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Maximal classes of matrices determining generalized inverses

D.E. Ferreyra®, F.E. Levis*, N. Thomef

Abstract

This paper derives some further results on recent generalized inverses studied in the literature,
namely core EP, DMP, and CMP inverses. Our main aim is to develop maximal classes of matrices

for which their representations remain valid.

AMS Classification: 15A09
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1 Introduction

Let C"*™ be the set of n x n complex matrices. For A € C"*", the symbols A*, A7, rk(A), N(A),
and R(A) will denote the conjugate transpose, the inverse, the rank, the kernel, and the range space
of A, respectively. Moreover, I,, will refer to the n x n identity matrix.

Let A € C™*™. We recall that the unique matrix X € C"*" satisfying
(1)AXA=A4, 2)XAX =X, (3)(AX)"=A4X, and (4)(XA)"=XA,

is called the Moore-Penrose inverse of A and is denoted by Af.

For a given complex square matrix A, the index of A, denoted by Ind(A), is the smallest nonnegative
integer k such that R(A*) = R(A**1). We observe that the index of a nonsingular matrix A is 0, and
by convention, the index of the null matrix is 1.

We also recall that the Drazin inverse of A € C"*"™ is the unique matrix X € C"*™ such that

(2) XAX =X, (5)AX =XA, and (6%)AF1X = AF,
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where k = Ind(A), and is denoted by A¢. If A € C"*" satisfies Ind(A4) < 1, then the Drazin inverse of
A is called the group inverse of A and is denoted by A#.

A matrix X € C"*" that satisfies the only equality AXA = A is called an inner inverse or {1}-
inverse of A, and a matrix X € C"*" that satisfies the unique equality X AX = X is called an outer
inverse or {2}-inverse of A. In general, the set of matrices satisfying the conditions (i), (j), ... is
denoted by A{i,j,...}. A matrix X € A{4,j,...} is called an {4, j,...}-inverse of A, and is denoted by
Adr)  Let Py = AA" and Q4 := AT A denote the orthogonal projectors onto the range of A and
the range of A*, respectively. Similarly, Py := AY(AY)" and Q 4¢ := (AY)T A’ for any positive integer
L.

The core inverse was introduced by Baksalary and Trenkler in [2] and later investigated by S. Malik
in [7] and S.Z. Xu, J.L. Chen, X.X. Zhang in [15], among others. For a given matrix A € C"*" it is

defined as the unique matrix X € C™*™ that satisfies the conditions
AX = Py and R(X) CR(A).

In case that such a matrix X exists, it is denoted by A®. Moreover, it was proved that A is core
invertible if and only if Ind(A4) < 1.

Two generalizations of the core inverse were introduced for n X n complex matrices, namely core
EP inverses and DMP inverses. In order to recall these concepts we assume that Ind(A) = k for a

given matrix A € C™*™. Firstly, the unique matrix X € C™*™ such that
XAX =X and R(X)=R(X") =R(4"), (1.1)

is called the core EP inverse of A and is denoted by A® [11]. In [11, Lemma 3.3] K.M. Prasad and

K.S. Mohana proved that the core EP of a matrix A € C™*" is the unique solution of
XAMY = AF ) XAX =X, (AX)*=AX, and R(X)C R(A"). (1.2)
Recently, in [4, Theorem 2.7], it is was proved that the core EP inverse can be expressed as
AD = (AP, (1.3)

Secondly, the concept of DMP inverse of A was introduced in [8] by S. Malik and N. Thome. In this

case, the unique matrix X € C™*" satisfying
XAX = X, XA=A%, and A*X = AFAT, (1.4)
is called the DMP inverse of A and is denoted by A%t. Moreover, it was proved that

AGT = AYAAT, (1.5)



In addition, a new generalized inverse was investigated in [9] by M. Mehdipour and A. Salemi. In this
case, the matrix

AST = Q APy, (1.6)

is called the CMP inverse of A.
The well-known Urquhart formula [1, p. 48] establishes that

Af = AGH 4403) (1.7)

that is it allows us to represent the Moore-Penrose inverse by means of any {1,4}-inverse and any

