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Initial-Boundary Value Problems for Multi-Term
Time-Fractional Diffusion Equations with
Positive Constant Coefficients*

Zhiyuan LIT Yikan LIUT Masahiro YAMAMOTOT

Abstract In this paper, we investigate the well-posedness and the long-time asymptotic
behavior for the initial-boundary value problem for multi-term time-fractional diffusion
equations, where the time differentiation consists of a finite summation of Caputo deriva-
tives with decreasing orders in (0,1) and positive constant coefficients. By exploiting
several important properties of multinomial Mittag-Lefler functions, various estimates fol-
low from the explicit solutions in form of these special functions. Then the uniqueness
and continuous dependency upon initial value and source term are established, from which
the continuous dependence of solution of Lipschitz type with respect to various coefficients
is also verified. Finally, by a Laplace transform argument, it turns out that the decay
rate of the solution as ¢ — oo is dominated by the minimum order of the time-fractional
derivatives.
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1 Introduction

Let Q be an open bounded domain in R¢ with a smooth boundary (for example, of C? class)
and T > 0 be fixed arbitrarily. For a fixed positive integer m, let o; and ¢; (j = 1,...,m) be
positive constants such that 1 > a3 > -+ > ay,, > 0. Consider the following initial-boundary

value problem for the multi-term time-fractional diffusion equation

quafju(:c,t) = Lu(x,t)+ F(z,t), z€Q, 0<t<T, (1.1)
j=1

u(x,t) =0, red, 0<t<T, (1.2)
u(z,0) = a(zx), x € Q,

where L is a symmetric uniformly elliptic operator with the homogeneous Dirichlet boundary
condition, and we can assume ¢; = 1 without lose of generality. The regularities of the initial

value a and the source term F will be specified later. Here 9;” denotes the Caputo derivative
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a; L 1 i f'(s)
0= iy ), T

where T'(-) is a usual Gamma function. For various properties of the Caputo derivative, we
refer to Kilbas et al. [12] and Podlubny [24]. See also [8/28] for further contents on fractional

calculus.

defined by

In the case of m = 1, equation (ILT]) is reduced to its single-term counterpart
Ofu=Lu+F inQx(0,T], a€(0,1). (1.4)

The above formulation has been studied extensively from different aspects due to its vast
capability of modeling the anomalous diffusion phenomena in highly heterogeneous aquifer and
complex viscoelastic material (see Adams & Gelhar [I], Ginoa et al. [6], Hatano & Hatano [9],
Nigmatullin [22] and the references therein). Indeed, although the single-term time-fractional
diffusion equation inherits certain properties from the diffusion equation with time derivative
of natural number order, it differs considerably from the traditional one especially in sense
of its limited smoothing effect in space and slow decay in time. In Luchko [I6], a maximum
principle of the initial-boundary value problem for (I4]) was established, and the uniqueness of
a classical solution was proved. Luchko [I7] represented the generalized solution to (4] with
F = 0 by means of the Mittag-Leffler function and gave the unique existence result. Sakamoto
& Yamamoto [26] carried out a comprehensive investigation including the well-posedness of the
initial-boundary value problem for ([L4]) as well as the long-time asymptotic behavior of the
solution. It turns out that the spatial regularity of the solution is only moderately improved
from that of the initial value, and the solution decays with order t~¢ as t — oco. Recently, the
Lipschitz stability of the solution to (L4)) with respect to o and the diffusion coefficient was
proved as a byproduct of an inverse coefficient problem in Li et al. [I3]. For other discussions
concerning equation (L)), see e.g., Gorenflo et al. [7] and Luchko [I5], Priss [25]. Regarding
numerical treatments, we refer to Liu et al. [I4] and Meerschaert & Tadjeran [20] for the finite
difference method and Jin et al. [I1] for the finite element method.

As natural extension, equation (L)) is expected to improve the modeling accuracy in de-
picting the anomalous diffusion due to its potential feasibility. However, to the authors’ best
knowledge, published works on this extension are quite limited in spite of rich literatures on
its single-term version. Luchko [I§] developed the maximum principle for problem (TCI)—(T3])
and constructed a generalized solution when F' = 0 by means of the multinomial Mittag-Leffler
functions. Jiang et al. [10] considered fractional derivatives in both time and space and derived
analytical solutions. As for the asymptotic behavior, for m = 2 it reveals in Mainardi et al. [21]
that the dominated decay rate of the solution is related to the minimum order of time fractional
derivative. On the other hand, Beckers & Yamamoto [4] investigated (LI)-(T3) in a slightly
more general formulation and obtained a weaker regularity result than that in [26].

In this paper, we are concerned with the well-posedness and the long-time asymptotic be-
havior of the solution to the initial-boundary value problem (LI)—(L3), and we attempt to
establish results parallel to that for the single-term case. On basis of the explicit representation
of the solution, we give estimates for the solution by exploiting several properties of the multi-

nomial Mittag-Leffler function. Moreover, as long as the continuous dependency of the solution
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on the initial value and the source term is verified, we can also deduce the Lipschitz stability
of the solution to (LI)-(L3]) with respect to ¢, ¢; (j =1,...,m) and the diffusion coefficient
immediately. For the long-time asymptotic behavior, we employ the Laplace transform in time
to show that the decay rate as t — oo is indeed t~*m, where ., is the minimum order of
Caputo derivatives in time.

The rest of this paper is organized as follows. The main results concerning problem (I)—
([I3) are collected in Section[2] which includes theorems on well-posedness and long-time asymp-
totic behavior of the solution. The proofs of the main theorems are postponed to Section [B]
which is further divided into three subsections. Subsection [31] is devoted to a close scrutiny
of the multinomial Mittag-Leffler functions, which serves as essential keys in the proofs of
well-posedness results in Subsection Due to the difference of techniques, the asymptotic
behavior is proved independently in Subsection Finally, concluding remarks are given in
Section [

2 Main Results

In this section, we state the main results obtained in this paper. More precisely, we give
a priori estimates for the solution u to (LCI)—(L3) with respect to the initial value (Theorem
210, the source term (Theorem 22)), and Lipschitz continuous dependence of the solutions on
coefficients and orders (Theorem 23]) so that stability and uniqueness follow, and we describe
the asymptotic behavior of the solution in Theorem 2.4

