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HERMITE-HADAMARD TYPE INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS VIA FRACTIONAL
INTEGRALS

IMDAT ISCAN

ABSTRACT. In this paper, the author established Hermite-Hadamard’s in-
equalities for harmonically convex functions via fractional integrals and ob-
tained some Hermite-Hadamard type inequalities of these classes of functions.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The following inequality

a1 P <4 /bf(x)dng(awrf(b)

2 b—a 2

holds. This double inequality is known in the literature as Hermite-Hadamard
integral inequality for convex functions. Note that some of the classical inequalities
for means can be derived from (LI for appropriate particular selections of the
mapping f. Both inequalities hold in the reversed direction if f is concave. For
some results which generalize, improve and extend the inequalities (I.I)) we refer
the reader to the recent papers (see [1I 2, Bl 4] 5] ) and references therein.

In [I], Iscan gave definition of harmonically convexity as follows:

Definition 1. Let I C R\ {0} be a real interval. A function f: I — R is said to
be harmonically convez, if

(1.2) f (ﬁ) <tf(y)+ (1 —t)f(z)

forallz,y € I and t € [0,1]. If the inequality in (I.2) is reversed, then f is said to
be harmonically concave.

The following result of the Hermite-Hadamard type holds.
Theorem 1 ([1]). Let f : I C R\ {0} — R be a harmonically convex function and
a,b €I with a <b. If f € L[a,b] then the following inequalities hold

f< 2ab)< ab y f(z)dz<f(@)+f(b)_

a+b) " b—a 2 - 2

a
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Lemma 1 ([1]). Let f : I C R\ {0} — R be a differentiable function on I° and
a,be I with a <b. If f' € Lla,b] then

w3 @)+ I0)  ab [ 1@,

2 b—a x2
1

1-2¢ , ab
dt.
/ (th+ (1 —t)a 2f (tb+(1—t)a>

0

In [, Iscan proved the following results connected with the right part of (I2)

Theorem 2. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I
with a < b, and f' € La,b]. If | f'|? is harmonically convez on [a,b] for ¢ > 1, then

b b
- f@ i) b fig du
< POZDNT Dol @+ x 1 B
where
! 2 (a+b)°
A1o= E_(b—a)21n< 4ab )j
_ —1 3a+b (a+b)°
/\2 — b(b—a)+(b—a)31n< 4ab )7
N b+a \ ((a+b)
3 = a(b—a)_(b—a)gn 4ab
= )\1—/\2-

Theorem 3. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I with
a < b, and f" € L{a,b]. If | f'|? is harmonically convex on [a,b] for ¢ > 1, %—i—% =1,
then

fla) + f(b) _ _ab f( ) 4

(1.5) 2 b—a a:2
< PEED () @ sl 0
where
- @G0 (-2 —a]
' 2(b—a)’(1—q)(1—2¢)
P el CRDOICE L)

2(b—a)’(1-q)(1-2

We recall the following special functions and inequality

~—
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(1) The Beta function:

B(z,y) = % = /tw_l (1=t "dt, xy>0,
0

(2) The hypergeometric function:

1
1 e _
oy (a,b;c;2) = FIOrED) /tb_l (1—)" (A —2t)%dt, ¢ >b>0, |z| <1 (see [14]).
0
Lemma 2 ([6.[7]). For0<a <1 and 0 <a <b, we have
l[a® —b*| < (b—a)”.
In the following, we will give some necessary definitions and mathematical pre-

liminaries of fractional calculus theory which are used further in this paper.

Definition 2. Let f € L[a,b]. The Riemann-Liouville integrals J&, f and Ji* f of
oder a > 0 with a > 0 are defined by

x

/(a: ) f()dt, x> a

a

Jo, f(z) = ﬁ

and
b
T f(x) = %a)/(t — )l f ()t @ < b

x

respectively, where I'(a) is the Gamma function defined by T'(a) = [ e~ 't 1dt

0\8

and J2., f(x) = IO [(z) = /().

