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stability analysis, it could be seen that the proposed Falkner methods have non-empty sta-
bility regions for k = 2, 3, 4. Some numerical test are presented to illustrate the efficiency
of the proposed family.
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1. Introduction

This paper aims at obtaining numerical solutions for second-order initial-value problems (IVP) of the general form
V' x) = fxy®).y®), yxo)=yo, ¥ (x0)=yp (1)

In most cases, the mathematical formulation of the physical phenomena in Engineering, Mathematical Biology, Epidemi-
ology, Physics and Economics among other disciplines are carried out through problems of the form in (1). Usually, these
problems do not have known exact solutions, hence there is a need for approximate solutions. Conventionally, in the past,
any problem of the form in (1) was often solved by reducing it to an equivalent system of first-order ODEs and then apply-
ing one of the different approaches available for solving systems of first order IVPs. Reduction methods have been discussed
in detail by many notable researchers like Lambert [1,2], Onumanyi et al. [3], and Jeltsch and Kratz [4], to mention but a
few. It was reported in Awoyemi [5] that writing computer code for solving the equivalent system required large human
effort and was time-consuming, compared with the appropriate formulation for solving the problem directly.

In order to get more accurate numerical solutions with less effort to solve the second-order differential equation, many
scholars including Vigo-Aguiar and Ramos [6], Mazzia and Nagy [7], Mazzia et al. [8], Sommeijer [9], Brugnano and Tri-
giante [10], Butcher and Hojjati [11], Franco [12], Mahmoud and Osman [13], among others, developed different numerical
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methods to give the approximate solutions to (1) and higher-order ODEs without reducing it to a system of first-order
ODEs. Some of the numerous numerical approaches presented by the aforementioned researchers included higher derivative
multistep methods, Runge-Kutta methods, spline-collocation methods, and Runge-Kutta-Nystrom methods. Although their
implementations yield good accuracy, the procedures are not easy to implement as the subroutines involved are very much
complicated, since they require special techniques to supply the starting values and for varying the step size.

The need to improve on the aforementioned methods became important to researchers in this area. Different scholars
such as Jator [14], Adeniran and Ogunware [15], Jator and Li [16], Ramos and Lorenzo [17], Ramos and Patricio [18], Yap
et al. [19], Ramos et al. [20], Rufai and Areo [21], have developed block methods for solving higher-order ODEs directly. In
block methods, the approximations are simultaneously obtained at a number of consecutive grid points in the interval of
integration. These methods are less costly in terms of number of function evaluations compared to the reduction method
and linear multistep methods. A merit of the block methods over traditional predictor-corrector ones is that they give better
approximate solutions when solving many problems of the form in (1) and higher-order ODEs directly. Recently, Li and Wu
[22], Ramos et al. [23] have adopted Falkner block methods to give a direct solution to (1). In this manuscript, we develop
a family of new Falkner-type block methods using the third derivative to get directly numerical solutions for problems
of the form in (1). The third derivative may be obtained easily using a computer algebra system, and we will get that
this contribution results in an increase in the order of the methods and much better stability regions (compared with the
methods with the same number of equations in [23] which do not consider the third derivative).

The paper is organized as follows. In Section 2, we present the procedure to obtain the k-step modified block Falkner
methods for solving the problem in (1). The analysis of the methods is discussed in Section 3. In Section 4 we present
some particular cases of the family of block methods developed previously and implementation details are well explained
in Section 5. Some numerical examples are given in Section 6 to show the efficiency of the proposed methods. Finally, some
conclusions are discussed in Section 7.

2. Derivation of the modified block Falkner methods

As in many numerical methods, for solving the problem in (1) we assume that we can approximate its solution y(x) by
a polynomial p(x). We consider k+ 1 grid points given by Xn, Xn.1, ..., Xy k-1, Xnpk With a fixed stepsize h = x;,4 —x;. Let
us obtain the block formulation for a k-step modified Falkner-type method considering a third derivative, and then we will
discuss the characteristics of the methods, and will present the formulas for some particular values of k. For this, let us
assume that the solution y(x) of (1) is approximated by the polynomial p(x) in the form

k+3

Yy ~pe) =Y apxl. (2)
=0

where the a;, with j=0,...,k+ 3, are k+4 unknowns that will be determined.
Therefore, we have that

k+3

y/(x) = p/(x) = Zjajxj_l, (3)
j=1
k+3 _

Y'@®) =p"(x0) =) j(j-1Dajx>2 (@)
j=2

We impose that the approximating polynomial in (2) and its first derivative in (3) coincide with the approximate solution
and its approximate derivative at the point x,,;_;, and that the second derivative in (4) coincides with the approximate sec-
ond derivative of the solution at the points x,,;, j=0,1,..., k. They all make a total of k + 3 equations. We need one more
equation, and we consider the approximation of the third derivative of the solution at the point x, ., which is written by
8nik =Y (Xy44)- In this way we obtain a system of k + 4 algebraic equations with k 4+ 4 unknowns (the a;, j=0,1,...,k+3)
given by