To this end, we first fix some general settings and notations. Let L2(2) be a usual L2-
space with the inner product (-, -) and Hg(2), H?(Q) denote the Sobolev spaces (see, e.g.,
Adams [2]). The elliptic operator L is defined for f € D(—L) := H*(Q) N H}(Q) as

d

Lf(z) =Y 0i(ai;(2)0:f () + c(z) f(z), =€,

ij=1
where a;; = a;; (1 <4,7 < d) and ¢ <0in Q. Moreover, it is assumed that ai; € C(Q),
c € C(Q) and there exists a constant ¢ > 0 such that

d d

52612 < Z aij(x)fifj, VmEﬁ, V(fl,...,fd) GRd.

i=1 ij=1

On the other hand, let {\,, v, }52, be the eigensystem of the elliptic operator —L such that
0< A <X<-, A\ —>o0asn — oo and {¢,} C H*(Q) N H(Q) forms an orthonormal
basis of L?(2). Then the fractional power (—L)” is well-defined for v € R (see Pazy [23]) with

D((-L)") = {f € LX(Q); >IN (fr o)l < OO} :

and D((—L)") is a Hilbert space with the norm

- 1/2
I fllDe=ryn = (Z A (S sDn)|2> :
n=1
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Also we note that D((—L)7) ¢ H>'(Q2) for v > 0 and especially D((—L)/?) = H}(Q).

Now we are well-prepared to consider the dependency of the solution u to the initial-
boundary value problem (LI)—(LC3) upon the initial value a and the source term F'. In view of
the superposition principle, it suffices to deal with the cases FF =0, a # 0 and a =0, F # 0

separately.

Theorem 2.1 Let F = 0,0 <~ <1 and a € D((—L)"), where we interpret ﬁ = 00
if v = 1. Concerning the solution u to the initial-boundary value problem ([LI)—-([L3), the
followings hold true.

(a) There exists a unique solution u € C([0,T]; L*(2))NC((0,T]; H*(Q) N H(2)) to (T
@3). Actually, u € Lﬁ(O,T; H?(Q) N H(Q)) and there exists a constant C > 0 such that

llullc(o,m:20)) < Cllallzz ), (2.1)
||u( . ,t)||H2(Q) < CHaHD((,L)w)tal(v_l), 0<t<T. (2.2)

(b) We have
lim flu(-,?) = allp(-ry) =0. (2.3)

(¢) There holds dyu € C((0,T]; L*(2)). Moreover, there exists a constant C > 0 such that
|00 )y < Cllallpg -y t™ ", 0<t<T. 2.4)

(d) If v > 0, then afu S Lﬁ(O,T;LQ(Q)) for 0 < 8 < ay. Moreover, for 0 < 3 < 1, there

exists a constant C' > 0 such that
107w+, )220 < Cllallp—pymt?™?, 0<t<T. (2.5)

Theorem 2.2 Leta =0,1<p<o00,0<~v<1and F € L?(0,T;D((—L)")), where we
interpret 1/p = 0 if p = oo. Concerning the solution u to the initial-boundary value problem

I -@3), the followings hold true.
(a) If p = 2, then there exists a unique solution u € L*(0,T;D((—L)"1)) to [TI)-(L3).

Moreover, there exists a constant C > 0 such that
[ullz20. 7D~ £yv+1)) < ClF N 20, 1:D((~ 1)) (2.6)

(b) If p # 2, then there exists a unique solution u € LP(0,T;D((—L)YT1=7)) to (LI)-[T3)

for any T € (0,1]. Moreover, there exists a constant C > 0 such that

C
lull 2o, mp((~Ly+1-7)) < —IF oo, 500~ £)7))- (2.7)
(¢c) If aup > 1, then for any T € (a%p, 1], there holds
lm [[u(-, )flp(-pyr+i-7) = 0. (2.8)

Remark 2.1 We compare the conclusions in Theorems Z.TH2.2] with those of single-term
cases obtained in [26]. In case of the homogeneous source term, i.e. F =0 in (1), it turns out

that Theorem [21lis a parallel extension of its single-term counterpart. For instance, in Theorem
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2T the regularity results for initial values a € L*(Q2), a € H}(Q) and a € H*(Q) N HL(Q) agree
with those in [26l Theorem 2.1]. Especially, it will be readily seen from the proof of Theorem
2.1 that the regularity of the solution u at any positive time can be improved from the initial
regularity by 2 orders in space, namely, u(-,t) € D((—L)""1) if a € D((—L)?) for 0 <t < T.
On the other hand, if the source term F' does not vanish, the improvement of regularity in
space is strictly less than 2 orders except for the special case that F is L? in time. For example,
if F e L*(Q x (0,T)), then it follows from Theorem Z2(a) that u € L(0,T; H(Q) N H (1)),
which coincides with [26, Theorem 2.2]. However, if F' € LP(0,7; L*(2)) with p # 2, then
Theorem Z2(b) asserts u € LP(0,T7; D((—L)*~7)), where 7 € (0, 1] can be arbitrarily small but
is never zero. The technical reason is that only in case of p = 2 one can take advantage of a

newly established property in Bazhlekova [3] (see Lemma [B.4)).

On basis of these established results, we can consider the dependency of the solution upon
some specified coefficients, especially the orders of Caputo derivatives. More precisely, we

evaluate the difference between the solutions v and @ to

quataju =Lpu in X (O,T],

5=1 (2.9)
u=0 on 99 x (0,77,
Ult—o = a in O

and .
S Gou=Lyu inQx(0,T),
j=1

(2.10)
i=0 on 9 x (0,7,

ﬂltzo =a in Q

respectively, where Lpu(z,t) := div(D(z)Vu(z,t)) and D denotes the diffusion coefficient. To
this end, we fix 1 >a >a >0,9>¢ >0, >0, M > 0 and restrict the coefficients in the

admissible sets
A={(ay,...;an) ER™a@>a; >ay > > a, > al,
Q:={(q1,--,am) ER™; 1 =1, ¢; € ¢, 7] (j=2,....m)}, (2.11)
U:={DeC'(Q);D>5nQ, |[D]gig <M}

Under these settings, we can show the following result on the Lipschitz stability.

Theorem 2.3 Fizvy,7 € (0,1]. Let u and u be the solutions to (Z9) and (ZI0) respectively,

where
aED((iL)’Y)v (Ql,...,am),(al,...,am)EA, (qlv"'vqm)a(ala"'vz]vm)eQa D,BEZ/[

and A, Q, U are defined in 2I1)). Then there exists a constant C' > 0 depending only on
a, A, Q and U such that

> laj =&+ laj =@l + 1D~ Dl g (2.12)

j=1 =2

IN

[l — wll

C
LT (0TD((-1) ) T T
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foro< vy < % and

m

lu =@l 20,72 () < C (Dl — @51+ Y la5 = Gl + 1D = Dller oy (2.13)

Jj=1 Jj=2

1
for~y > 3.

