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Centralizer’s applications to the inverse along an element

Huihui Zhu!"?, Jianlong Chean, Pedro Patriciol>?!, Xavier Mary!*

Abstract: In this paper, we first prove that the absorption law for one-sided inverses
along an element holds, deriving the absorption law for the inverse along an element. We
then apply this result to obtain the absorption law for the inverse along different elements.
Also, the reverse order law and the existence criterion for the inverse along an element
are given by centralizers in a ring. Finally, we characterize the Moore-Penrose inverse by
one-sided invertibilities in a ring with involution.
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1 Introduction

It is well-known that a='+b~! = a~!(a+b)b~"! for any invertible elements a and b in a ring.
The equality above is known as the absorption law. In general, the absorption laws for
group inverses, Drazin inverses, Moore-Penrose inverses, {1,3}-inverses and {1,4}-inverses
do not hold. So, many papers [II, 3, [6] devoted to the study of these aspects.

Recently, authors [I7] introduced a new type of generalized inverse called one-sided
inverses along an element, which can been seen as a generalization of group inverses,
Drazin inverses, Moore-Penrose inverses and the inverse along an element. It is natural to

consider whether the absorption law for such inverses holds.
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In this paper, we first prove that the absorption law for one-sided inverses along an
element holds in a ring. As applications, the absorption law for the inverse along the
same element, i.e., alld + plld = a”d(a + b)b”d, is obtained. We then apply this result to
obtain the absorption law for the inverse along different elements. Also, the reverse order
law for the inverse along an element is considered. Furthermore, we derive an existence
criterion of the inverse along an element by centralizers in a ring. Finally, we characterize
the Moore-Penrose inverse in terms of one-sided invertibilities, extending the results in
[9, [1§].

Let us now recall some notions of generalized inverses. We say that a € R is (von
Neumann) regular if there exists « in R such that a = azxa. Such z is called an inner
inverse or {1}-inverse of a, and is denoted by a~.

Following [2], an element a € R is said to be Drazin invertible if there exist b € R and

positive integer k such that the following conditions hold:
(i) ab = ba, (ii) b®a = b, (iii) a* = aF*'b.

The element b satisfying the above conditions (i)-(iii) is unique if it exists, and is denoted
by a”. The smallest positive integer k in condition (iii) is called the Drazin index of a and
is denoted by ind(a). We call a group invertible if a is Drazin invertible with ind(a) = 1.

Let * be an involution on R, that is the involution * satisfies (z*)* = x, (xy)* = y*z*
and (z +y)" = z* 4+ y* for all z,y € R. An element a € R (with involution ) is Moore-

Penrose invertible [11] if there exists b € R satisfying the following equations
(i) aba = a, (ii) bab = b, (iii) (ab)* = ab, (iv) (ba)* = ba.

Any element b satisfying the equations above is called a Moore-Penrose inverse of a. If
such b exists, then it is unique and is denoted by af. If  satisfies the equations (i) and (iii),
then z is called a {1,3}-inverse of a, and is denoted by a13) | If x satisfies the equations
(i) and (iv), then z is called a {1,4}-inverse of a, and is denoted by a4,

Throughout this paper, we assume that R is an associative ring with unity 1. Let
a,b,d € R. An element b is called a left (resp., right) inverse of a along d [17] if bad = d
(resp., dab = b) and b € Rd (resp., b € dR). By alld and aﬂd we denote a left and a right

inverse of a along d, respectively. Furthermore, an element a is called invertible along d
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[7] if there exists b such that bad = d = dab and b € dRN Rd. Such b is unique if it exists,
and is denoted by all?. It is known [I7] that a is both left and right invertible along d if
and only if it is invertible along d. More results on (one-sided) inverses along an element

can be referred to [17, (18, [19].

2 Absorption laws for the inverse along an element

The main goal of this section is to illustrate that the absorption laws for (left, right)

inverses along an element hold in a ring. We first begin with the following lemma.

Lemma 2.1. Let a,b,d € R. Then
(i) If ayd and bl exist, then aydabﬂd = bl and aydbbud = ayd.

(i) If aﬂd and byd exist, then bydbaud = alrl,d and bydaaﬂd = b}ld.

Proof. (i) Note that alld can be written as the form xd for some x € R. Also, there exists
y € R such that bﬂd = dy. Hence, it follows that aydabud = aydady =dy = bﬂd and
a) ‘o) = wbb)’ = o).

(ii) By the symmetry of a and b. O

Applying Lemma [2T] we get the absorption laws for one-sided inverses along an ele-

ment.