{1, 3}-inverse of A. Similarly, it occurs with the Mitra [10] and Zlobec [16] formula given by
At = A*Y A*,
for arbitrary Y € (A*AA*){1} and the Decell formula [3, Corollary 1] given by
AT = A*XAY A*, (1.8)

where X and Y are any element in (AA*){1} and (A*A){1}, respectively. Related to the group inverse,
it is well known [1, p. 168] that
A% = AX A,

where X is an arbitrary element in (A4%){1}, or more generally, for the Drazin inverse it holds
AT = A*X A,

for £ being any integer not less than the index of A, and X being an arbitrary element in (A2¢*1){1}.

The common fact is that all these formulas are represented by matrices in a more general class.
Our main aim is to develop maximal classes for the most recent generalized inverses investigated in
the literature, namely core EP, DMP, and CMP inverses.

For any matrix A € C"*™ of rank r > 0, the Hartwig-Spindelbéck decomposition is given by

YK YL
A=U U~, (1.9)
0 0
where U € C"*™ is unitary, ¥ = diag(o11,,,021,,...,0.1,) is a diagonal matrix, the diagonal entries

o; being singular values of A, 01 > 09 > -+ >0y >0, 711 +1r9+---4+1r, = r, and K € C™*",
L e C*(=7) satisfy KK* + LL* = I,.
On the other hand, the following two results were recently obtained by H. Kurata in [6].



Proposition 1.1. ([6, Theorem 3]) Let A € C™*™ be a matriz of index 1 written as in (1.9). Let
r=1k(A4) and X,Y € A{1}. The following conditions are equivalent:

(a) A® = XAY;
(b) R(XA) CR(A) and Y € A{3};
(¢) X andY can be expressed respectively as

SK)! X SK)' - K-'LYs, —K-'LY:
xopy| &K 2 e g you | OR) 2 2y,
0 X22 Y21 Y22

for some X153 € C™("=7) | Xy Yoy € Cn=1*(n=7) - gnd Yy € Cnmr)xr,

Notice that the condition R(X A) C R(A) in (b) is equivalent to R(X A) = R(A) and any of them

is valid for being used in (b).

Proposition 1.2. ([6, Theorem 4]) Let A € C"*™ be a matriz of index 1 written as in (1.9). Let
r =rk(A) and Z € A{1}. The following conditions are equivalent:

(a) A® = (A22)" holds;
(b) 7 € A{3};
(c) Z can be expressed as

SK)"'—- KLz —-K1LZ
U (2K) 21 22 U,
Za1 Z22

for some Zyy € CXT and Zyy € Crmm)x(n=r),

This paper is organized as follows. In Section 2, we discuss Proposition 1.1 and derive its extension
to matrices of arbitrary index (DMP inverses) by using the Hartwig-Spindelbock decomposition (see
(1.9)) besides to provide some new equivalent conditions for the core inverse. In Section 3, we give
further results on two representations for core EP inverses by extending Proposition 1.1 and Proposition
1.2 to matrices of arbitrary index by using the core EP decomposition (see (3.1)). In Section 4, we use
a representation of the CMP inverse obtained by Mehdipour and Salemi to derive maximal classes of

matrices for which their representation remains valid.



2 Maximal classes for matrices determining the DMP inverse

This section is devoted to extend Proposition 1.1 from core inverse to DMP inverse, that is, from
matrices of index at most 1 to matrices of arbitrary index.

We start this section recalling an auxiliary lemma.

Lemma 2.1. ([1, p. 52]) Let A,B,C € C"*". Then the matriz equation AXB = C' is consistent if
and only if for some AV € A{1}, BV € B{1},

AANCBYB =,
in which case the general solution is
X =AWcBW 4+ 7 - AW AzZBBW,
for arbitrary Z € C"*".

