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Integral relations for solutions of confluent Heun equations
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Abstract: Firstly, we construct kernels of integral relations among solutions of the confluent Heun
equation (CHE) and its limit, the reduced CHE (RCHE). In both cases we generate additional
kernels by systematically applying substitutions of variables. Secondly, we establish integral relations
between known solutions of the CHE that are power series and solutions that are series of special
functions; and similarly for solutions of the RCHE. Thirdly, by using one of the integral relations as
an integral transformation we obtain a new series solution of the spheroidal wave equation. From
this solution we construct new solutions of the general CHE, and show that these are suitable for
solving the radial part of the two-center problem in quantum mechanics. Finally, by applying a
limiting process to kernels for the CHEs we obtain kernels for two double-confluent Heun equations.
As a result, we deal with kernels of four equations of the Heun family, each equation presenting
a distinct structure of singularities. In addition, we find that the known kernels for the Mathieu
equation are special instances of kernels of the RCHE.
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1. Introductory remarks

Recently we have found that the transformations of variables which preserve the form of the general Heun equation
correspond to transformations which preserve the form of the equation for the kernels of integral relations among solutions
of the Heun equation ﬂ] In fact, by using the known transformations of the Heun equation ﬂ, %] we have found prescriptions
for transforming kernels and, in this manner, we have generated several new kernels for the equation.

The above correspondence can be extended to the confluent equations of the Heun family, that is, to the (single) confluent,
double-confluent, biconfluent and triconfluent Heun equations M, B], as well as to the reduced forms of such equations 6, [7].
In the present study we consider only the confluent Heun equation (CHE) and equations connected to the CHE by limiting
processes. Specifically:

e we deal with the construction and transformations of integral kernels for CHE and its limit called reduced confluent
Heun equation (RCHE);

e from some of these kernels we establish integral relations between known solutions for the CHE;

e using one of the relations as an integral transformation we obtain new solutions in series of confluent hypergeometric
functions for the CHE;

e we show that the previous solutions are suitable to solve the radial part of the Schrédinger equation for an electron
in the field of two Coulomb centres [§] (two-centre problem);

e finally, from kernels of the CHE and RCHE we find kernels for the double-confluent Heun equation (DHE) and for
the reduced DHE (RDHE).

We write the CHE as [9]

2

U du
2(z — 20) + (B + Bgz)g + [Bs — 2wn(z — 20) + w?z(z — 20)| U = 0, (1)

dz?
where zg, B;, n and w are constants. This equation is called generalized spheroidal wave equation by Leaver ﬂg] but
sometimes such expression refers to a particular case of the CHE ﬂa, @] Excepting the special case represented by the
Mathieu equation, the CHE is the most studied of the confluent Heun equations and embraces the (ordinary) spheroidal
equation as a particular case ﬂﬂ] However, further studies are necessary due to the recent emergence of several classes of
quantum two-state systems ruled by the CHE [11]. On the other side, the reduced confluent Heun equation (RCHE) is
written as
d*U du

Z(Z—Zo)w+(B1+BQZ)E+[B3+Q(Z—ZO)]U:07 (2)
where zg, B; and ¢ (¢ # 0) are constants. The RCHE describes the angular part of the Schrodinger equation for an electron
in the field of a point electric dipole ﬂﬁ, ] It appears as well in the study of two-level systems ﬂﬁ], polymer dynamics
[15] and theory of gravitation [16]. The form (@) for the RCHE results from the CHE () by means of the limits

w—0, n—oo suchthat 2nw=—gq, [Whittaker-Ince limit]. (3)

In both equations, z = 0 and z = z are regular singular points with exponents (0,1 + B;/z0) and (0,1 — By — By/z20),
respectively, that is, from ascending power series solutions we find

By

z=0: U(z)~1 or U(z)~z""50; z—zp: U(z)~1 or U(z)w(z—zo)l_Bz_%. (4)
In contrast, at the irregular singular point z = oo, the behaviour of the solutions is different for each equation since
z—=00: U(z) ~etw? zFm=(B2/2) for the CHE (@) and U(z) ~ e*2V@ (1/9=(52/2) for the RCHE (@), (5)

as follow from the normal and the subnormal Thomé solutions [17] for the CHE and RCHE, respectively.



According to the concepts of Ref. ﬂ], the s-rank of the singularity at z = oo is 2 for the CHE, and 3/2 for the RCHE.
However, more important is the fact that the solutions exhibit the above behavior predicted by the normal or subnormal
Thomé solutions, and the fact that the Whittaker-Ince limit (B) may generate solutions to the RCHE. In effect, most of
the known solutions for the RCHE M] has been obtained from solutions of the CHE by means of the limit (B]). Despite
this, the main part of the present study is restricted to integral relations concerning the CHE. Relations for RCHE are
relegated to an appendix. In appendices we also present kernels for double-confluent Heun equations which are obtained
by taking zp = 0 in Egs. () and ().

Integral relations are important because, in principle, they make possible the transformation of known solutions into
solutions with different properties. However, apart from the Mathieu equation, only in rare cases this task has been
accomplished successfully. One case is constituted by the expansions of the Lamé functions in series of associated Legendre
functions M], obtained by Erdélyi from Fourier-Jacobi series for the Lamé equation; however, as far we are aware, his
solutions have not been extended for the general Heun equation (of which Lamé equation is a particular case). Another
example is a Leaver expansion in series of irregular confluent hypergeometric functions for the CHE E], obtained from a
power series; the integral transformation was originally constructed for a particular case of CHE but the expansion has
been generalized for any CHE.

To establish integral relations for solutions it is necessary to get appropriate integral kernels. To this end, in section 2
we proceed as in case of the general Heun equation @] In other words, firstly we insert into the integral connecting two
solutions a weight function w(z,t) which allows to write the CHE and the equation for its kernels in terms of differential
operators functionally identical (respecting z and ¢). In this manner, by examining each variable substitution which leaves
invariant the form of the CHE (one variable, z) we find prescriptions for the variables transformations which preserve the
form of the equation for the kernels (two variables, z and t). By using these substitutions, we may systematically convert
a given (initial) kernel into new kernels. As initial kernels we use the ones obtained as limits of kernels of the general Heun
equation [1], adapting them to the form (I) for the CHE.

In section 3 we find integral relations which transform the Jaffé power-series solutions @] into expansions in series of
irregular confluent hypergeometric functions, including the aforementioned solution given by Leaver. In the second place, we
find that the power-series solutions of Baber and Hassé ﬂﬁ] are transformed into expansions in series of regular confluent
hypergeometric functions. These are integral transformations among known solutions of the CHE. In both examples,
power-series solutions are converted into series of confluent hypergeometric functions. However, there are the non-integral
transformations (involving only substitutions of variables) which do not modify the type of series: these transform, for
example, a power-series solution into another power-series solution, and an expansion in series of hypergeometric functions
into another expansion in series hypergeometric functions. Integral relations among these two types of modified series
demand the use of kernels transformed in accordance with the prescriptions mentioned in the previous paragraph.

Analogously, in section 4 we apply an integral transformation to an asymptotic (Thomé) solution of the spheroidal
equation and obtain a new solution in series of irregular confluent hypergeometric functions. That solution is extended
to any CHE (not just the spheroidal equation); then, by substitutions of variables, we obtain a group of solutions for the
CHE with domains of convergence different of the ones of the asymptotic solutions. Therefore, by combining integral and
non-integral transformations we get new solutions for the CHE; as a test, we show that some of these solutions afford
bounded and convergent solutions to the radial part of the two-center problem.

In section 5, we present concluding remarks and mention open issues. In appendix A we write some formulas concerning
special functions, while in appendix B we discuss the convergence of asymptotic solutions for the CHE. In appendices C, D
and E we obtain, respectively, kernels for the reduced CHE (RCHE), for the double-confluent Heun equation (DHE) and
for the reduced DHE (RDHE).

2. Kernels for the confluent Heun equation

In this section we regard kernels for the CHE (). In particular,

e in section 2.1 we get the correspondences among substitutions of variables which preserve the form of the CHE and
the substitutions which preserve the equation of the kernels of the CHE;

e in section 2.2 we construct a group of kernels with an arbitrary constant of separation A, given by products of two
confluent hypergeometric functions and elementary functions;

e in section 2.3 we find another group of kernels with an arbitrary constant of separation A, given by products of
confluent hypergeometric functions and Gauss hypergeometric functions (and elementary functions);

e in sections 2.4, 2.5 and 2.6, by taking suitable values for \ we get kernels given by products of elementary and special
functions; thus, in sections 2.4 and 2.5 we find products of elementary and confluent hypergeometric functions and,
in section 2.6, products of elementary and Gauss hypergeometric functions.

Later on, in section 4, we will need kernels for the ordinary spheroidal wave equation ﬂﬂ]
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Such kernels are obtained from the ones of the CHE through the substitutions

r=1-2z,  X(z)=2"? (z = 1D)*?U(2), (7)
which give
2z - DEF + -+ D +2+ D)2 L+ [n(p+1) - A+ 49%2(z - )] U =0, (8a)
that is, the CHE () with
20 =1, By = —2B; = 2(u+ 1), By=pu(p+1)—X,  n=0  w?=492 (8b)

Thus, the spheroidal equation (B) will be treated as a CHE with zg = 1, n = 0 and By = —2Bj, namely,
d*U du

2.1. Transformations of the CHE and its kernels

Defining the operator L, by
L. = z[z — 2] 25 + [BL + B2z] & + [w?2(2 — 20) — 2wnz] (10)
and interpreting this as an ordinary differential operator, the CHE () reads
[L, + Bs + 2nwzo|U(z) = 0. (11)

The adjoint operator L. corresponding to L is M]
2

022

L. =2z(z— 20) +[-220 — B1 + (4 — Bs)Z] 9 + [w?2(z — 20) — 2wnz + 2 — By . (12)

0z

On the other side, if U(z) is a known solution of the CHE, we seek new solutions U(z) having the form

W(e) = [ K (2, OU)dt = [/ w(z )Gz, DU @) = 74775 (8 — 20)7F 571Gz, U (), (13)

B B
wlz ) = 4717 (4= 20) TR

where the kernel K(z,t) or G(z,t) is determined from a partial differential equation. The general theory is usually
established for the function K (z,t) [24], but to study the transformations of kernels we will deal with G(z,t). If the
integration endpoints ¢; and to are independent of z, by applying L. to integral (I3]) we find

ta

LZU(z)_/tz [LZK(z,t)]U(t)dt:/ U(t) [L. — L] K(z,t)dt+/t2 U(t) LK (z,t)dt, (14)

t1 t1 t1
L; being obtained from L. by replacing z with . Now we demand that
[L.— L] K(2,t)=0 < [L.— L]G(z1t) =0. (15)

Thence, by using the Lagrange identity

Ut)L K (2,t) — K(2,t)L,U(t) = %P(z, t),
where the bilinear concomitant P(z,t) is given by
OK (2,1 U (¢t
P(z,t) = t(t — z0) [U(t)% - K(z,t)#} — (B2 = 2)t+ By + 2] U(t) K (2,t)
= (- 20) P [U(0) 25D - G, 0250 (16)
Eq. () reduces to
to ta to
LU(z) = / [K(z, t)LU(t) + %} dt = —(Bs + 277wz0)/ K(z,t)U(t)dt —|—/ %dt,
t1 t1 t1



where in the last step we have used equation ([Il). Using equation (I3]) as well, this yields
[L, + B3 + 2nwzo]U(z) = P(z,t2) — P(z,11). (17)

Therefore, U(z) is also a solution of the CHE if: (i) the kernel satisfies Eq. ([I3)), (ii) the integral ([I3]) exists and (iii) the
right-hand side of Eq. (I7)) vanishes.
Now let us examine the transformations of the solutions U(z) and kernels G(z,t). If U(z) = U(B1, Ba, Bs; z0,w, n; 2)

denotes one solution of the CHE, the following transformations |18, 24, @] —Ti, Ty, T3 and Ty — leave invariant the form
of the CHE:
1+81 1-B,- 2L

TU(z) = z7 "= U(C1, C2, C3; 20,w,1; 2), TU(2) = (2 — 20) %0 U(B1, D2, D3; 20, w,1; 2), (1)

T3U(z) = U(By, By, Bs; 20, —w, —1; 2), T4U(z) = U(—By — Bazo, B2, B3 + 2nwzo; 20, —W, 13 20 — 2),
where

Clz—B1—2ZO, CQ:2-|—B2+2§)1, Og:Bg—F[l—F?—Ol} |:BQ+€—01:|,
_ 2B _ B, (B
Dy=2- By - 2B, D3_33+z—5(z—5+32—1). (19)

By composition of these transformations, from an initial solution we may generate a group containing up to 16 solutions.
To get the corresponding transformations for the kernels, we notice that the operators L, and L; (which appear in the CHE
(1) and in [L, — L{]G(z,t) = 0) have the same functional form. Hence, if G(z,t) = G(B1, Ba; 20, w, n; 2, t) is a solution of
the Eq. ([IH), we find that the transformations Ry, Ra, Rs and Ry, given by

RlG(th) = (Zt)l+% G(Clv@;zovwﬂ?;zat% R2G(Zat) = [(Z - ZO)(t - ZO)]l_BQ_% G(BlvD2;207w777;th)7 (20)

R3G(z,t) = G(By, Ba; 20, —w, —1; 2, 1), R4G(2,t) = G(=B1 — Bazo, Ba; 20, —w,m; 20 — 2, 20 — t)

do not change the form of the kernel equation ([Z)). These transformations may generate a group containing up to 16
kernels when applied to an initial kernel.