The above theorem extends a similar result in [I3] for the single-term case. It is also
fundamental for the optimization method for an inverse problem of determining «;, ¢;, D(z) by
extra data of the solution.

In Sakamoto & Yamamoto [26], the decay rate of the solution to the single-term time-
fractional diffusion equation (1.4) was shown to be t% as t — oo. Here we give generalization

for the multi-term case where we specify the principal term of the solution as ¢t — oo.

Theorem 2.4 Let F = 0 and a € L*(Q). Then there exists a unique solution u €
C(]0,00); L2(2)) N C((0,00); H2(2) N HL(Q)) to (LI)-@3). Moreover, there exists a constant
C > 0 such that

(=L)"*(gma)

< C||a||L2(Q)
I(1 — auy) tom

tom—1

as t — oo. (2.14)

s

H2(Q)

Remark 2.2 We explain the significance of the Theorem 24l It reveals that the decay rate
of u(-,t) in sense of H2(f) is exactly t~%m as t — oo. In fact, inequality (ZI4) implies that
there exist constants Cy > C7 > 0 such that

Cl||a||L2(Q)t7am < Hu(-,t)HHZ(Q) < CQ||(1||L2(Q)t7am as t — oo. (215)
Consequently, it turns out that the decay rate t~*™ is the best possible. In other words, if
u(-,t)||m2@) S Ct? ast— oo

for any order 8 > «,,, and some constant C' > 0, then u(z,t) = 0 for x € Q and t > 0. Actually,
in this case it is easily inferred from the lower bound in (ZI3]) that there should be a = 0 in Q.
Therefore, Theorem 2] and the upper bound in (ZI5) immediately imply u = 0 in Q x (0, c0).

Furthermore, (ZI4) also gives the convergence rate of the approximation

(—L)_l(qma)

u( -, t) — T =) -0 — 0 in H*(Q) as t — oo,

that is, t7m—1,

3 Proofs of Main Results

In this section, we give proofs for the theorems stated in Section 2
In the discussion of single-term time-fractional diffusion equations, it turns out that the
solutions can be explicitly represented by the usual Mittag-Leffler function
ok

Eaﬁﬁ(Z) = kzzom, ZGC, Oé>0, ﬂGR, (31)
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and several basic properties play remarkable roles especially for obtaining estimates for the sta-
bility. Since explicit solutions to the multi-term case are also available by using a generalized
form of [B]) called the multinomial Mittag-Leffler function, we shall first investigate this gen-
eralization so that similar arguments are still feasible for multi-term time-fractional diffusion

equations.

3.1 Properties of multinomial Mittag-Leffler functions

The multinomial Mittag-Leffler function is defined as (see Luchko & Gorenflo [19])

m kj
= (k;klv"'akm)n’—lz’J
Eﬂlr"aBm B (Zl, .. .,Zm) = E E ™ J= J ,
( e k=0 k1 —km=Fk P'(Bo + 22521 Biks)

where we assume 0 < fp < 2,0< 8; <1, 2, € C(j=1,...,m), and (k;k1,...,kn) denotes
the multinomial coefficient

(3.2)

k! , -
(k,kl,,km) :m Wlthk:ij,
j=1
where k;, 1 < j < m, are non-negative integers. We recall the following formula for multinomial
coefficients (see Berge [5])

m

S k= Liky, ko ky = Lk, k) = (Kika, o k). (3.3)
j=1
If some kj, vanishes, we understand (k — 1;k1,...,kjo—1,kjo — 1, kjo41,---,km) = 0 and B3)
degenerates to its lower dimensional version.
Concerning the relation between multinomial Mittag-Leffler functions with different param-

eters, we have the following lemma.

Lemma 3.1 Let 0< 8y <2, 0<B; <1 (j=1,....m)and z; € C(j =1,...,m) be fized.

Then
1

I'(Bo)

m
+) % Ep, g 80485 (215 2m) = By ) o (215 Zm).
=1

Proof. According to definition ([B2)), direct calculations yield

m
Z sz(ﬁl ----- Bm),Bo+B; (21545 2m)

_ o (k’klvvkm>ZJH2n:1'Z§[
—ZZ Z L(Bo+ B + > oyey Beke)

G=1k=0k1++km=k

oo m k m
-y i . (kikr, . k) 2 TT 20 )
=S | TBo+ Bk +1) S T(Bo+ B+ X0y Beke)
kj<k

co m k+1 m
:ZZ Zj+ Z (k;kla---akj—lakj_ij-i-l""vkm) Hé:lzfl

+ ™
I'(Bo + Bj(k+1)) st L(Bo + D_p—y Beke)
0<kj<k+l
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) i i ZJI§+1 . Z (k+1;kq,..., Zm) I, 2" (3.5)
2\ 2 T + 5,0k £ 1)) klkt;']:f{n@%fl T(Bo + >_p—q Beke)

—i Z (k+1;k1,---,km)H7:1'Zg]‘€j
k=0 k1 +hm=k+1 P80 + 2oie Pike)
o Kk, k) TT, 25 !

- ;m;m:k | T(Bo + zz’%lnﬁeekb == Bonpmnr o)~ gy

where we apply formula (B3] to obtain (B3]). In [B4), we distill the case k; = k in the j-th
term and substitute k; + 1 with k; for the others to proceed to the next equality. O

Concerning the regularity of the solution to a single-term time-fractional diffusion equation,
the estimate (see [24} p. 35])

C

|§m, n=>0

|Ea,5(=n)

is essential. Here we extend the above inequality to the multinomial case by a complex variable

argument.
Lemma 3.2 Let 0 < S <2 and 1 > a1 > -+ > ay, > 0 be given. Assume that cym/2 <

w < aim, p < |arg(z1)| < 7 and there exists K > 0 such that —K < z; < 0 (j = 2,...,m).
Then there exists a constant C' > 0 depending only on pu, K, a; (7 =1,...,m) and B such that

C
|E(a1,a17a2 ..... alfam)ﬁ(zla---azm” < 1+|Zl|.
Proof. Let aj,z; (j =1,...,m) and 8 be assumed as above and introduce the notation
Ea/”(-}(Zl, crt Zm) = E(Oélyﬂqfaz ..... Otlfam),ﬂ(zla LI} Zm)