Because of the wide application of Hermite-Hadamard type inequalities and frac-
tional integrals, many researchers extend their studies to Hermite-Hadamard type
inequalities involving fractional integrals not limited to integer integrals. Recently,
more and more Hermite-Hadamard inequalities involving fractional integrals have
been obtained for different classes of functions; see |7, 8, [, [10] 111 12} [13].

The aim of this paper is to establish Hermite-Hadamard’s inequalities for Har-
monically convex functions via Riemann—Liouville fractional integral and some
other integral inequalities using the identity is obtained for fractional integrals. These
results have some relationships with [IJ.

2. MAIN RESULTS

Let f: I C (0,00) — R be a differentiable function on I°, the interior of I,
throughout this section we will take

1y (g: 0,0, )
_ [@+0) ety (ba_ba> {0 (F00) (1/0) + iy (Fog) (1/a)}

where a,b € I with a < b, a > 0, g(z) = 1/x and T is Euler Gamma function.
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Hermite-Hadamard’s inequalities for Harmonically convex functions can be rep-
resented in fractional integral forms as follows:

Theorem 4. Let f : I C (0,00) — R be a function such that f € Lla,b], where
a,b € T with a < b. If f is a harmonically convex function on [a,b], then the
following inequalities for fractional integrals hold:

(2.1)

F(25) < B () (e o+ g (o (1)) < LOEIO

with o > 0.

Proof. Since f is a harmonically convex function on [a, b], we have for all z,y € [a, b]
(with ¢ = 1/2 in the inequality (T2]))

(2 <t

z+y 2
Choosing © = tb+(“1b_t)a, Y= ta+glb_t)b, we get
I (i) + I (tim).
(2.2) f 2ab < o+ (1—1) ta+( 1 —t)b
a+b 2

Multiplying both sides of [Z2) by t*~!, then integrating the resulting inequality
with respect to t over [0, 1], we obtain

2ab
! (a—l—b) =

1

1
a— ab o ab
/t Y (tb+(1—t)a> dt*/t g (ta+(1—t)b> dt
0 0

(Y e}

o [Va o 1/a a—
RGO R GO RROE
= L (N (e (o) )+ I (o0 (1)

T(a+ 1)

- T(%)Q{Jf‘/a (fog)(1/b)+ Vbt (fog)(l/a)}, where g(z) = 1/x.

and the first inequality is proved.
For the proof of the second inequality in (2] we first note that if f is a har-
monically convex function, then, for ¢ € [0,1], it yields

(s ) <@+ -050)

and

i) <00+ 0 - 05(@).

By adding these inequalities we have

(2.3) f <m) + f <ﬁ> < fla) + f(b).
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Then multiplying both sides of [Z.3]) by t*~!, and integrating the resulting inequal-
ity with respect to ¢ over [0, 1], we obtain

/:f (ﬁ) taldt+Zf (ﬁ) t*tdt < [f(a) + f(b)] /:to‘ldt

Mt 1) (52 ) {7 (Fon) Q)+ T, (Foa) (1/a)} < fa) + 10

The proof is completed. O

Lemma 3. Let f : I C (0,00) = R be a differentiable function on I° such that
f' € Lla,b], where a,b € I with a < b. Then the following equality for fractional
integrals holds:

(2.4) I (g, a,b)

1

(1-1) b
/ ]2 ( . )dt.
| (ta+ (=" \ta+ (=0

Proof. Let Ay = ta+ (1 —t)b. It suffices to note that

1

0

! 1
(e O ()

0 0

By integrating by part, we have

1] .4 ab\|'
)

2.5 = S|t () s ren /)]
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and similarly we get,

L, = —% (1—t)f (Z—i) :—I—a](l—t)alf (Z—i) dt
L 0 J
- i -
= —% _—f (@) +a <biba) 1//b(:zr - %)0‘71f <§> dx_
(2.7 = i@+ () e am).
Using (2.0) and @27) in 23), we get equality (2.4). O

Remark 1. If Lemmal3, we let o = 1, then equality (27)) becomes equality (1.3)
of Lemma [

Using lemma [Bl we can obtain the following fractional integral inequality.