For another version of the CHE we have obtained initial kernels as limits of kernels for the general Heun equation ﬂ]
For the version (), in the following we reobtain these kernels by solving Eq. (I3 and use the transformations (20) to
generate groups of kernels closed under such transformations.

2.2. First group of kernels: products of two confluent hypergeometric functions

Kernels with products of two confluent hypergeometric functions have already appeared in a paper ﬂﬂ] which considers
a particular problem obeying a CHE. Here we are concerned with the general case.
In the first place we show that the kernel equation [L, — L;]G(z,t) = 0, given in ([T, is satisfied by 16 of such products,

denoted by G(il’j) and defined as (i,7 = 1,2, 3,4)

GG (z) = () x (), (21)

where ¢*(£€) and @7 (¢) are the confluent hypergeometric functions (A.2), having the following arguments and parameters:
P €= —22(2 — 20)(t - 20), a=258—in— A c=By+ 2 (22a)
FQ): (=222, a=) c=-L1, (22b)

where A is an arbitrary constant of separation. In the second place, by the transformation R3 we may get another set of
kernels, G(;’J ), given by

G5 (2 ) = RaGY (2,8) = G (D] sy (23)
The transformations Ry, Ro and R4 are superfluous in this case.
To obtain the kernels ([2I)), first we write
G(z,t) = e @G £(2 1), (24)
in Eq. ([3). This leads to
z(z — zo)% + [Bl + (Ba + 2iwzo)z — 2iwz2] %
it — zo)% - [Bl + (Ba + 2iwzo)t — 2m2} % — 2w (% - m) (z—1)f =0. (25)



Then, by the substitutions

g=-elmmlam (et o X(6Y(Q) 20)

we find the confluent hypergeometric equations

5,1&2"‘{32‘*’5_;_5}(5&( [322_2'77_)\})(:0’ CdCQ—i_{___C}%_)\Y:O’ (27)

where X is the constant of separation. The solutions for the above equations are: X (&) = ¢(€) with a = (By/2) —in — A
and ¢ = By + (B1/20); and Y(¢) = ¢’ (¢) with a = A and ¢ = —Bj /2. Inserting these solutions into (24]) and (26]) we find
the kernels (2]). Thence, the kernels given by regular confluent hypergeometric functions are

G(i’l)(Z, t) = e~z @ [32 in— X By + 52 —2;—[?(2 — 2p)(t — zo)} @ [/\, —f—ol; QZ’—;"zt} , (28)
_ By By B 2 B 24
G (5 ) = g~ 2 t]1+z§q)[__m A, 324__1 —ﬂ(z—zo)(t—zo)} P {1_/\724__1;_&24 . (29)
2 Z0 20 o 20
iw B
Gz 1) = e TR CT0 (o)t — )]
B By 2 By 2
x @[1+m+A——2 By — =L, ﬂ(z—zo)(t—zo)]q>[A —Jﬂt] (30)
2 20 20 20 20
(2,2) _ iw(zt) [l 2t 1-B,— 51
G (zt) = e [2t] = [(z = 20) (t — 20)] =0
x @ [1+in+A— B: g B, - f—;;%(z—zo)(t—zo)} o [1—)\ 2+ B, —%—Wzt} (31)

The remaining kernels are obtained by replacing one or both functions ® by W. In this manner we obtain the 16 kernels.
The transformations Ri, Ro and R, are superfluous because they simply rearrange these kernels. For instance,

24w 2t

RGUD = e

B .
(2] (24 B — )y 24 By —%—wzt}
zZ0 zZ0 zZ0

X fIJ[Bl+B2—|—1—z77 )\1,B2+——2Z—w(z—zo)(t—zo)},

where we have transformed A into A\;. By putting \y = A+ 1+ (B1/20), we see that Ry G(1 D _ G(1 2

2.3. Second group: product of hypergeometric and confluent hypergeometric functions

Now we find a group of kernels G("7) given by products of the confluent hypergeometric functions @' written in ([(A2)
with the Gauss hypergeometric functions F7 written in (A5, (A.6) and (A7). These kernels take the form

G(iﬁj)(zvt) = eiiW(Zth) (Z+t_ 20)7)\ <Pl(§) X FJ(C)) [Z = 15 e 74; ] = 15 e 76] (32)

where ) is a constant of separation, whereas the arguments and parameters for the hypergeometric functions are

. B
P (&) : &€= 2iw(z+t— 20), a:{—m A, ¢ = By —2) (33a)
FIQ): (= — 4\ b=By—1-)\  c—-5 (33b)
Zo(Z—Ft—Zo), ’ ’ 20
We can show that the transformations R; do not generate new kernels.
The above kernels are constructed by inserting
G(z,t) = e @G (5 1) = e 7w EH) g (£ () (34)

into [L, — L]G(z,t) = 0, where £ and ( are defined in Egs. ([83al) and (33b) . Thus we find

3 5(%34-(32—5)2—?—(&—177) }+C(1—<)8—<‘7+(——_Bg)g_g:



The separation of variables g(¢, () = X (§)Y (¢) leads to

ELE+ B -8 - | B—in- 3 X =0, C1-O%F - |+ Bug| & -2y =0, (35)

where A is a constant of separation. Putting A= A(Bz —1— ), we find that Y (¢) is given by hypergeometric functions
Y (¢) = F7(¢) as in Egs. ([32) and (33L), while X (£) obeys the equation

0% +[By— g 45 - |3 —in - 22N x 0,

The substitution X (¢) = ¢~*X(z) gives the confluent hypergeometric equation
gdgz +[ 2_2/\_5]%_[%_1.77_/\})220’ (36)
whose solutions are X (¢) = ¢’(¢). In this manner, by inserting the previous solutions for X (¢) and Y (¢) into
Gz t) = e @ (z 41— 20) ™ X(€) Y(C) (37)

we obtain kernels having the form (32]).
The kernels G(*7) and G(37) in terms of regular confluent hypergeometric functions are

GUD) (z,1) = e G [z 4t — 2] M FI(C) @ [B2 —in— X, By — 2\ 2iw(z + t — 20)] , (38)

‘ , ~ , B
G (z,1) = e“CH) ot — 2] PRI @ |1+ in+ X — 72 24 2\ — By; —2iw(z 4+t — 20) | , (39)

whereas G(37) and G*J) in terms of irregular functions are obtained by substituting Y(a,c;u) for ®(a,c;u), that is,

G(3’j)(z,t) =gt ’J) (z,1) ‘@H‘I}’ G(4’j)(z,t) G(z’] (z,1) ’@H\P (40)
The functions F7(() are given by
Fl(O:F{)\,B2—1—)\;—Jf—J;m}, (41)
= B B B 42
2 _ zt zt
F(O_[M} [/\—Fl—l— le—F 1—/\2+Z01,m} (42)
F3(Q) = F [\ By — 1= X By + 1t ol ] (43)
(2= 20)(t — )] 2% B B, Bi (2 —20)(t — )
F4(<>_{#} { voBiy B, By 32_4;#} (44)
zo(z 4+t — 20) 20 20 20 zo(zo—z—1)
(et=20)]" o(z+t=z0)
Fo() = [0 | T F A A+ 14 2524 20 — By; et (45)
6 zo(z+t—20) Bz—1-A zo(z+t—20)

By using the explicit form for the kernels and the fact that the separation constant is arbitrary, it is possible to show that
the transformations R; simply rearrange the previous kernels. For instance, we get

RsGUD) (2,1) = @G [ 4 ¢ — 2] M @ [B2 +in — A3, By — 235 —2iw(z + t — 20)] HI(C),
where H’(() is obtained by substituting A3 for A in F7(¢). Thence, putting A3 = B — A — 1 and taking into account that

Fl(a,b;c;u) = F(b,a; ¢c;u), we find that H?(¢) = FO(¢), H%(¢) = F°(¢) and H7(¢) = F/(¢) if j = 1,2,3,4. For this reason,
R3G(M9) is equivalent to G279,



2.4. Third group: confluent hypergeometric functions

An initial set has the form
G (2, t) = e CEGi(e),  [i=1,2,3,4] (47)

where the ¢*(£) denote the four solutions ([(A.2) for the confluent hypergeometric equation with the following argument and
parameters:

§=-Ze(—)t-x), a=T—in  c=Byt I (48)

Z0

The set 7)) is obtained by putting A = 0 and Y constant in ([27]). Besides this, from ([@1) we form four sets by using the
rules Ry and R4, namely,

G t),  GY(t)=RGY (1),  GU(zt)=RGY(z1),  GY(zt) = RGY(z,1). (49)

The four pairs in terms of regular confluent hypergeometric functions ®(a, ¢; u) read

G(P (z,1) = e w(zH) @ {% —in, By + Jj—ol; —2;—[‘;’(2 —20)(t — Zo)} ,
2 ; 2wzt B1 . (50)
G (zt) = I )t — )] T (L in = B2 By — B e — ) (¢ 20)|
. B .
G () = e T 0 |1 —in+ B4 Be By + B -2 (s — )t - 20)|
2 i 1) — 2wzt 1+ 51 1_B,_B1 ) (51)
G () = I A [z —z0)(t - 20)] T @ [ = B - B2 - By — B He(a— ) (t - 20)|
. B .
G () = Oz )t = 20))' P (1 - B B B2t
(2) —iw(ztt) 2wzt 1+ 1-B,— 21 B B B 2i 52)
VRS VT (e = o)t — o) TP @ (g B Bp oy By et
G (z,t) = e (Br — gy, Ly 2ieat )
; 2iwzt B . (53)
Gz t) = e W ) @ (1 iy - B2 By 2t
We get the pairs in terms of irregular confluent hypergeometric functions by replacing ®(a, ¢;u) by ¥(a, ¢;u):
GD(z,1) = 6P (1) V=Pl o =123 (54)

S0’ D

Thus, by using also R3, we find that this group is constituted by 32 kernels. Notice that Ry, Re and R, generate only
four sets of kernels instead of 16 sets because in some cases these transformations rearrange the kernels of a given set in a
different order: we can test this by computing, for example, Ro G(ll) or RQG(?. Notice that kernels whose arguments of the
hypergeometric functions are 4(2iwzt/z) have been known since long [28).

For the spheroidal equation (n = 0, zo = 1, Ba = —2By), sixteen of the previous kernels reduce to four kernels in terms
of elementary functions, namely,

G(li) (2,t) = e:l:iw(ert)Iinzt, G(;E) (2,t) = e:l:iw(z+t)12iwzt[zt(z —1)(t— 1)]1+Bl. (55)
For instance,
G (z,t) x GW(2,t) x G (2,1), G (2, 1) x GW(2,t) x GT)(z,1),
G(g) (z,t) x G(é) (z,1) x G(;r) (z,1), G(g) (z,t) x G(g)(z,t) o G(;)(z,t).

The kernel G(;)(z, t) will be used in section 4.1.