In the sequel, we denote by C' a general positive constant depending at most on p, K, «;
(j = 1,...,m) and 8. First we rewrite the multinomial Mittag-Leffler function (82) in an
alternative form with the aid of the contour integral representation of 1/T'(z) (see |24, §1.1.6])

that
1 1

- = ex 1/01 (1fzfa1)/a1d 7
I'(z) 2a1771/,Y(R79) p(¢ ) ¢

where R > 0 is a constant to be determined later and a17/2 < 6 < u. Here (R, ) denotes the

contour
V(R,6) = {C € C; || = R, arg(C)] < 0} U{C €C; [¢] > R, |arg(C)] = +6}.
Then it follows from the multinomial formula that

Ea’,B(Zla .. .,Zm)

m

& .
:20417riz ST (ki ka) [ 2

k=0 k1+-+km=k j=1
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« / exp(cl/al)C(l—,@—al(k—i—l)—ozgkz—m—amkm)/al dC
v(R,0)

S / exp(/en)¢tm e
20qmi ~(R,0)
[e%S) Z1 o Zj o
' J
<SS ik k) (f) H(W) 4
k=0 \ kit +km=k =
k
1 / VRV Sl (O S !
_ : exp(é_ al)C a7y — _|_ T dC
Sonmi (R.0) kZ:O C ;Cl aj /o

In order to guarantee the convergence of the summation with respect to k, it is required that

m
Z1

2.
?ﬁLZgl_aﬁ <1, VCG’Y(R,@)
j=2

Since |zj| < K for j = 2,...,m, the above inequality is achieved by taking R such that
m
R>|z|+ K R/,
j=2

Moreover, if we restrict, for example, |z1| < K, then R can be fixed as a constant depending
only on K and «; (j =1,...,m). Now we deduce for |z;] < K (j =1,...,m) that

1 ex 1/0(1 (1_5)/a1
Bar o1, s2m) = 5 | e (3.6)
2a1mi Sy € — 21 = 2jsy 2iC /%
Next we fix z2,..., 2, as negative parameters and regard both sides of [36) as functions

of the single complex variable z;, which allows the application of the principle of analytic
continuation to extend equality (B.6]) to a domain including {z; € C; u < |arg(z1)| < 7} (see
Figure ).

For |z1| > R, we investigate the denominator of the integrand in (B8]). Since z; < 0 and
a; < oq for j =2,...,m, it turns out that the curve ¢ — ZT:Q 2;¢%/% (¢ € y(R,0)) locates
on the right-hand side of y(R, 0); that is, (R, ) is shifted by the term —>>7", 2;¢%/% to the

positive direction. This observation immediately implies

m
min — 2 — 2.0/ > in > Lo | sin(u — 6).
Cev(R.0) oo Jz_; i~ - Cev(R,O)lc 1| 2 [z sin(u = 0)

Therefore, we come up with the estimate

1
20qm

/ exp(H/)(0P /e
v(R,0) C — 21— ZT:Q zjcaj/al

1 1
<l exp(cYe|cA=B) /e q¢ | — .
_<2msm(u_ 7 / o BP0 ac )

|Ea’,ﬁ(zlv'- 7Z’m)| =

d(|
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Figure 1. Settings of Lemma [B:2l and the contour (R, 0). If z; is located in the shaded domain
A, we employ the principle of analytic continuation and the contour integral representation
BE). When z; is in the shaded domain B, it suffices to argue by definition (32)).

The integral along (R, ) converges, because for ¢ such that arg(() = +60 and || > R, there
holds
lexp(¢1/*1)| = exp(|¢[V/* cos(f/an))  with cos(8/a1) < 0,

while the integral on the arc {¢ € C; |(| = R, |arg(¢)| < 0} is a constant. Consequently

C
|Ear g(21, .oy 2m)| < m, w < larg(z1)| <7, |z1| > R. (3.7)

For p < |arg(z1)| < m such that |z1| < R, it is directly verified that

m kj
= (k;kla"'akm)n'flz‘]
|Ea/7ﬁ(21,...,2m)| = mj_ ]
kZ:OkIJr';Cm:k F(ﬂ + Oélk — Z_j:2 Oéjkj)

3y Gk kI sl
- k k F(ﬁ+0¢1/€—2?:2 Oéjkj)

tothm=

=0 k1
s Eiki, ... k) [T, |24]%
< CZ Z ( 1_1‘ )H]_1k| Jl
k=0 k1++-+hm=k (B + (a1 = a2)k)

k
m

oy 1 . o (B4 (m - DE)*
"L T \ &) SO TEr @ an <

k=0 j=1

which, together with (7)), finishes the proof. O
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For later use, we adopt the abbreviation

B 5(1) = Blay a1 —cnoas ) 6 (At =@t 702 L @O 650, (3.8)

.....

where ), is the n-th eigenvalue of —L, 0 < 8 < 2, and aj, g; are those positive constants in
(LI). Especially, regarding the derivative of talEc(fo?Hal (t) with respect to t > 0, we state the
following technical lemma.

Lemma 3.3 Letl> a1 > > o, > 1. Then
d [ o) ar—1(n)
A ED 0 0 =T ED @), t>o.

Proof. By definition, we carry out a direct differentiation and utilize the formula I'(s) = I'(s +

1)/s to derive
d fio g
dt {t E ’1+a1(t)}

i > (ks ki k) (=)™ TTTLy (—gy) ot (D —azkem mambn
dt =0 Ky oot e =k F(l + Oél(k + 1) - Z;n:Q Oéjkj)
(ki Ky, k) (< An)M [T (—gy) Pt (FDmezkemankn =1

T Far(h s 1)~ Sy a78)

J

o] . a1 \k m a1 —aj\k;
ey (ks ks ) (= Ante )t TTI 2( gyt )

k=0 k14 4k =k Pon +anks + 3270, (o0 — a)k;)

— - 1E(”) ()

aal

(n)
Here we use the fact that to‘lE Moy

tions are available. O

(t) is real analytic for ¢ > 0 so that termwise differentia-

3.2 Proofs of Theorems 2.7H2.3

Now we are ready to employ the multinomial Mittag-Leffler functions to show results on
the well-posedness. For later use we recall the eigensystem {\,, ¢, } of the elliptic operator —L

and the abbreviation ES)B( ) (0 < B <2)in EH).

First we prove Theorem 2] that is, the case of vanishing source term F. It was shown
in [I8 that the explicit solution to (LI)—(L3) is given by

= Z ( AtV B o, (¢ )) (@, #n) - (3.9)

With the aid of Lemmata B.IH33] it is straightforward to demonstrate the well-posedness by

dominating the solution by the initial value.