Ynik—1 = PXnik-1)

y;u-k—l = p,(Xn+k71)
fn+j:1-7”(xn+j), j=0,1,...k
ik = D" Xnit)

)

where as usual, the values y,.;.y, H,fn”,gnﬂ are notations for the approximate values of
Y&y i), ¥ Gng )y fXng s YKy 1), ¥ Koy ) and f/ Xy j, ¥ Xy ), ¥ (%54 j)) TESpectively.
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This system may be written in matrix form as

MA=B
where
T X X0 X Xﬁ:i_l
0 1 Wk 32, (k+3)xk2
0 0 2 6xn (k+3) (k + 2)xk+1
M= ;
0 0 2 6Xpik .- (k+3) (k+ 2)xk
I
0 0 0 6 v (kA3 +2)(k+1)xE
T
A= (ag a a oo A2 ak+3) s
, T
B= (yn+k—l Yiik-1 foo o fask gn+k) .
The solution of the above system gives us the required coefficients of the polynomial p(x) in terms of
Yn+k71»}’,/1+k_1’ frs Fosts oo ok and o

Now, in order to form the block method we evaluate p(x) and p’(x) at the point x,,,, obtaining the two main formulas of
the block method. The other additional formulas of the block method are obtained through the evaluation of p(x) and p’(x) at
the points x,j, j =0, 1, ..., k — 2. All this makes a total of 2k equations with 2k unknowns (these are the approximate values
of the solution and the derivative at the grid points). The following 2k equations become those equations and constitute
what we have called the modified k-step block Falkner method

p(xn+k) = Yntks
p/ (xn+k) = y],1+k’

j (5)
p(xnﬂ'):yn”, j=0,..., k-2,
P(ny)) =Yy J=0.....k=2
After solving the above system of 2k equations in the 2k unknowns y,;, y/, gfori=1,..., k we obtain the approximate
values for the solution and its derivatives at the k grid points x,. ;. j = 1.2..... k. To solve the system, depending on whether

it is linear or not, one can use some of the numerical algorithms that exist for this purpose. In the case of non-linear
systems, the Newton-type methods are widely used.

Note that for the special second order equation y” = f(x,y), if we are not particularly interested in obtaining the ap-
proximation of the derivatives, the number of equations in the above system may be decreased. Indeed, the above system,
that is, the modified Falkner method for y” = f(x,y), may be rewritten as

p(xn+l<) = Yn+k

p/ (Xn+k) = y;1+k (6)
P(Xnij) = Ynijs j=0,... k=2
P (%) =y,

where there are only k+ 2 equations and k + 2 unknowns (y;.1,...,¥Yn4k and y;kal,y;Hk). In order to apply the block

method at the next block the only starting values we need are the values of the solution and the derivative at the final
point of the previous block. On the other hand, the unique derivative that appears in the formulas that approximate the
solutions is y; +k_1- Thus, just considering two formulas including these unknown derivatives, given by p’(x,.4) =¥, 4 and
P’ (xn) =y}, are enough to proceed. For differential equations where the function f does not contain the first derivative, this
approach represents a considerable saving in computational time.

3. Analysis of the methods

Here, we consider the analysis of the basic properties of the proposed methods, which includes: zero stability, order,
local truncation error, region of absolute stability, consistency, and convergence of the methods.

3.1. Local truncation error and order

The above block method in (5) may be written in the form

AY, =hBY, +h?CE, +h*DG, (7)
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Table 1
Order and error constants for the formu-
lae in the two-step method.