2.5. Fourth group: confluent hypergeometric functions again

To obtain new kernels given by confluent hypergeometric functions we take

G t) = GEN (1),

where the GV denote the kernels ([3Z) with 7 = 1. Since the above choice for \ eliminates the Gauss hypergeometric
function [F(0, b;¢;¢) = 1] we find

G (z,t) = e @EHIGi(e), [ =1,2,3,4] (564)
where ' (€) denote the solutions ([(A2) for the confluent hypergeometric equation with

B
€=2iw(z+t—2), a= 72 —in, ¢=By [see Eq. (33@)]. (56b)

Other choices for A also lead to kernels in terms of confluent hypergeometric functions. However, such kernels are obtained
from the initial set (BGal) by using the transformations R;. In this manner we find four sets, namely,

GV, 6Ye0=RGVEY, 6YEN=RGY G, GG = RET G, (57)
since R4 does not generate new kernels. The kernels given by regular confluent hypergeometric functions are

G (z,8) = eGP [B2 —in By 2ico(z + t — zo)} ,

. (58)
G (2,t) = e EH [ 4t — 5] P20 [1+1in— 22,2 — By; —2iw(z 4+t — 20)] ;
. B
G(é)(z,t) = e~ w(zHt) [zt]lJrz_g(I) [1 —m+ 13_01 + %, 24+ By + QZ—]?)I; 2iw(z +t — zo)} ,
59
GO (1) = At R [r b — 2] P R D ig— B B2 By — 2B 9i(a 1 — z)| ; i
2 zZ, =€ z z Z0 ’L’I] o 2 Zo N wwlz Z0
G (e 1) = e T (2 = 20)(t - 20)]' T @ [2—in— B4 Boi2iw(e 4t = 20)]
(60)
. B B
G (2,t) = e [4] =0 (2 — 20)(t — 20)]" P27 0 [z 4+t — 20]P2 73D [ig — 1+ B2, By — 2 —2iw(z + t — 20)] ;
GO (2, 1) = e @2 — 20)(t — 20)] B 5 @ [1 —in—B1— B2 o By — 2By 9juy(z +t - ZO)}
(61)

. _B,— 51 25y . .
G(i)(z,t) = WD [(z — 20)(t — 20)]' P2 %0 [z 4+t — 272" ST {m—k f—ol + 22 By + 25)1; (z4+1t— zo)} .

Replacing ®(a,c;u) by ¥(a,c;u) and using the transformation Rs, once more we get a group with 32 kernels. Some
particular cases of these kernels are already known M] Furthermore, if 7 = 0 this group can be expressed in terms of Bessel
functions by means of (A12).

2.6. Fifth group: hypergeometric functions

To get kernels given by hypergeometric functions we take G(il) (z,t) = GLD(2,1)] = (B /2)—in; Where G are the kernels
given in (B8)). In fact, for this choice for A we obtain ®(0,¢;&) = 1 and, thence,

G (z,t) = e @G [y ft — 2|~ F FI(C), ¢ = 2t/[z0(z +t — 20)), (62)

where the hypergeometric functions F(¢) are obtained by putting A = (Bg/2) — in in Eqs. (@IH6). Explicitly

in—22 2
GY (2 t)=e @E 4t — 5] 7 F [& —in, B +in - -8 ) (63)
. B B
GD(2,8) = e [z 4t — 2017175 T [ F[ —in 2 B+ S B2 B s (64)



. . B
G(?) (z,t) = e @G [z 4t — zo]"’_72 o [& —in, B2 +in—1; By + Bl (z=20)(t=20) zo)} (65)

» zo(zo—z—t)

. . B B B
GO (a,t) = e G [ g — 2T (2 z)(t— 20)] B
x P [in= BBy B B By - B Gl (66)
. . B
G (@) = W0 [ F F [ B =i, 1 — i+ Br 4 Bayp - gy 2= (67)
GO (,1) = e+ [ 4t — 2] [t =i F [m + B4 B iy 1 B2 gy, 2elettom) Z“’} (68)

The transformations Ry, Re and R4 at most rearrange the preceding kernels. For example,
RlG(i)(z, t) = G(f)(z,t), RQG(?(Z, t) = G(i)(z,t), R4G(i)(z, t) = G(i)(z,t).
However, we find six additional kernels G(g) (z,t) by using the transformations Rs3 as
G0 (z,t) = RsGY)(z,1) (69)

So, G(;) is obtained by replacing (1, w) by (=7, —w) in G(il)

3. Integral relations between known solutions

In this section we use some kernels to obtain integral relations among solutions of the CHE. We find that:

e the Jaffé solutions in power series are tranformed into Leaver’s expansions in series of irregular confluent hypergeo-
metric series;

e the Baber-Hassé solutions in power series are transformed into solutions given by series of regular confluent hyperge-
ometric functions.

Relations for solutions generated by transformations of the CHEs may be obtained by transforming also the kernel, since
each transformation of a solution corresponds to a transformation of a kernel.

3.1. Jaffé’s solutions in power series and Leaver’s solutions

By U (z) and UL (z) we denote respectively the Jaffé [22] and the Leaver [9] solutions for the CHE, namely,

Uf(2) = 22~ % Z ay, (=2)", (70a)
UL(2) :e“"ZZa}I F(?’L+Bz+§—;) v (n+in+ B2 fl, 2zwz) (70b)
n=0

where the recurrence relations for the al are (al; = 0)
(n+1) [n—l—Bg—i—f—;} a,ll_H + [—Qn(n—i—Bg—i— %1 —l—in—iwzo) + B3 + (Bg+ %1) (lwzo—m— &)}a}l
+[n—1+in+ 2] {n+%+%+in} ap_, =0.

The convergence of solutions ([70a) and (Z0OD) is discussed in the Leaver paper ﬂg where it is used the minimal solution
for the coefficients al. In fact, three-term recurrence relations as the above ones admit two independent solutions, say, f,
and g,. If lim, oo fn / gn) =0, fp is called minimal solution m @ In addition, it is necessary to suppose that there
is an arbitrary parameter in the CHE. The series converges only for special values of that parameter, determined from a
transcendental (characteristic) equation which results from the recurrence relations [d].

By supposing that U{ (2) converges for |z| > |zo| and by using Eq. (@3], we find the relation

* | B By _ B
UE(z) = 01/ TR )P G W e, U (), Re {n—I—BQ—I— 2—1] >0,  Reliwz] <0, (71)
0

Z0
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where C is a constant and G(z,t) = G(i) (z,t) is the kernel indicated in (B4). In fact, by setting y = t/z, we find that
the right-hand side of (T]) is equivalent to

B
—szF—E: t/ @{QWW UMBﬁ;%Jymlmé*W(L+m___2+ %ww>]

Then, by using the integral [31]

> 1
/ e Yy — 1)“_1y0‘+k_“_%\11 (§+a—k,2a+1;ay> dy =T(p)e _“\I/( +a+pu—k,2a+1; a), (72)
1
[Re >0, Re a > 0],

we obtain the relation ([T]).
For the bilinear concomitant (6] we find

Bi (2t —in— B2 Bo+ 21 > t— 2o "
P t) = 1+z (z 1)t M= t— 2T § "
1(2,1) £ oee 0 (t = 20) n:oa t
. z nz 1 (; B ov
x {{QW(%—l)t—ﬁ—l—;(zn+1+z—$+72)}\ll+tﬁ},
where
\I]:\I/(1+l77——2—|—31, %ZLOZ‘E)’ %_%':212%(14_“7_%)111(2_’_“7_ 3_’_31, 21':.)0,215)'

Since ¥(a, b;y) = y~* when |y| — oo and Re(iwz) < 0, the exponential factor assures that Py (z,t) vanishes when t/zg — oo.
On the other hand, the condition Re[Bs + Bl] > 0 assures that Py (z,t) vanishes also for t = 2y since (t — z)B2+51/20 0.

In this manner, we have extended the results of Leaver E who has considered only relations between solutions with
in = +(Ba/2 — 1). Notice also that the conditions given in (7)) are necessary only to assure the integral relation between
the solutions. In fact the Leaver solutions can be derived directly from the differential equation without imposing those
conditions [d].

For the present case the transformation T} is ineffective and, so, from (Ul‘] , UlL) we can obtain only 8 pairs of solutions
by composition of the transformations ([I8); to each pair corresponds a kernel generated by the transformations (20). For
example, taking Us (2) = ToU{ (2) and UL (2) = ToUE(z), we find

Us(2) = €% (2 — z0)17327%z_i77_1+ Z a, (=22)", (73a)
UE() = (2 — ) P 3 a2t (n—|— 2 By — —) v (n—|— in+1- 58— BB, —2iwz) . (73h)
n=0

where the recurrence relations for a2 are (a%,; = 0)

Z0

(n+1)[n—|—2 Bz——} n+1+{—2n(n+2+in zwzo—Bg——)—i-Bg—i-( Bz-i-f—;)(iwzo—in)‘f'&
—l—(l—%)(1—!—5—(}1—%)}&%—#[71—#1—!—177—&] {n+zn—&—f—g]a%7120.

Using Eq. ([I3), we find that

Rl B B B
Uk(z) = 02/ dt t_l_TS[t - ZO]BZ+75_1U (t )RQG( )(z,t), Re {n +2—- By — z_(j >0, Reliwz] <0,
20

where C5 is a constant, G(i) (z,t) is the kernel indicated in (B4]), and the transformation Ry is given in (20); then,

: iwzt B B .
RQG(i) — g iw(ett)+ 2t (2 — 20)(t — ZO)]kBrz—g (zt)”z_é\I/ (“7"' E_; +B 9y f_;; _2zwzt) '

Z0

We have supposed that the Jaffé solutions converge for |z| > |z, but we must be careful about the point z = oo, since [d]

al S i s
Za with  lim On+1 =1- tWzo + i(n —wzo) — (3/4)

n—oo al 4D n

_ iwz 71777
Jin i) = e

; (74)

where the ratio a}, ., /a}, holds for the minimal solution of the recurrence relations. Thus, the D’Alambert test is inconclusive
as to the convergence of S~ al. For the radial part of the two-center problem we could use the Raabe test for convergence,

as in Eq. (I04).
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3.2. Solutions in power series and solutions in series of confluent hypergeometric functions

We find another pair of solutions for the CHE which are again connected by the integral (I3]). By one side we have the
Baber-Hassé expansion ﬂE, @]

Ubaber — ¢iwz Za y ZO 7 (75&)

where the coefficients satisfy the relations (a'; = 0)
20 (TL+BQ+ B—Ol) (n+1)ak 4 + BLal + 2iw (n+in+ 22 —1)al_, =0, (75b)

with 8L = n(n + By — 1 + 2iwzg) + Bs + iwz [B2 + B1/20]. The minimal solutions for a yield solutions convergent for
any finite value of z. On the other side, if (Bs/2) — in is not zero or negative integer we have the solution [18]

= e Wz Z bl @ (— —in,n + Ba; 2zwz> (76a)

where the recurrence relations for b. are obtained from the previous ones by taking

bl = € Z")nlf(gfgj)“gl/z“) al, C = constant.
This yields
n4Ba+ 2L —1) (ntin+ B2 -1
—(n+ Ba)(n+ 1)bl 4 + BLbl — 2iwzg (nt Bt 20n+E)}2(_-1F AN )bn L =0. (76b)

Now, if we insert UP2Pe"(¢) and the kernel G(}l) (z,t) given in ([B3) into Eq. ([@3]), we find the solution U;(2), that is,

ta B B B B
U, = K/ t_l_T&[t _ 20]324—7&—161(1 ( )Ubabcr( )dt, Re |:n_|_ By + _1] >0, Re[__l

- - ]1>0, (77)

where K is a constant. In effect, by taking t; = 0 and t2 = zp, the above integral is proportional to

R 1 —1-4 n+Bo—14+2L
e [La(s) [(5)7F ()T e (-t |

n=0

o=

Then, by using the relation [31]
1o _
Jo [ A = 2)* 2P (3 + p— v, Ayz) ] do = %‘b (2+p—v,14+2uy), (78)
[Re(A) >0, Re(1+4+2u—X)>0],

we find the solution Uy (z) given in (76a)) provided that Re[n + B2 + (B1/20)] > 0 and Re[—B1/z0] > 0. On the other side,
from d®(a,b;§)/d¢ = (a/b)®(a + 1,b+ 1;&) for £ = 2iwzt/zy, a = Ba/2 —in and b = —Bj/zp, we find that the bilinear
concomitant ([I6) is given by

Pi(z,t) = —e ™7t %0 (t — z0)P T %
X {@(a,b;g)zna;(t—zo)"—l +2m[ (a,b;€) — —<I>(a+1 b+1;¢ } Za;(t—zo)n}.
n=1 n=0

Therefore, P (z,t = 0) = P1(z,t = z9) = 0 due to the conditions Re(—B1/zp) > 0 and Re(Bs + By/z9) > 0.
Observe that from the pair (Ulbaber, Ul) we can obtain 16 pairs of solutions by using the four transformations (I8]) and
composition of them: to each pair corresponds a kernel which is obtained by using the transformations (20).

