðt; yÞ ¼ hðt; yÞ;
wjoX�C1 ¼ 0;

�
ð6Þ
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in the weighted Banach space
E ¼ fh 2 hr
0ðXÞ : t�2ah 2 hr

0ðXÞg;
equipped with the norm
khkE ¼ kt�2ahkhrðXÞ þ khkhrðXÞ:
Now, let us define the following vector-valued functions
N : ½0; 1� ! X ; t ! NðtÞ;NðtÞðyÞ ¼ hðt; yÞ;
M : ½0; 1� ! X ; t ! MðtÞ;MðtÞðyÞ ¼ wðt; yÞ;
Then we obtain the operational form of the previous problem, mainly
t2aDtMðtÞ þ LMðtÞ þ kMðtÞ ¼ NðtÞ;
Mð0Þ ¼ 0;

�
ð7Þ
where L is a linear operator with domain DðLÞ in some Banach space X which
will be specified later on.

Thanks to lemmas 3 and 4, the second member N is such that
N 2 L1ðð0; 1Þ; hr
0;0ð½0; 1�ÞÞ \ hr

0ð½0; 1�;C0;0ð½0; 1�ÞÞ;
t�2aN 2 L1ðð0; 1Þ; hr

0;0ð½0; 1�ÞÞ \ hr
0ð½0; 1�;C0;0ð½0; 1�ÞÞ:

�

4.2. First application of the sums

In this subsection we choose X ¼ hr
0;0ð½0; 1�Þ. Our goal is to apply the results

of Section 3 to Problem (7) in the Banach space
E1 ¼ fN 2 L1ðð0; 1Þ;X Þ : t�2aN 2 L1ðð0; 1Þ;X Þg;
equipped with the norm
kNkE1 ¼ sup
t2ð0;1Þ

kNðtÞkX þ sup
t2ð0;1Þ

kt�2aNðtÞkX :
Let us define the following three operators L, A and B by
DðLÞ ¼ f/ 2 hr
0;0ð½0; 1�Þ : /0;/00 2 hr

0;0ð½0; 1�Þg;
ðL/ÞðyÞ ¼ �/00ðyÞ;

(
ð8Þ

DðAÞ ¼ fM 2 E1 : MðtÞ 2 DðLÞ; a:e: t 2 ð0; 1Þg;
ðAMÞðtÞ ¼ LðMðtÞÞ; t 2 ð0; 1Þ

�
ð9Þ
and
DðBÞ ¼ fM 2 E1 : t2aDtM 2 E1;Mð0Þ ¼ 0g;
ðBMÞðtÞ ¼ t2aDtMðtÞ; t 2 ð0; 1Þ;

�
ð10Þ
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keeping in mind that the derivative DtM understood in the context of deriva-

tion in the vector-valued distributions space
D0ð�0; 1½; hr
0;0ð½0; 1�ÞÞ;
since
E1 � L1ðð0; 1Þ; hr
0;0ð½0; 1�ÞÞ � D0ð�0; 1½; hr

0;0ð½0; 1�ÞÞ:
Problem (7) is then equivalent to
AM þ BM þ kM ¼ N :
The spectral properties of A and B are as follows.

Proposition 9. A and B satisfy Assumptions ðD:G:1Þ and ðD:G:2Þ.

Proof

1. First, observe that the domains DðAÞ and DðBÞ are not dense in E1. The

operator A has the same properties as its realization L. By direct computa-
tions, we prove, for each �0 2�0; p½, that
qð�LÞ � Rp��0 ¼ fz 2 C� : fj argðzÞj < p � �0g

and

8z 2 Rp��0kð�Lþ kÞ�1kLðX Þ 6
1

jzj cos p��0
2

� � :
Then

qð�AÞ � Rp��0

and

8z 2 Rp��0kðAþ zÞ�1kLðE1Þ 6
1

jzj cos p��0
2

� � :
Therefore A verifies (D.G.1) statement (i) with �A ¼ p � �0.

