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Abstract

In this paper, we focus on mean-field anticipated backward stochastic differential equations
(MF-BSDEs, for short) driven by fractional Brownian motion with Hurst parameter H > 1/2.
First, the existence and uniqueness of this new type of BSDEs are established using two different
approaches. Then, a comparison theorem for such BSDEs is obtained. Finally, as an application
of this type of equations, a related stochastic optimal control problem is studied.
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1 Introduction

A centered Gaussian process B = {B}H |t > 0} is called a fractional Brownian motion (fBm, for

short) with Hurst parameter H € (0, 1) if its covariance is

1
E(BEBH) = 5(thHjLs?H—|1t—s|2H), t,s > 0.
When H = 1/2, this process becomes a classical Brownian motion. For H > 1/2, B exhibits the
property of long range dependence, which makes the fBm an important driving noise in many fields
such as finance, telecommunication networks, and physics.

In 1990, the nonlinear backward stochastic differential equations (BSDEs, for short) were in-
troduced by Pardoux and Peng [20]. In the next two decades, BSDEs have been widely used in
different fields of mathematical finance (see [12]), stochastic control (see [25]), and partial differen-
tial equations (see [21]). At the same time, for better applications, BSDE itself has been developed
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into many different branches. For example, Buckdahn et al. [4] and Buckdahn, Li and Peng [5]
introduced the so-called mean-field BSDEs, owing to the fact that mathematical mean-field ap-
proaches have important applications in many domains, such as Economics, Physics and Game
Theory (see Lasry and Lions [17], Buckdahn et al. [6] and the papers therein). Peng and Yang [22]
introduced a new type of BSDEs, called anticipated BSDEs, which can be regarded as a new duality
type of stochastic differential delay equations. Furthermore, BSDEs driven by fractional Brownian
motion, also known as fractional BSDEs, with Hurst parameter H > 1/2 were studied by Hu and
Peng [16]. Then Maticiuc and Nie [18] obtained some general results of fractional BSDEs through
a rigorous approach. Buckdahn and Jing [7] studied fractional mean-field stochastic differential
equations (SDEs, for short) with H > 1/2 and a stochastic control problem. Some other recent
developments of fractional BSDEs can be found in Bender [1], Borkowska [3], Maticiuc and Nie
[18], Wen and Shi [23, 24], etc., among theory and applications.

As another important development of BSDEs, mean-field anticipated BSDEs (MF-ABSDEs, for
short) driven by fBm have significant applications in stochastic optimal control problems with delay.
In [10], Agram, Douissi and Hilbert solved the optimal control problem of mean-field stochastic
delayed differential equations, where they considered the integral with respect to the fBm of the
adjoint BSDE in the Wick sense, (see [2]), they proved the set of necessary and sufficient maximum
principles and gave some applications. In our work, we investigate another approach to solve this
problem. Namely, we focus on MF-ABSDEs driven by fBm when the integral with respect to the
fBm is in the divergence sense, (see Decreusefond and Ustiinel [11], and Nualart [19]). Specifically,

we study the following equation,

T
Y, = glnr) + / B'[f (5,15, Ve, Z6, Yo, Zs, Yy 550 e () Yoro(s)s Zot(s)))ds
t

T
(1.1) —/ ZdBE,  tel0,T];
t

Yi=g(mn),  Zi=h(np), tel[l,T+K],

where §(-) and ¢(-) are two deterministic R*-valued continuous functions defined on [0,7]. First,
we use two different approaches to prove the existence and uniqueness of solutions of MF-ABSDE
(1.1). Interestingly, the conditions required by the first approach are weaker then the second one,
however, the second approach is more convenient than the first one. Second, as a fundamental
tool, the comparison theorem plays an important role in the theory and applications of BSDEs.
We establish a comparison theorem for this type of MF-ABSDEs. Finally, as an application of
such BSDEs, a stochastic optimal control problem is studied and the related sufficient maximum

principle is obtained.

We organize this article as follows. Some preliminaries about fBm and other required definitions
are presented in Section 2. The existence and uniqueness of fractional MF-ABSDEs are proved by
two different approaches in Section 3. We derive a comparison theorem for such type of equations

in Section 4 and investigate a stochastic optimal control problem in Section 5.
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2 Preliminaries

We recall, in this section, some basic results of fractional Brownian motion and the differentiability

of functions of measures.

2.1 Fractional Brownian motion

In this subsection, some preliminaries about fractional Brownian motion are presented. For a
deeper discussion, the readers may refer to the articles such as Decreusefond and Ustiinel [11], Hu
[14] and Nualart [19], etc.

Assume Bf = {Blf t > 0} is a fBm defined on a complete probability space (2, F,P), and
the filtration F is generated by BY. Let H > 1 /2 throughout this paper. Moreover, we denote
é(x) = H(2H —1)|z|> =2, where = € R, and suppose ¢ and ¢ are two continuous functions defined
in [0, 7. Define

T T
(2.1) (& ¥)r = /O /0 o — v)eutbodudu, and €3 = (€,E)r.