Schemes  Order  Error constants
1

Yns2 4 360

" 4 -
Yhi2 4 %
Yo 4 ﬁ

where A, B, C, D are matrices of coefficients with dimensions 2k x (k+ 1), and
Yo = O Yoo Vo)
Y,: = (y;vygﬂ’ te ’y:H—k’ )T’
F = (fn: fn+1» ce fn+k’ )T’
Gn = (&n-&n+1: - - - » Enks )T~

For example, for k = 2 the corresponding matrices are given by

0 1 -1 0 -1 0

0 0 o0 0 -1 1
A=l_1 1 o B=10 1 o

0 0 O 1 -1 0

240 15 240 120

5B -k 00

Following the guidelines proposed by Ramos et al. in [23], assuming that y(x) is a sufficiently differentiable function, we
define the linear difference operator L associated to the block method in (5) as follows:

k
LIy(): h] =Y [@y(xn + jh) — hB3Y (xn + jh) — B2 71y (xa + jh) — B8y (xa + jh) ] (8)

j=0

where &;, B ;. ¥; and 5 ; are respectively the vector columns of matrices A, B, C and D.
On expanding Eq. (8) using Taylor series about x, we get the following equation.

L[y (x): h] = Coy(xn) + C1hy' (xn) + Gh%Y" (xn) + - - + Cghly (Xp) + - - -, (9)
where
k
G = qll [Z]qa; qZ]" 8 - q(q—l)Zﬂ *pi—q(@-1)(q- 2)21" 38,} (10)
j=1 j=1 j=1

where ¢=0,1,2,3,....

Definition 3.1. The linear difference operator and the associated modified block method are said to be of order p if C; =
Ci== Cp+1 =0, Cp+2 # 0. The G; are column vectors of scalars of size 2k, and Cp+2 is the vector of error constants.

The order and error constant of the proposed methods for k = 2, 3,4 are given respectively in Tables 1-3. These values
correspond to the formulas of the methods as they appear in Section 4.
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Table 2
Order and error constants for the formu-
lae in the three-step method.

Schemes  Order  Error constants
1

Yn+3 5 - m
5 _4a
Ynt2 16300
97
In 16800
1
Ynas 5 ~ 750
11
4 —
Yni2 > 2400
97
!/ P
In 3 7200
Table 3

Order and error constants for the formu-
lae in the four-step method.

Schemes  Order  Error constants

. 27
Yot 2430
1
Yn+3 6 ﬁ
6 209
Ynt2 120960
3
yn 6 - m
3
4 -
Ynsa 6 1120
1
Viis 6 756
97
4 -
Ini2 6 30240
337
/
In 6 30240

3.1.1. Zero-stability

235

The concept of zero-stability is concerned with the behavior of the difference system (7) in the limit as h tends to zero.

Thus, as h— 0, the method in (7) results in the following system of equations

Yn+1 = Ynik-1
Yn+2 = Ynik-1

Yntk—2 = Yntk—1
Yntk-1=Yn
Ynik = Yntk—1

which may be rewritten in matrix notation as
1dY, -AY, ;=0
where
?;L = (Vn+1> Yn42s -+ ayn+k)T» 1_/pt—l = (Vs Ynt1> Ynsk—1 )T

with Id the identity matrix of order k and A the matrix of order k given by

0 0 ... 0 1

0 0 ... 0 1
A=

0 0 0 1

1 0 0 0

0 0 0 1
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The block method is zero-stable provided the roots R; of the first characteristic polynomial p(R) given by o (R) = det[IdR — Al

satisfy |R;| <1, and for those roots with |R;| = 1 the multiplicity does not exceed 2 (see [24]). Since p(R) = (R - 1)Rk-1, the
block method in (7) is zero-stable.

3.2. Consistency and convergence of the proposed methods

According to Ramos et al. [23], the proposed modified block Falkner method are consistent provided that the order of
the methods is p>1. The orders of our modified Falkner block methods are p =4,5,6, hence the proposed methods are
consistent. The sufficient conditions for the linear multistep method to be convergent are to be zero-stable and consistent.
Since the two conditions are satisfied, we conclude that the new methods converge.

3.3. Linear stability analysis of the proposed methods

Following the guidelines in [25] we discuss the linear stability of the proposed methods considering the standard test
equation introduced by Lambert and Watson [26]

y'=-uly (11)

where @ is a complex parameter. For simplicity we assume that the problem in (1) is a scalar one (in other case, for
a system we would have to consider the Kronecker product of matrices to formulate the methods). On the uniform grid

Xn =X +1ih,i=0,1,...,N, the proposed methods may be reformulated in the form

yll — Ap(y[n]) + Uyl

y" = BF(Y!") vyl (12)
where

Ac R(k+2)><(k+2)’ Be ka(k+2)’ Ue R(k+2)><k’ Ve kak

are matrices of coefficients according to a specific method, and

Yn Yny2 h? fu

Yns1 hy, h? foia
I N S

,Vn/+k ) h;fnﬂc

hyn+k hyn+k—1 h Entk

Applying (12) to (11), we obtain

Yl = _p2p2 Aylnl 4y yln-11 (13)
yi = 22 pylnl vy yln-11, (14)

Put z = 2h? and assume that the matrix I + zA is nonsingular, where I is the identity matrix of same dimension of A. Then
it follows from (13) that

Y = (1 4+ zA) Uy,

and substituting this relation into (14) we obtain that
Y =M(z) yin-

where M(z) is the so called stability matrix of the proposed methods, and is given by
M(z) = —zB(I+zA) ' U + V.