2. Now, concerning the operator B, we first verify that the domain DðBÞ is well
defined. Indeed, if M 2 DðBÞ one has
M 2 L1ðð0; 1Þ;X Þ;
t�2aM 2 L1ðð0; 1Þ;X Þ;
t2aDtM 2 L1ðð0; 1Þ;X Þ;
t�2aðt2aDtMÞ ¼ DtM 2 L1ðð0; 1Þ;X Þ:

8>>><>>>:
Moreover it is well known that if M and DtM belong to L1ðð0; 1Þ;X Þ then M
admits a continuous representation on ½0; 1�, thus Mð0Þ ¼ 0 has a sense.
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3. Let us study the spectral equation
BM þ zM ¼ h;

where h 2 E1.

If ReðzÞ > 0, the solution of the problem
t2aM 0ðtÞ þ zMðtÞ ¼ hðtÞ;
Mð0Þ ¼ 0

�

is given by
MðtÞ ¼
Z t

0

hðsÞ
s2a

e
�z
R t

s
s�2a ds

� �
ds:
On the other hand, one has, for a.e. t 2 ð0; 1Þ
kMðtÞkX 6
Z t

0

khðsÞkX s�2a e�ReðzÞ
R t

s
s�2a ds

� �
ds

6 khkE1
Z t

0

s�2a e�ReðzÞ
R t

s
s�2a ds

ds

6 khkE1
Z t

0

s�2a e
ReðzÞ
2a�1ðt1�2a�s1�2aÞds

6 khkE1 e
ReðzÞ
2a�1t

1�2a
Z t

0

s�2a e
�ReðzÞ
2a�1 s1�2a ds6

khkE1
ReðzÞ
and
kt�2aMðtÞkX 6
Z t

0

t�2akhðsÞkX s�2a e�Rez
R t

s
s�2a ds

� �
ds

¼
Z t

0

t�2as2aks�2ahðsÞkX s�2a e�Rez
R t

s
s�2a ds

� �
ds

6 khkE1
Z t

0

s�2a e�Rez
R t

s
s�2a ds

ds6
khkE1
ReðzÞ :
Then M 2 E1, Mð0Þ ¼ 0 and
kðBþ zÞ�1kLðE1Þ 6
1

ReðzÞ :
Hence, for all �1 2�0; p=2½

qð�BÞ � Rp=2��1 ¼ fz 2 C� : j argðzÞk < p=2� �1 ¼ �Bg:
Now, let us choose �1 such that p=2� �1 > �0, then
�A þ �B ¼ ðp � �0Þ þ ðp=2� �1Þ > p:
Summing up we have ðD:G:1Þ.
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The assumption of commutativity ðD:G:2Þ is checked by direct computa-
tions. h

Observe that, thanks to Theorem 7, Aþ B admits a closed extension gAþ B
and, for all k > 0
ð gAþ B þ kIÞ�1 ¼ Lk;
which means that, for N 2 E1, there exists a unique M 2 E1 such that
M 2 Dð gAþ BÞ;
ð gAþ B þ kIÞM ¼ N :

�

We then deduce the following result corresponding to w1 defined by

w1ðt; yÞ ¼ MðtÞðyÞ.

Proposition 10. For h 2 E, there exists a unique w1 2 E1 solution in the sense of
D0ð�0; 1½; hr

0;0ð½0; 1�ÞÞ of the equation
t2aDtw1ðt; :Þ � D2yw1ðt; :Þ þ kw1ðt; :Þ ¼ hðt; :Þ:
4.3. Second application of the sums

Now, set X ¼ C0;0ð½0; 1�Þ and consider in the Banach space
Ehol ¼ fN 2 hr
0ð½0; 1�;X Þ : t�2aN 2 hr

0ð½0; 1�;X Þg;
the operators L, A and B defined by
DðLÞ ¼ f/ 2 C0;0ð½0; 1�Þ \ W 2;qð0; 1Þ; q > 1 : /0;/00 2 C0;0ð½0; 1�Þg;
ðL/ÞðyÞ ¼ �/00ðyÞ;

�
ð11Þ

DðAÞ ¼ fM 2 Ehol : 8t 2 ½0; 1�MðtÞ 2 DðLÞg;
ðAMÞðtÞ ¼ LðMðtÞÞ; t 2 ½0; 1�

�
ð12Þ
and
DðBÞ ¼ fM 2 Ehol : 8t 2 ð0; 1Þt2aDtM 2 Eholg;
ðBMÞðtÞ ¼ t2aDtMðtÞ; t 2 ð0; 1Þ:

�
ð13Þ
We have

Proposition 11. A and B satisfy ðD:G:0Þ, ðD:G:1Þ and ðD:G:2Þ in Ehol.
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Proof. It is not difficult to prove that for each �0 2�0; p½,
qð�AÞ � Rp��0
and
8z 2 Rp��0kðAþ zÞ�1kLðEholÞ 6
1

jzj cosðp��0
2
Þ :
If M 2 DðBÞ, then
M 2 hr
0ð½0; 1�;X Þ;

t�2aM 2 hr
0ð½0; 1�;X Þ;

t2aDtM 2 hr
0ð½0; 1�;X Þ;

t�2aðt2aDtMÞ ¼ DtM 2 hr
0ð½0; 1�;X Þ:

8>><>>:

Therefore the operator B is clearly well defined. It is enough to check the

spectral properties and the density. For the latter, one will use the density of

the space C2ð½0; 1�;X Þ \ C0ð½0; 1�;X Þ in hr
0ð½0; 1�;X Þ assuming that hr

0ð½0; 1�;X Þ is
equipped with the norm of the H€older space Crð½0; 1�;X Þ.
Let us show that the space
Et2a ¼ ft2aw : w 2 C2ð½0; 1�;X Þ \ C0ð½0; 1�;X Þg
is dense in Ehol. For this purpose we consider N 2 Ehol. Thus
N 2 hr
0ð½0; 1�;X Þ and t�2aN 2 hr

0ð½0; 1�;X Þ:
Putting t�2aN ¼ G, there exists a sequence
Gn 2 C2ð½0; 1�;X Þ \ C0ð½0; 1�;X Þ
such that
kG� GnkhrðX Þ ! 0 as n! 1:
Now, let us define the sequence Nn by Nn ¼ t2aGn. Then, for n! 1
kN � Nnkhrð½0;1�;X Þ ¼ kt2aG� t2aGnkhrð½0;1�;X Þ ! 0;
hence
kN � NnkEhol ¼ kN � Nnkhrð½0;1�;X Þ þ kt�2aN � t�2aNnkhrð½0;1�;X Þ

¼ kN � Nnkhrð½0;1�;X Þ þ kG� Gnkhrð½0;1�;X Þ ! 0:
On the other hand, Et2a � DðBÞ. Indeed if M 2 Et2a , one has
M ¼ t2aw;
where w 2 C2ð½0; 1�;X Þ \ C0ð½0; 1�;X Þ. So
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t2aw 2 hr
0ð½0; 1�;X Þ;

t�2aðt2awÞ ¼ w 2 hr
0ð½0; 1�;X Þ

�

and
t2aDtðt2awÞ ¼ 2at2at2a�1w þ t2at2aDtw 2 hr
0ð½0; 1�;X Þ;

t�2aðt2aDtðt2awÞÞ ¼ 2at2a�1w þ t2aDtw 2 hr
0ð½0; 1�;X Þ;

�

the function t 7!t2a�1 belongs to hr

0ð½0; 1�;X Þ since a > ð1þ rÞ=2. Hence
Et2a � DðBÞ. We deduce the density of DðBÞ in Ehol and ðD:G:0Þ follows.
Now, for h 2 Ehol, the spectral equation
t2aM 0ðtÞ þ zMðtÞ ¼ hðtÞ;
Mð0Þ ¼ 0