4. New solutions for the confluent equation

In section 4.1, by an integral transformation we find a new solution in series of irregular confluent hypergeometric
functions for the ordinary spheroidal equation. Then, in section 4.2 we extend that solution to the general case (no
restriction on the parameters of the CHE). In this manner, we obtain an initial solution, U (z), which allows to generate

12



a group of solutions U;(z) for the CHE by by means of transformations ([I8]). Finally, in section 4.3, we show that the new
solutions are suitable for the radial part of the two-center problem of the quantum mechanics.

Initially we make some comments on the recurrence relations and the ratio test for convergence. As in the preceding
section, the three-term recurrence relations for the series coefficients b}, of U;(z) have the form

ap bi+By by =0,  ag b+ B b+ 7 b =0 (n21) (79)

where !, 3% and +% depend on the parameters of the differential equation and on the summation index n. By omitting
the superscripts, these relations take the form

[ Bo o O bo 0

M 1o b 0

0 72 f2 a2 by 0
: =1:1, (80)

I~ Bx | o bn 0

Vg1 | Bug1 Ong1 bnt1 F

where we have split the matrix into blocks. This system of homogeneous linear equations has nontrivial solutions for b,
only if the determinant of the above tridiagonal matrix vanishes: this demands some arbitrary parameter in the matrix
elements and, as a consequence, in the differential equation. The condition on the determinant can also be expressed by
an (characteristic) equation given by the continued fraction [J]

QoY1 G172 Q273
Bi— Pa— Bz—

The solution of the characteristic equation and the computation of the series coeflicients are important aspects concerning
applications of the CHE @, @] The problem is simplified if v/ _ 41 = 0 for some N > 0; then, the series terminates at
n = N leading to a finite-series solution with 0 < n < N (see page 146 of ﬂ@]) which is called polynomial or quasi-polynomial
solution. In this case, only the left upper block of the matrix is relevant.

On the other side, the convergence of a series like Y- f, () is obtained by computing the limit of

fn+1 (Z)

By the D’Alembert ratio test the series converges in the region where L(z) < 1 and diverges where Ly(z) > 1. If L(z) = 1,
the D’Alembert test is inconclusive; however, by the Raabe test m, @], if

Bo =

(81)

L(z) = when n — oco. (82a)

M@—1+§+O<%) (82b)

(where A is a constant) the series converges if A < —1 and diverges if A > —1; the test is inconclusive if A = —1.

4.1. An integral transformation for the spheroidal equation

For the spheroidal equation in the form (@) we will find a solution U (z) given by
Uy (z) = ez 14 Bi(y — 1)1+5 Z bW (24 By,2 + By — n; —2iwz) [By # —2,-3,- -] (83a)
n=0

where the coefficients b} satisfy the relations (b1, = 0)
—2iw(n+1)b, 1 + [n(n+ 1+ 2iw) +iw(2+ By) — By (1 + By) + Bs|b, —n(n+ By +1)b,_; = 0. (2)

U, (2) is not valid if By = —2,—3,---, because in these cases the function ¥(a, ¢;y) becomes a polynomial of fixed degree
and, accordingly, (83al) is not a series expansion. This follows from the relation |37

\Ij(_lva""]wy): (_1)l ! L?(y)7 [120717] (84)
where the Ll(a)(y) denote Laguerre polynomials of degree [. Besides this, the above expansion in general does not hold at

z = 0 because in most cases ¥(a, ¢;y) goes to infinity at z = 0 [5]. The convergence of W for z # 0 will be discussed later
on.
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We get the expansion (83a)) by applying an integral transformation to the asymptotic expansion Wa(z) given in Eq.
(BA). First, for the spheroidal equation, by writing W (z) = Wa(z) and a? = b}, we find

W(z) = e (z — 1)i+H Z bl ot [Eq. (BA) for the spheroidal equation] (85)
n=0

where the coefficients b} satisfy (). In the second place, the solution U; is obtained by inserting U(t) = W (t) and
G(z,t) = G5 (z,t) — see Eq. (BO) — into the right-hand side of Eq. (I3, and by integrating from ¢t = 1 to ¢ = oo, that is,

Uy (2) = /1 7B — 1) BGY (2,1) W(t)dt = e WA [z(z — 1)) /1 e W2t Ty ()t

which gives
Uy (2) B emiwzy(z — 1))+ B i by, /100 2t — 1) TPt (86)
n=0
Thence, we obtain (83a) by using [7]
/100 e Vit — 1) et = T(a)e YV (a, i y), [Rea >0, Rey > 0].

The integrability conditions on the right-hand side require that
Re[2 + B1] > 0 and Refiwz] < 0. (87)

On the other side, the bilinear concomitant (I6]) reads

P(e,t) = 78— 1)7B [W() 250 — 65 (2,0 2512

= WD [y(z — )]HBL(t - 1)2H B { [2iw(z — 1)t + B Z blmn=l 4 Z nb,lzt_"_l} (88)

n=0 n=0

Since the series converge at ¢ = oo, the conditions (87) assure that P(z,t = oo) = 0. However, the concomitant is
undetermined at ¢t = 1 because [for Re(2 + B;) > 0] P(z,t) is given by the product of the vanishing factor (¢ — 1)2751 by
a divergent series. Despite this, we can check directly ﬂ@] that Uy (2) is indeed a solution of the spheroidal equation (@)
regardless of the conditions (8T).

Now we use the ratio test to get the convergence of U;. Thus, when n — oo, we find that the minimal solution of (2]

satisfies 39

1

b:z+1 B, by 1 B,
e s A T R (89)

To get the ratio between successive ¥, we use the relation ﬂa]
(a+1-=0)¥(a,c—L;y)+ (c—14+y)¥(a,cy) —y¥(a,c+ 1;y) = 0.
Hence, by taking
a=2+4+DBy, ¢=2+By—n, y=—-2iwz, Y,(y)=TY(2+ B1,2+ By —n; —2iwz)
we obtain
v, W1

(n+1) 3= — (n—1- B + 2iwz) + 2iwz—g— = 0.

If z is bounded (that is, if 2iwz/n — 0), then when n — oo this equation is satisfied by

Tt o1-1(B1+2) e T ~l+i(Bi+2) o (90)
T EE(4R) e SR [-n0e B

Only the first ratio is consistent with the fact that, if |¢] — oo while a and y remain fixed and bounded, then [37]

V(a,cy) =c" [(—1)‘“ + ¥ (j)ﬁa% Yo ey+“—%] [1 +0 (ﬁ)} ,

[c—=o0; a#0,-1,-2,---; |arg(xc)| < 7).
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Thus, using [89) and (@0), we find that

b v 2 1

when n — oo, le———i—O — ) in U. (91a)
bLw, n n?

Therefore, by the Raabe test the series may converge for any finite value of z (the ratios (@) are valid if z is finite);

however, we must exclude the point z = 0 because in general the function ¥(a, ¢;y) goes to infinity at y = 0. On the other

side, since ¥(a, ¢;y)~y~* when y — oo, we find that for z — oo

. > bl B9 Re B 1
Uy (2) ~ e@® 2B g bl z;"l = 1+ en Ltro (F) when n — oo. (91b)
n=0 n

Thus, according to the Raabe test, the series Y bl converges only if Re(B;) < —1, and this condition assures that U; (2)
converges at z = oo.

4.2. Solutions for the confluent Heun equation

Now the solution Uy (2) for the spheroidal equation, given in (83al), is extended for any CHE. In fact, we can construct
a group of solutions U;(z) whose series coefficient b?, satisfy the relations ([[9). To this end, in the right-hand side of (83al)
we perform the substitutions

B B
ATBi(y - IFBL sz_;(z - 20)173272_3, V(24 By,2+ By —n; —2iwz) — Y(a, —n; —2iwz),
where we have used the exponents 1+ By /zy and 1 — B — By /2y because these are indicial exponents at z = 0 and z = 2o,
respectively. By using the properties of ¥(a,c;y) we find that « = 2 +inp — By/2 and 8 = 2 + B1/2 Hﬁ] Thus, Uy is
given

Uy (z) = eiwzzuf—g[z _ 20]1732*5—; Zb}L NG (2 +in— 52,24 8 —p; —Ziwz) ., lin—Ba/2# —2,-3,---] (92a)
n=0

where the coefficients bl satisfy the recurrence relations (79) with @]
al = 2iwz(n+1), pl=n [n+1—B2 . %4—22&)20} " [iwzo—l— B—ﬂ [2—32— B—ﬂ 42— By + Bs,

'7711:—[71—1—7;77—%1—%} [TL-I—l—Bz—?—Ol}. (92b)

By the transformations ([I8]), U; produces a group constituted by 16 solutions, U;. Eight of these can be constructed as

Us(2), Uz(2) = Tila(2), Us(z) = ToUa(2), Ua(z) = ThlUs(2); (93)
U5(2) = T4u1 (Z), uG(Z) = T4U2(Z), u'7(2) = T4U3(Z), uS(Z) = T4U4(Z),
while the others result by the transformation T3 which changes (1, w) by (=7, —w) in the above solutions. Thus,
_ iwz 1-B,— 2L R (14in—B2_ B _BL_ . _9; in— B2 _Bi 4 _1 _9...] (94
UQ (Z) =€ [Z — Zo] Y Z n + 2y 2 20 20 n; wz [”7 2 20 7£ ) ) ] ( a)
n=0
where, in the recurrence relations (79) for b2,
a? = —2iwzo(n + 1), B2 =nn+3 — By + 2iwzg)] + iwzo [2 — By — %1] +2— By + Bs],
v2=—[n+in+1- 2] [n+1— 2—]3—01 (94b)
The third solution reads
Us(2) = eiw? Zbim(m+ %,—f—;—n;—mz), [in+ 22 #£0,-1,-,] (95a)
n=0
with
ad = —2iwz(n + 1), B3 =n {n—k 1+ By + % + 2iwzo} + |:B2 + f—ﬂ [1 + ]j—ol + iwzo} + Bs,
”yi:—[n—l—in—l—%—l—f—ﬂ {n—1+B2—|—f—ﬂ. (95b)
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At last, we write
u4(z):eiw221+f_é Z bi\lf (1+Z77+ 322 +B1 2+ Bl —n; —2zwz) [177+BQ/2+B1/20§£—1,—2,] (96&)

with
al = —2iwz(n + 1), B =nn— 14 By + 2iwzg] + iwzg |:B2 + Jf—;} + Bs,
’yﬁ:—[n—l—in—l—k%] [n—l—I—BQ—FIj—;}. (96D)

The relation (@Ia) is valid also for the present case, whereas for large values of z Eq. (@1D) is replaced by [3§]

=1+- Re(m—%)—i—O(%) if n — oo. (97)
n

byi1
bl

o0
i _in—2B2
Uy (2) ~ e 27772 E bl
n=0

Then, U; converges at z = oo if Re(in — B2/2) < —1. By using the transformations as in (@3)), we find that all the U;
converge for finite values of z, excepting possibly the points z =0 (if i = 1,2,3,4) and z = 2 (if i = 5,6,7,8). According
to the Raabe test, these U; converge also at z = oo if

[77——+1}<0 Uy, Us; Re i’l]—?—ol—

elin+22—1] <0: Us, Up; Re |in+ 2L +

Z0

<0: Uz, Us;

(98)
< 0: Uy, Us.

Re
R

o|F o|P

4.3. The radial part of the two-center problem

Now we consider the equations of the two-center problem of quantum mechanics, as the one describing the electron of
the ionized hydrogen molecule. Using Leaver‘s conventions E], the wave function v of the time-independent Schrodinger
equation for an electron in the field of two Coulombian centers has the form

4+ 1o rL—1o

’(/J _ eimsa R()\) S(M)? A= T’ nw= T, m = 07 :l:l, :|:27 Sy (99)

where 11 and ry are the distances from the electron to the two nuclei, and 2a the intercenter distance. By the definitions

S(z) =S(\) =27 (2—-2)2U (2), z=p+1, 0<z<2],
- (100)
R(z) = R(u) = 2% (: - 3UH(z), 2=A+1, [:22]
Leaver obtained CHEs in the form () for U®, with the parameters (ni for n , Bgf for Bg)
20 = 2, w? = 24°E, wnt = —a(Ny £ Ny), By = —2(m +1), By =2(m+ 1),
Bf = w? +2a(Ny + No) +m(m + 1) — App,. (101)

where Aj, is a separation constant, and N7 and Ny are the charges on the two nuclei. Thus, there are two CHESs, one for
the “angular” coordinate p and one for the “radial” coordinate A. Each CHE is associated with a characteristic equation
(BT) which determines the possible values of the constants A, and E.

