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Abstract

In this paper, we study some properties of the q-Appell polynomials, including the
recurrence relations and the q-difference equations which extend some known calssi-
cal (q = 1) results. We also provide the recurrence relations and the q-difference
equations for q-Bernoulli polynomials, q-Euler polynomials, q-Genocchi polynomials
and for newly defined q-Hermite polynomials, as special cases of q-Appell polyno-
mials.
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1 Introduction

He and Ricci [4] obtained the differential equations of the Appell polynomials via the factor-
ization method. Moreover, they found differential equations satisfied by Bernoulli and Euler
polynomials as a special case. Afterward, Da-Qian Lu found differential equations for gener-
alized Bernoulli polynomials in [6]. Recently, several interesting properties and relationships
involving the classical Appell type polynomials were investigated [5]-[13].

The proof given by He and Ricci used the factorization method, which based on raising and
lowering operators techniques. Note that the raising operators are not available for general
polynomials, although lowering operators always exist. The proof of the main results given here
for q-Appell polynomials does not use raising operators.

In this paper, we derive q-difference equations for q-Appell polynomials An,q (x) defined in Al-
Salam [1]. As special cases of q-Appell polynomials, we also provide the q-difference equations
for q-Bernoulli polynomials Bn,q (x), q-Euler polynomials En,q (x), q-Genocchi polynomials and
for newly defined q-Hermite polynomials Hn,q (x).

We briefly recall some of the properties of these polynomials. The Appell polynomials can be
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defined by considering the following generating function:

A (x, t) := Aq (t) eq (tx) =
∞
∑

n=0

An,q (x)
tn

[n]q!
, 0 < q < 1, (1)

where

Aq (t) :=
∞
∑

n=0

An,q

tn

[n]q!
, A (0) 6= 0,

is analytic function at t = 0 , and An,q := An,q (0) , and eq (t) =
∑

∞

n=0

tn

[n]q!
.

Differentiating generation equation (1) with respect to x and equating coefficients of tn, we
obtain

Dq,xAn,q (x) = [n]q An−1,q (x) .

Then the lowering operator Φn =
1

[n]q
Dq,x satisfies the following operational relation:

ΦnAn,q (x) = An−1,q (x) .

It follows that

An−k,q (x) = (Φn−k ◦ ... ◦ Φn)An,q (x) =
[n− k]q!

[n]q!
Dk

q,xAn,q (x) . (2)

2 Recursion formulas and q-difference equations

In this section, we derive a difference equation for the q-Appell polynomials An,q (x) and give
the recurrence relations and difference equations for the q-Appell polynomials.

Theorem 1 The following linear homogeneous recurrence relation for the q-Appell polynomials

holds true:

An,q (qx) =
1

[n]q

n
∑

k=0







n

k







q

αn−kq
kAk,q (x) + xqnAn−1,q (x)

=
1

[n]q
α0q

nAn,q (x) + qn
(

x+ α1q
−1
)

An−1,q (x) +
1

[n]q

n−2
∑

k=0







n

k







q

αn−kq
kAk,q (x) .

Proof. See formula (6) in the proof of Theorem 2.

Theorem 2 Assume that

t
Dq,tAq (t)

Aq (qt)
=

∞
∑

n=0

αn

tn

[n]q!
. (3)
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The q-Appell polynomials An,q (x) satisfy the q-difference equation

αn

[n]q!
Dn

q,xAn,q (x) +
qαn−1

[n− 1]q!
Dn−1

q,x An,q (x) + ...+
qn−2α2

[2]q!
D2

q,xAn,q (x)

+
qn−1α1

[1]q!
Dq,xAn,q (x) +

qnα0

[0]q!
An,q (x) + xqnDq,xAn,q (x)− [n]q An,q (qx) = 0.

Proof. Differentiating generating equation

Aq (qx, t) = Aq (t) eq (tqx) =
∞
∑

n=0

An,q (qx)
tn

[n]q!
(4)

with respect to t and multiplying the obtained equality by t, we get the following two equations

tDq,tAq (qx, t) = Dq,t (Aq (t) eq (tqx)) = (Dq,tAq (t)) eq (tqx) + qxAq (qt) eq (tqx)

= Aq (x, qt)

[

t
Dq,tAq (t)

Aq (qt)
+ tqx

]

tDq,tAq (qx, t) = t
∞
∑

n=0

[n]q An,q (qx)
tn−1

[n]q!
=

∞
∑

n=0

[n]q An,q (qx)
tn

[n]q!
.