�

for ReðzÞ > 0, admits a unique solution formally given by
MðtÞ ¼
Z t

0

hðsÞ
s2a

e
�z
R t

s
s�2a ds

� �
ds:
Moreover, one has, for all t 2 ð0; 1Þ
kMðtÞkX 6
Z t

0

khðsÞkX s�2a e�ReðzÞ
R t

s
s�2a ds

� �
ds

6 khkEhol
Z t

0

s�2a e�ReðzÞ
R t

s
s�2a ds

ds

6 khkEhol
Z t

0

s�2a e
ReðzÞ
2a�1ðt

1�2a�s1�2aÞ ds

6 khkEhol e
ReðzÞ
2a�1t

1�2a
Z t

0

s�2a e
�Rez
2a�1s

1�2a
ds

6

khkEhol
ReðzÞ
and
kt�2aMðtÞkX 6
Z t

0

t�2akhðsÞkX s�2a e�ReðzÞ
R t

s
s�2a ds

� �
ds

6

Z t

0

t�2as2aks�2ahðsÞkX s�2a e�Rez
R t

s
s�2a ds

� �
ds

6 khkEhol
Z t

0

s�2a e�ReðzÞ
R t

s
s�2a ds

ds

6

khkEhol
ReðzÞ :
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We deduce from these estimates that M 2 Ehol, Mð0Þ ¼ 0 and
kðBþ zÞ�1kLðEholÞ 6
1

ReðzÞ :
Hence, for all �1 2�0; p=2½

qð�BÞ � Rp=2��1 ¼ fz 2 C�; jArgðzÞj < p=2� �1 ¼ �Bg:
Assumption ðD:G:1Þ is then verified as above. This ends the proof of the
proposition. h

Using Theorem 5 for all q > 1, we deduce that the operator ðAþ BÞ is
closable, Aþ Bþ kI is invertible and its inverse coincides with the operator Lk.

This leads to

Proposition 12. For h 2 Ehol Problem (6) admits a unique strong solution w2 such
that
w2 2 hr
0ð½0; 1�;X Þ;

t�2aw2 2 hr
0ð½0; 1�;X Þ:

�

This result implies, that there exists a sequence ðvnÞ 2 DðAÞ \ DðBÞ such
that
vn !Ehol w2;
t2aDtvnð:; :Þ � D2yvnð:; :Þ þ kvnð:; :Þ !Ehol hð:; :Þ:

�

Then w2 is a distribution solution (i.e. w2 2 D0ð�0; 1½;C0;0ð½0; 1�ÞÞ) of the equa-
tion
t2aDtwðt; :Þ � D2ywðt; :Þ þ kwðt; :Þ ¼ hðt; :Þ:
It is also a distribution solution in D0ð�0; 1½; hr
0;0ð½0; 1�ÞÞ and consequently

coincides with w1. We shall note w ¼ w1 ¼ w2.
In order to prove that the convexity inequality of Theorem 6 is verified

with
F ¼ fM 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ : t�2aM 2 hr

0ð½0; 1�;W
1;q
0 ð0; 1ÞÞg;
we need the following lemma.

Lemma 13. There exists a constant K > 0 (depending only on q) such that for all
function w 2 W 2;qð0; 1Þ \ W 1;q

0 ð0; 1Þ, we have
kwkW 1;q
0

6Kkwk1=2Lq kw
00k1=2Lq : ð14Þ
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Proof. Thanks to Poincar�e�s inequality, we know that the norms kwkW 1;q
0

and

kw0kLq are equivalent. Then it is enough to prove that
kw0kLq 6Kkwk
1=2
Lq kw

00k1=2Lq :
Fix a positive number l > 1. Using two integration by parts, we get for a.e.

y 2 ð0; 1Þ, the identity
w0ðyÞ ¼
Z 1

0

Gðy; xÞw00ðxÞdxþ
Z 1

0

Hðy; xÞwðxÞdx;
where
Gðy; xÞ ¼
xlþ1

yl 06 x < y;

� ð1�xÞlþ1
ð1�yÞl y < x6 1

(

and
Hðy; xÞ ¼
� lðlþ1Þxl�1

yl 06 x < y;
lðlþ1Þð1�xÞl�1

ð1�yÞl y < x6 1:

(

Let us set
ðK1wÞðyÞ ¼
Z 1

0

Gðy; xÞw00ðxÞdx;
then
sup
y

Z 1

0

jGðy; xÞjdx6 sup
y

Z y

0

xlþ1

yl
dx

(
þ
Z 1

y

ð1� xÞlþ1

ð1� yÞl dx

)
6

1

l þ 2
and
sup
x

Z 1

0

jGðy; xÞjdy6 1

l � 1 :
Thanks to Schur interpolation lemma we obtain
kK1kLðLq;LqÞ 6
1

l � 1 :
By the same way, putting
ðK2wÞðyÞ ¼
Z 1

0

Hðy; xÞwðxÞdx;
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we get
kK2kLðLq;LqÞ 6
2lðl þ 1Þ