Theorem 2.2. Let A € C"*" be a matriz of index k written as in (1.9). Letr = rk(A), X € A{5,6"},

andY € A{1}. The following conditions are equivalent:

(a) ALt = X AY;

(b)) XA =AlA, AFY = AkAT;

(c) X =A%+ Z(I, — Py), Y = AT + (I, — Qax )W for arbitrary Z,W € C"*";

(d) X andY can be expressed as

YK Z
xoy | BT L2
0 Z22
and
YU K*EilJr(Lﬁ—K*MK)WH—K*MLWm (I, - K*MK)Wis — K*M LWs, y

'S~V — L*MKW; + (Ln—r —L*"MLYWs MEWia+ (Iy—p — L*M L)Wy
where M := Qsys-1x, = [(SK)F SN (SK)MS, for arbitrary Zia, Zaz, Wir, War, Wia, Was.
(e) R(XA) = R(A*) and N'(A*) € N(AFY).

Proof. (a) = (b) Postmultiplying A%" = XAY by A we get A%TA = XAY A = XA because Y €
A{1}. Now, from A%T = AYAAT we obtain

XA=A%A=A%4ATA = A%A.



On the other hand, premultiplying A%t = X AY by A* we have
AR AT = AFX AY = AMPLXY = APY,
since X € A{5,6%}. By the definition of Drazin inverse, it then follows that
AFY = AF AT = AFATAAT = AFTTATAT = AF AT,
(b) = (c) It is evident that A¢ satisfies the equation
AlA=XA. (2.1)

Since all solutions of equation (2.1) are obtained as a sum of a particular solution of (2.1) and the
general solution of the homogeneous equation X A = 0, applying Lemma 2.1 to this last equation, the

general solution of (2.1) is given by
X = A4 Z(I, — Py), for arbitrary Z € C"*".
Again, by Lemma 2.1, we obtain that the general solution of the equation A¥ AT = AFY is given by
Y = AT + (I, — Q4x)W, for arbitrary W e C"*".

(c) = (a) Assume that X = A?+Z(I, — Pa) and Y = AT+ (I,, — Q ox)W for arbitrary Z, W € C"*".
Taking into account that A%A is a projector and A?A = AA?, we have A9A = (A4A)k = (Ad)FAF.

Therefore,
XAY = [AY4 Z(I, — Pa)JAAT + (I, — Qar)W]
= ATAAT 4 (ADFAR(T, — Q)W

= A%

(¢) < (d) Assume that A has the form given in (1.9). From [2, Formula (1.13)],

K*»~t 0
AT =U U* (2.2)
Lyt o
and then
0 0
I, —P4=U U*.
0 In—r



From [8, Formula (14)] we have

Next, partitioning accordingly

Zn 7
Lo Zo

Z=U

(ZK)? [(ZK)Y?2L

0

2

2

U-.

*

a straightforward computation shows that X = A% + Z(I,, — P4) is equivalent to

(EK)d VAD
0 Zao

X=U

*

for arbitrary Z15 and Zso, after renaming adequately a block.

On the other hand, since

(SK)F (SK)F1SL

AR =U
0 0
from [5, Lemma 1] we have

[ o P T 0 I
(aht = vl " | ur=uU ’

0 0 Inr O

r il
0 I, 0 0 0
= U

Ir 0 CI)Q cI)l In—r

0

where R = &0} + ®,83, & = (YK)¥, and &5 = (LK)~ 1L L. Hence,

Qar = (AR AF =U

diRTD,
P5RTD,

Now, we calculate R as follows

R

)

TR ®,

*

ERI®,

o ][0 n ]

| (SK) (2K)ISL ]

(zK)’f—lz[ K L}

(SK)*1IS(ZK)* o)™

*

L*

K*(SK)kF—1%)*
L (SK)M5)”

(BK)* 1)

0 Infr

I

o1 RT
PR

0

U~,

(2.3)



We know that Bt = B*(BB*) for any complex matrix B. In consequence, after computing ®3R' and

P5RT we get

I, — K*[(SK)FISHEK)E —K*[(SK)F1Y)(SK)F1SL
In - QA" = U Uv)k
—L(SK)ISN(SK)E L, — L [(SK)* 1SN (SK)F1SL

Now, partitioning adequately
WU Wi Wi U,
War Was

from (2.2) it is clear that the equalities Y = AT + (I, — Q 4x)W is equivalent to the expression for Y’

given in item (d).