The behavior of the numerical solution will depend on the eigenvalues of this matrix, and the stability properties of
the methods will be characterized by the spectral radius, p(M(z)). According to the terminology introduced by Coleman
and Ixaru [27] we have that (0, zs) is an interval of stability for a given method if for all z€(0, z) it is |rj] <1 where the
r;i,i=1,...,k are the eigenvalues of the stability matrix.

The region of absolute stability A is the set of all complex values z € C such that all the eigenvalues of the stability
matrix are inside the unit circle, that is,

A={zeC: | <1,i=1,2,...,k}.

The intersection of A with the real axis gives the stability intervals.
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Fig. 1. Stability region for the 2-step Falkner block method.

Table 4
Stability intervals of the modified block
Falkner methods.

k  Interval of stability
(0.12(3 + v14)) ~ (0,80.8998)

2
3 (0.2v30) = (0,10.9545)
4 (0, }(v1921 - 1)) ~ (0,10.7073)

As an example, for k = 3 the modified Falkner method may be put in the form in (12) with

97 31 29 229 _ 17 1 0 1
7080 240 120 2160 360 -
0 0 0 0 0 0 0
—_ | _.1 =N n _ 163 a1 _
A= 080 16 40 2160 360 U=|1 0 1
4 11 4 1 2
~ 135 15 3 —27 45 1 0 2
2 2 6 56 2
~ 135 5 5 135 45 0 0 1
13 5 11 163 11
— 1080 % 20 260 360 1.0 1
—f_36z _19 22 _127 19 -
B= 7080 20 40 40 18 V=10 0 1
23 9 29 83 1
1080 20 40 ~ 540 180 0 0 1

The stability regions of the methods for k = 2, 3,4 are presented in Figs. 1-3, respectively. In Table 4 we have included
the absolute stability intervals for the proposed methods. We have considered only these methods because for k> 5 we have
found that the methods do not have primary stability intervals, that is, stability intervals of the form (0, z;), although other
secondary stability intervals may exist.

4. Formulas of the methods for k =2, 3,4
In this section, we present the formulas corresponding to the modified Falkner methods for a number of steps k = 2, 3, 4.

We note that there are many ways to give these formulas, depending on what terms we choose to place on the left side of
the equations.
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Fig. 2. Stability region for the 3-step Falkner block method.
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Fig. 3. Stability region for the 4-step Falkner block method.
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4.1. k = 2 steps

1
Wgnis + o 80 72 fat 15 hzfn+l - h2fn +hY pi1 + Yo

Yny2 = 120

7
Yn = 120 hgy.o — 240 h? foia + hzan + 5= 240 hzfn hy'ni1 + Vi,
1
hyilq = -3 h3gn+2 + o hzfn+2 - ﬁ hzfn+1 - 78 hzfn + hy/n+1v

1
o= -3 h3gn.2 L 75 9 2 fria+ 13 h far = 49 LIy hy' o1

4.2. k =3 steps
2 l 2 4 2 1 2 2 3 /
Yng3 = — ﬁ h® fu + h Jrs1 + S h fn+2 - 55 h frs3 + s h 8n+3 +2hyn+1 + Yn+1,
17 229 131
Yn= — ﬁ hsg 2160 hzfn+3 120 hzfn+2 240 hzfrH—l 1080 h? fo— h.Vn-H +Yn+1,
163
Yni2 = 1080 h? fo + h2fn+1 + - hzfn+2 2160 h? foys + 360 h? &ni3 + hyn+1 + Yn+1,
19 127 367
V= ﬁ h? 8n43 — 540 hfnsa + 40 hfn+2 20 hfrH—l 1080 hfn + Ynia, @
83
Vi = @ hfa + hfn+1 + n hfn+2 540 hfn+3 + 15n 180 h2gn.3 + Vi1,
y/n+3 135 hfa + hfn+1 + hfn+2 + == 135 hfn+3 h 8&n+3 + Yn+1-
4.3. k = 4 steps
o a 5839 , 289 , 41 , 2179 ,
Yn= 1008 h°gnia — 60480 fova + 1260 fasz — 140 fra2 + 3780 h? fa+
337
m h? fa = hynq + Yo
1139 163 1481
2 2 2 2 2
Yni2 = 10080 h*fn + 3780 he fos1 + 336 h Jns2 — 1260 h* oz + 30240 h fria—
252 W gnia +hYnq + Ynsr,

664
Yni3 = 2520 hzfn 945 hzfn+1 70 h fra2 — 63 hzfn+3

+ 21 Yni1 + Ynst.