l � 1 :
Therefore
kw0kLq 6
1

l � 1 kw
00kLq þ

2lðl þ 1Þ
l � 1 kwkLq :
For a fixed number m0 > 0, put
C ¼ max
½1þm0;1½

lðl þ 1Þ
ðl � 1Þ2

;

then, for all lP 1þ m0
2lðl þ 1Þ
l � 1 6 2Cðl � 1Þ:
Thus
8x > 0; kw0kLq 6xkw00kLq þ
2C
x

kwkLq :
Now, for x ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2CkwkLq
kw00kLq

q
, we get
kw0kLq 6 2
ffiffiffi
2

p ffiffiffiffi
C

p
kw00k1=2Lq kwk

1=2
Lq : �
Lemma 14. There exists a constant K > 0, such that for all function w 2 DðAÞ,
one has
kwkF 6Kkwk
1=2
Ehol

kAwk1=2Ehol :
Proof. Recall that
kwkF ¼ kwkhr
0
ðW 1;q

0
ð0;1ÞÞ þ kt�2awkhr

0
ðW 1;q

0
ð0;1ÞÞ
and
DðAÞ ¼ fw 2 Ehol : 8t 2 ½0; 1�wðtÞ 2 DðLÞg;
ðAwÞðtÞ ¼ LðwðtÞÞ; t 2 ½0; 1�:

�

Let w 2 DðAÞ. Then
kwkhr
0
ðW 1;q

0
ð0;1ÞÞ ¼ max

t2½0;1�
kwðtÞkW 1;q

0
ð0;1Þ þ sup

t 6¼s

kwðtÞ � wðsÞkW 1;q
0

ð0;1Þ

kt � skr :
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By virtue of Lemma 13, we have
kwðtÞkW 1;q
0

ð0;1Þ 6KkwðtÞk
1=2
Lq kD2ywðtÞk

1=2
Lq ;
from which, we deduce that
max
t2½0;1�

kwðtÞkW 1;q
0

ð0;1Þ 6K max
t2½0;1�

kwðtÞkLq
� �1=2

max
t2½0;1�

kD2yðwðtÞÞkLq
� �1=2

6K max
t2½0;1�

kwðtÞkLq
� �1=2

max
t2½0;1�

kðAwÞðtÞkLq
� �1=2

6Kkwk1=2hr
0
ðLqÞkAwk

1=2
hr
0
ðLqÞ 6Kkwk

1=2
hr
0
ðC0;0ÞkAwk

1=2
hr
0
ðC0;0Þ
and
kwðtÞ � wðsÞkW 1;q
0

ð0;1Þ

kt � skr 6K
kwðtÞ � wðsÞkLq

kt � skr

� �1=2 kðAwÞðtÞ � ðAwÞðsÞkLq
kt � skr

� �1=2
6K sup

t 6¼s

kwðtÞ � wðsÞkLq
kt � skr

 !1=2

� sup
t 6¼s

kðAwÞðtÞ � ðAwÞðsÞkLq
kt � skr

 !1=2

:

Hence
½w�hr
0
ðW 1;q

0
Þ 6K½w�

1=2
hr
0
ðLqÞ½Aw�

1=2
hr
0
ðLqÞ

6Kkwk1=2hr
0
ðLqÞkAwk

1=2
hr
0
ðLqÞ 6Kkwk

1=2
hr
0
ðC0;0ÞkAwk

1=2
hr
0
ðC0;0Þ:
Thus, we obtain a part of the convexity inequality
kwkhr
0
ðW 1;q