Proof of Theorem[Z1l Let a € D((—L)7) with 0 < v < 1. In the sequel, by C' we refer to
positive constants independent of the initial value a which may vary from line by line.
(a) First, a direct application of Lemma yields

1= M\t ES)

o 1has ()| S 14 Ant™

- <
14+ \tr —
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Thus, we take advantage of (89 to derive

o0 N 5 , 1/2
luC Oy = 4 ST (1= Mt BD o 0] Nwen b < Cllallzey  (3.10)
n=1

for 0 < t < T, where we use the fact that {¢,} forms an orthonormal basis of L?(Q2). Since the
summation in B3) converges in L*(Q) uniformly in ¢ € [0,7], we get u € C([0,7]; L*(2)) or
@I). Furthermore, by the definition of D(—L), we see

oo

luC O3y = (M

n=1

e B ) 2
o’ 1+a1( ) |(a’a Sﬁn)| .

In order to treat the term 1 — A\, t*' E E" ’)1+Ot (t), we substitute
1
Bo=1, Bi=ai, 2z =-Mt", Bj=a1—aqajand z; = —q;t"""Y (j=2,...,m)

in Lemma B.1] and then utilize Lemma [3.2] to deduce

1—X to‘lng)Hal(t)’ = a, 1) + Zq TR EO} A+ar—a; (t)
(n) ar—a; | p(n) . Lﬂi%
S‘Ea/l “cht C P e a:(t)‘gczl+>\nta1'
j=2 j=1

Therefore, for 0 <t < T, we estimate

2 1— ay p(n) 2 2
- Dl = 30 T (1= At B, )| 1N (00
=1

2
m )\lf'ytalfaj

< (2 n v A\ n 2
=Y ; oo | (el

2 S - ()\"tal)l_’y ary—oj o’ 2
<C Z Zwt oI, en)l

n=1 \j=1
2
m o0
<[] S el < (Clallog-pmt )
j=1 n=1

where we use the fact

1
— if A\t <1
()\ntal)lf’Y 14+ M\t 1 -
T < A, <1
" Trom if Apt®t >1

in the third inequality. This, together with the fact D(—L) C H?(f2), yield the estimate ([2.2).
Furthermore, it follows immediately from 2 and a; < 1 that u € LT (0, T; H2(Q) N HE ().

(b) In order to investigate the asymptotic behavior near t = 0, first we have

[u(-,t) = allpg_ryr) = Z

n=1

n 2 2
ES o O] N, 0n)? < (Cllallpipym)” < oo

o’ 1+a;
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for 0 <t < T by a direct calculation and Lemma On the other hand, in view of Lemma

B the term A\, t”‘lE(")

/1 +a, (t) can be rewritten as

/\ ! E(T})1+a1 ( ) (E(T} 1 Z 4 e Earf)lJFal aj (t)

Thanks to the fact that 111rn,5_>0(E’c(x,)1 (t) = 1) = 0 and the boundedness of Ec(x')1+a1 o, U=
2,...,m) by Lemma B2 for each n = 1,2, ..., the above observation implies

lim (A, U EL) L (1) =0, Yn=12....

Therefore, (23) follows immediately from Lebesgue’s dominated convergence theorem.

(¢) In order to deal with 0,u, we make use of Lemma B3] to obtain

dyu( -, 1) = 07 Z Mg (8)(: 0) 0.
Then a similar argument to that for (Z2)) indicates

s 2
0 Dl Fagey = 27 3 NTEL, (0 N en)l?

n=1
0 (Apter)t ?
< Cztz(mfl)} : (An (=13 |\ E
a L\ T Apten An(a, on)l

ary—1)2
< (Cllallp(=pyt™? 1) , 0<t<T

or ([Z4). This implies dyu € C((0,T]; L*(Q)) immediately.
(d) Finally, to give estimates for 9] u with 0 < 8 < 1 when ~ > 0, we employ (Z4) and turn
to the definition of the Caputo derivative to obtain

1 /t Osu( -, $) /t 10su( -, s)|lL2 )
ds <C ———————=ds
(1 -p) ‘ o (t—s)F L2(Q) 0 (t—s)°

t
< CHGHD((fL)’Y) /0 Sal’y_l(t — S)_’ﬁ ds < CHGHD((—L)V)tOQV_ﬂ; 0<t<T

Hatﬁu(',t)ﬂm(n) =

or ([Z3]), where the first inequality follows from Minkowski’s inequality for integrals. Especially,
as long as 8 < aq, there holds a3y — 8 > v — 1 and obviously 8{581) € Lﬁ(O,T; L2(2)).
Collecting all the results above, we complete the proof of Theorem 2] O

Next we turn to the proof of Theorem 2.2 that is, the case of vanishing initial value a. To
construct an explicit solution, we apply the eigenfunction expansion method. In other words,
we seek for a solution to (LI)—(T3) of the particular form

=3 Tu(t)pn, 0<t<T, (3.11)
n=1

where ¢,, is the n-th eigenfunction of —L. The substitution of (311 into (LI) yields

Z Z‘ba T ) Sﬁn:*Z/\nTn(w‘Pn+Z(F('vt>a50n>90n-
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Therefore, it is readily seen from the orthogonality of {¢,} and the homogeneous initial condi-

tion (L3) that T,, satisfies an initial value problem for an ordinary differential equation

qu AT, () + M Tn(t) = (F(-,t),0n), 0<t<T,
Tn(O) —0.
Then it follows from [19, Theorem 4.1] that
T
Tu(t) = [ T EG (I FC = 9. 00)ds,

implying that the solution takes the form of a convolution

u(~,t)/0 U(s)F(-,t—s)ds, (3.12)

where

Ut)f =1 Z ED L (0)(f n)en: (3.13)
Before proceeding to the proof, we introduce a key lemma for showing Theorem [Z2(a).
Lemma 3.4 (see [3, Theorem 3.2]) The function tal_lng?m (t) is positive for t > 0.

