Document downloaded from:

http://hdl.handle.net/10251/43259

This paper must be cited as:

Garcia March, MA.; Gimenez Palomares, F.; Villatoro, FR.; Pérez Quiles, MJ.; Fernandez
De Cordoba Castelld, PJ.; Fernandez De Cordoba (2011). Unisolvency for Multivariate
Polynomial Interpolation in Coatmélec Configurations of Nodes. Applied Mathematics and
Computation. 217(18):7427-7431. doi:10.1016/j.amc.2011.02.034.

The final publication is available at

http://dx.doi.org/10.1016/j.amc.2011.02.034

C ight
opyng Elsevier



*Manuscript

Click here to view linked References

Unisolvency for Multivariate Polynomial
Interpolation in Coatmeélec Configurations of
Nodes

Miguel-Angel Garcia-March?, Fernando Giménez ",

Francisco R. Villatoro ¢, Jezabel Pérez >*, and
Pedro Fernandez de Cérdoba®

aDepartment of Physics, Colorado School of Mines, Golden, Colorado (USA)

b Instituto Universitario de Matemdtica Pura y Aplicada - IUMPA. Universidad
Politécnica de Valencia. Valencia (SPAIN)

¢ Departamento de Lenguajes y Ciencias de la Computacion
E.T.S.1. Industriales, Universidad de Mdlaga
Madlaga (SPAIN)

Abstract

A new and straightforward proof of the unisolvability of the problem of multivari-
ate polynomial interpolation based on Coatmélec configurations of nodes, a class of
properly posed set of nodes defined by hyperplanes, is presented. The proof gener-
alizes a previous one for the bivariate case and is based on a recursive reduction of
the problem to simpler ones following the so-called Radon-Bézout process.

Key words: multivariate interpolation, properly posed set of nodes, geometric
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1 Introduction

The problem of polynomial interpolation of one-dimensional data has a widely
known solution. However, despite its apparent simplicity, multivariate poly-
nomial interpolation remains a topic of current research [1-3]. The existence
and uniqueness of the interpolation polynomial strongly depends on the ge-
ometrical distribution of the interpolation points. The distribution of points
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for which the interpolation problem is unisolvable is referred to as properly
posed set of nodes (PPSN).

The mathematical characterization of the most general PPSN is not currently
known. The configurations of nodes based on algebraic varieties, such as those
of Bos [4] and Liang et al. [5,6], are very general but non-constructive. In a
computational setting, configurations based on hyperplanes, such as those of
Coatmelec [7] and Chung and Yao [8], are preferred.

Surprisingly, the configuration of nodes introduced by Coatmeélec 7] in the
plane has received several names: DH-set [2], straight line type node configu-
ration [5], PPSN with node configuration A [9], straight line type node config-
uration A [10], PPSN by the recursive construction theorem using lines [11],
and PPSN by line-superposition process [12].

In this paper, a new proof of the unisolvability of the interpolation problem
for Coatmeélec configuration of nodes in arbitrary dimensions is presented. The
proof is based on a Bézout-Radon process [13,14]. Chui and Lai [9] present a
proof for the bivariate case only, state the result in arbitrary dimension, but
did not prove it because of complications in their notation. Multidimensional
interpolation is the basis to develop different numerical methods. The results of
this paper permit to design, for example, generalized finite difference methods
in irregular meshes based on Coatmelec configuration of nodes in two [15] or
more dimensions.

The contents of this paper are as follows. The definitions and notation re-
quired to set our main theorem are presented in the next section. The proof
of this theorem is detailed in Section 3. Finally, in the last section, the main
conclusions are summarized.

2 Presentation of the problem

Let II,,(R*) be the vector space of multivariate polynomials of degree not

greater than m with k variables. Let w = (z1,...,2%)" € R¥, where T denotes
transpose, No = NU {0}, j = (j1,...,jx)" € [ == N§, [j] = 51 + -~ + j,
w! = a ay - ap, and Ty, := {j € T : |j| < m}. The set of multivariate

monomials {w/}er,, is a basis of II,,,(R¥), i.e., every polynomial p,,(w) may
be written uniquely as > cr,, a; w’l, with a; € R. Hence, the vector space

IT,,(R*) has dimension N = Cf,,.. where C¥ is the binomial coefficient (Z)

Let I'* .= {j € I, : |j] = s}, s = 0,1,...,m. Note that I',, = U I,
the cardinal #I* = CfZl, ., and #I,, = S CyZl,, = N. The set of s-
th degree monomials may be represented as a column vector of length #I1'®



given by w® = (2%, 257wl g we, - a, ., opo ot xg)T, for all i =

(i1,...,0s)" € Nj, and 1 < iy < iy < --- < i, < k. Note that w(® = (1) €
R, w) = w € R*, and each component of the vector w®) corresponds to
a unique monomial w’ with j € I'*. Using this notation, every polynomial
pm(w) € I, (R¥) may be written as Y7 > icps a; w?.