Now from the assumption (3) it follows that

∞
∑

n=0

[n]q An,q (qx)
tn

[n]q!
= Aq (x, qt)

[

t
Dq,tAq (t)

Aq (qt)
+ tqx

]

=
∞
∑

n=0

qnAn,q (x)
tn

[n]q!

[

∞
∑

n=0

αn

tn

[n]q!
+ tqx

]

=
∞
∑

n=0

n
∑

k=0







n

k







q

αkq
n−kAn−k,q (x)

tn

[n]q!
+ x

∞
∑

n=0

qn+1An,q (x)
tn+1

[n]q!
. (5)

Equating coefficients of tn in equation (5), we obtain

[n]q An,q (qx) =
n
∑

k=0







n

k







q

αkq
n−kAn−k,q (x) + x [n]q q

nAn−1,q (x) . (6)
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Inserting (2) into (6) we get

[n]q An,q (qx) =
n
∑

k=0







n

k







q

αkq
n−k

[n− k]q!

[n]
q
!

Dk
q,xAn,q (x) + x [n]q q

n
[n− 1]q!

[n]
q
!

Dq,xAn,q (x)

=
n
∑

k=0

qn−k

[k]q!
αkD

k
q,xAn,q (x) + xqnDq,xAn,q (x)

=

(

n
∑

k=0

qn−k

[k]q!
αkD

k
q,x + xqnDq,x

)

An,q (x) .

3 q-Bernoulli polynomials

The Bernoulli polynomials Bn,q (x) are defined (see [2], [3]) starting from the generating func-
tion:

Bq (x, t) :=
t

eq (t)− 1
eq (tx) =

∞
∑

n=0

Bn,q (x)
tn

[n]q!
, |t| < 2π,

and consequently, the Bernoulli numbers bn,q := Bn,q (0) can be obtained by the generating
function:

Bq (t) :=
t

eq (t)− 1
=

∞
∑

n=0

bn,q
tn

[n]q!
.

Theorem 3 The following linear homogeneous recurrence relation for the q-Bernoulli polyno-

mials holds true:

Bn,q (qx) = qn
(

x−
1

q [2]q

)

Bn−1,q (x)−
1

[n]q

n−2
∑

k=0







n

k







q

qk−1bn−k,qBk,q (x)

Theorem 4 The q-Bernoulli polynomials Bk,q (x) satisfy the q-difference equation

bn,q

q [n]q!
Dn

q,xBn,q (x) +
bn−1,q

[n− 1]q!
Dn−1

q,x Bn,q (x) + ... + qn−3 b2,q

[2]q!
D2

q,xBn,q (x)

−qn
(

x−
1

q [2]q

)

Dq,xBn,q (x) + [n]q Bn,q (qx) = 0.
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4 q-Euler polynomials

The Euler numbers en,q can be defined by the generating function

Eq (t) :=
teq (t)

eq (2t)− 1
=

∞
∑

n=0

en,q
tn

[n]q!
.

The Euler polynomials En,q (x) (see [3]) can be defined by the generating function

Eq (x, t) :=
2

eq (t) + 1
eq (tx) =

∞
∑

n=0

En,q (x)
tn

[n]q!
, |t| < π.

The connection to the Euler numbers is given by

en,q = 2nEn,q

(

1

2

)

.

Theorem 5 The following linear homogeneous recurrence relation for the q-Euler polynomials

holds true:

En,q (qx) =
1

2

n−1
∑

k=0







n− 1

k







q

qkEn−k−1Ek,q (x) + xqnEn−1,q (x) .

Theorem 6 The q-Euler polynomials Bk,q (x) satisfy the q-difference equation

1

2

en−1,q

[n− 1]q!
Dn

q,xEn,q (x) +
1

2

qen−2,q

[n− 2]q!
Dn−1

q,x En,q (x) + ... +
1

2

qn−2e1,q

[2]q!
D2

q,xEn,q (x)

−
1

2
qn−1Dq,xEn,q (x) + xqnDq,xEn,q (x)− [n]q En,q (qx) = 0.