Theorem 2.2. Let a,b,d € R. Then
(i) If ayd and b\ exist, then alld +old = alld(a + b)blrl,d.
(i) If al and byd ezist, then al® + byd = byd(a + b)aﬂd.

Proof. (i) It follows from Lemma 21Yi) that
a}ld(a + b)plld = a}'dabﬂd + a}ldbbﬂd = ayd + b,
(ii) It is a direct check by Lemma 21ii). O

As a corollary of Theorem 2.2], we obtain the absorption law for the inverse along an

element.

Corollary 2.3. Let a,b,d € R and let al® and bl? exist. Then alld 4 bl¢ = alld(q + )bl
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From Corollary 2.3] we know that the absorption law for the inverse along the same
element holds in a ring. It is natural and interesting to consider whether the absorption
law for the inverse along different elements, i.e., al® + bll4z = glé (g 4 b)bl% holds? In

general, al® 4 plldz = glldi (g + b)bll42 does not hold as the following example shows.

Example 2.4. Let M(C) be the ring of all 2 x 2 complex matrices. Take A = [}
. 11
B = [04), Dy = [§§)and Do = [} in Ma(C). We get 417 = [} ana 51°2 — |

I,

|

Next, we consider under what conditions, the absorption law for the inverse along

NN
pI=NI- OO

by direct calculation. However, AlPr 4 BlIP2 — [é é} #[58] = AlP1(A + B)BIP2,

different elements to hold. First, we recall the notion of centralizers.

In 1952, Wendel [15] introduced the notion of left centralizers in group algebras. Then,
Johnson [4] gave an introduction to the theory of left and right centralizers in semigroups.
In 1966, Kellogg [5] further investigated centralizers in H*-algebra. Later, Vukman [I3][14]
and Zalar [16] studied centralizers in operator algebras and semiprime rings, respectively.
More recently, see [20], a map o in a semigroup S is called a left (resp., right) centralizer
if o(ab) = o(a)b (resp., o(ab) = ac (b)) for all a,b € S. We call o a centralizer if it is both
a left and a right centralizer, i.e., ac(b) = o(ab) = o(a)b for all a,b € S.

Herein, we remind the reader some examples of left centralizers, centralizers and bi-

jective centralizers.

Example 2.5. Let a,z € R and let 0 : R — R,0(a) = xza. Then
(i) The map o : a v+ xa is a left centralizer.
(ii) The map o : a — xa is a centralizer if x is a central element.
(iii) The map o : a — xa is a centralizer if x is an invertible central element. Moreover,

if o is a bijective centralizer then so is o~ !.

Theorem 2.6. Let 0 : R — R be a bijective centralizer and let a,b,dy,do € R with
dy = o(dy). If allr and bll92 egist, then alld 4 plldz = glld (g 4 b)plldz,

Proof. Tt is known [8] that the existence of bl% implies that dy is regular. Hence d; =
o(d2) = o(dad; do) = dod, 0(d2) = 0(d2)dy da. So, diR C daR and Rd; C Rds.

As o is bijective, then dy = 0_1(d1), which also guarantees that dsR C diR and
Rdy C Rd;.



It follows from [8, Corollary 2.4] that if a is invertible along d; with d;R = d2R and
Rdy = Rds, then all®2 exists and allft = glldz,

So the result follows from Corollary 23] O

Next, we give two simple examples to illustrate Theorem above.

Example 2.7. (i) Let R = M>(C) be the ring of all 2 x 2 complex matrices and let

1
oc: R — RoM) = [8?
2

} M for all M in R. Then o is a bijective centralizer by
Example 25(iii). Take A = [{9], B = [18], D1 = [% (51)] and Dy = [}§]. We can
check Dy = o(Dy), AlP1 = [11] and BIP2 = [(51) (ﬂ by direct calculations. Hence
APy pliPe — (55 ] = AIP1 (A + B)BIP2,

(ii) Let R =Zg and let 0 : R — R,o(x) = 2z for any x € R. It follows from Example
2.0(iii) that o is a bijective centralizer. Take a = 7, b = 5, dy = 4 and d2 = 2. Then

dy = o(dy), al® = 71* = 4 and bll¥2 = 512 = 2. Moreover, all®t +bll42 = 6 = alld1 (¢ +b)plid2,

In [7], one can get al® = a#, al®" = 4P and al®” = af. By R#, RP and R! we denote
the sets of all group, Drazin and Moore-Penrose invertible elements in R, respectively.

