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SOME IDENTITIES OF SYMMETRY FOR THE GENERALIZED
¢-EULER POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. By the symmetric properties of Drichlet’s type multiple g—I—function,
we establish various identities concerning the generalized higher-order g-Euler
polynomials. Furthermore, we give some interesting relationship between the
power sums and the generalized higher-order g-Euler polynomials.

1. INTRODUCTION

Let x be a Dirichlet character with conductor d € N with d = 1 (mod 2). As
is well known, the generalized higher-order Euler polynomials are defined by the
generating function to be

d-1 a at " 0 n
(22) 1 x(a)e” t)dtx_ial)e ) et = Z;)E;f;(x)%. (1.1)
When z =0, E,(f; = ESI 2((0) are called the generalized Euler numbers attached to
x of order r(€ N).

For ¢ € C with |¢| < 1, the g-number is defined by [z], = %.

Note that limg1[z]q = «. In [7], Kim considered g-extension of generalized higher-
order Euler polynomials attached to x as follows:

FOa) = 2] S (mg)™ o me (T y(me)) ettt
o ml’m’mT:: (1.2)
= Z Eff;q(x)—
n=0
Note that

at "
xt
hmF (22 edt+1 > ert.

For s € Cand x € Rwithx # 0,—1,—2,--- , Kim defined Dirichlet-type multiple
q — |—funtion which is given by

LS T (T x(my)
lq,r(svxb() = [2]q Z [m1++m -|1—;p]5
M, me=0 toTa (1.3)
1 o0
— (7‘) _ s—1
—I‘(s) /O Fq,x( t,x)t° " dt, (see [T]).
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Applying the Laurent series and Cauchy residue theorem in (I2) and (3], we
get

lgr(—n,zlx) = E(T; (T x), where n € Zxo. (1.4)

When 2 = 0, EY), = E)4(0) are called the generalized g-Euler numbers
attached to x of order r. From (2], we note that

T _ S Iz 7(7) n—I
Er(chq(x) - Z (l) Ey Xq[ ]q

=0

= ("B +lal,)

(1.5)

with the usual convention about replacing (Ey,)l) by E,(QM, (see [1-13]).

In this paper, we investigate properties of symmetry in two variables related to mul-
tiple ¢ —[—function which interpolates generalized higher-order ¢-Euler polynomials
attached to x at negative integers. From our investigation, we derive identities of
symmetry in two variables related to generalized higher-order g-Euler polynomi-
als attached to x. Recently, several authors have studied g-extensions of Fuler
polynomials due to T. Kim (see [1, 2, 3, 9, 10, 11, 12, 13]).

2. SYMMETRY OF q-POWER SUM AND THE GENERALIZED ¢-EULER POLYNOMIALS

For a,b € N with a =1 (mod 2) and b =1 (mod 2), we observe that

1 b
— g, |80 1+ + g
[2];1 q-, (S T + a(jl + +-] )|X>
db TG T .
~ [ul; Z § T S (1 i)
q =0 i1 = [ab (T+dd ) +b3_ qi+ad_, il];
(2.1)

From (21, we have

[b]s da—1 . _ i ' N _ b r .
g 2 (CDEI () ¢ Z e b 23 i)
a% i, jr=0 =1

db—1 da—1 .
st (—1)Zi=aGetntaD) (17 x () (5 x(ir))
= lelsl Z Z Z [ab (= + lezl ny) + il:l(bjl 'li‘ Cllil)];

x gtz (aitbjitabdny)

i1, ,tp=0j1,++ ,jr=0n1,--- ,nr-=0

(2.2)

By the same method as (2.2)), we get
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[a]s db—1 . , ) WS a r ’
[2]rq Z (—1)Zi= 9 (T x (1)) @ Zl:l]’lqu(s, ar + 3 ZMX)
@ g1, ,jr=0 o
db—1 da—1 o e o
LD D DD (Z1)>imaCrtmeta) (I x()x (i)
g1y sdr=01i1,,ip=0mn1, ,nr=0 [ab (CL' + lezl nl) + lel(a]l + bll)]q

X qzlrzl (aji+bi;+abdn;) _
(2.3)

Therefore, by (22) and (23), we obtain the following theorem.

Theorem 2.1. Fora,b € N witha =1 (mod 2) and b =1 (mod 2), we have

da—1 r
r s .7 T . i b .
Robly Do (D= () 6" = e (5,02 + = > i)
g1, 53r=0 =1
db—1 ) ) a r
= [2alaly D ()X @ X)) ¢t = g (s, 0 + 5 > ilx)-
Jis,Jr=0 =1

From ([4) and Theorem 2] we obtain the following theorem.