0
ð0;1ÞÞ 6Kkwk

1=2
hr
0
ðC0;0ÞkAwk

1=2
hr
0
ðC0;0Þ 6Kkwk

1=2
Ehol

kAwk1=2Ehol :
Using the same method for the term kt�2awkhr
0
ðW 1;q

0
ð0;1ÞÞ, we can show that
kt�2awkhr
0
ðW 1;q

0
ð0;1ÞÞ 6Kkt

�2awk1=2hr
0
ðC0;0Þkt

�2aAwk1=2hr
0
ðC0;0Þ

6Kkt�2awk1=2Eholkt
�2aAwk1=2Ehol :
This completes the proof of the lemma. h

Finally, Theorem 6 leads to
Proposition 15. For h 2 E, Problem (6) admits a unique strong solution
w ¼ w1 ¼ w2 fulfilling the following regularity
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w 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ;

t�2aw 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ

�

for all q > 1.
4.4. Other regularities

In this paragraph we analyze more regularities for the strong solution w by
inverting the variables t; y. We write the problem
t2aDtwðt; yÞ � D2ywðt; yÞ þ kwðt; yÞ ¼ hðt; yÞ;
wjoX�C1 ¼ 0;

�

we have studied, in the form
t2aDtW ðy; tÞ � D2yW ðy; tÞ þ kW ðy; tÞ ¼ Hðy; tÞ;
WjoX�c1 ¼ 0;

�
ð15Þ
where
W ðy; tÞ ¼ wðt; yÞ; Hðy; tÞ ¼ hðt; yÞ
and c1 ¼�0; 1½�f1g in variables ðy; tÞ. By the anisotropy Lemma 4, we also have
H 2 hr
0ðXÞ ¼ L1ð0; 1; hr

0ð½0; 1�ÞÞ \ hr
0;0ð½0; 1�;C0ð½0; 1�ÞÞ
with respect to the variables ðy; tÞ. Now, Problem (15) will be regarded as a

second order differential equation of elliptic type for which we can apply the

optimal results obtained in [4]. Let X ¼ C0ð½0; 1�Þ, we then rewrite (15) in the
space X in the following abstract form
D2yW ðyÞ þ QðW ðyÞÞ ¼ �HðyÞ;
W ð0Þ ¼ W ð1Þ ¼ 0;

�
ð16Þ
where we denote as usual W ðyÞ ¼ W ðy; :Þ. Here H 2 hr
0;0ð½0; 1�;X Þ.
4.4.1. First case

Define in X ¼ C0ð½0; 1�Þ, the operator Q by
DðQÞ ¼ C1ð½0; 1�Þ \ C0ð½0; 1�Þ;
ðQwÞðtÞ ¼ �t2aw0ðtÞ � kwðtÞ; t 2 ½0; 1�;

�
ð17Þ
where as above, we assume that k is a fixed number in �0; 2a � 1½.
Now, for , 2 C0ð½0; 1�Þ, the spectral equation
Qw � zw ¼ ,
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is equivalent to
t2aw0ðtÞ þ kwðtÞ þ zwðtÞ ¼ �,ðtÞ;
,ð0Þ ¼ 0:

�

Thus for any zP 0, we have
wðtÞ ¼ �
Z t

0

,ðsÞ
s2a

e
�ðzþkÞ

R t

s
s�2a ds

� �
ds
and
kwðtÞk6
Z t

0

k,ðsÞks�2a e�ðzþkÞ
R t

s
s�2a ds

ds

6 k,kX
Z t

0

s�2a e�ðzþkÞ
R t

s
s�2a ds

ds

6 k,kX
Z t

0

s�2a e
ðzþkÞ
2a�1ðt

1�2a�s1�2aÞ ds

6 k,kX e
ðzþkÞ
2a�1t

1�2a
Z t

0

s�2a e
�ðzþkÞ
2a�1 s1�2a ds

6
k,kX
ðzþ kÞ ;
this implies that the operator Q verifies
9C > 0 : 8zP 0 ðQ� zIÞ�1 2 LðX Þ and

kðQ� zIÞ�1kLðX Þ 6 C
1þz :

(

In addition the two compatibility conditions
�Hð0Þ � Qð0Þ ¼ 0 2 DðQÞ ¼ X ;
�Hð1Þ � Qð1Þ ¼ 0 2 DðQÞ ¼ X

�

are satisfied. Hence the results in [4,5] apply and give

Proposition 16. For H 2 hr
0;0ð½0; 1�;X Þ, there exists a unique strict solution
W 2 C2ð½0; 1�;X Þ \ C0;0ð½0; 1�;DðQÞÞ
such that

i(i) D2yW , QðW ð:ÞÞ 2 hrð½0; 1�;X Þ,
(ii) supy2½0;1� kD2yW ðyÞkDQðrÞ < 1.