(b) = (e) Clearly, XA = A?A yields R(XA) = R(AYA) = R(A¥). On the other hand, from

AFY = AF AT we obtain N(A*) = N(AT) C N (AFAT) = N (AFY).

(e) = (b) Since the matrix A is written as in (1.9), we can consider a partition accordingly

From AX = X A we obtain
X1 XK =YKXq; +XLXo,

X212K = 0,

X XL = 0.

(2.4)
(2.5)

(2.6)

Postmultiplying (2.5) by K*, (2.6) by L*, and adding them we obtain Xo1 X(KK* + LL*) = 0. Thus,

X21 = 0. Therefore, from (2.4) we get
X11(2K) = (2K)X11.

Moreover, the equality A*T1X = A* implies (XK )**1X;; = (XK)* and then
(CK)* X1 = (K,

because of [8, Lemma 2.8] guarantees that ind(A) = k implies ind(XK) =k — 1.

On the other hand, we observe that R(X A) C R(A¥) can be equivalently expressed as Pyx X A =

By [4, Theorem 3.2] we get

(ZK>k_1((2K)k_1)T 0 U — U P(EK)k—l 0
0 0 0 0

Py = AF(AMT =U U*.

(2.7)

(2.8)

XA.

(2.9)



Since
X1nXK XnXL X1nXK XnpXL
XA=U 11 11 U =U 11 11 U,
XnXK XunXL 0 0
the condition PAkXA = XA implies P(EK)IV-71X112K == Xl]_zK and P(EK)kleHEL = XllZL.

Postmultiplying the first equation by K*, the second by L*, and adding them we obtain
Prsyr-1X11 = X1 (2.10)
Now, from (2.7), (2.8), and (2.10) we have
X1 (2K)X11 = X11(2K) Py X11 = [X11 (SE)M[(SK) X1y = Pagypr-1 X1 = X1, (2.11)

Taking into account the fact ind(XK) = k — 1, from (2.7), (2.8), and (2.11) we get X;; = (XK)%
Finally, the equality XA = A%A follows from an easy computation.
On the other hand, we write Y as

Y; Y;
S n Yz
Yo Yoo

according to the partition of A. Clearly, vectors of the form

0
v=U € C" with arbitrary y € C" ",

Y

belong to N'(A*). By (e), v € N(A*Y) holds. In consequence, from

Ay — U (SK)*Y1 + (BK)FISLYy (SK)FYo + (ZK)F 1S LY, e,
0 0
the condition v € N(AFY) implies that ((XK)*Yi2 + (XK)*"1¥LY5)y = 0 is valid for arbitrary
y € C"". Thus, (ZK)*Y1s + (XK)¥1¥ LY, = 0. Also, the condition AY A = A holds if and only if
YKY1, + XLYs; = I, which implies that (XK)*Y1; + (SK)¥1XLYs; = (XK)*~! is also true. Now,
it is easy to check that the equality A*Y = A* A% holds. O

We would like to highlight the crucial fact obtained in Theorem 2.2 (b) where two decoupled

equations are obtained and then the problem can be solved independently in X and Y.

Remark 2.3. Setting Z = W = 0 in Theorem 2.2 (c) we get A%T = A?AAT which is a well-known

representation for the DMP inverse of A [8].



Remark 2.4. The necessity of the general hypothesis in Theorem 2.2 arises from the idea of giving a
more general expression for A%T (instead of A%T = AYAA"), by changing A? and AT with matrices X
and Y respectively, satisfying less restrictive properties than those satisfied by A% and Af. In order to
do that, and following the same idea as in Proposition 1.1 where the author change A# with X € A{1}
and A" with Y € A{1}, we establish X € A{5,6"} instead of A% and Y € A{1} instead of AT. We

notice that both restrictions on X and Y are required in the proof.
Remark 2.5. The following conditions:
() X =A%+ Z(I, — Pa), Y = AT + (I, — Q 4+ )W for some Z, W € C"*";
(d’) X and Y are as in Theorem 2.2 (c) for some Z12, Zag, W11, Way, Wia, and Way;

are respectively equivalent to conditions (c¢) and (d) in Theorem 2.2. In fact, (¢) — (¢’) is trivial and
(¢)) — (a) follows exactly as (c¢) — (a) in the proof of the theorem. A similar argument yields the

equivalence between (d) and (d’).