Proof of Theorem[Z2 Let F € LP(0,T;D((—L)7)) with 1 < p < oo and 0 < < 1. In the
sequel, by C' we refer to a general positive constant independent of F' and 7.
(a) Let p = 2. According to the expression (BI12)-B.I3]), formally we write

lu(-, 01D ZAQ (/t a-lp() (s )(F(-,t—s),%)ds)

Using Young’s inequality for convolutions, we estimate

2

t
/ LB ($)(F(-,t — ), n) ds
0

lal2a0rip(ory) = D A2
n=1

0 2
gz(xn / L, <t>|dt> 1EC 1)) [30.m)
n=1

L2(0,T)

By Lemma [3.4] we can remove the absolute value of ng?al (t) and apply Lemma to derive

[o N6 o’ 1+a;

T T
/ e BO) ()| dt = / gl (tydt =T EL, L (T).
0 0

Consequently, we use Lemma B2 to conclude
> 2
Il e < oo <02 (T B, @) 1FC 1), 00320

2
<C? Z |(F )s Pn ||L2(0 T) (CHFHL2 (2% (0, T))) .
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(b) Fix 7 € (0,1] arbitrarily. First we give an estimate for BI3) with f € D((—L)").
Similarly to the proof of Theorem Il we apply Lemma to deduce

> 2
W@ pyrrny = D3 INTTED | N en)l?
n=1

[e’e) ar\1—7 2

< 02t2(a1—1)z 7()‘”15 ) o (t=1) N (£, 0n)|

= 1 +)\ntal n ’(p’ll
n=1

arT—1\2
< (CHfHD((—L)w)t ! 1) , O0<t<T.

Using ([B.12) and Minkowski’s inequality for integrals, formally we have

u(-, O)llp(~r)r+1-7) =

/tU(S)F(',tS>dS
0

t
< | WUGF(.t=3s)p-ry+1-ds

D((-L)7+1-7)

<C [ |F(t=9)lp-r)yys™ "ds, 0<t<T. (3.14)

Finally, it follows from Young’s inequality for convolutions that

t
lullLeo,7D((~Lyr+1-7)) < C H/ |E(-,t— s)||D((,L)w)s“”*1 ds
0 Lr(0,T)

T
X1 T— C
< CI\FIIqu,T;D((_L)w))/O Tt < I E oo rD((~1)7)-

This completes the verification of (271)).
(c) Assume a1p > 1 and fix 7 € (O%p, 1] arbitrarily. To investigate the asymptotic behavior

near t = 0, we apply Holder’s inequality to ([BI4]) to see

t 1/p
||U( . ,t)||'D((_L)'y+177) S C||F|‘Lp(01t;’D((7L)’y)) (/O S(Ot17’—1)p ds) ,

where p’ is the conjugate number of p, i.e. 1/p+1/p’ = 1. Since 7 > -, we see (a;7—1)p’ > —1

aip’

and then lim;_,o fot 57— s = 0, indicating (ZJ) immediately. O

As a direct application of Theorems ZIHZZ it is straightforward to show the Lipschitz

stability of the solution with respect to various coefficients.

Proof of Theorem[Z3 Let v,7 € (0,1], a € D((—L)”) and C > 0 be a general constant which
depends only on a, A, @ and U. First, a direct application of Theorem 2] immediately yields
we LP(0,T; H2(Q) N HL(Q)) and 87w € LP(0,T; L%(Q)) for 0 < 8 < a1, where we abbreviate
pi= ﬁ More precisely, there exists C' > 0 such that

Jull oo, 2y < Cy 100Ul noo,riz2()) < C (0 < B < ay). (3.15)
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On the other hand, by taking the difference of systems (ZI0) and (29), it turns out that the

system for v := u — u reads

S Gofv=Lzv+ F inQx(0,T),

j=1
v=0 on 99 x (0,77,
V] =0 in Q,
where m m
Fo=3 40/ u—08"u)+Y (4 =)0 u+Lp_pu.
Jj=1 Jj=2

Without loss of generality, we assume o1 > ap, or otherwise we investigate v := u — u instead.
Therefore, together with D, D € C*(Q), we see F € LP(0,T; L2(2)) from @FIF). Now it is
straightforward to employ Theorem [2.2(b) to obtain

- C
lu =l v o, 7:0((=2)1-7)) = IVl oo, sD((—L)1—7)) < ?HF”LP(O,T;LZ(Q))- (3.16)

Especially, if v > 1, we see p = ﬁ > 2 and hence LP(Q2 x (0,T)) C L?(0,T; L*(Q)). It then
follows from Theorem 2:2(a) that

lu — @l L200,7;12(0)) < ClIF |l 22x0,1)) < CIF | Le0,102(02))- (3.17)

Therefore, it suffices to dominate || F||1»(0,7;12(0)) by the difference of coefficients.
To this end, first it is readily seen from (BI0]) that

Il oomiza) < D @08 w— 0 ull ooz + Y 105 — G0 ull oo iz
j=1 =2

+ D — D||cl(§) 1wl e o,7; 52 (02))

<C D107 u =0 ul| Loqo.rer2 () + Y 145 — Gl + 1D = Dlloa

j=1 =2

To give an estimate for 9, u — 8,5&ju by |o; — @], we adopt a similar treatment as that in [13]

Proposition 1] and decompose it by definition as
(o7, & 1 t u( - 1 t su( -
O u(-,t) — 0 u(-,t) = /8u( ’j?ds— — /8u( ’f?ds
Pl —aj) Jo (t—s)% Pl —aj;) Jo (t—s)%
_ 7l 2
*Ij('at)+lj('at)7

where
_T-d) T -ay)
(1 —ay) ¢
1

12(- 1) = F(175%)/0 {(t—8)™ — (t — 5)" ¥ }du( -, 5) ds.

u('at)a
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Since a;, @; € [a, @] and the Gamma function is Lipschitz continuous in [1 —@, 1 — af, it follows
from (BI3) that

T —a;) =T —aj)l, o ~
123 | 2o 0,752 () = / = L2107 ull oo, 7520y < Clog — ay). (3.18)
I —ay)

In order to treat I ]2 , we recall the estimate (24]) for 0;u and utilize Minkowski’s inequality for

integrals to deduce

/0 {({t—s5)"% —(t — s)faj Yosu( -, s)ds

1
V2 ) o = —~\
! @ (1 —ay) L2(Q)

t
< [l sy = (= sy 0,8 oy ds
0
t _~
< C/ |(t — )™ — (t —s)"%|sM7 1 ds
0
t ~
= C/ |s7% — 7% | (t — 5)*7 1 ds.
0

Using the mean value theorem, we have

|s™% — s7%| = |Ins| s~ % |a; — a4,

where @;(s) is a parameter depending on s such that
min{o;, a;} < @;(s) < max{a;,a;} <

by the assumption oy > a;. Henceforth, we assume 7' > 1 without lose of generality. We prove
separately in the cases 0 < ¢t < 1land 1 < ¢t < T. First, let 0 < ¢t < 1. Then there holds