B 81 , 153 , 729 , 2 n7 ,
Ynya = 3240 fn 140 he fri1 + 280 h? foiz + 140 h fraz + 248 he fria — 112 h3gn a+
3 hy;H-] +J’n+1
3 1277 7 1873
y’,., = - 33 Zgn+4 + =zn 5760 hfn+4 hfn+3 + 480 hfn+2 fn+l 5760 hfn +Yni1,

97 58 359 1639

y/n+2 = - % hfn + ﬁ hfn+1 + —5n 480 hfn+2 O hfn+3 17280 hfnia— 288 h? En+d + Yni,

l
Viis= —aa hfn + hfn+l + hfn+2 + 5 hfn+3 - an hfn+4 + Yn+1,
189 341
y/n+4 = 640 hfu+ = hfn+1 + == 160 hfni2 + hfn+3 + == 640 hfnia— 33 hzgn+4 + Yn+1

5. Implementation details

709 ,
7560 h* fria — 126 h? 8n+4

The proposed method is implemented in a block mode, without the need of predictors. On each block interval of the
form [xp,xy_r],n=0,..., N —k, being N divisible by k in order to have an integer number of blocks, we solve the system


Usuario
Resaltado

Usuario
Resaltado

Usuario
Resaltado

Usuario
Nota adhesiva
almost sure that these are y'

Usuario
Resaltado

Usuario
Resaltado

Usuario
Resaltado

Usuario
Resaltado
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in (5) (or in (6) in case the problem is of the special form y” = f(x,y)) using the Newton’s method. The starting values for
applying Newton’s method are taken as the approximations provided by the Taylor formulas

h2
Ynii = Yn+hy, + jfn

VYo =Yn+hfa, i=1,.. k.
The presence of g,,, in the formulas of the block method, which approximates the third derivative at x,,,, that is,
8ok =¥ (Xy41)), Tequires the calculation of

df(x,y,y)) of of , Of

y'x) = dx &"r@yﬁ-ayf

which can be easily obtained by hand, or in more difficult cases, with the use of a computer algebra system.
Note that the proposed method may also be used for solving systems of second-order differential equations, by consid-
ering a component-wise implementation. For a system of m equations, given in vector form as

V' =fxy.y7"), y@=yo. y(@=¥. a=xo<x=<b=xy
wherey = (y1,...,ym)T.Y = ,---,ym)T
f.y .y = (& y.yD.... faxy ¥y,

and yo = (V1.0 ---»Ymo)T. Vo= (ym,...,ym,o) , we apply the method to each of the scalar equations in the differential
system. In the general case this would result in an algebraic system of 2k x m equations, that may be solved using again the
Newton’s method, as in the scalar case. To get the approximate values of the third derivative of each component at x,,
denoted by g; ik ~ ¥/’ (Xp4x), i=1,...,m, we use the formula

///( )_dﬂ(x,y%-”vgl/;lvy/]"'wym _8fl Zafl / Zafz

6. Numerical examples

In this section, the performance of the proposed methods is tested on some examples of second order IVPs in ODEs. In
order to make fair comparisons with the results provided by some existing methods appeared in the literature, we have
considered two types of errors:

 AE: absolute error at the point considered
AE(x) = ly(x;) — yil.-
« MAE: maximum absolute error on the grid points at the integration interval

MAE = max |y(xj)—yj|.