As applications of Theorem 2.6 it follows that

Corollary 2.8. Let 0 : R — R be a bijective centralizer and let a,b € R. Then

(i) If a = o(b), then a™ + b = a¥ (a + b)b¥, for a,b € R*.

(i) If a® = o(b™) for some integers m and n, then a® + bP = aP(a + b)bP, for
a,be RP.

(iii) Let R be a ring with involution. If a* = o(b*), then a' + b' = a'(a + b)b', for
a,b e Rt

(iv) Let R be a ring with involution. If a = o(b*), then a™ + bl = a¥(a + b)bT, for
a € R" and b € RY.

3 Characterizations of the inverse along an element

We first begin with a lemma on the commutativity of the inverse along an element.

Lemma 3.1. Let 0 : R — R be a bijective centralizer and let a,d € R with ad = o(da).

If a is invertible along d, then allla = aal?.
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Proof. We have
ad = o(da) = o(aada) = dlac(da) = ala?d. (3.1)

Also, as o is bijective, then
da = 0~ (ad) = 0 (adaal?) = 67 (o(da)aal?) = da?all?. (3.2)

As allY € dR N Rd, then there exist z,y € R such that /¥ = zd = dy. Multiplying the
equality (3.1) by y on the right yields aalt = ady = al?a?dy = alda?all®. Multiplying the
equality (3.2) by z on the left yields al?a = zda = zda?al? = allda?alld,

Hence, al?a = aall. ]

In [I8, page 7], the authors gave a counterexample to illustrate that reverse order law
for the inverse along an element does not hold in general.
The following theorem, extending [18, Theorem 2.14], considers the reverse order law

for the inverse along an element, under a generalized commutativity condition.

Theorem 3.2. Let o : R — R be a bijective centralizer and let a,b,d € R with ad = o(da).
If alld and bll4 exist, then
(1) (ab)l? exists and (ab)lld = bldglld,

(ii) (ba)l? ezists and (ba)l® = alldplid,

Proof. Applying Lemma EI1(ii), it follows bl?aal? = bll4. Also, allle = aal? by Lemma
BI Then bldalldabd = bldaaldbd = blbd = d and dabbldal? = o= (ad)bbldalld =
o (a)(dbbl?)al? = 671 (ad)al? = daal® = d. Finally, bl4al? € dRNRd since all* € dRNRd
and bl? € dR N Rd.

Hence, ab is invertible along d and (ab)!4 = bldgle,

(ii) The proof is similar to (i). O

Remark 3.3. According to proof of Theorem [B:2] one can see that it indeed holds in a

semigroup.

Corollary 3.4. Let a,b,d € R with ad = da. If ald and bl ezist, then
(1) (ab)l? exists and (ab)lld = bldglld,

(ii) (ba)l? exists and (ba)ld = alldple,



Let R = Z7. Then 5 is invertible along 3 and 513 = 3. We notice the following fact,
i.e., 5 is also invertible along 2 -3 and 5?3 = 3 = 53 and 2.5 is also invertible along 3

and (2-5)1P =5=4.3=2"1.5B, Motivated by this, we get the following proposition.

Proposition 3.5. Let 0 : R — R be a bijective centralizer and let a,d € R. Then
(i) al? exists if and only if aloD) exists. Moreover, alo(® = g4,

(ii) all exists if and only if (o(a))l? exists. Moreover, (o(a))l4 = o1 (all?).

Proof. (i) “=” As all? exists, then d is regular and hence ¢(d) = dd~o(d) = o(d)d~d. So,
o(d)R C dR and Ro(d) C Rd. Also, o is bijective, then d = o(d)o=1(1) = o7 1(1)o(d)
implies dR C o(d)R and Rd C Ro(d). Hence, dR = o(d)R and Rd = Ro(d). It follows
from [8, Corollary 2.4] that all”(? exists and al“@ = g7,

“<” By noting that ¢! is a bijective centralizer.

(ii) One can check it directly. O

We next give an existence criterion of the inverse along an element by centralizers in

a ring. Herein, a lemma is presented.

Lemma 3.6. Let a,b,c € R. Then
(i) If (1 4+ ab)c =1, then (1 + ba)(1 — bea) = 1.
(ii) If ¢(1 + ab) = 1, then (1 — bca)(1 + ba) = 1.

It follows from Lemma that 14 ab is left (right) invertible if and only if 1 + ba is
left (right) invertible. In particular, 1 + ab is invertible if and only if 1 + ba is invertible.
Moreover, (1 +ba)~! =1 — b(1 + ab)~'a. This formula is known as Jacobson’s Lemma.