Theorem 5. Let f: I C (0,00) = R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a < b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

(2.8)  [Iy (g, a,0)]

ab(b—a _ 1
< O 1 050,0) (Calaza,h) [0 + Cafaia.b) [ (@)])
where
b2 a a
Ci(asa,b) = Y o (2,1;a+2;1— 5) 42 Fy (2,a+1;a+2;1— 5)} ,
b2 [ 1 a a
Coaiab) = | —uh (2,2;a+3;1— 5) o (2,a+2;a+3;1— 5)} ,
b2 : a a
Cs(asa,b) = Y 2F1(2,1;04+3;1—5)+ +12F1(2,a+1;a+3;1—5) )

Proof. Let Ay =ta+ (1 —¢)b. From Lemma..., using the property of the modulus,
the power mean inequality and the harmonically convexity of |f/|?, we find

s (9: 0, a, b)|
ab b—a |1—f _ta| ab
< / 7(%)|
b 1| | 1-1/q 1| | b\ |9 Ha
—a) 1—t il 1—t (e
< () (e )
L 1-1/q 1 Y
L@ / 1—t ], /%%H] [E1F/ (D)7 + (1 — )| £(a)|"] dt
0 0
29) < MC%—I/Q(Q;Q,Z)) (Calasa,b) |f'()|* + Cs(; a,b) | £ (a)]) /.

2
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calculating C1(«; a,b), Ca(a; a,b) and Cs(a;a,b), we have

1

1—t ]
Ci(a;a,b) = / + dt
0
(2.10) _ {F( 1a+2-1—9)+ F(2a+1'a+2'1—g)}
. — a+1 241 s Ly ) b 2471 ) ) ) b )
i
— ) e
Cy(asa,b) = /#tdt
Aj
0
b2 1 a a
2.11) — .F(2,2; 3;1——) F(2, 2. 3;1——) ,
( ) a+2[a+121 o+ b+21 a+ 2o+ b
i
—t ]
Cs(a; a,b) :/ i
0
(2.12) = b F( lia+3;1— )+L F(2a+1-a+3-1—9)
. — T1 2471 ) Ly b Oé+1'2 1 ) 3 ) b )

Thus, if we use 2I0), (Z11) and (ZI2) in 23], we obtain the inequality of (DEI)

This completes the proof.

When 0 < a < 1, using Lemma 2] and Lemma [3] we shall give another result for
harmonically convex functions as follows.

Theorem 6. Let f: I C (0,00) = R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a < b. If |f'|* is harmonically convez on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

(213) |1y (g 00.)
< PO i 00,0) (Cafosa, ) [F B + Cyfasab) 7 (@)") ",

where

Ci(a;a,b)
_ b [F (2 Fla+21 “) F (2 La+2:1 “)
- a+1 241 y & e ) b 2 'l y Ly ) b

1 a
o Fy <2,1;a+2;5 (1 - g))} ,

02(04;0,,1))
b—2
- {gFl (2 a+2a+3;1- b)

1
—— o F1 | 2,2 3' 1——
+2(Oé+1)2 1(7 ,Oé-'— ) ):|

a
F (2,2; 3;1——)
ol 2171 o+ b
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03(04; a, b)

b2 1 a a
- .F(2, 1; 3;1——)— F(2,1; 3;1——)
04—}—2{04—}—12 et ot p) 2t ot b

R <2,1;a—|—3;% (1 - %))}

and 0 < o < 1.