Now we consider R(z), the radial solution given in (I00). For bound states (E < 0) we take

iw=—ay2|E] = in=int =—(Ny+ Nz)/\/2|E| (102)
in order to assure that the factor exp (iwz) remains finite when z — oco. Then, if |E| is finite,
im_ B1 _ B2| _ i B1 | Ba| — _Ni+N>
Re[m - 2} Re{zn+z0+2} \/m<0

and, consequently, four of the solutions listed in ([@8)) converge at z = 0o. To get wavefunctions bounded also at z = 2, we
select Uy if m < 0 and Uy if m > 0. Thus, we find

—ar/ z _—Iml
R(z) = e @V2AEIZ ;=3 2—2 Zb2\11( J\\[};—grl |m| — n;a\/8|E|z) (103a)
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where the coefficients b2 satisfy the relations (79) with

a? = \/Wa(n—kl), B2 =n [n—|—1—|—2|m| —2(1\/@] + [|m| + 1] {|m| —a\/W} +

2 [Nl LN, — a|E|] — A, 2= [n + |m|] {n +|m| - N%\/l_gl} . (103b)

The expansion ([I03al) holds only if

(N1 4+ No)/\/2|E| #1+ 1, [=0,2,--] (104)

a condition which assures that ¥(a,b;y) is not a polynomial of degree [ in y.
The condition ([[04)) is also required by the Jaffé expansions. In effect, by using the solutions Uy (if m > 0) and U’ (if
m < 0) given in Eqs (T0a) and (73al), respectively, we find

o lml NN ml —2\"
R7(2) = e-@V2IEl= 4 S A (z — 2)% Za}l (2 ) , (105a)
z
n=0

where the recurrence relations for al have the form ([79) with

VI VO

_ _ 1_ _ Ni4N. _ NIN
2a[N1 TN, a|E|} A, k= [n+ Im| \/ﬁ} [n \/ﬁ] . (105b)

Thus, v1+1 = 0 if (N1 + N2)/y/2|E| = [ + 1 and, then, R’ (z) becomes a finite-series solution with 0 < n < [, as stated
after Eq. (8I). In this case, the constant A, would be determined from the characteristic equation associated with the
recurrence relations for al. However, if E and Ay, are both determined from the radial solution, we cannot satisfy the
characteristic equation corresponding to the angular solutions (these are usually given by series where the summation begins
at n = 0 and, so, present recurrence relations having the form (80)). Therefore, also for the Jaffé solutions it is necessary
that (N7 + Na)/+/2|E| # [+ 1. The same is true respecting Hylleraas’ expansions in series of Laguerre polynomials [d, [39].

The convergence of solution (I03a) follows immediately from the Raabe test. As to the Jaffé solution (I05al), we have to

examine its behavior at z = co. By using ([I0I)) together with ([02), the expressions ({4 imply that

al = (n+1)(n+|m|+1), Bl =—2n [n—i— 1+ |m| + av/8|E| — M] + [|m| + 1} [M —a+/8|E| - 1| +

lim RY(2) — e=oVIF = 5 Voot 'S 0l it tim 21— 13 4o fan BT - 20y 3E] + 2222|106
im R7(z) =e z Zan, wi im — = = ~ |1 +2v/an/2|E| — 2a+/2|E| + AR (106)
n=0

zZ—00 n—00 @

Then, by a convenient choice of n, the constant A which appears in (82L) becomes less than —1 and so, by the Raabe test,
the solution converges at z = oo.

5. Concluding remarks

By inserting a suitable weight function w(z,t) into the integral relation (I3]) we have found the kernel equation ()
where the differential operators L. and L; depend on z and ¢ in same manner as the operator of the CHE (IIl); this fact
allows to get transformations of the kernels by examining the known transformations of the solutions for the CHE. As
mentioned, this is an extension of a similar correspondence found in 2011 for the general Heun equation (HE) ﬂ]

Actually, in 1942 Erdélyi used the appropriate weight function for the HE but he could not infer how to transform the
kernels because the transformations of the HE were fully established only in 2007 B] On the other side, transformations of
confluent Heun equations are known since 1978 m, @] but have not been applied to transform kernels — see, for example,
references M, l6, [7, @] In the present study we have considered transformations of kernels of the CHE and limiting cases.
The initial kernels (to be transformed) come from kernels of the HE by a process of confluence @], however, for the sake
of completeness, in section 2 we have reobtained them by solving the kernel equation.

By separation of variables we have found two groups of kernels presenting an arbitrary constant of separation. One
group, with products of two confluent hypergeometric functions, includes some particular kernels already known in the
literature Hﬂi the other group, with products of confluent hypergeometric functions and Gauss hypergeometric functions,
is new as far as we know. By ascribing particular values to the constant of separation we have obtained three groups given
by product of elementary functions with one special function: this is represented by confluent hypergeometric functions
(two groups) and by Gauss hypergeometric functions (one group).

In section 3 we have found some integral transformations among known solutions of the confluent Heun equations. We
have used two singularities as endpoints of integration and supposed that the solutions to be transformed are convergent
at both endpoints (this assures that the bilinear concomitants vanish there). If the solutions are modified by the rules (8],
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the kernels must be modified by the rules 20). This emphasizes that the correspondence between the transformations of
the Heun equations and of the respective kernels are important parts of the transformation theory.

The applications of section 3 simply interconnect known solutions without affording new solutions. In contrast, in section
4, by means of an integral transformation we have obtained a new solution for the spheroidal wave equation, which in turn
leads to a group of new solutions for the CHE. We have seen that these solutions may be used to compute the radial part
of the wavefunctions for bound states of hydrogen moleculelike ions and, by this reason, can play the role of the expansions
in series of Laguerre polynomials proposed by Hylleraas in 1931 @] and the Jaffé power-series solutions m] which have
been used from 1934 up to now [40].

It is possible to realize further properties of the solutions by considering other problems, as the Lorentzian model of a
quantum two-state system given by Ishkhanyan and Gregoryan ﬂl_1|] This is ruled by a CHE with z = (1+4it)/2 and 2o = 1,
where ¢ denotes the time. According to the authors, for certain values of a parameter R, the problem admits finite-series
solutions which are bounded for any admissible value of ¢ and assure that the system returns to the initial state after the
interaction. By using the solutions of section 4.2, we have verified that the previous statement is correct; it seems that
no other known solution of the CHE permits to prove the statement. In addition, since in this case |z| > 1/2, it would
be interesting to check if there are infinite-series solutions suitable for some range of the parameter R (the Hylleraas and
Jaffé solutions do not converge for |z| < 1).

We have omitted details concerning the derivation of the new solutions of the CHE. In addition, the solutions must be
improved as follows: (i) by considering also expansions in series of regular confluent hypergeometric functions, we will get
solution valid in the neighborhood of z = 0 ﬂ@], (ii) by using the Whittaker-Ince limit as in Ref. HE], we can expect
solutions in series of Bessel functions for the RCHE (@), (iii) by inserting a “characteristic” parameter v and letting that
the series summation runs from minus to plus infinite [38] (two-sided series), we can obtain solutions for a CHE without
free parameters [18).

As mentioned, besides the RCHE, there are two other equations which are associated with the CHE by formal limits.
These are the double-confluent Heun equation (DHE) and the reduced DHE (RDHE) which appear when we allow that
zp — 0 in the CHE and RCHE, respectively, that is,

DHE : 24U 4 (By 4 Boz) W 4 (By — 2nwz + w?22) U = 0, [B1 #0, w# 0]

(107)
RDHE : 29U 4 (By + Boz) & 4 (By 4 ¢2) U = 0, [q#0, By #0]

where now z = 0 and z = oo are irregular singularities. At z = co the behaviour is again given by Eq. (B, that is,

lim U(z) ~ eTw? zFm=(B2/2) for the DHE (I), lim U(z) ~ eF2VT ;(1/9=(B2/2) for the RDHE (@),

zZ—00 zZ—00

while at z = 0 the normal Thomé solutions affords ﬂﬁ]

lmU(z)~1  or  limU(z) ~eP/?22782  for DHE and RDCE.
z—0 z—0
Starting with kernels of the CHE, in appendices C, D and E we have found that the Whitakker-Ince limit (3] and the
Leaver limit (zg — 0) lead to new kernels for the RCHE, DHE and RDHE, in accordance with a previous conjecture ﬂ]
However, by integrating the kernel equations we have also found kernels which are not connected with known kernels of
the CHE: for the RCHE we have a group of kernels expressed by products of Bessel and hypergeometric functions, while
for the DHE and RDHE we have kernels given in terms of elementary functions. Therefore, the limiting procedures do not
exhaust the possibilities for generating kernels.
In the appendix C we have found that the usual kernels of the Mathieu equation turn out to be particular cases of kernels
of the RCHE. Furthermore, in appendix D, we have noticed that for DHE and RDHE in general it is convenient to use
integral relations with variable limits of integration; this fact leads to an additional term in the bilinear concomitant - see

Eq. (D).

Appendix A. Hypergeometric functions

The regular and irregular confluent hypergeometric functions are denoted by ®(a, ¢; u) and ¥(a, ¢; u), respectively. They
satisfy the confluent hypergeometric equation ﬂﬁ]

*o(u)
Y du?

+ (¢ —u) dSD—ELu) —ap(u) =0 (A1)

which admits the solutions
Fl(w) = D), P2u) = ul T B(1— 0,2 - —u), () = U(a,Gu), o) = eu (1 - 0,2 — ¢ —u). (A2)
All of them are defined and distinct only if ¢ is not an integer. Alternative forms for these solutions follow from the relations

D(a,c;u) = e"P(c—a,c;—u), U(a,c;u) =u' V(1 +a—c2—cu). (A.3)
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On the other side, solutions for the (Gauss) hypergeometric equation Hﬁ],

d*F dr
u(l—u)w—l—[c—(a—l—b—kl)u}%—abF:O, (A4)
are given by hypergeometric functions F'(a, b; ¢;u) = F (b, a; ¢;u). In fact, in the vicinity of the singular points 0, 1 and oo,

the formal solutions for the hypergeometric equation ([(A4]) are, respectively,

Fl(u) = F (a,b;cu), F2(u)=u'"F(a+1—cb+1—c¢2—cu); (A.5)
F3(u) = F(a,b;a+b+1—c;1—u), F4(u):(1—u)cfa*bF(c—a,c—b;l—Fc—a—b;l—u); (A.6)
F5(u) =u™"F (a,a+1—ca+1—0b;1), FO(u)=uF(b+1-cbb+1—a;1). (A.7)

Each of these may be written in four forms by using the relations
F(a,b;c;u) = (1 —u)*"*"F(c — a,c— b;c;u), F(a,byc;u) = (1 —u) " *Fla,c—b;c;u/(u—1)]. (A.8)
On the other side, the usual form for the Bessel equation is ﬂﬂ]

A2z dz
2 ’ (Qy) +y (y)
Yy dy

The solutions for this equation are denoted by Z @ (y) according as [d, [34]
2w = Jaly), 20w =Yaly), 2R =HD), 20 =HW) (A.10)

where J,, (y) and Y, (y) are the Bessel functions of the first and second kind, respectively; H @ (y) and H @ (y) are the first
and the second Hankel functions. There are formulas connecting these functions ﬂﬂ] For example,

v, = L {Hu) _H<2>} _
TR

cos(am)Jy — J_q
sin(ar)

(A.11)

Bessel and confluent hypergeometric functions are connected by ﬂﬂ]

®(a+ 320+ 1-2y) = T(a+1) e (3) " Jaly), ¥(a+ 320+ 1-2iy) = e v=am (25)~* H(y),
U(a+ 1,20+ 1;2iy) = —#ei(y_‘”) (2y)“ Héz)(y). (A.12)

In addition, we have the relations ﬂﬂ]

lim @(a,c;_%)zp() (1c/2J (\/_)

a—r 00
7T_eiﬂ'cy(l—c)/2£{c(1_)1 ( \/@), Im y >0, (Al?))
i7re_”r°y(1_c)/2H(2 1(2vy),  Imy<O.