It is well known that the little real interpolation space DQðrÞ cited in this
proposition (with respect to the variable t), coincides exactly with
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DQðrÞ ¼ hr
0ð½0; 1�Þ
(See Lunardi [8]).

Applying the regularities in statement (i) to w with respect to the variables
ðt; yÞ we deduce that
D2yw 2 Cð½0; 1�; hrð½0; 1�Þ;
w 2 C1ð½0; 1�; hrð½0; 1�Þ:

�

The ‘‘double’’ regularity in statement (ii) means that
D2yW 2 L1ð0; 1; hrð½0; 1�Þ

(with respect to the variables ðy; tÞ), from which, and after going back to w, we
get
D2yw 2 hrð½0; 1�;Cð½0; 1�Þ

(with respect to the variables ðt; yÞ).

4.4.2. Second case

In the same manner, Problem (16) can be considered in the space
L1ð0; 1;X Þ

with the second member verifying
H 2 L1ð0; 1; hr
0ð½0; 1�ÞÞ ¼ L1ð0; 1;DQðrÞÞ;
and also the results in [5] apply to give

Proposition 17. For H 2 L1ð0; 1;DQðrÞÞ, there exists a unique strict solution
W 2 W 2;1ð0; 1;X Þ \ L1ð0; 1;DðQÞÞ

such that D2yW , QW ð:Þ 2 L1ð0; 1; hrð½0; 1�ÞÞ.

One deduces that (with respect to the variables ðt; yÞ)

D2yw 2 L1ð0; 1; hr

0ð½0; 1�Þ;
Dtw 2 L1ð0; 1; hr

0ð½0; 1�Þ:

�

4.5. Back to v

Summarizing all the results on w obtained by the sum theory, we have
ðiÞ w 2 L1ð0; 1; hr
0;0ð½0; 1�ÞÞ;

ðiiÞ w 2 hr
0ð½0; 1�;C0;0ð½0; 1�ÞÞ;

ðiiiÞ w 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ;

ðivÞ t�2aw 2 L1ð0; 1; hr
0;0ð½0; 1�ÞÞ;

ðvÞ t�2aw 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ:

8>>>><>>>>:
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We recall that
vðt; yÞ ¼ e
k t
1�2a
ð1�2aÞwðt; yÞ;
where k is a fixed number in �0, 2a � 1½.
Since the following functions
t 7!ek
t1�2a
ð1�2aÞ; t 7!t�2aek

t1�2a
ð1�2aÞ
are in C1bð½0; 1�Þ, it is not difficult to obtain the above same regularities on v.
Then by virtue of Lemma 4 and the fact that W 1;q

0 ð0; 1Þ is continuously
imbedded in C0;0ð½0; 1�Þ, we deduce
v 2 hr
0ðXÞ;

t�2av 2 hr
0ðXÞ;

v 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ;

t�2av 2 hr
0ð½0; 1�;W

1;q
0 ð0; 1ÞÞ:

8>><>>: ð18Þ
Now using the regularities obtained by the approach given in [4,5], we have
D2yv 2 Cð½0; 1�; hrð½0; 1�Þ;
v 2 C1ð½0; 1�; hrð½0; 1�Þ;
D2yv 2 hrð½0; 1�;Cð½0; 1�Þ;
D2yv 2 L1ð0; 1; hrð½0; 1�Þ;
Dtv 2 L1ð0; 1; hrð½0; 1�Þ

8>>>><>>>>: ð19Þ
from which we deduce by in virtue of Lemma 4 that
D2yv 2 hr
0ðXÞ;

t2aDtv 2 hr
0ðXÞ:

�

Summing up (18) and (19), we obtain Theorem 1.

Remark 18

1. Note that the first and second application of the sum theory was useful to

obtain the vector-valued weight regularities (with respect to t�2a).
2. The previous study can be extended in a natural way to the degenerate par-

abolic problems of general form
uðtÞ2DtvðtÞ þ LvðtÞ ¼ kðtÞ;
vð0Þ ¼ 0;

�
where L is an operator of general elliptic type with the fundamental

assumption: uu0 is a H€older continuous function.
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