Proof. Let Ay =ta+ (1 —¢)b. From Lemma [3] using the property of the modulus,
the power mean inequality and the harmonically convexity of |f’|?, we find

[y (g, a b)|
ab b—a [( l—t t* | ., [ ab
dt
/ f (At>'
1-1/q 1/q

b—a |1—t —ta| /|1—t — 19| ,(ab)q
dt — || at
/ I\,

1/q
< B0, /Il—f = )+ (1 - 01 (@) dt

IN

ab(b—a _ 1
(2.14) < PO v (15, 1))+ 15 1 @))
where
71— — ]
1) — ¢
K, = - 7 dt
1 / A? )
0
71— — ]
— ) — @
K = - tdt
2 / A? )
0
71— — ]
— ) —t«
0

Calculating K, K5 and K3, by Lemma 2, we have

1
_ [la = -t
K, = / el

[ V)

0
-y [ (1)
1 -8 -t~ & — —1)®
/ A7 +/ A7
0

[ - (1) asy
¢ — (1 -1 1—8)* -t~
= - ~ _ C dt+2 ~ - dt
/ A2 * / A2
0 0

—
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1 1 1/2
< /tO‘A{th—/(l — 1) A %dt + 2 /(1 —20)* A% dt
0 0 0
1 1 1 9
— /tO‘A{th—/(l—t)"‘A{th—i—/(l—u)"‘b_? (1—%(1—%)) du
0 0 0
_ LR (2a+ba+21-) % R (2 0+21-7)
a+1 ’ ’ b o T
iy (2,1;a+2;% (1 _ %))}
(2.15) = Ci(a;a,b)

and similarly we get

1
|(L—t)* —t]
Ky, = [ ~—"—tat
e
0
1 1 1/2
< /t““At—?dt— /(1 — 1) tA; 2dt 4 2 /(1 — 2)*t A 2dt

0 0 0

b72

a 1 a
F(z, 2. ;1——) .F(2,2; ;1——)
a+2|:2 1 o+ a+3 211 Oé+3 b

b)  a+1
1 1 a
el (2,2,04+3,5 (1 _ g))
(2.16) = Cy(w;a,b)
=t =]
— 1) —t*
Ky = [ 2 — "l —pdt
= [y
0
1 1 1/2
< /ta(l—t)A{th—/(l—t)"‘+1A{2dt+2/(1—2t)a(1—t)A;2dt
0 0 0

b2 1 a
- L F (2, 1; 3;1——)
a—|—2[a—|—12 t\Bathadt b

a 1 a
o (2,1,a—|—3,1— 3) o By <2,1,a+3,5 (1 _ E))}
(2.17) = Cs(oa,b).

Thus, if we use 2I5), 2.16) and @I7) in ZI4]), we obtain the inequality of
2I3). This completes the proof. O

Remark 2. If we take o = 1 in Theorem [@, then inequality (Z13) becomes in-
equality (I4) of Theorem [
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Theorem 7. Let f: I C (0,00) = R be a differentiable function on I° such that
[’ € Lla,b], where a,b € I° with a < b. If |f'|? is harmonically convez on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

(2.18)  |Iy (¢9; v, a,b)]

aft—o) ﬁw+d)”p<v%®W;U%®W)”q

x [2F1/p (2p,1;ap+2;1—%) +2 F{77 (2p,ap+1;ap+2;1—%)},

where 1/p+1/q=1

Proof. Let Ay = ta+ (1 —t)b. From Lemma [3] using the Holder inequality and the
harmonically convexity of |f’|?, we find

I (g5 v, a,b)|
1 1
=) [0 | (Y [ (2
< - [
= 2 / 2 A )| a Wit
0 0
1 1/p . 1/q
wb-a) ) ([a=0 [l (2
= dt — )| at
B 2 / AZP ! A,
0
1 1/p 1 . 1/q
ter ab
5 dt "= at
- /A2p /f (At)
0
1 1/4q
ab(b—a
< %(Ki/”f(é/”) /[tlf’(b)|q+(1—t)lf’(a)|"}dt
0
b(b— 1(p)|2 ’ a\ 1/q
(2.19) < M(Ki/p-i-l{é/p) 101" + | (a)] |
2 2
Calculating K4 and K5, we have
1 . o
K, = /7( _2t> dt
2P
o t
b2 .
2.2 = oF (2p,1; 21— 2
(2.20) ap—|—12 1(p, sap + 2; b)’
1
P
K5 - /—2pdt
0 A
p—2p a
2.21 - SF (2 Lapsol @
22 ap+121(p,ozp+ op+21- )