Let 0 : R — R be a bijective centralizer and let a € R. It is known that if a is regular

then so is o(a) and (o(a))™ = o~ (a™).

Theorem 3.7. Let a,d € R with d reqular. If o : R — R is a bijective centralizer, then
the following conditions are equivalent:

(i) all? exists.

(ii) w = o(da) + 1 — dd~ 1is invertible.

(iii) v = o(ad) + 1 — d—d is invertible.

In this case, all¥ = o(u=")d = do(v").



Proof. (ii) < (iii) As o is a centralizer, then o(da) = do(a) and o(ad) = o(a)d. Take
x=—dand y =o0(a) —d~. Then, u =do(a) +1—dd~ =1 — zy is invertible if and only
if 1 —yr =o0(a)d+1—d d= v is invertible by Jacobson’s Lemma.

(i) = (ii) Suppose that al? exists. Then all’(® exists by Proposition B35l Since all?(®) ¢
o(d)R, there exists © € R such that all”¥) = 5(d)z and hence o(d) = o(d)aall’@ =
o(da)o(d)z, which implies d = o(da)dz. As (o(da)dd™ +1—dd™)(ded™ +1—dd™) =1,
then o(da)dd™ 4+ 1 — dd~ is right invertible. Lemma [3.6] ensures that dd~o(da) + 1 —dd~,
ie., o(da) +1—dd~ is right invertible.

Also as al”(9) € Ro(d), then there exists y € R such that al*(@ = yo(d). So o(d) =
yo(d)ac(d). Note that (d"yd+1—d d)(d"do(ad)+1—d~d) = 1 implies that d~do(ad) +
1 —d~d is left invertible. It follows from Lemma [3.6 that o(ad) +1—d~d is left invertible.
Again, by Lemma 3.0, we get o(da) + 1 — dd~ is left invertible.

Therefore, u = o(da) + 1 — dd~ is invertible.

(ii) = (i) As u is invertible, then v is also invertible. From ud = o(da)d = do(ad) = dv,
we get d = u'o(dad) = o(u=)dad = dado(v™"). Hence, all’ exists in terms of [8]
Theorem 2.2].

Now, we show that m = o(u~!)d = do(v™') is the inverse of a along d. As u~'d =
dv™!, then o(u!)d = do(v™1). It follows that mad = o(u~1)dad = u'o(dad) = d =
dado(v=') = dam and m € dR N Rd.

Thus, al¥ = o(u=1)d = do(v1). O

3

Remark 3.8. The assumption “ a bijective centralizer” in Theorem [B.7 above cannot be
replaced by “a centralizer”. Such as let R = Zg and let 0 : R — R,o(z) = 3z for all
x € R. Then o is a centralizer but not bijective. Take a =4 and d = 2 in R. Then a is
invertible along d and al? = 4. However, o(da) +1 —dd~ =3-2+1—2-2 = 3 is not

invertible.

Corollary 3.9. [8] Theorem 3.2] Let a,d € R with d reqular. Then the following conditions
are equivalent:
(i) al exists.

(ii) w =da+ 1 — dd~ is invertible.



(iii) v = ad + 1 — d~d is invertible.

In this case, allt = w=1d = dv.

It is known [7, Theorem 11(ii)] that a € R” implies that al®" exists for some integer
n. Note that al? exists implies that d is regular from [§]. So, applying Theorem B2, we
have the following result which is a new characterization of Drazin inverse of elements in

a ring.

Corollary 3.10. Leto : R — R is a bijective centralizer and let a € R. Then the following
conditions are equivalent:
(i) a € RP.
(ii) a™ is regular and u = o(a"*1) + 1 — a™(a™)~ is invertible, for some integer n.
(iii) @™ is regular and v = o(a™*) + 1 — (a™)~a™ is invertible, for some integer n.

In this case, a® = o(u™")a" = a"o(v).

Taking d = a in Theorem [3.7] above, we get an existence criterion of the group inverse
of a in a ring, extending [I0, Proposition 2.1], i.e., a € R¥ exists if and only if a®>+1—aa~

is invertible if and only if a® + 1 — a~a is invertible, for a regular element a.

Corollary 3.11. Let a € R be reqular. If 0 : R — R is a bijective centralizer, then the
following conditions are equivalent:

(i) a € R7.

(ii) u = o(a?) + 1 — aa™ is invertible.

(iii) v = o(a?®) + 1 — a~a is invertible.

In this case, a” = o(u™')a = ac(v™1).

Next, we consider the characterizations of the Moore-Penrose inverse of a regular
element by centralizers in a ring.