Theorem 2.2. Forn >0 and a,b € N with a =1 (mod 2) and b =1 (mod 2),
we have

da—1 r
s n ” i r . T ; r b 3
Rlplaly >0 (F)X X () ¢ F B o (br =)
Jise5Jdr=0 =1
db—1 ) ) ") a T
=B Y (UER i) 6 T e+ 30
1,5 Jr= =

By (LA, we easily get

T _ T+ r n
ED) @ +y) = (" VEL) + [z +l,)
= (¢"PE{) + " [ylg + []o)"

<7> ¢ (@B + o) ]y (2.4)

From (24]), we note that
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da—1 "
IS . r . r . r b -
Z (—1)Zi=rdtgb 2zt (TI7_y x (i) Ev(z,zc,q“ (b + a Zjl)
Jis,Jr=0 =t
da—1

= ) (—h)EiIg i I (T x ()

J1s53r=0
n n ,L-blezl JZE(T) (b ) b(]l + .- +.]7“) n—1u
x Z i) N
i=0 q*
da—1 ) )
= Y (F)ERI R I x()
Jiyegr=0 (2 5)
XZ<Z) (n—i)b > ]_ llen I [ Z]l]
i=0 @
= () (Bla\' Lo
$0) () 0r
da—1
~ Z (—1) 2=t b Dima (n=iF Vi[5, 4 +jr]f1b
J1s 5 3r=0
() (e o ”)
-3 (5) () B e 015 ),
where
a_l . . . . r i
SV Galx) = D0 (F)P T (I (1) g D lez] . (26)
1 dr=0 =1 g
From (Z3) and (2.8), we can derive the following equation.
da—1 ) ) b T
[Q]Zb [a]g Z (_1)21:1 qubzlzl Ji (H[le(jl))E,(;Zma (bx + o Zjl)
J1ye e =0 = (2.7)
T - n T T
2 3 ()l BB e (S el
i=0
By the same method as (Z7), we get
db—1
[2]7. [b]7 Z (—1)Xi=1d1ga it (117 X(JZ))Er(qu (ax + — Zjl
1y Gr=0 (2.8)
T - n r
=12 3 () B (00)SE g 00,
i=0

Therefore, by ([2.7)) and ([Z8]), we obtain the following theorem.
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Theorem 2.3. Forn >0 and a,b € N with a =1 (mod 2) and b =1 (mod 2),
we have

r - n n—i[]e T T
21 3 (7 )l DI (053 )

=0

=205 >

n n—if 1 T T
( ) B B, (aa) S (b)),
i=0

7

Remark. It is not difficult to show that

elzlau Z qEerl ml(_l)ELl i (H?:1X(ml)) elv+22121 mulqa® (utv)
T (2.9)
= e~ [zlqu E: gi=1 (1) X ™ (T (my)) el®tyt iz mia(uty)
my,ee ,mp=0
Thus, by [2.9), we get
- m T T m—
> (1) B il
F=0 (2.10)

- n —kx r n—
=3 (1) E o+ el
k=0

REFERENCES

[1] S. Araci, M. Acikgoz, A note on the Frobenius-Euler numbers and polynomials associated
with Bernstein polynomials, Adv. Stud. Contemp. Math., 22 (2012), no.3, 399-406.
[2] M. Cenkci, M. Can, Some results on g-analogue of the Lerch zeta function, Adv. Stud.
Contemp. Math. 12 (2006), 212-223.
[3] M. Cenkci, Y. Simsek, V. Kurt, Further remarks on muliple p-adic ¢ — L-function of two
variables, Adv. Stud. Contemp. Math. 14(2007), 49-68.
[4] E. Deeba, D. Rodriguez, Stirling’s series and Bernoulli numbers, Amer. Math. Monthly
98(1991), 423-426.
[5] D. S. Kim, N. Lee, J. Na, K. H. Park, Identities of symmetry for higher-order Euler polyno-
mials in three variables (I), Adv. Stud. Contemp. Math. 22 (2012), no. 1, 51-74.
[6] D. S. Kim, T. Kim, S.-H. Lee, J.-J. Seo, Symmetric identities of the q-Euler polynomials,
Adv. Stud. Theor. Phys. 7(2013), 1149-1155.
[7] T. Kim, New approach to q-Euler polynomials of higher order, Russ. J. Math. Phys 17(2010),
218-225.
[8] T. Kim, Symmetry p-adic invariant integral on Z, for Bernoulli and Euler polynomials, J.
Difference Equ. Appl. 14(2008), 1267-1277.
9] B. Kurt, Some formulas for the multiple twisted (h,q)-Euler ppolynomials and numbers,
Appl. Math. Sci. (Ruse), 1263-1270.
[10] H. Ozden, I. N. Cangul, Y. Simsek, Multivariate interpolation functions of higher-order q-
Euler numbers and their applications, Abstr. Appl. Anal. 2008, Art. ID 390857, 16pp.
[11] S. H. Rim, J. Jeong, On the modified q-Euler numbers of higher order with weight, Adv.
Stud. Contemp. Math. 22(2012), 93-98.
[12] S. H. Rim, J. Jeong, Identities on the modified q-Fuler and q-Bernstein polynomials and
numbers with weight, J. Comput. Anal. Appl. 15(2013), 39-44.
[13] Y. Simsek, Complete sum of products of (h, q)-extension of Euler polynomials and numbers,
J. Difference Equ. Appl. 16(2010), 1331-1348.



6 DAE SAN KIM AND TAEKYUN KIM

DEPARTMENT OF MATHEMATICS, SOGANG UNIVERSITY, SEOUL 121-742, REPUBLIC OF KOREA.
E-mail address: dskim@sogang.ac.kr

DEPARTMENT OF MATHEMATICS, KWANGWOON UNIVERSITY, SEOUL 139-701, REPUBLIC OF KO-
REA
E-mail address: tkkim@kw.ac.kr



	1. Introduction
	2. Symmetry of q-power sum and the generalized q-Euler polynomials
	References