Before having stated our previous Theorem, a natural question would have been the following: For
a given matrix A € C"*", is it possible to introduce an outer inverse of A given by A%~ := AYAA~,
for some fixed A~ € A{1}, having interesting properties? The answer would have been affirmative.
However, this possibility is now included in the maximal class that we have found in Theorem 2.2 and

it has no sense to do a study separately for this class of matrices.

3 Maximal classes for matrices determining the Core EP in-
verse

In this section we give further results on two representations for core EP inverses extending Propositions
1.1 and 1.2 to matrices of arbitrary index by using the core EP decomposition.

According to Theorem 2.2 in [13], every matrix A € C"*" with Ind(A) = k can be represented as

T S 0 0
A=A+ Ay, A :=U U*, Ay:=U U~, (3.1)

0 O 0 N
where T is nonsingular with p = rk(T) = rk(A¥), N is nilpotent of index k, and U is unitary. The
representation of A given in (3.1) satisfies Ind(A;) < 1, A5 =0, and A} Ay = A A; = 0 [13, Theorem
2.1]. Moreover, it is unique in that sense [13, Theorem 2.4] and is called the core EP decomposition of

A. For further references we refer the reader to [14] and the references therein.
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Wang [13, Theorem 13] also gave a representation for the core EP inverse as

-1 0
A® =U U*. (3.2)
0 0

Furthermore, when k = 1, the factorization (1.9) provides the core EP decomposition of A, where

T=%YK and S =3L.

The uniqueness of the Drazin inverse allows us to show the following representation by a simple

computation.

Theorem 3.1. Let A € C"*" be a matriz of index k written as in (3.1). Then

T7-1 (Tk+1)—1f
0 0

k
Ald=U U*, where T:ZTjSNk_j. (3.3)
j=1

By using (3.3), it can be also seen that the core EP inverse of a square matrix A with Ind(A4) =k

can be written in the form

AD = Alp,,. (3.4)
Next, we establish the maximal classes providing the most general form to represent a DMP inverse.

Theorem 3.2. Let A € C"*" be a matriz of index k written as in (3.1). Let p = tk(A¥), X € A{5,6F},
and Y € A*{1}. The following conditions are equivalent:

(a) AD = XARY;

(b) XAF = AAR Y € A*{3} (or equivalently, X A¥ = AYAF, A*Y = P, );

(c) X =A%+ Z(I, — Py), Y = (AT + (I, — Qax)W for arbitrary Z,W € C"*";
(d) X andY can be expressed as

T-1 X THY=YT, —TYy) —(TF)"'TY:
X—U 12 U, Y=U ( ) ( P 21) ( ) 22 U,
0 X22 Y21 Y22

with T defined in (3.3) and for arbitrary X, € Cr*(n=p)  Xon Yoy € C=PX(=0) " qnd Yy €
Cn=p)xp

(e) R(XAF) = R(AF) and N((AF)*) C N(AFY).

Proof. (a) = (b) Postmultiplying AD = X A*Y by A* we obtain ADAF = X A*Y A* = X A* because
Y € A¥{1}. So, from (3.4) we get

XAF = ADAF = Adp,, AF = A% AR,

11



On the other hand, by using the fact that AAD = P4« [4, Lemma 2.6] and premultiplying AD = X A*Y
by A we have
Py = AAD = AXAFY = AFFIXY = ARy,

because X € A{5,6%}. The equivalence between Y € A*{3} and A*Y = Py is easy to see. In fact,
from A*Y A* = A* we obtain that A*Y is a projector onto R(AF). From (A*Y)* = A*Y we get
that A*Y is an orthogonal projector onto R(A¥). The uniqueness of such a kind projectors leads to
AFY = A¥(AF)T = P,i. The converse is trivial.