The proposed two-step, three-step, and four-step modified block Falkner methods will be named respectively as MBF2,
MBF3 and MBF4. Discussion of the results of the new methods is also done here. From the numerical results, we can see
that the proposed methods perform very well compared to some existing methods in the literature. The following problems
are taken as test problems:

6.1. Problem 1

In the first problem, we consider the non-homogeneous IVP of ODE studied earlier by Jator and Li [16] and Olabode amd
Momoh [28] which is given by

Y'(x) -4y’ (x) +8y(x) =x°, y(0) =2, y'(0) =4, 0<x=<1.
The exact solution is

2% 3 . 3x  3x2 X3
y(x)=e (2 cos(2x) — 7 sm(2x)) + V) + 16 + 3

Table 5 shows for h = 0.1 the absolute errors at different points on the integration interval using different methods,
evincing the good performance of the proposed methods. The other methods used were the classical Runge-Kutta method
of the fourth order, the Runge-Kutta method of Lobatto IIIA which has order six (see [29]), the continuous hybrid multistep
method of fifth order in [28], and the self-starting block method of fifth order in [16].

In order to make a fair comparison, it is not enough to consider the errors but also the computational times used. Thus,
we have included in Fig. 4 an efficiency plot showing the maximum absolute errors in logarithmic scale versus CPU times
for the two methods of sixth order considered: the proposed MBF4 method and the Runge-Kutta Lobatto IIIA method. We
see clearly that the proposed method performs better.
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Table 5
Comparison of the absolute errors (AE) on Problem 1 taking h = 0.1.
x-value  AE with MBF2 RK4 AE with MBF3
0.1 1.61204 x 10~ 2.12147 x 105 1.18172 x 1012
0.2 1.99363 x 1071©  3.97457 x 10> 1.00231 x 10~ 12
03 8.20983 x 1010 4.77407 x 10 9.31744 x 1012
04 2.30779 x 109 3.37780 x 10~3 2.75051 x 10~
0.5 5.28323 x 109 1.76064 x 10> 6.02527 x 1011
0.6 1.06046 x 108 1.26093 x 10~* 1.13075 x 10°10
0.7 1.93897 x 108 3.15248 x 104 1.92026 x 10-10
0.8 3.30213 x 10-8 6.11441 x 104 3.03129 x 1010
0.9 5.31171 x 10~8 1.04170 x 103 4.51466 x 10710
1.0 8.14449 x 108 1.63015 x 103 6.3985 x 1010
x-value  LobattolllA AE in [28] AE in [16]
0.1 2.97638 x 102 7.14261 x 108 5.10704 x 10~
0.2 8.02910 x 10-° 1.74900 x 107 1.49586 x 10>
0.3 1.55131 x 108 3.64488 x 107 2.78532 x 107>
04 2.55642 x 108 6.18978 x 107 4.28908 x 10>
0.5 3.79330 x 108 9.98898 x 107 6.70307 x 10>
0.6 5.17730 x 108 1.47940 x 106 1.02637 x 104
0.7 6.53837 x 108 2.10220 x 10~ 1.44907 x 104
0.8 7.59166 x 108 2.84088 x 106 1.90905 x 104
0.9 7.90619 x 10-8 3.66899 x 106 2.39733 x 104
1.0 6.87467 x 108 4.56167 x 10~ 2.94670 x 104
1077 ]
1078 1
=
S -9 ]
£ 10
= 10710 1
= —o— LobllIA
g 1o |
10—12 ]
—=— MBF4

-3 b
00 02 04 06 08 10 12

CPU(s.)

Fig. 4. Efficiency plot showing the maximum absolute errors (MAE) versus CPU times for Example 1.

6.2. Problem 2

In the second example we consider a dynamic IVP which was also solved by Areo and Omojola [30]. The problem is
given as follows:

A 10 kg mass is attached to a spring having a spring constant of 140 N/m. The mass is started in motion from the
equilibrium position with an initial velocity of 1 m/s in the upward direction and with an applied external force F(t) =
5sin(t). Find the subsequent motion of the mass if the force due to air resistance is —axN.

It follows from Newton’s second law that

mX = —kx —ax + F(t) (15)
If the system begins at t = 0 with an initial velocity vy and from an initial position xg, we also have the initial conditions

x(0) =x9, x(0)=1vp. (16)
Now if m =10, k=140, a =90 and F(t) = 5sin(t) the equation of motion (15) becomes

. . 1 .
x+9x+l4x=§sm(t), O<t<T1. (17)
According to Areo and Omojola [30], the exact solution to Eq. (17) with xy = 0 and vy = —1 is given by
9 5, 99 4 13 .
x(t)=—gge "+ cose7 = g5 s () + g5 sin (O). (18)

Note that the exponential terms, which come from the homogeneous solution, represent an associated free over-damped
motion, which quickly dies out. These terms are the transient part of the solution. The terms coming from the particular
solution, however, do not die out at t— co; they are the steady-state part of the solution.
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Table 6