1

Here on, a node refers to a point in R¥ and a configuration of nodes (CN) is a
set of pairwise distinct nodes X,,, = {w;}Y, where w; = (T(1,0), T(2,0), - - - ,x(;m-))T
e RF.

The Lagrange interpolation problem may be stated as follows: Given a CN

X,» and an arbitrary set of real numbers {f; € R}Y,, find a polynomial
P (w) € I1,,(R¥) such that

pm(wi) = Y ang = fi, 1=1,2,...,N. (1)

J€Nm

This problem is properly posed with respect to X, if it has a unique solu-
tion (unisolvability) for every set { f;}Y,. Compared with the one-dimensional
case where the solvability is always assured, the solvability of multivariate in-
terpolation depends strongly on the geometrical distribution of the nodes. A
CN X,, is said to be a properly posed set of nodes (PPSN) if the Lagrange
interpolation problem is properly posed with respect to X,,.

Equation (1) is a system of N linear equations with a multivariate Vander-
monde matrix V,,, i.e., (V)i = wf, where j € I',,, w; € X,,,, and 1 < i < N.
Note that this matrix looks a little bit bizarre since rows and columns are in-
dexed by different structural entities. A graded lexicographical order in the set
of multiindices I';;, may be introduced to enhance the notation (see Ref. [16])
but this is not required in this paper.

The following theorem summarizes some previously known results.

Theorem 1 Let X,, = {w;}Y, be a CN in k dimensions and V,, the cor-
responding multivariate Vandermonde matrix, then the following expressions
are equivalent:

(i) X, is a PPSN in R*.
(ii) Vi, is a nonsingular matriz, i.e., det(V,,) # 0.
(iii) rank(V;,) = N.

Let X, = Xgngw = {wi}; C R*¥ be a CN with N = C% ., nodes in k
dimensions. Let us define by induction on k the following CNs, first introduced
by Coatmeélec [7,9].

Definition 2 A CN X,, = X C RE s Coatmelec in k dimensions if

Ximg) = Upeo Xph—1) with #X g p—1) = Cﬁ;,i_l and there exists m + 1 hyper-



planes Yo, 71, - - -, Ym such that X p—1) C Ym and Xpr—1) C Yp \ UZ”:I,H Yq»
for 0 < p <m —1, with each X, —1) being Coatmeélec in (k — 1) dimensions
by identifying each hyperplane ~y, with RF~1.

Note that, in one dimension, every CN X,,, = X(,,, 1) C R is Coatmelec because
all its nodes are pairwise distinct, i.e., w; # wj, if 7 # j. Note also that, in
Definition 2, only one node belongs to the hyperplane ~,,.

The main result of this paper is a proof of the following theorem.

Theorem 3 FEvery Coatmelec CN X, in k dimensions is a properly posed set
of nodes in R”.

3 Proof of the main theorem

Our proof makes use of the following lemmas.

Lemma 4 Let us take the CN X,, where the nodes {w;}., are represented
as column vectors in R*, and the CN X,, whose nodes are w; = wo + H w;,
1=1,..., N, where wy is an arbitrary vector and H s a non-singular matriz

of dimension k. Lgt V., and Vm be the Vandermonde matrices gssociated to
the CNs X,, and X,,, respectively. If rank(V,,) = N, then rank(V,,) = N.

Proof of Lemma 4. For every set of real numbers {f; € R}, there exists
one and only one interpolating polynomial such that p,,(w;) = f;, given by
P (2) = P (H™* (x —wy)) where p,, () is the unique interpolating polynomial
for X,, given by Theorem 1. Therefore, rank(V,,) = N.

Lemma 5 Let {#; : i =1,...,k} be an orthonormal basis of R¥, and ny an
arbitrary vector. There always exists an orthogonal matriz H, representing a
rotation in R¥, which transform the vector &, onto H 21 = fy = ny/||n4|.

Proof of Lemma 5. If ny = 21, then H = I, the identity matrix. Otherwise,
let us apply the procedure of Gram-Schmidt orthonormalization to vectors
{21, 1}, yielding

G = 21 @ =1 —(n-¢)q G2 = L ®
’ ’ V42 g2 ||C_I2||’

where the dot is the ordinary Euclidean dot product. An arbitrary vector ¢
can be written as ¢ = ¢, +¢qy, where ¢ = (¢-¢1) 1 +(q-¢1) G = Q Q" ¢, where
Q@ = [G1; Go] is the rectangular matrix whose columns are the vectors §;; note
that QT Q is the identity matrix of dimension 2. Taking the vector ¢, = ¢ — q
as the rotation axis for the rotation matrix H results in Hq = q, + Hq =




(I-QQ") g+ QRQT"q, where R is the standard two-dimensional rotation
matrix

cosf —sinf o ' —
R = , cosf =21 -ny, sinf =+/1— (2 -nq)%
sinf  cosf

Hence, H =1-Q Q" +QRQ" is a rotation matrix (H H" = H" H = I and
det(H) = 1) such that H z; = n;.