(b) = (c) Similar arguments to that of the proof of Theorem 2.2, show that all solutions of equation
X A* = A4 AF are given by

X =AY+ Z(I, — Pyi), for arbitrary Z € C™*™,
Analogously, the general solution of the equation A*Y = P, is given by
Y = (AT 4+ (I, — Qux)W,  for arbitrary W € C"*".
(c) = (a) We observe that Pyx A*¥ = A¥ and A*Q 4» = AF. So,

XAFY = [AY 4 Z(1, — Pa)| AR (AN 4 (1, — Q)W = ALAF [(ARY + (I, — Q) W]
= AdAF(ARY = AP, = AD,

where the last equality follows from (3.4).

(a) = (d) Since A is written as in (3.1), we partition

YU Yii Yo o
Yo1 Yoo

according to the sizes of the partition of A. Since (a) = (c) is valid, we have that

X =AY 4 Z(I, — Pyx) for arbitrary Z € C". (3.5)
From [4, Lemma 2.5
I, 0
Py =U U*. (3.6)
0 O

Now, by making the following partition with blocks of adequate sizes

Z Z
ZeU n 2|
Lo Zog

12



from (3.3) and (3.5) we have

U XU = +
0 0 ZQl 222 0 In—p

Since Z15 and Zso are arbitrary, we have that

T-1 X
X=U 2oy,
0 Xo

for arbitrary X2 and Xos.
On the other hand, since (a) = (b) has been proved, we can deduce that (A4*Y)* = A*Y holds.
In consequence, by comparing their blocks we arrive at TkY15 + ngz = 0. It then follows that

Yy = —(Tk)*lngg. Next, since

" T Yy, Y, T+ T
Ay Ak = U e U*
0 0 Ya;  Yao 0 0

(T*Y1y + TY21)TF  (TFY1y + TYa1)T .
= U U-,
0 0

the condition A¥Y A*¥ = A* implies that T%Y7; + TYs = I,, from where Y1, = (Tk)_l(lp — TYgl).
Thus, (e) is derived.
(d) = (a) Let T be defined as in (3.3). An easy computation shows that

[ x ™ T TR, — TYy) —(TF)"TY:
XAy - U 12 (%)= (1, 21) —(T%) 22 .
i 0 X 0 0 Yo Yoo
_T_l 0
= U U*
0 0
= A®

(b) = (e) Clearly, XA* = A9YA* yields R(X AF) = R(A?A*) = R(A*). On the other hand, from
(A*Y)* = AFY we obtain N'((A%)*) C N (Y*(A%)*) = N((AFY)*) = N(AFY).

(e) = (d) Since the matrix A is written as in (3.1), we can consider a partition accordingly

XU X1 X2 o
Xo1 Xoo

13



As

k+1 T
A T TT U,
0 0

from AFt1X = A% we obtain Xy, = T 1.
We observe that R(X AF) C R(A*) can be equivalently expressed as Pyx X A¥ = X A*. We know that

I, 0
Pu =AMt =v | 7 U, (3.7)
0 0
and also,
XuTt X T
XAk _ U 11 11 - *.
X21Tk X21T

Hence, the condition Pyx X A¥ = X A* implies X5, = 0 because T is nonsingular.

On the other hand, we write Y as

Y1 Y,
VU |
Yor Yoo
according to the partition of A. Clearly, vectors of the form

0
v=U € C"  with arbitrary y € C"°,
Y

belong to N'((A¥)*). By (e), v € N(A*Y) holds. In consequence, from

T*Yy, +TYs TFYys + TY:
AkY _ U 11 21 12 22 U*,
0 0

the condition v € N'(AFY) implies that (T5Y15 + TYa5)y = 0 is valid for arbitrary y € C"~*. Thus,
T5Y15 + TVYQQ = 0. It then follows that Yi5 = —(Tk)_lTngg. Also, the condition A*Y A* = A* implies
that T%Y1, + TYa1 = I, from where Yy, = (T%)~1(I, — TYa1).