Comparison of the absolute errors (AE) on Problem 2 taking h = 0.1.
t-value  AE with MBF2 AE with MBF3 AE in [30]
0.1000 5.89317 x 1010 2.61477 x 10~ 1.274442 x 108
0.2000 433459 x 10°  5.11038 x 10" 3.044226 x 108
03000  7.26849 x 10-° 1.39084 x 10710 4.150135 x 10-8
04000  8.69447 x 10~ 2.18257 x 10710 4.538448 x 10-8
0.5000  8.92535 x 10~? 2.92214 x 10-10  4.429806 x 10-8
0.6000  8.42496 x 10° 3.70645 x 1071© 4046609 x 108
0.7000  7.56164 x 10~° 4.64096 x 10-1©  3.547450 x 10-8
0.8000  6.57436 x 10~° 5.83087 x 10~ 3.028463 x 108
0.9000  5.59942 x 10° 7.38712 x 10719 2540758 x 108
1.0000  4.70495 x 10-° 9.43678 x 10710 2.107144 x 10-8
FCN 200 170 600

1077
1078
1070
10-10
1o-11
10-12
13 L

logy lerror|

00 02 04 06 08 10 12

Fig. 5. Efficiency plot showing the maximum absolute errors (MAE) versus CPU times for Example 2.
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Table 7

Comparison of the absolute errors (AE) at xy = 300 on Problem 3.
h Method in [31] MBF4 LobattollIA
1 8.3 x 1073 [1200] 8.4 x 1072 [450] 1.0 x 1074 [1800]
0.5 5.4 x 1074[2400] 1.0 x 10-3[900] 1.6 x 10-6[3600]
0.25 3.1 x 107> [4800] 1.2 x10°[1800] 2.7 x 10-8[7200]
0.125 1.8 x 1076 [9600] 1.2 x10°7[3600] 2.5 x 10°[14400]
0.0625 1.1x1077[19200] 3.3 x107°[7200] 2.1 x 10~°[28800]

Table 6 shows when h = 0.01 the absolute errors for different methods at different points of the integration interval. The
method used for comparisons was the fifth-order hybrid block method in [30]. The last row corresponds to the number of
function evaluations used by each method to reach the final point of the integration interval.

Fig 5 shows an efficiency plot of the maximum absolute errors in logarithmic scale versus CPU times for the sixth order
methods: MBF4 and the Runge-Kutta Lobatto IIIA. We see again that the proposed method clearly performs better.

6.3. Problem 3

The following problem is a nonlinear Duffing equation which was also solved by Simos in [31], and is given by

¥ +y+y3=Bcos(¥x), y0)=Cy, y(0)=0.

The analytical solution of this problem is
y(x) = C; cos(Wx) + C, cos(3Wx) + C3 cos(5¥x) + C4 cos(7¥x),

where W =1.01, B=0.002, Cy=0.200426728069, C; =0.200426728069, C, = 0.246946143 x 10-3, (3 = 0.304016 x
1076, C4 = 0.374 x 102, The integration interval considered was [0,300], as in [31]. In Table 7 we present the absolute error
at the final point for different step-sizes. The numbers between brackets refer to the number of function evaluations used
for each method. Fig. 6 shows the efficiency plot of the absolute global errors in logarithmic scale versus CPU times for the
sixth order methods: MBF4 and the Runge-Kutta Lobatto IIIA.
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Fig. 6. Efficiency plot showing the maximum absolute errors (MAE) versus CPU times for Example 3.

Table 8
Comparison of the absolute errors (AE) on Problem 4.

x-value Method in [32] LobattolllA MBF4

h=1/30 h=1/60
11 9.44 x 10710 123x10°8  532x10°™
13 8.51 x 102 400x 101 317x10°8
15 2.41 x 10-8 749 x 10713 7.95x 1013
1.7 4.86 x 108 1.19x 1072 1.49 x 1012
1.9 8.30 x 1078 1.75x 10712 244 x 10712
2.0 1.04 x 107 2.08x 10712 3.00 x 10-12
]
=
< 1071 ¢
= —e— LoblIIA
an
< 012t
—=— MBF4
10— ] 3 =

0.0 0.2 0.4 0.6 0.8
CPU(s.)

Fig. 7. Efficiency plot showing the maximum absolute errors (MAE) versus CPU times for Example 4.

6.4. Problem 4

In the fourth problem we consider a Cauchy-Euler non-homogeneous linear ODE which was also solved by Jator
[32] given by

X3y =3xy' +3y=2x>—-x*>, y(1)=2, y'(1)=10,
which has been integrated in [1,2]. The analytical solution of this problem is
y(x) = 3x3 - 2x+x*(1 + xInx).