0 < s < 1 and hence

—a,(s —Q1 _ L€ O —E
S J()Ss =55 ,

where ¢ > 0 is sufficiently small such that a;(1 —v) +e < 1 —+. Since |Ins|s® < C for
0 < s <1, we obtain

t
HIJQ( )2y < Clay — oy /0 |1In s sfaj(s)(t — s)o‘”*1 ds
t
< Cloy — ajl / (|Ins|s%)s™ 1 75(t — 5)*7 1 ds
0
< Cloy — |t~ (=M= 0 <t <1, (3.19)

where we apply the boundedness of the Beta function B(1 — a3 — €,a1) and v > 0. Second,
let 1 <t < T. Then it is readily seen that t —s > 1 —s for 0 < s < 1 and |Ins| s~ % () < C for
1 < s < t. These observation, together with the inequality (3I9) for ¢t = 1, indicate

1 t
15 (- 1)l 2() < Clay — a] (/ +/ ) [Ins| s~ () (1 — )7L s
0 1
! ~ t
=l (/ lns] s~ (1 = s s .0 [ (b s)awlds)
0 1
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< ClOéj — &j|, 1<t<T. (320)
The combination of (3I9) and B20) immediately yields
I3, )l L2 < Clay — ay =072 0<t<T

and thus ||| Ly 0,1;2(2)) < Clay — @ because aq (1 —v) + ¢ <1 -~ = 1/p. Consequently,
collecting the estimate [FIF) for I}, we conclude

IF | oo, iz < C | DN+ Illeomizz@) + Y 1a — Gl + 1D = Dllca gy

j=1 j=2

<C\ D laj—al+> lg; =gl +IID =Dl | -

j=1 =2
implying (212) and (2I3) with the aid of B.I6) and BIT) respectively. O

3.3 Proof of Theorem [2.4]

In this subsection, we study the long-time asymptotic behavior of the solution w to (LI)—
([3) with F = 0 by a Laplace transform argument. In the sequel, by C' we refer to a generic
constant which is independent of the initial value a and v but may depend on d, €, «;, g;
(j =1,...,m) and the operator —L.

Although an explicit representation ([3.9) is available in this case, we write the solution in

form of -
u(-t) =Y un(t)pn, t>0 (3.21)
n=1
by use of the eigensystem {\,, p,} of —L, where a direct calculation and the orthogonality of
{ion} yield

q;0, 7 un () + Aun(t) =0, t>0,
;“ ) () n=1,2,.... (3.22)

Un(o) = (a” (p")’

The proof of Theorem [2.4] relies on the following lemma.

Lemma 3.5 Let u, (n=1,2,...) solve the initial value problem [B22). Then there exists
a constant C > 0 such that

Qm(aa@n) < C|(a, ‘Pn)|

- t>1. 3.23
Anl(1 — ) tom | = Aptem-—1 > (3:23)

(1)

Proof. We abbreviate a,, := (a, ¢,) for simplicity. Applying the Laplace transform to ([322))

and using the formula
L(O7 f)(s) = sL(f)(s) — s“TLf(04),

we are led to the transformed algebraic equation

a

L(un)(s) = w{;) D gis® Tl w(s) = g5 + A
j=1 j=1
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Noting that the Laplace transform of u,, has a branch point zero, we should cut off the negative

part of the real axis so that the function w(s) has no zero in the main sheet of the Riemann

surface including its boundaries on the cut. In fact, for s = re'?, we see that sin(a;0) (j =
1,--+,m) have the same signal and thus Im(w(s)) = Z;":l g;r* sin(a;0) # 0 since ¢; > 0.

Therefore, the inverse Laplace transform of L(u,) can be represented by an integral on the
Hankel path Ha(0+) (i.e., the loop constituted by a small circle |s| = & with & — 0 and by the

two borders of the cut negative real axis). Actually, it suffices to consider the following integral

st
27“/5 un)(s)e™ ds (3.24)

and estimate each

Hi(t;R) := | L(u,)(s)e’’ds, £=1,---,5,
Ce

where the loop C and its partitions C; (£ = 1,...,5) are illustrated in Figure 2

Y
! C
iR Co
_\ y
Ci
C N i
D e ¥
Cs
Cs
/ B
Cy

Figure 2. The loop C and its partition.

For H,(t; R), noting that |s| = R > 1 and using a change of variable, we have

|H1(t; R)| = E(’U,n)(s) eSt ds < C|an| Rom ethosG 46
G /2
0 e t
o [ g o
-1 M

Furthermore, we break up the above integral in [—1, 0] into two parts and calculate their bounds

respectively as

0 eRt” —1/2 0 eRt”
Rom / e dp=Ro" / + / 4y
—1y/1—n? -1 —172) /1—1n?

—1/2 0
< Rm eth/Q d77 + C R / eRtn d?’]

—1 /1=n? —1/2
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1— —Rt/2
< CROm e*Rt/MCRam*l% 50 asR— o0, t>0.

Therefore, for any ¢ > 0, we see that H;(t; R) — 0 as R — oo. Similarly to the calculation of
H,(t; R), we have H3(t; R) — 0 as R — oo for any ¢ > 0. On the other hand, since Rcosf <~
for all § € [0g, /2] where O denotes the argument of point A, we have

/2
\Hy(t: R)| < C|an|R“’"/ R0 4 < Cla, RO & (T — )
Or 2
o (T 1
= Cla,|R*™ &7 5 T arccos o —0 as R— oo.

Therefore, since w(s) has no zero in the main sheet of the Riemann surface including the
boundaries on the cut, the integral in ([3:24]) vanishes. By Fourier-Mellin formula (see e.g. [27]),

we have

1 y+iM 1
un(t) = lim —/ L(uy)(s)e™ ds = —/H ( )E(un)(s) e ds.
v a(e

M—o0 271 )iy 2mi

Here the integral is taken on the segment from v —iM to v+iM, and Ha(e) denotes the Hankel
path in C defined as

Ha(e) :={se€C;args==m, |s]| >ec}U{seC; —m <args<m, |s|=¢}.