C

lim [F(a—!— 1-¢) U (a,c;—%)} _

a—r 00

Appendix B. Wilson’s asymptotic expansions for the CHE

Such solutions were considered in 1928 by Wilson m] Actually they are given by 8 asymptotic Thomé expansions ﬂﬂ]
which we denote by W;(z) (i = 1,2,3,4) and T3W;(z). For the CHE in the form () we find

Wi (z) = e@? 2~ Zal e (B.1)

where the coefficients al satisfy the three-term recurrence relations (a!, = 0)

2iw(n + 1)ak 4 — { (n+1+2z‘n+2iwz0)+z‘wzo(32+’f—;)+B3+(%+in) (1+in—%)}a}1

+zo(n+in+f—;+%) (n+in+22—1)al_, =0. (B.2)
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For the other solutions we take
»VQ(Z)iZ wavl(z), »Vg(Z)iZ TgWVl(z), »V4(Z>1: 72»V2(Z)2271w03(2) (B.g)
and W;p4 = TsW; (i = 1,---4). Thus, from the first solution we get

By

. B
Wa(2) = e (z — z9)' P27 30 701 1F el Za 27", where (B.4)

2iw(n+ 1)a2 4 — [ (n+ 14 2in+ 2iwzg) + iwze (2 — Bg——)+33+(82 +Z77)(1+“7—_)}a721
—I—zo(n—l-m—&—&)(n—l—m—l— ) az_, =0. (B.5)

This Wa(z) is the only solution relevant for section 5. For this reason we omit the other solutions.
By the D’Alembert test the solutions Wy (z) and Wa(z) converge for |z| > |z9|, whereas W3(z) and Wy4(z) converge for

z — zg| > |20]. However, by the Raabe test they converge also at |z| = |zo| and |z — 20| = |20| provided that
g
Re {BQ + B—} <1in Wi(2), Re [B—} > 1 in Ws(2),
|z] > |z0] if |z — 20| > |20 if (B.6)
Re [Bg + %1} > 1 in Wa(z); Re [f—ﬂ < =1 in Wy(z),
where the restrictions on parameters of the equation are necessary only to assure convergence at |z| = |zg| or |z — zo| = |20].
The above regions of convergence suppose the minimal solutions for the series coefficients |[17]. In the following we

consider only the series which appears in Wi(z), the convergence for the other solutions being obtained by using the
transformations as indicated above. Thus, when n — oo in Wi (z) we have

1
2iw%—(n+1+2m+2iwzo)+zo(n+2m+32+%1_ )mzo

whose minimal solution for al, /al satisfies

1 1
1 B 1 1 B
L g [1+—(B2+—1—2)} - Inl ~—[1——(132+—1—2)].
a. n n z

n 20

Thence, when n — oo

1 —n—1 B B
Inta® 20|y Bg+—1—2 Lzl R Byt — -2
alz=n z |z| 20

So, by the D’Alambert test the series converges absolutely for |z| > |z9|. However, by the Raabe test, the series converges
even for |z| = |zo| provided that Re[Bs + (B1/20)] < 1

1 —n—1
Apy1%

1,—n
atz

Appendice C. Kernels for the reduced confluent Heun equation (RCHE)

In this appendix C:

e initially we get the substitutions of variables which preserve the form of the equation for the kernels of the RCHE;

e in C.1 we find a group of kernels containing products of two Bessel functions having an arbitrary constant of separation
A; these kernels cannot be derived from known kernels of the CHE by using the Whittaker-Ince limit (Bl);

e in C.2 we construct a group of kernels containing products of Bessel and hypergeometric functions with an arbitrary
constant of separation \; these kernels may be derived as limits of kernels of the CHE;

e in C.3, C.4 and C.5, by taking suitable values for A in the above cases, we get kernels given by products of elementary
and special functions; thus, in C.3 and C.4 the kernels are given by products of elementary and Bessel functions,
while in C.5 the kernels are given by products of elementary and Gauss hypergeometric functions;

e in C.6 we find an integral relation between a solution of a RCHE in power series and a solution given by series of
Bessel functions of first kind.

e the above results are also valid for the Mathieu equations because these are particular instances of the RCHE.

In Whittaker-Ince limit @), Eqs. (I3]) and (I8 remain formally unchanged but the operator (I0)) now reads

2

L,=2z(z- zo)a—

0
g2 T 1B+ Baz] o~ +az, (C.1)

0z
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and so the RCHE (2)) and equation (&) for the corresponding kernels G(z,t) take the forms
[L.+ B3z —qz]U(z) =0, [L, — L] G(z,t) = 0. (C.2)

On the other side, if U(z) = U(Bi, Ba, Bs; 20,q; z) is solution of the RCHE, new solutions may be generated by the
transformations .77, % and J5 given by [1§]

1+2
NU(z) =2z "7 U(Cy,C2,Cs;20,¢; 2),
RU(z) = (2—20)1_32_% U(B1, D2, D3; 20, q; 2), (C.3)
F3U(z) = U(—B1 — Bazo, B2, Bs — q20; 20, —¢; 20 — 2),

where C; and D; are defined in ([I9). Similarly, we can check that, if G(z,t) = G(Bi, Ba; 20, ¢; 2,t) is a kernel, new kernels
may generated by the transformations

1+
r%1G(zat) = (Zt) 0 G(OI;OQ;Zan;th)a
H2(2)G(z,t) = [(z — z0)(t — zo)]l_BQ_% G(B1, Da; 20, q; 2, ), (C4)
%3(;(2’, t) = G(—Bl — BQZQ, BQ; 20, —q;20 — 2,20 — t).

We will see that the kernels for the RCHE reproduce all the known kernels m, @] for the Mathieu equation. To this
end, we write the last equation as

d*w 9 9
— +o0°|la— o =0, .

5 [a 2k* cos(2 u)}w 0 (C.5)
du

where ¢ = 1 or ¢ = i for the Mathieu or modified Mathieu equations, respectively. Then, by setting z = cos?(ou) and
w(u) = U(2), Eq. (CH) is converted into RCHE (@) with the following parameters:

1 k2

_ -2 — 2 — k2
20 = 17 Bl - 27 BQ 17 B3 2 47 q k . (CG)
Besides this, putting ¢ = cos?(ov) the integral (I3) reads
v2
U(z) = / Gla(w), 4(v)] Ut(v)] dv. .7
vy

where z(u) = cos®(ou) and t(v) = cos®(ov).

C.1. First group of kernels: products of Bessel functions

We find the set of kernels G&j l) given by products of Bessel functions, namely,

. R )
G (1) M} 2 [ ztr+7&

Z0

z0
(@) z—z0)(t—2 4)
Z:I:(lfB2ff—é) {)\ (€ ozlgt 0) } Z;(H’j—;) {\/m} , (C.8)

where Z$ are the four Bessel functions given in Eq. (AI0) or linear combinations of them. In addition, we find that the
transformations #; and % and %5 do not produce new kernels.
In fact, the substitutions

|
1
>

X

e JERE=) [T Gty = HEO, (C9)

Z0 ’ ) ’

transform Eq. (C2)) into

0*’H 2 By 1\ 0H O*H 2 (B, 1\0H] _
e h ) 5 - (B ) R =0 (G10
Thence, by the separation of variable
H(E¢) =€ = ¢ X(9) Y(0), (C.11)
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we find

which leads to the Bessel equations

2 2
eex | ‘3—?+{A2§2—(1—BQ——”X_0, oYy cdY {(AM@)&—(H?—;”Y—O, (C.12)
where A? is a constant of separation. Thus, by taking

Y= A, Ozz:l:(l—Bz—ﬂ) and y = /(A2 + 4q)C, a:i(1+f_[)1)

in the first and second equations, respectively, we obtain

XO=2{, 4 0y YO =20 o [T+, (C.13)

+(1-B,- 21

Inserting these solutions into (CI1) we get the kernels (C.).
Now we let that the transformations %; transform the parameter A into \;. Since A and \; are arbitrary, we conclude
that #Z; do not change the kernels. For instance,

S 2,0 ] ) 2 —4allz—z0]lt—z0]
i, z—2z —z 22 2z z z 24
FoGE, (z,1) = [Lmzaliza] ANEIRE 20 ) Xy /2] 20y ) =

By setting A3 = A% + 4¢, we see that the right-hand side is G&Ji)(z, t).
For Mathieu equation, the kernels (C.8) become

G&Ji) = /sin(20u) sin( 201})2( ) [Asin(ou) sin(ov)] Zj(g

[\/m cos(ou) cos(ov)} , (C.14)

where the Bessel functions can be expressed in terms of elementary functions since ﬂﬂ]

olm =

. 1 1 L
(Jl/g(a:)—Y_l/g(x) ) B \/7< s1n:v> Hl(/)z( )= H( 1)/2( ) T (—ze”) (C.15)
J_1)2(x) = =Y1)9(x) "\ cosz Hl(%( )= zH(21)/2( ) N\ e

C.2. Second group: products of Bessel and hypergeometric functions

The kernels given by products of Bessel and hypergeometric functions are written as

. 1— .
G (1) = |2 q(z+t—zo)} 2 [2VAG T 20)|[ FQ, [i=1, 45 =1, 6] (C16)

where F7 denote the hypergeometric functions written in Eqs. (@IH8). We can show that the transformations %; simply
rearrange the previous kernels.

By using properties (A13) of the confluent hypergeometric functions, the above kernels may be obtained by applying
the Whittaker-Ince limit to the kernels [B2]) of the CHE. To derive the kernels directly, we note that the substitutions

E=2/aGTi-m) (= G =T HE), (€17)
transform the second Eq. ([C2)) into
282H OH 9 9 0’H By OH
13 e 58—5 +[€2 = (1 - B2)*| H+4¢(1 —c)a—<2 +4 {——O —BQQ] o =0. (C.18)
The separation of variables
H(§,C) =X(6) Y(¢) = G(zt) =€ X(§) Y(Q), (C.19)

leads to the following Bessel and hypergeometric equations, respectively,

LA+ [ +1-B)’| X =0,  ((1-0%F+ -2 - B[ L - AB-A- )Y =0, (C20)
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where we have denoted the constant of separation by 4\(A+ 1 — Bs). Using Eqs. (CIZHC.20) we obtain the kernels (CI6).
To show that the transformations #; do not produce new kernels we use the fact that the constants of separation are
arbitrary. For example, since

(i,1) L e 1-Bo
.GV (2,1) [mt_zo} 0 [2 GG iz ZO)} X
(%) 2B B 2t
X Zi<2>\1—1—2__2z}il) [2 Ch ZO)} F {)\1’ 14 By + 55 = M2+ 205 ires ZO)} ’

by taking Ay = A + 1 4 (B1/z0) we find that the right-hand side is G(f) (z,1t). Analogously,

4, B2+%71
%26'(11)(27 t) X [(z—z0)(t — 20)]' "2 %0 [2 gz +t— zo)}
(@)

- — 2B -y
X Zi(2>\2 l+Bz+2Bl) [2 Q(Z—f't Zo)} F {)\2,1 By — Ao }

z0 ? z0(z+t—20)

Putting A2 = A+ 1 — By — (B1/20) and using Eq. (A8, we find that the right-hand side is proportional to G(Z b,
For the Mathieu equation, whenever appropriate we use the relations m

F(5.-5:30%) = cos(varesing),  F (142, 15 3y?) — Slvasesing)
with v = 2. Then, the kernels (CI0]) are rewritten as
(i,1) _ . \/2cos(ou) cos(av) (]) |: :|
G 1 (u,v) = cos [2)\ arcsin \/COS(%UHCOS(%U)] Poy | k\/2 cos(20u) + 2 cos(20v) | (C.21)
7,2 . . \/5 s(ou s(ov 7
G2 (u,v) = sin {2)\ arcsin \/Coscéiu)izzs(@gz})} Zi;A [k\/Q cos(20u) + 2COS(20"U)} ) (C.22)
3 . iv2sin(ou) sin(ov i
G(i )(u, v) = cos [2)\ arcsin \/605(20(@160;261)] Z(i%)\ [k\/2 cos(20u) + 2 coS(2av)} ’ (C.23)
(i,4) o . 1V2sin(ou) sin(ov)
G (u,v) = sin {2/\ arcsin \/COS(%UHCOS(%U)} i2>\ [k\/2 cos(20u) + 2008(200)} ) (C.24)

G (u, ) = {M} r [)\ AL+ 2 M] AN [k\/z cos(20) + 2605(20—1))} , (C.25)

cos(20u)+cos(20v) ? 2 cos?(ou) cos?(ov)

cos(20u)+cos(20v) ? 2 cos?(ou) cos?(ov)

GO (0, v) = {Mr Fl-A 4 - x1 -2y gelipbeotion] 700, k2 cos(2au) +2c0s(200)| . (C.26)

The kernels (C2IHC24) are equivalent to the ones given on pp. 190 and 191 of McLachlan [41], but we have not found
G and G in the literature
+ + :

C.3. Third group: Bessel functions
Up to a multiplicative constant, a initial set of kernels given by Bessel functions is
9 +2E () ‘
Gk = [V 20, L [/ (C.27)

These kernels are obtained by supposing that H (&, () depends only on ¢ in Eq. (CI0). Then, the substitution

Glet) = H(E O = (50 YO, ¢ =2tz

leads to

2
Ly ¢+ [4q<2—(1+f—01) ]Y:O,
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which is the Bessel equation (A9) with argument y = 2,/g¢ = 21/qzt/zo and order o = £[1 + (B1/20)]. In this manner,
we find (C27)). The remaining sets are obtained by using the transformations (CA4]) as

GO (2,6) = ZoG (2,8),  GYL(2,t) = BGY(2,1),  GU(2t) = G (2,0).