It follows from from [I7, Theorem 2.16] that a € R' < a € aa*aR < a € Raa*a, which
allow us to characterize Moore-Penrose inverses in terms of one-sided invertibilities in a
ring. Also, we know [17, Theorems 2.19 and 2.20] that a = aa*azx or a = yaa*a implies

that a is Moore-Penrose invertible and a! = a*az?a* = a*y?aa*.



Theorem 3.12. Let R be a ring with involution and let a € R be reqular. If o0 : R — R
s a bijective centralizer, then the following conditions are equivalent:

(i) a € RT.

(ii) w = o(aa*) + 1 — aa™ is right (left) invertible.

(i) v = o(a*a) + 1 — a~a is right (left) invertible.
)2a*, where ul_l, vl denote a left

In this case, a' = a*(o(u;1))%aa* = a*a(o(vy

inverse of u and a right inverse of v, respectively.

Proof. For simplicity, we just prove the case of right invertibility.

(ii) < (iii) As o is a centralizer, then o(aa*) = ao(a*) and o(a*a) = o(a*)a. Pose
x=—aand y =o(a*) —a~. Then 1 — zy = u is right invertible if and only if 1 — yx = v
is right invertible by Lemma

(i) = (ii) Since a € R, there exists € R such that a = aa*az from [I7, Theorem

2.16]. As

(o(aa®)aa™ + 1 —aa™)(aoc " (z)a™ +1—aa™)
= o(aa)ac (z)a” +1—aa”
= o(aa*a)o (z)a” +1—aa”
= aa*ara” +1—aa”
= aa +1—aa”

= 1,

then o(aa*)aa™ + 1 — aa™ is right invertible. Again, Lemma guarantees that u =
o(aa*) +1—aa™ is right invertible.

(ii) = (i) Note that u and hence v are both right invertible. We have av = o(aa*a).

1

Hence, a = o(aa*a)v; ! = aa*ac(v;') € aa*aR, which means a € R by [I7, Theorem

2.16).

As ua = o(aa*a), then a = u; 'o(aa*a) = o(u; “)aa*a. Hence, af = a*(o(u; 1))?aa* in

terms of [I7, Theorem 2.20].

2a* in terms of [I7, Theorem

Similarly, a = aa*ac(v;!) ensures that af = a*a(o(v!))
2.19]. O

10



Remark 3.13. The expressions for the Moore-Penrose inverse a! in Theorem B.12] can

also be given by u; ! or vl_l. Indeed, by Lemma 3.6, we have v, ! =1— (o(a*) —a™)u; ta.

If we replace v, ' by 1 — (o(a*) — a™ )u, !

a in the equality o' = a*a(v!)%a*. then the
formula of a' can be presented by u.!. The similar process for ul_l follows the formula of

at by vl_l.

Corollary 3.14. Let R be a ring with involution and let a € R be regular. Then the
following conditions are equivalent:

(i) @ € RT.

(i) u = aa* +1—aa™ is right (left) invertible.

(iii) v = a*a+ 1 — a~a is right (left) invertible.

-1

In this case, a = a*(u; ")?aa* = a*a(v;t) !

2a*, where u; vl denote a left inverse of

u and a right inverse of v, respectively.

It follows from [18, Theorem 3.3] that another Moore-Penrose inverse of a in Corollary
B.I4 can also be given as al = (u; 'a)*a(u; 'a)* = (av; ) a(av;h)*.

Given a regular element a € R, it follows from Theorem that « € R if and only
if u (resp., v) is right invertible if and only if u (resp., v) is left invertible. Hence, we have

the following corollary.

Corollary 3.15. Let R be a ring with involution and let a € R be reqular. If o : R — R
s a bijective centralizer, then the following conditions are equivalent:

(i) a € RT.

(ii) u = o(aa*) + 1 —aa™ is invertible.

(iii) v = o(a*a) + 1 — a~a is invertible.

In this case, at = a*(a(u_l))2aa* = G*G(U(U_l))2a-

Remark 3.16. In Corollary B.I5labove, the expression of af can also be given by o(u™!)a* =
a*o(v™!) by Theorem [3.71

Setting the centralizer o = 1 in Corollary B.15] it follows that

Corollary 3.17. [9, Theorem 2.1] Let R be a ring with involution and let a € R be reqular.

Then the following conditions are equivalent:
11



(i) @ € RT.
(ii) w = aa* + 1 — aa™ is invertible.
(iii) v = a*a+ 1 — a~a is invertible.

2

In this case, a’ = a*(u™1)2aa* = a*a(v™1)?a.
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