Finally, the expressions for X and Y can be written as in item (d). This completes the proof. O
Remark 3.3. Similarly to Remark 2.5, conditions (c¢) and (d) in Theorem 3.2 are equivalent to:
() X =A%+ Z(I, — Pax), Y = (AT + (I, — Qax)W for some Z,W € C"*";

(d) X and Y can be expressed as in Theorem 3.2 (d) for some Xjo € Cr*(=p) X0y Yoy €
@(nfp)X(npr and Yy, € Cn=p)xp,

Since the Drazin inverse X = A? satisfies X € A{5,6"} and the Moore-Penrose inverse Y = (A*)f

belongs to A¥{1}, the above theorem contains (3.4) as a special case because the condition (b) holds.
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Theorem 3.4. Let A € C"™" be a matriz of index k written as in (3.1) with p = tk(A*). Let

Z € A*{1}. Then the following conditions are equivalent:
(a) AD = (AFH12);

(b) Z € A*{3};

(c) Z can be expressed as

(TFY "Y1, = TZyn) —(T*) 1T Za
Z21 Z22

Z=U U,

with T defined in (8.3) and for arbitrary Zoy € C=P)XP qnd Zyy € Cn=rP)x(n=p),
(d) A*Z = Pyx.
(e) Z = (AR)T + (I, — Qax)W, for arbitrary W € C*™.

Proof. (b) <= (c) It has been already proved in the proof of Theorem 3.2.

(b) <= (d) It has been shown in Theorem 3.2.

(d) <= (e) It follows from Lemma 2.1.

We show that (a) and (c) are equivalent. The condition AD = (A*+12)T is equivalent to

(ADYF = Ak+l 7, (3.8)
We consider the following partition of Z
Zy Z
7_U 11 212 Ut
YASAY

according to the size of blocks in A. Since Z is an inner generalized inverse of A%, Z is of the form

(Tk)il(—rp - fZ21) Z12

Z=U U,
Zy Z22
and therefore
THL  TT TR Y1, - TZs) Z T TH1Zi,+TTZ
Ay — U (%)=, 21) 12 e 12 2 |
0 0 Za1 Z2 0 0

(3.9)

On the other hand, by using (3.2) we have

T 0

(AD) =U .o U*. (3.10)
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Finally, from (3.8)-(3.10) follow that the equality A®? = (A¥*12)t holds if and only if
A = _(Tk)71TZ22. O

We notice that the matrix Z in (b) can be the Moore-Penrose inverse of A*, and hence the above

theorem contains the representation of the core EP inverse given in (1.3), that is, AD = (AP4)T.
Remark 3.5. Similarly to Remark 2.5, conditions (¢) and (e) in Theorem 3.4 are equivalent to:
(¢’) Z can be expressed as in Theorem 3.4 for some Zs; € C=P)%p and Zyy € Cn=P)x(n=p).

(€) Z = (A" + (I, — Q 4+)W, for some W € C*",

4 Maximal classes for matrices determining the CMP inverse

In this section we study a representation for the CMP inverse obtained by Salemi and Mehdipour [9]

and we derive maximal classes of matrices for which the representation remains valid.

Theorem 4.1. Let A € C"*" be a matriz of index k written as in (1.9). Letr =rk(A), X € A{5,6*},
Y, T € A{1}. The following conditions are equivalent:

(a) At = Y AXAT;
(b)) AXA=AATA, Y AR = At AF, and AT = AP AT

(c) X = A+ 7 — QaZPs, Y = ATV + W(I,, — Par), and T = AT + (I, — Qax)V, for arbitrary
Z W,V e (Cnxn;