In Table 8, we present the absolute errors at different points taking h = 1/30 for the method with k =3 in [32] and for
the Lobatto IIIA method, while for the MBF4 we took h = 1/60. These different values of the step-sizes have been taken in
order to have a fair comparison between the MBF4 and the Lobatto IIIA methods. In this way, being MBF4 a two-step block
method, and the Lobatto IIIA a one-step method, the number of systems to be solved is the same. We see in Table 8 that
the errors provided by the two methods are similar, but the MBF4 used 0.156 s of CPU time, while the Lobatto IIIA used
0.546 s. This better performance can be seen in Fig. 7 where we have plotted the maximum absolute errors in logarithmic
scale versus CPU times for the two methods of sixth order considered.

6.5. Problem 5

Consider the following linear system of second order ordinary differential equations, which was also solved by Ramos
et al. [33],
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Table 9

Comparison of the maximum absolute errors (MAE) on Problem 5.
N Method MAE y;(x) MAE y/ (x) MAE y,(x) MAE ), (x)
102 MBF3 3.03199 x 102 4.72805 x 10~ 7.32653 x 10~ 1.47581 x 10710
103 RFalkner3(2)  9.70370 x 10~ 2.09210 x 10~° 1.01360 x 108 3.10460 x 108
254 ode23s 8.6903 x 107 1.73800 x 106 1.30930 x 106 3.92790 x 106
1175  ode23s 4.05330 x 108 8.10670 x 10-8 6.09190 x 108 1.82570 x 10~7

Table 10

Comparison of the maximum absolute errors
(MAE) on Problem 6.

Method N FCN MAE

2PASDIR 490 2900  1.68517 x 10~°

BFMs 490 1134  7.13663 x 1010
MBF2 96 192 3.00131 x 107"
MBF3 96 160 1.99300 x 1013
MBF4 96 144 1.36933 x 1015

Vi) = 4y:1(x), y1(0) =1, ¥1(0) = -2,

Y3 (%) = 9y2(x), ¥2(0) =1, y5(0) = -3, 0<x<1
The exact solution of the problem is given by:

i) =e,  y(x)=e

In Table 9, we can see the good performance of the proposed methods, where N refers to the number of integration in-
tervals. The other methods used for comparison were the third-order variable step-size rational Falkner method RFalkner3(2)
in [33] and the well-known ode23s solver of the Matlab environment [34].

6.6. Problem 6

Finally, we consider the following initial-value system of second order ordinary differential equations. This problem was
also solved by Ramos et al. [23] and Majid et al. [35], and is given by

W =ﬁ, N =1 %0 =0,
1 2
V== 120 =0,y =1, xe[o.1].

VY +y3

The theoretical solution of the problem is given by
y1(x) =cos(x),  y2(x) =sin(x).

The maximum absolute errors with the proposed methods and the methods 2PASDIR (seventh order block method imple-
mented in a variable step-size mode in [35]), and BFMg (seventh order block Falkner method in [23]) are presented in
Table 10. We can see again the proposed methods outperform the methods used for comparison, even being the last ones
of a higher order.

6.7. Discussion of results

This section deals with the explanation of the results. The data of the proposed modified block Falkner methods are
presented in Tables (4 —9). The new methods have been used to solve different problems and the numerical results are
compared with the results of existing methods, like the classical Runge-Kutta method of fourth order, the Runge-Kutta
method of Lobatto IIIA which has order six (see [29]), the block method proposed by Jator and Li [16], the multistep methods
reported by Vigo-Aguiar and Ramos [6], the rational Falkner-type method developed by Ramos et al. [23], the hybrid block
approach proposed by Areo and Omojola [30], the direct implicit block method proposed by Majid et al. [35]. The numerical
results shown in Tables (4 —9) reveal that the new proposed modified Falkner methods perform better than the existing
methods used for comparisons.

7. Conclusions

In this manuscript, we have developed a family of modified k-step block Falkner methods using the third derivative, for
solving general second-order initial value problem in ODEs directly without the need to convert it to an equivalent system
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of first order ODEs. The characteristics of the methods have been studied. We have used the new methods to solve different
problems which have appeared in the literature. The comparison of the errors shows that the new methods perform very
much better than some existing methods. The modified block Falkner methods proposed in this paper have been tested for
its usability and therefore they may be considered for solving second-order initial value problems in ODEs.
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