5 q-Genocchi polynomials

The q-Genocchi numbers gn,q can be defined by the generating function

Gq (t) :=
2t

eq (t) + 1
=

∞
∑

n=0

gn,q
tn

[n]q!
.

The q-Genocchi polynomials Gn,q (x) (see [3]) can be defined by the generating function

Gq (x, t) :=
2t

eq (t) + 1
eq (tx) =

∞
∑

n=0

Gn,q (x)
tn

[n]q!
, |t| < π.
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Theorem 7 The following linear homogeneous recurrence relation for the q-Genocchi polyno-

mials holds true:

1

2q

n−2
∑

k=0







n

k







q

gn−k,qq
kGk,q (x)+ [n]q

(

xq −
1

2q

)

qn−1Gn−1,q (x)+ qn−1Gn,q (x)− [n]q Gn,q (qx) = 0.

Theorem 8 The q-Genocchi polynomials Gn,q (x) satisfy the q-difference equation

1

2q

gn,q

[n]q!
Dn

q,xGn,q (x) +
gn−1,q

2 [n− 1]q!
Dn−1

q,x Gn,q (x) + ...+
qn−3g2,q

2 [2]q!
D2

q,xGn,q (x)

−
qn−2

2
Dq,xGn,q (x) + qn−1Gn,q (x) + xqnDq,xGn,q (x)− [n]q Gn,q (qx) = 0.

6 q-Hermite polynomials

In this section we construct a q-Hermite polynomials and give of their some properties. Also, we
derive the three-term recursive relation as well as the second-order differential equation obeyed
by these new polynomials.

We define new q-Hermite polynomials Hn,q (x) by means of the generating function

Hq (x, t) := Hq (t) eq (tx) =
∞
∑

n=0

Hn,q (x)
tn

[n]q!
,

Hq (t) :=
∞
∑

n=0

(−1)n qn(n−1) t2n

[2n]q!!
, [2n]q!! = [2n]q [2n− 2]q ... [2]q .

It is clear that

lim
q→1−

Hq (x, t) = lim
q→1−

Hq (t) eq (tx) = etx lim
q→1−

∞
∑

n=0

(−1)n qn(n−1) t2n

[2n]q!!

= etx lim
q→1−

∞
∑

n=0

(−1)n
t2n

(2n) (2n− 2) ....2
= etx lim

q→1−

∞
∑

n=0

(−1)n
t2n

2nn!

= exp

(

tx−
t2

2

)

.

Moreover
Dq,tHq (t)

Hq (qt)
= −t and Dq,xHn,q (x) = [n]

q
Hn−1,q (x) .

Theorem 9 The series form of the q-Hermite polynomial is given by

Hn,q (x) =

[n
2
]

∑

k=0

(−1)k qk(k−1)xn−2k

[2k]q!! [n− 2k]q!
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Proof. Indeed, expanding the generation function Hn,q (x, t), we have

Hq (x, t) =
∞
∑

k=0

(−1)k qk(k−1) t2k

[2k]q!!

∞
∑

l=0

xl tl

[l]q!

=
∞
∑

n=0

∞
∑

l=0

(−1)k qk(k−1)xl

[2k]q!! [l]q!
t2k+l (2k + l = n)

=
∞
∑

n=0

[n
2
]

∑

k=0

(−1)k qk(k−1)xn−2k

[2k]q!! [n− 2k]q!
tn.

Theorem 10 The following linear homogeneous recurrence relation for the q-Hermite polyno-

mials holds true:

Hn,q (qx) = xqnHn−1,q (x)− [n− 1]q q
n−2Hn−2,q (x) , n ≥ 2. (7)

Using the recurrence relation (8), we get

H0,q (x) = 1, (by definition)

H1,q (x) = x,

H2,q (x) = x2 − 1,

H3,q (x) = x3 − [3]q x,

H4,q (x) = x4 −
(

1 + q2
)

[3]q x
2 + [3]q q

2.

Theorem 11 The q-Hermite polynomials Gn,q (x) satisfy the q-difference equation

qn−2D2
q,xHn,q (x)− xqnDq,xHn,q (x) + [n]q Hn,q (qx) = 0. (8)

In the limit when q → 1−, the equation (8) is reduced to the second order differential equation
satisfied by the Hermite polynomials.
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