Thence,
Gy (2,t) = [VER) 5 (2 - z)(t - zo)) PR 820 o BVE] (C.28)
G (2,1) =[] 50 [ G —20)(t - zo)} h ZﬁliBT%) [2\/—%(2 — o)t — ZO)] , (C.29)
G, (z,t) = [ (== 20)(t - ZO)} e ij')(l_Bz_%) [2\/_%(2 — )t — ZO)} : (C.30)

This group of kernels can as well be generated by applying the Whittaker-Ince limit to kernels of the CHE given by
hypergeometric functions in section 2.4.
For the Mathieu equation, up to constant factors, we find

el )i(u, v) = \/m Zi1/2 [2k cos(ou) cos(ov)], (C.31)
Ggf)i(u,v) n(ou) sin(ov \/WCOSU)Zil/2 [2k cos(ou) cos(ov)] , (C.32)
( )i(u, v) = cos(ou) cos(ov) sm(au) sin(o v)Zﬁ:i/2 [2ik sin(ou) sin(ov)] , (C.33)
¢ )i(u,v) \/m i1/2 [2ik sin(ou) sin(ov)] . (C.34)

Kernels of this type have been used to generate solutions in series of Bessel functions out of Fourier-like expansions ﬂ@, ]
(that is, from solutions in series of trigonometric or hyperbolic functions).

C.4. Fourth group: Bessel functions again
Another group, given by products of elementary and Bessel functions, is generated from the initial set of the kernels
(4) =82 )
Giy(z,t) = [2 gz +t— zo)] Z3(By-1) [2 q(z+t— zo)] , (C.35)
which result when H (&, () depends only on ¢ in Eq. (CIJ), that is, when H(&,¢) = X (£). In effect, in this case we find

1D

G(z,1) §7X(E),  £=2Valz+1t— )

where X (&) satisfies the Bessel equation

X X €~ (B -1 x =0

2
¢ dg? d¢

Taking X (¢) = Z$2 B,—1)(§) we obtain the kernels (C37). Then, by using the transformations %, and %o as (%3 is
ineffective)

G (2,6) = GV (2,1),  GYL(2,t) = BaGY(2,1),  GPi(2t) = G (2,0).

we find that the other sets are

. B —1- 32*231 i
G, (e,t) = [ [2/aTeF 1= 20)) 20}y [PVAGFT50)] (C:36)

G (2,1) =[] 50 [(2 — 20)(t — 20)] P2 % [2 q(z +t - ZO)} Ba—3 AC [2 azFt- ZO)} : (C.37)
Gt = (2= 20)t — )] 2% 2/a A )| o ij)(l,grzzﬂ) 2VaG+i—z)|.  (C38)
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The above kernels can as well be generated by applying the Whittaker-Ince limit to kernels of the CHE given by confluent
hypergeometric functions in section 2.5. On the other hand, these kernels are instances of the kernels G(i’tj ) (z,t) given
in (CI6), corresponding to four choices of A which permit to write the hypergeometric functions F(j)(C) as elementary
functions. Indeed, up to constant factors we find that: (i) the kernels ng)i correspond to A = 0 in G(i,’[l), G(if) and
G(i{f); Géz)i correspond to A = —1 — (B1/z) in G(f); Gz(;)i correspond to A = By — 2 in G(f); fo;)i correspond to
A= By+ (Bi/z0) — 1in G3”.

Notice that Z(_lz(x) = (—1)425“ (x) if £ is integer. So, up to multiplicative constants, for the Mathieu equation the
previous kernels read

G(il) (u,v) = Z(é) [k\/2 cos(2o0u) + 2 COS(20'1)):| , (C.39)
G (u,v) = \/szb(g‘u))(fizgm) A [k\/Q cos(20u) + 2 cos(2av)} : (C.40)
G(? (u,v) = %Z@ [k\/2 cos(20u) + 2 cos(2av)} , (C.41)

@) (4. v) = —_Sin(ou)sin(ov)
Gy (u,v) \V/cos(20u) + cos(200)

Z(i) [k\/2 cos(20u) + 2 cos(2av)} . (C.42)

These kernels for the Mathieu equation are connected with particular values of A in the kernels (C2IHC.26). In fact: (i)
for G we take \ = 0 in (C2), (C23), [C28) or (C28); (i) for G5, A = 1/2 in [C22); (iii) for G, A = —1 in ((C25)
or A =1 in (C2G)); (iv) for G(Z), A =1/2in ([C24).

C.5. Fifth group: hypergeometric functions
By taking 2\ + 1 — By = 1/2 in (CI6), we find

¢ 0= Va0 28 (2VaG T i) [FO) i =14 =100 ,6], (C.43)

1 9
= __Bo 1
2 A=5—g

where F) denote the hypergeometric functions written in Eqs. (@IHIG), whereas Zg /2 are given by the elementary

functions (CIH). For the Mathieu equation, the explicit form of the kernels is obtained by putting A = 1/4 in Egs.

([C2THC.24).

C.6. Power series and series of Bessel functions for the RCHE

In the Whittaker-Ince limit the power series solution (75al) becomes
Upaber(z) = Z al(z — z)", (|z| = finite) (C.44)
n=0

where the series coefficients now satisfy (a'; = 0)
20 (n + Ba + B—;) (n+1)al,, + [n(n+ By —1) + Bslal + gal_, = 0. (C.45)
In the following we find that, if

if Re(B1/20) <0 and Re[n+ Bz + (B1/7)] >0 (C.46)

then, by means of an integral transformation, UP*P*"(2) generates a known expansion U;(z) in series of Bessel functions
given by [18]

Ur(2) = > (=1)met (vaz) " Vs, 1 (202), (C.47)
n=0

where the recurrence relations for ¢ are obtained by writing

ct = C(z)"T (n + By + %) al,
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C being a constant independent of n. Thus,
(n+1) chyr + [n(n+ By = 1) + Baleh + qzo (n+ Ba + £ — 1) ek, = 0. (C.48)

In fact, by inserting Uy (t) = UPaP°*(t) and the kernel G(z,t) = G(l) (z,t) given in (C21) into (I3), and taking t; = 0
and t9 = zg, we find

By 20 B B
U(z) = PR Z alt) / dt {t_é_%t(t - zo)"+82+73_1J_1_i (2 qzt/zo ) }
n=0 0 w0

By using the integral [42)]

/oy 22 (y — 2y (av )do = 2"y 2T (n)a M g (Vya),  [Re(u) > 1, Re(v) > —1],

we get U = Uy, where U; is given in (C4T7). On the other side, since

c%g [yiyJV(y)] = -y "J1(y),

the bilinear concomitant (@) takes the form

Pi(z,t) = ity i (t—zo)Bﬁ%
[1 / tZOJ 51 (2 qzt/zo) Z a, (t —zo)" + J_l_% (2 qzt/zo) ;na}l(t - zo)"l},

Thence, the conditions (C46) assure that Pi(z,0) = Py(z,29) = 0.

X

Appendice D. Kernels for the double-confluent Heun equation (DHE)

As zp — 0 the CHE () reduces to the double-confluent Heun equation (DHE)

2

d?U dU
[L,+ Bs|U = 2F+[31+Bgz]d—+[ z* — 2wz + B3| U =0, (D.1)

where z = 0 and z = oo are both irregular points. In this appendix D:

e initially we get the substitutions of variables which preserve the form of the equation for the kernels of the DHE;

e in D.1 we find kernels containing products of two confluent hypergeometric functions and presenting an arbitrary
constant of separation \; they may be derived by applying the Leaver limit (zo — 0) to kernels of the CHE given by
products of hypergeometric and confluent hypergeometric functions (section 2.3);

e in D.2, by taking appropriate values for A\, we get kernels given products of elementary and confluent hypergeometric
functions;

e in D.3 we obtain kernels given by elementary functions; these kernels cannot be derived as limits of known kernels of
the CHE.

Since limw_m(l +2)'/* = e, when 2y — 0 the integral (3] assumes the form

By—2 -Z1 _ _ /B2 51
K (z,0)U(t)dt = t e~ 7 G(z,t)U(t)dt, K(z,t) = w(z,t)G(z,t) =t e~ 7 G(z,t), (D.2)

where G(z,t) is determined from the equation
[2288—; + (By + Ba2) & + (w?2% - 277wz)] G — [tz 82 + (B1 + Bat) 2 + (w?t? — 277wt)} G =0. (D.3)

Similarly, the expression (I6) for the bilinear concomitant now reads

P(z,t) = 2 [U0) 2520 - K(2,) 58] + (2 - Ba)t = BIUMK (2,8) = 1% e % [U@0) 2550 — 62,052, (D.4)

In general the solutions U(t) of the DHE and RDHE converge in a domain including only one of the singular points, 0 or
oo. For this reason we must avoid using intervals of integration extending from ¢; = 0 to to = co. In reference @] this
requirement was satisfied by using endpoints ¢; which depend on the variable z, that is,

t2(2) t2(2)
U(z) = / K(z,0)U(t)dt = / #8226 = G (2, U (t)dt. (D.5)
t1(2) t1(2)
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Then, the formula

dilz :(2::) F(z,t)dt = /):(2:) %dt + F(z,tz)% - F(z,tl)% (D.6)
implies that Eq. () must be replaced by
[L: + B3|U(z) = P(2,t2) + Q(z,t1) — [P(z, t1) + Q(z, t2)], (D.7)
where (i = 1,2)
Qz,ti) = [zﬂg—t + (B1 + Bs2) ‘jﬂ U)K (2, 1)
+ 22U(L) {% (4)? 4 90K zt0) vﬂ 2% () AU e (o ). (D.8)

From Eq. (D) we see that the condition P(z,t2) = P(z,t;) must be replaced by P(z,t2) + Q(z,t2) = P(z,t1) + Q(z,t1).
Since the differential operators in Eqs. (D)) and (D.3]) have the same functional form, from the transformations of the
DHE (D) we get the transformations for its kernels. In fact, if U(z) = U(B1, B2, B3;w,n; z) denotes a solution of the
DHE, the substitutions which preserve the form of the equation are represented by the transformations ¢1, t5 and t3 , ]
tlU(Z) = 6%227B2U(—Bl,4 — By, Bs 4+ 2 — Bojw,n; Z),
LU(E) = et B B (B B, B0 = ), (0.9)
t3U(2) = U(Blu B?7 B37 —W, —1); 2)7
where
By=wBi, By=2+2in, By=Bs— (& +in)(B—-in-1), =1, i =2 -1,
From (D.J9)) we obtain the transformations for the kernels of the DHE, namely,
_ Ay h 2-B
TlG(zat)_e = ¢ (Zt) 2U(—Blv4—B27;W,77§th),
raGl(z, ) = e D+ BB () =in=F 7 (317 Byiw ;L %) , (D.10)

r3G(z,t) = U(By, Ba; —w, —1; 2, 1).