Proof of Theorem 3. Let us use the induction principle over m and k. Let us
first consider m = 0 and any k € N. Clearly X, = w; and rank(Vj) =1 = N.
We consider next k£ = 1 and m # 0. The corresponding CN is Coatmelec in
one dimension and the coefficient matrix is a (one-dimensional) Vandermonde
matrix with maximal rank C} ., = m + 1 = N, since the nodes are pairwise
distinct.

By the induction hypothesis, let us assume that the theorem holds for either
m — 1 or k — 1, and let us prove that it holds for m and k. Here on, let us
take n = m + k. Since X, is a Coatmeélec CN in k dimensions, the following
conditions are fulfilled

X(m,k—l) = {wl, W, ... ,’UJC:;} C Ym,

X(m—l,k—l) = {wck}—l—l’ s ’wCZ%—l—Ckl} C ’}/m—l\’yma

n— n—2
X(m—26-1) = Wek-1yok—1qys .- vwc§}+c§;+q’j;}

C ’7m—2\7m—1 U Y,

Xok-1y ={wn}CTr\MU--Uyn,

where

X = Xmp—1) U Xm—1p—1) U - U X r—1)-



The multivariate Vandermonde matrix associated to the Lagrange interpola-
tion problem in the CN X, may be written as

1 1 1
Vin = wgz) w§2) wg,z

Let us apply the affine transformation w = wy + H w to all the nodes of the
CN, where H is the orthogonal matrix given in Lemma 5, that transforms the
2, coordinate axis in R¥ into the normal vector to the hyperplane 7,,, and wy
is the distance between the intersection point of the (new) rotated zj, axis and
the hyperplane v,,.

The application of the affine transformation nullifies the k-th coordinates of
T
the vectors {wl,wg, .. ’wCﬁi}’ hence w; = (I(Li),l'(zi), cee :E(k_Li),O) )

Let V},, where (Vm)ij — 1/, be the coefficient matrix of the transformed linear

A

system of equations. From Lemma 4, rank(V,) = rank(V},).

The rows and columns of the matrix V,, may be sorted by renaming the nodes
w; to w;, in order to group all its zero elements into its left-bottom part.
This process preserves the rank. The resulting matrix V,, has the following
structure

A B
0A'D



where A is the C*~] x C*~! matrix given by

1 1
uygl) u}él)
A=| o af ...
B is the C*~1 x C* | matrix
1 1

P CO R ()

B=|a® a®

n—

(m) 7 (m)

_ w L .« ..
ckoi41 VekTi42

ckoi+1 okt

- w - .« .
ckmli Vok iy




D is the C* | x C*_, diagonal matrix

i(k,ij:}H) 0 e 0
0 Zperiggy - 0
D= ,
0 0 - Zgen

A’ is the CF_; x C*_| matrix given by

1 1 1
= (1) ~(1) ~(1)
Wek-1yy Wek-149 Wer
/
A = ,
~(m) ~(m) ~(m)
Wekm14q Wek-149 777 Yok

and finally 0, cf. Eq. (2), represents the null matrix of dimensions C* | x ck-1
We recall that C* = CF=} + CF_.

The square matrix A is a multivariate Vandermonde matrix in (k—1) variables
and the C%~1 nodes {1} are a Coatmélec CN in (k— 1) dimensions. Therefore,
by the induction hypothesis, rank(A) = C*~1.

The diagonal matrix D is nonsingular, i.e., 23, # 0, for i = CFl41,...,CFk
because if there existed at least an ¢ with 25, = 0, then there would be at least
C*~1 4 1 different nodes lying in the hyperplane 7,,, but this is not possible
because X, is a Coatmeélec CN. Hence, rank(A’ D) = rank(A’). Moreover, the
matrix A’ is also a multivariate Vandermonde matrix corresponding to the
C* | nodes that do not belong to the hyperplane 7,,. Since the Coatmélec
property of a CN does not change under either rotation or translation of all
the nodes, the CN {w&;}, i = C*=1 +1,---,C*, is also a Coatmélec CN. The

n?’

induction hypothesis yields that the rank of matrix A’ is C%_,.

Finally, the rank of the C* x C* matrix V}, is rank(A) + rank(A4’) = C¥~1 +
Ck | = CF, and the theorem is proved.



4 Conclusions

The unisolvency of the problem of multivariate polynomial interpolation in a
Coatmelec CN, a kind of properly posed set of nodes defined by hyperplanes,
has been shown through a new and straightforward proof. This proof uses el-
ementary techniques from linear algebra. This fact permits the understanding
of the topic by nonexperts and opens the possibility of it being incorporated
in numerical analysis textbooks.

The geometrical condition characterizing Coatmelec CNs is one of the most
general conditions currently available for the characterization of properly posed
set of nodes defined by hperplanes, which is easier and more efficient to be
checked by an automatic computational software than the widely known ge-
ometrical characterization of Chung and Yao [8]. Therefore, Coatmélec CNs
are useful in mesh generation for the numerical solution of partial differential
equations in irregular domains, such as generalized finite difference methods.
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