By a similar argument as above, we find

1 1 yH+HiM 1
——— = lim — s@mlest ds = — s@m—lest s,
F(l — am) tam I\/I%OO 271 y—iM 2mi Ha(s)
It is now straightforward to show that the contribution from the Hankel path Ha(e) ase — 0
is provided by

un(t) — By F(quzzn e / H(r,\p)e " dr, where (3.25)
1 1 q
H(r\y) = ——1 — st T gom =l
(s An) — w(s);qﬁ )\ns
- s=rel™

To give the desired estimate (323, we observe that |w(s)| > CA, as long as r = |s| < egAp,

where €y > 0 is sufficiently small. This indicates

N D D
AH(Z?; ;5% + An)

C
|an| Z| |a]71+2| |a]+am71 , V|S| SEO)\n-

[H(r, An)| <

7 with r > eg\n, we know that

Z] *1 q] —1 Z;n L qqu,ra]“i’am*l
IImZ 1‘135a’| An IImZ —1 455%|

Meanwhile, for any s = re

[H (r, An)| < <C.
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Using these estimates, we break up the integral in ([B.28]) into two parts and give respective

bounds as

Eo)\n
/ H(r,\,)e " dr
0

C co [m—1 m
< X_L/Q jg: Taj_14—j£:Taj+a”V_1 e_Tth
n JO j=1 j=1
c(E 1 &
S N Z TJ + Z Ozj-i-am
An j—lt j—lt

o C C
—rt _
SC/ e dr_iteso)\nt S—)\ntQ-

/ H(r,\,)e " dr
€0An

Collecting the above two estimates, we obtain (323) for sufficiently large t. O

Proof of Theorem[27] Let u take the form of ([B2I) which solves (LI)-(L3) with a € L?()
and F' = 0, and fix any T' > 0 sufficiently large. For all ¢ > T, it immediately follows from
Lemma and the eigenfunction expansion that

0 TR = 35 (o0 - s ) o
2)1/2

C (Z
n=1
c (& ol
Al L2(Q
= t¥m—1 <Z |(a’<'0")|2> - tam,—l( )’
n=1

implying u € C([T,00); H*(2) N H(£2)). On the other hand, since Theorem ZJa) guarantees
u € C([0,T]; L*(Q))NC((0,T]; H2(2)NHE(£2)), the proof is finished by combining the regularity

results in the finite and infinite time spans. O

D(-L)

gm(a, on)
I(1 — ) tom

Antin(t) —

Remark 3.1 If some g;, is negative, then we cannot obtain the asymptotic estimate for the
solution u of the initial-boundary value problem (I)-(L3]). In fact, for some n € N sufficiently
large, we study the following problem

O Pu(x,t) — 300 ua, t) = Lu(z,t), x€Q, t>0,
u(z,t) =0, x €, t>0.
’U/(,T, 0) = nPn = (aa (Pn)(pna HAS Q’

where (A, ¢y,) is the n-th pair in the eigensystem of the elliptic operator —L, and a € L?(f2).
The Laplace transform of the solution reads
L(u)(s) = A (5_1/2 - 3)\ns_3/4) On, w(s):=sY2 =35+ N,
w(s)
We see that {s; w(s) =0} is a finite set with all of the zero points having finite multiplicity in
the main sheet of the Riemann surface, and there is no zero point on the negative part of the
real axis since )\, is sufficiently large. Furthermore, we can prove that there exist zeros of w(s)

having positive real parts. In fact, obviously

Bk VONE — AN,
2

r+ =
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solves w(ry) = 0, and we have

1 1 3M, _
w'(re) = —ril/Q - —7}3/4 £ 0.
2 4
Note that 1
2ri

/C L(u)(s)eds = Z Res{L(u)(s)e™,C},

where C is defined in Figure ] Res{f,C} denotes the residue of function f in the domain

enclosed by C, and the sum is taken over all the poles of £(u)(s)e*® in this domain. Repeating

the argument in the proof of Lemma B8] we deduce

1 oM 1
— i st — st st .
u(t) Jim o .y L(u)(s)e’ds g Res{L(u)(s)e*" } + o1 /Ha(0+) L(u)(s)e* ds

Here the sum is taken over all the poles of £(u)(s)e*® lying on the left-hand side of the line
{z =v+iM; M € R} with v > r;, and there are only finite terms in this summation since w(s)
only has finite number of zero points including multiplicity in the main sheet of the Riemann
surface cutting of the negative axis. We can easily see that

-1/2 —3/4
— 3\,
Res{(£(w)(s) *)|gmpy } = = ot

w'(ry) "
Of course e+ tend to infinity as t — oo since r+ > 0, indicating that the asymptotic behavior
in Theorem [2.4] does not hold for this case.

4 Concluding Remarks

We summarize this paper by providing several concluding remarks. Concerning the initial-
boundary value problem (LI))-(L3)) for multi-term time-fractional diffusion equations, we mainly
investigate the well-posedness and the long-time asymptotic behavior of the solution, which turn
out to be mostly parallel to those of the single-term prototype. On the basis of the representa-
tion of solutions and a careful analysis of multinomial Mittag-Leffler functions, we succeed in
dominating the solutions by the initial value a and the source term F. Although uniqueness
and stability also follow from the maximum principle developed in [I8], we carry out various
estimates so that regularity and short-time asymptotic behaviors of the solutions are directly
connected with the regularity of @ and F (see Theorems ZIHZ2]). Furthermore, in Theorem
we establish the Lipschitz stability of the solution with respect to o, ¢; and the diffusion
coefficient, which is not only important by itself but also applicable to the corresponding inverse
coefficient problem when treated by a minimization approach (see [I3, Theorem 5]).

Simultaneously, we also obtain an extended version of [26, Corollary 2.6] in Theorem [2.4]
which asserts that, if the solution does not vanish identically, then its decay rate cannot exceed
t~m where a,, is the minimum order of fractional time-derivative. It is a remarkable property
of fractional diffusion equations because the classical diffusion equation admits non-zero solu-
tions decaying exponentially. This characterizes the slow diffusion in contrast to the classical

one.
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In the formulation of the initial-boundary value problem, we emphasize that the coefficients
g; of the time derivatives are positive constants because this assumption is obligatory not only
to acquire explicit solutions but also to apply the Laplace transform in time, which are essential
in the discussions of well-posedness and asymptotic behavior, respectively. On the other hand,
if g; are space-dependent, then explicit solutions are not available so that one should rely on
a fixed point argument for the unique existence of solution, and the improvement of regularity
in space is strictly less than 2 orders (see [4], Theorem 2]). On the other hand, if some gj, is
negative, then one may construct a counterexample in which the asymptotic property fails (see
Remark B.T]).

However, in view of practical applications and theoretical interests, the linear non-symmetric
diffusion equation with positive variable coeflicients of Caputo derivatives in time can be re-
garded as a more feasible model equation than that we have studied in the current paper, but
it will be definitely more challenging. Though still under consideration, we expect to establish

parallel results for this more generalized case.
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