D.1. Kernels with products of two confluent hypergeometric functions

We write the kernels before explaining how they are obtained. A group of solutions for (D3)) is given by the 16 kernels
GO (z,t) = e “EH () A () 9(0), [ =1,2:3.4] (D.11)

where ) is a constant of separation, and ¢*(¢) and @7 (¢) are the confluent hypergeometric functions (A2 with the following
arguments and parameters :

&)  &=2iw(z+1), a= 52 —in-) ¢ =By —2)\; D2
PO ¢=0E a=A c=2\+2- B '
The kernels given by regular confluent hypergeometric functions are
G (z,t) = e~ w(=tt) [zt]—A ®[E2 —in— X By —2X\;2iw(z +t)] @ [)\, 2\ + 2 — Bo; W} , (D.13)
G(1x2>(z,t) = mw(t)+ 245 [Zt]A-i-l—Bz [z + |82 129 [% —in — A\, By — 2\; 2iw(z + t)}
X @ [1—/\,32—2)\;—¥}, (D.14)
G(le)(z,t) = eiw(z+t) [zt]_’\ [z + ] F22 B2 [1 + A +in— %_72_’_ 9\ — Bo: —2iw(z—|—t)]
x ®[A21+2- By 2L (D.15)
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GO (z,t) = T2+ B @ [1 4 in+ A — 82,2 42X — By; —2iw(z +1)]
X ® 1—A,Bg—2x;—@}. (D.16)

The full group is obtained by replacing one or both functions ® by V. By using these explicit forms of the kernels, we can
show that the transformations r1, ro and r3 simply rearrange the kernels. For example, we find

- . B, , B . .

NGO (z,) = TETRIR P BN G (), G =1,2,3,4] (D.17)
where we have transformed A into A;, and now ¢*(¢) and @7 (¢) are the confluent hypergeometric functions ([A.2]) with the
following arguments and parameters :

G ) €= 2iw(z+1), a=2—in—\ — 22, c=14— By —2\;;

) (=-BEM a=, ¢=2M — 2+ Bs.

zt
In particular,

1

nGUD(a ) = emiGHI R [P B N [1 iy — Ay — B2 4 — By — 20 2iw(x + 1)]
@ [\, 20— 2 4 By - BEHI]

X

zt

By taking A\; = 1 — X and using (A3), we see that the right-hand side of the above equation is G(>?)(z,t) given in (D.1G).
Thus, in fact r; simply rearranges the kernels (D.I1)). The same is true of 75 and 73.

The kernels (D11 can be found by solving Eq. (D.3)), or by applying the limit when 29 — 0 to the kernels (32))
of the CHE. The latter procedure transforms the Gauss hypergeometric functions given in Eqs. ([@IHAG) into confluent
hypergeometric functions due to the relations ﬂﬁ]

lim F (a,b;c;l— E) = lim F (a,b;c;—g) =u*VU(a,a+1—b;u),
U u

c—00 c—00
u 2\ Y (D.18)
lim F (a,b;c; _) — ®(a,c;u), lim <1 i _) —
b—o0 b Yy—>00 Y
Thus, up to a multiplicative constant, we find
lim F! = lim FS = (o] [z + M0 (X, 24+ 20— By A0
Zo*}O Zo*}O
lim F? = lim F* = % 1B (B0 (10, By — 20— 250 )
zo—0 zo—0
(D.19)
lim B9 = [z + 620 (X2 4 20— By ZEH0)
zZo—r
lim FO = = [P o 4 )21 00 (10, By — 2x - 2.
z0—0 z

To get these limits, in some cases we have to rewrite the functions [@I}HG) in a convenient form. For example, using (A-g))
we find

2 =t [(Z—ZO)(t—ZO)

1—-Bs
z+t—zo z+t—=z0 :|

B
[1—Z—O(z+t—z0)]’z_olF(1—A,2+A—BQ;2+§—;'Z7f)

zt ? zo(z+t—20)

by suppressing a multiplicative constant depending on zg. After this, we use the limits (D.I5)).

D.2. Kernels with one confluent hypergeometric function

For particular values of A, the kernels (D.11]) present only one of the confluent hypergeometric functions (A.2). As an
initial set we take
. , B
= e W) £ =2w(z+1t), a= 72 —in,  c=By. (D.20)
This set may also obtained by setting zp = 0 in the kernels (B8] for the CHE and in their partners in terms of ¥(a,¢;€).
The kernels in terms of the regular functions ®(a, ¢;§) read

G%(zt) = GOV (1),

G(P (z,t) = e w(zH) @ [% —in, Ba; 2iw(z + t)} , (D.21)
GF (z,1) = G [ 4 117820 [1 4 iy — 82,2 — By; —2iw(z +1)]
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while two other kernels result by replacing ®(a, ;&) by ¥(a,c;€). From the transformations (DI0) we obtain three
additional sets generate as

G(é)(z,t) = rlG(?(z,t), G(? (2,t) = rgG(il) (z,1), G(? (2,t) = TQG(? (2,1). (D.22)

The transformation rs does not produce new kernels. Thus, the kernels with ®(a, ¢;§) are

Gg) (2,t) = rlG(i)(z,t) = e‘iw(z*‘t)“‘%*‘%[zt]?_&@ (2 —in— 82,4 — By; 2iw(z + 1)]
(D.23)
G (z,t) =GP (2,1) = ewEHDTZH T [)2-Ba [, 4 B30 [m — 1+ B2, By — 2 —2iw(z + 1)) ;
. . B
GY = G = Gz, 1) = =B [ 1% @ [ 4 i — B2 4 iy - D)
, ) . I ‘ (D.24)
G(g) = TQG(l) =GRV (z,t) = @) []' T2 [z 4 4] 712 [ —in—1,—2in; —BI(ZH)} ;
G( ) — TQG D = emiw(z+t)+ 2+ 3L [zt]in_% ) [2 —in — 22,2 — 2in; — —Bl(”t)] ,
(D.25)
G(z) _ G(z) — ,—iw(z+t) 1_1.77_}32 2in—1 Bi(2+t)
L =1rGY =e [2t] [z +1] ® |in — 1+ B2, 24p; 22T
D.3. Kernels given by elementary functions
The kernel
in—ﬂ
Gl (Z,t) = e*iw(z+t) |:1 + _2%"1th| 2 (D26)

has the same form as a kernel found by Schmidt and Wolf ] who have considered a DCHE with only four parameters.
To obtain (D.26]), we insert

G(z,t) = eii“’(”t)f(z, t),

into Eq. (D.3). This leads to

22? [Bl + Boz — 2iwz } of tQW — {Bl + Bot — 21wt2} — 21w (— — m) (z—t)f =0.

By supposing that f(z,t) depends on z and ¢ through the product 2iwzt/B; = y, the previous equation gives

Ba

2

[l—l—y]——[in—%}f:() = f(z,t):[l_k%ftrn

Hence we obtain the kernel (D:26). The transformations (D.I0) generate three additional kernels given by

Golz,t) =1Gi(zt), Gy (z,t) =raGilz1), G (21) = raGalz,t). (D.27)
Thus, we have
—i BiyB1L 2B izt ] 2T

Galeot) = e (e E R s [ 2] T (D29

while G3(z,t) and G4(z,t) are obtained by substituting (n,w) for (=7, —w) in G1(z,t) and Ga(z,t).

Appendice E. Kernels for the reduced double-confluent Heun equation (RDHE)
For the reduced double-confluent Heun equation (RDHE),
d’U du

[LZ+B3]U:22W + [B1+BQZ]E+ [z + B3] U =0, (E.1)

in this appendix E:
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e initially we get a substitution of variables which preserve the form of the equation for the kernels;

e in E.1 we find kernels given by products of Bessel and confluent hypergeometric functions; they present an arbitrary
constant of separation A and may be derived as limits of kernels of the DHE (zy — 0) or of the RCHE (Whitaker-Ince
limit);

e in E.2, by putting A = 0, we obtain kernels given by products of elementary and Bessel functions;

e in E.3, by choosing appropriate values for A\, we obtain kernels given by products of elementary and confluent
hypergeometric functions;

e in E.4 we find two kernels given by products of elementary functions; these can be derived by applying the Whittaker-
Ince limit to kernels of the DHE.

For the RDHE, the integral (D-2)) remains formally unaltered, that is,
t2
U(z) = / B2~ B G U (1), (E.2)
t1

while the equation (D.3) for the kernels becomes
[%g—; + (B + Byz) 2 + qz} G- [ﬁg—; +(Bi+ Bot) 2 + qt] G=0. (E.3)

For fixed endpoints of integrations the bilinear concomitant (D.4)) is again

P(z,t) =tB2 ¢~ B/t {U(t)% - G(z,t)d[fi—it)} . (E.4)

If the endpoints depend on z, we proceed as in appendix D.
On the other side, if U(z) = U(By, B2, Bs; q; z) denotes a known solutions of RDHE, other solution is generated by the
transformation 7" defined by

TU(2) = e = 22752 U(=By,4 — By, By + 2 — By q; 2), (E.5)

as we can show by substitutions of variables. Similarly, if G(z,t) = G(By, Ba;q; 2,t) denotes a solution of Eq. (E.3)), the
corresponding transformation R for this kernel is

B

RG(z,t) =e= +$(2t)2_32 G(=B1,4 — Ba; q; 2, 1), (E.6)

E.1. Kernels with products of Bessel and confluent hypergeometric functions

We obtain the kernels given by products of Bessel and confluent hypergeometric functions by taking the limits when
20 — 0 of the kernels (CI6)) for the RCHE. Thus, up to a multiplicative constant

i 1_B2 . i
G t) = 2+ 12 F 20001y [2VaAGE D) Jim) F(Q) (E.7)

where the lim F7 are given in Eqs. (D.19). Explicitly, from F', F2, F> and FS we get, respectively,

Zo—}O

GO () = 7 R 20,0 ) [2VaGE 0] W A2+ 20 - By B

z

GUP(zt) = P HT [P Be [ A E 20, VG 0] W1 A By -2 - B

| o (E.8)
GO () = [ [+ MR 20, ) [2VaG 0] @ [N 24+ 20— By 2
GO (z) = B IR B [ R 20, VG D] @ [1- A By -2y - 2]

The transformation R given in Eq. (E.6) simply rearranges the previous kernel provided that we transform the arbitrary
constant A into another arbitrary constant . For example, we find

RGN (2,1) = e+ [t B [ 4 gp -5+ 2 210

X2 . Bi(z+t)
+(23-3-By) [2 q(z + t)} v [/\,2)\ — 2+ By; _l—t:| ,

z

Putting A = A 4+ 2 — By and using the second relation in (A.3]), we find that the right-hand side of the above equation is a
constant multiple of G(f) (z,1).

30



E.2. Kernels given by products of elementary and Bessel functions

IfA=0in G(i{;) or G(Zf), we have the kernels

i 1 Bz (i
GV (t) = [+ 200 4 [2 q(z+t)] . (E.9)
IfA=1in G(f) or G(Zf), we have the kernels
G (2, t) = PR [t P2 [ a7 30%F 200, [2 WG+ t)] . (E.10)

Ggi) and éi) are connected by the transformation R given in (E.G).

E.3. Kernels given by products of elementary and confluent hypergeometric functions

If A = (By/2) — (1/4), the order of the Bessel functions is +1/2 in the kernels (E8) and, according to (CIH), these
functions reduce to elementary functions. Then we have the following kernels given by products of elementary and confluent
hypergeometric functions:

GOty = IR p+ad 20 2V +)] v B - 4 B

zt
GOP () = HH R R 4 h 20 2V D) W |G- B - 2]
(E.11)
G(f’)(z,t) = [zt]%_% [z—i—t]i Zil)l [2 q(z +t)} i) [% - i, %; Bl(zzjt)} ,
2
GOt = P R a0 20 2vaGE D) 0[5 B4 - BEH]
The transformation (E.G) simply rearranges the above kernels.
E.4. Kernels given by elementary functions
We find two kernels given by elementary functions. Up to multiplicative constants, we have
Gi(z,t) = exp [‘IB—‘?}, Ga(z,t) = rGy(2,t) = [2t]* B2 exp [—qB—Zf + 8y %] (E.12)

These kernels can be obtained by applying the Whittaker-Ince limit @3] to the kernels (D:26) and (D.28) of the RCHE.
Alternatively, we can compute G1(z,t) by supposing that G(z,t) depends on z and ¢ through the product ¢gzt/B; = y, in
which case Eq.(E3) becomes dG/dy = G, whose solution is the kernel G;.

At last we mention that there is an equation called doubly reduced double-confluent Heun equation ﬂﬂ] However, as we
have found no relation of such equation with the equations discussed here, we do not consider its kernels.
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