Thus, if we use (2:20) and 22I) in [2I9), we obtain the inequality of ([218).
O

This completes the proof.
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Theorem 8. Let f: I C (0,00) = R be a differentiable function on I° such that
[’ € Lla,b], where a,b € I° with a < b. If |f'|? is harmonically convez on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

(2.22) [y (g; v, a,0)|
—a o o 1/q 1) |9 "(a)]? 1/q
b (L) (LA

2 (ab)' /P aq + 1 2

is 2p — 2-Logarithmic

p2r—1_,2p—1 1/(210—2)
(2p—1)(b—a) )

where 1/p+1/q¢=1 and Lop_2(a,b) = (

mean.

Proof. Let Ay = ta + (1 — t)b. From Lemma [l and Lemma [ using the Holder
inequality and the harmonically convexity of |f’|?, we find

[y (9; v, a,b)]|
1
ab b—a |1—t —t°‘| ab
< dt
B / ! (At>‘
0
1 1/17 1 q l/q
b—a ab
< 1—t)* —t¥7|f' [ — )| dt
< (/ = I WA If(At>
0 0
1 1/p 1 1/q
b—a 1 aq ’ q / q
< ﬁ [T —=2t|* [t|f' )" + (1 =) |f'(a)|"] dt
0 0
ab(b—a
(223) < PO el (1o )" + K | @),
where
1 1 1 )
—<p
= _ = —2p — _ —
K /A?pdt b /1 t(1 )) dt
0 0
L2~ 2(a,b)
— 2 9.1 &Y _ Z2p2\™
(224) b '2F1 (219717271 b) (ab)Ql)—l ’
1
K; = /|1—2t|aqtdt
0
1/2 1
= /(1—2t)aqtdt+/(2t—1)o‘qtdt
0 1/2
1
(2.25) =

2(aqg+1)’
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and
1
Ky = /|1—2t|aq(1—t)dt
0
1

(2.26) = gt

Thus, if we use (2.24)), (225 and [2.26]) in ([223]), we obtain the inequality of (Iml)

This completes the proof.

Theorem 9. Let f : I C (0,00) — R be a differentiable function on I° such that
f’ € Lla,b], where a,b € I° with a < b. If |f'|* is harmonically convex on [a,b] for
some fized q > 1, then the following inequality for fractional integrals holds:

a(b—a) 1 1/p
2.2 I (g; b)| <
e2) e < 2 (1)

1/
y (2F1 (2¢,2;3;1— @) |£/(0)|7 +2 F1 (2¢,1;3;1 — @) |f’(a)|q> /
2 b

where 1/p+1/q=1.

Proof. Let Ay = ta + (1 — t)b. From Lemma [l and Lemma [ using the Holder
inequality and the harmonically convexity of |f’|?, we find

1y (95, a, b)|
ab(b—a |1—t —to‘| ab
dt
- / /! <At)‘
0
1 /p /4 . 1/q
ab(b—a) 1 ab
< 1—8)* —t*Pdt — =] dt
= 2 /K ) | /qu / (At)
0 0
1 1/p 1 1/q
ab(b—a o
< DO o a /ﬂmﬂWﬂbmmmw
0
ab(b—a
(2.28) < %)K;/P (Kol O + K If'(a)]") ",
where
(2.29) K —/|1—2t|“pdt— !
' o Cap+1
1 1 9
_ =29 34 _ 1—2q _ AN
Ky = /tAt dt =b /t(l t(l b)) dt
0 0

1 a
(2.30) = el (2q,2;3; 1— g)
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and
1

1
(2.31) K :/(1—t)A Mt = P (2q,1;3;1—%)

Thus, if we use ([2.29)), (I?EIII) and (231) in (2:2])), we obtain the inequality of (I?ZZI)

This completes the proof.

Remark 3. If we take a = 1 in Theorem [3, then inequality (2-27) becomes in-
equality (I3) of Theorem [3
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