(d) X,Y, and T can be expressed as

YK) 4+ (I, — K*K)X1; — K*LXs, X
xop| BRI X S A (4.1)
—L*KX11+ (In—r — L*L) X9y X

y_y | K=l - CETER Y Vi | (4.2)
LS 4+ Yor (I — (SK)FH(SK)HY) Yo

K*S™' 4 (I, - K*MK)Ty, — K*MLTy, (I, — K*MK)Ty5 — K*MLT:
T—U ( )T11 o1 ( )T12 22 U, (4.3)
LS — L*MKTy + (In_p — L*MLTyy MKTio+ (Ii_, — L*ML)Tyy

with M = [(EK)’“”E]T(EK)’“AE and arbitmry Xll; X12, X21, XQQ, Yll; Y12, }/21, YQQ, T11, Tlg,
To1, Too.
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Proof. (a) = (b) Since A>T = Q 4 AP, holds by definition, post- and premultiplying A" = Y AX AT
by A we get AAYA = AX A, because Y, T € A{1}.
On the other hand, postmultiplying A" = Y AX AT by A* and using that P4 A* = A* we get

Y AF = AT AF, (4.4)

because X € A{5,6¢} and T € A{1}. Similarly, premultiplying A>T = YAXAT by A* and using
AkQy = A¥, X € A{5,6%}, and Y € A{1} we arrive at

AFT = AR AT, (4.5)
(b) = (c) Applying Lemma 2.1 to the equation AXA = AA?A we get
X =AY+ 7 —QuZP,, for arbitrary Z e Cn*",

because A? is a particular solution.

Next, the proof of the part (c) follows directly from (4.4), (4.5), and Lemma 2.1.

(c) = (a) We know that A’Q 4. = A and P, A* = A, for every positive integer ¢. So, particularizing
for £ =1, £ = k, and taking into account that A?A = A*(A4)k = (A?)* Ak we have

YAXAT [AT + W (I, — Pyi)]A[AY + Z — QaZPA)A[AT + (I, — Qax)V]
= [AT+ W, — Py)]AATA[AT 4+ (I, — Q4x)V]

= QuAA[A + (I, — Qa1)V]

= QaA'Pa+ QaAYA(L, — Qur)V

= At

(¢) <= (d) First, we write Z by means of an block partition:

7 7
7_U 11 Z12 U*.
Zo  Zao
with appropriate sizes. From (2.2) we obtain
I. 0 K*K K*L
Py=U U~, Qa=U U-.
0 0 L*K L*L

In consequence, it is clear that X = AY+ 7 — Q4 Z P, is valid if and only if (4.1) holds after renaming

adequately some blocks.

On the other hand, as in (3.7) we have

EEMHEEMDT 0
0 0

Pur = AR(AMT = U U*.
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Now, partitioning adequately

W, W,
WU 11 12 U,
War Waa

some direct calculations show that the expression Y = AT + W (I,, — P4x) can be rewritten as in (4.2).

Finally, as in the proof of Theorem 2.2 the expression T' = A + (I, — Q 4x)V can be rewritten as in
(4.3). O

Remark 4.2. Similarly to Remark 2.5, conditions (¢) and (d) in Theorem 4.1 are equivalent to:

() X = A+ Z — QaZPa, Y = AT + W(I,, — Pys), and T = Al + (I, — Q4x)V, for some
Z, W,V e Cm

(@) X, Y, and T can be expressed as in Theorem 4.1 for some X171, X12, Xo1, X292, Y11, Y12, Yo1,
Yoo, T11, T12, To1, Taa.

Remark 4.3. (a) Since the Drazin inverse A? belongs to A{5,6%}, and the Moore-Penrose inverse

AT belongs to A{1}, the above theorem recovers (1.6) as a particular case.

(b) Under the assumptions of Theorem 4.1, we notice that if ¥ = 1 then X € A{1}. So, [9, Theorem
2.4] implies that At = A®T = YAXAT = YAT with Y,T € A{1}. On the other hand, if
Z € (AA*){1} and W € (A*A){1}, it is well known that A*Z € A{1} and WA* € A{1} by
applying the rank cancellation rule [12, p. 145]. In consequence, setting Y = A*Z and T = W A*
we obtain AT = A*ZAW A*, which is a representation for the Moore Penrose inverse known as
the Decell’s formula as indicated in (1.8). Further, also we derive the Urquhart’s formula, that
is At = ALDAAML3) a5 indicated in (1.7). In fact, it is easy to see that A*Z € A{1,4} and
W A* € A{1,3}, again by the rank cancellation rule.
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