Then (£,4)7 is a Hilbert scalar product. Under this scalar product, we denote by H the completion
of the continuous functions. Besides, denote by Pr the set of all polynomials of fBm in [0, 77, i.e.,

every element of Pr is of the form

d(w)=h </OT & (t)dBE, /OT gn(t)dB{f> ,

where h is a polynomial function and & € H,7 = 1,2,...,n. In addition, Malliavin derivative
operator D of ® € Pr is defined by

“on (T T
Dy :;axi (/0 §1(t)dBtH,...,/0 §n(t)dBtH> &i(s), s€[0,T).

Since the derivative operator D : L2(Q, F, P) — (Q, F,H) is closable, one can denote by D'? the
completion of Pr under the following norm

2], £ El@” +E||D @7
Furthermore, we introduce the following derivative
T
DG = / o(t — s)DHdds,  t€[0,T).
0
Now, let us consider the adjoint operator of Malliavin derivative operator DI, We call this operator

the divergence operator, which represents the divergence type integral and is denoted by 4(-).

Definition 2.1. A process u € L*(Q x [0,T);H) is said to belongs to the domain Dom(d), if
there exists 6(u) € L*(Q, F,P) satisfying the following duality relationship

E(®6(u)) = E(DHE®, u)p), for every ® € Pr.

Moreover, if uw € Dom(d), the divergence type integral of u w.r.t. BY is defined by putting
JF ugdBH =: 6(u).



It should be pointed out that, in this paper, unless otherwise specified, the dB-integral repre-

sents the divergence type integral.

Proposition 2.2 (Hu [14], Proposition 6.25). Let L}{,z be the space of all processes F' : ) x
[0,T] = H satisfying E <HFH2T + fOT fOT ]Dth\stdt> < 00. Then, if F' € }L}f, the divergence type
integral fOT F,dBY exists in L*(Q, F,P), and

T T 2 T T
E </ FsdBSH> =0; E (/ FsdBf> =E <||F||%p +/ / ID)thDstdsdt> .
0 0 0 0

Proposition 2.3 (Hu [14], Theorem 10.3). Suppose g and f are two deterministic continuous
functions. Let

t t
X = Xo +/ ngS +/ fsdBfa le [OaTL
0 0

where Xq is a constant. Then, if F € CY2([0,T] x R), one has

tor toF
F(t,Xt)—F(O,X0)+/O g(S’XS)dS_{_/O %(S,Xs)gsds

LOF g 1 [tO*F d .o
+ 0 E(S,Xs)fsst +§ 0 w(S,XS) |:£||f||3:|d8, te [O,T]

Proposition 2.4 (Hu [14], Theorem 11.1). For ¢ = 1,2, let g; and f; be two real valued
processes satisfying E fOT(|gi(s)|2—|— |fi(s)|?)ds < oo. Moreover, assume that D} fi(s) is continuously
differentiable in its arguments (s, t) € [0,T)? for almost every w € Q, and E fOT fOT IDH f;(s)|?dsdt <
00. Denote

t t
X;(t) = /O gi(s)ds + /O fis)dBE,  teo,T].
Then

X, (1) Xa(t) = /0 X1(s)ga(s)ds + /O X1(s) fa(s)dBI + /O Xo(s)gi (s)ds

+ [ el + [ BIx e + [ PG A G

Proposition 2.5 (Wen and Shi [23], Lemma 3.1). Suppose g is a given differentiable function
with polynomial growth and f is a CS(’)}—contz'nuous function. Then BSDE

T T
Y = glnr) + / F(some)ds — / Z.dBY
t t

admits a unique solution (Y., Z.) € ﬁ[oﬂ X ﬁfgﬂ (see (3.3) for the definition of these spaces).
Moreover, the following estimate holds,

/8 T 2 T
E (eﬁt\Y}\Q + —/ P3|, 2ds + —/ s2H1653\ZS]2ds>
(2 2) 2 t M t

T
<E <eﬁT|g<nT>|2 w2 eﬁﬂf(s,nsn?ds) |

where M > 0 is a suitable constant and 5 > 0.



2.2 Differentiability of Functions of Measures

We recall now some definitions related to the differentiability with respect to functions of measures
that we will need in Section 5. Let P(R) be the space of all probability measures on (R, B(R)).
We denote by P,(R) the subspace of P(R) of order p, which means that P,(R) = {m € P(R) :
Jg [z[Pm(dz) < 4+00}. The notion of differentiability for functions of measures that we will use in
the paper is inspired from the notes of Cardaliaguet [9] and the work of Carmona and Delarue [8].
It’s based on the lifting of functions m € Py(R) + o(m) into functions &’ € L?(;R) > o/ (¢), over
some probability space (Q,F,P), by setting o/ (¢') £ o(Pg).

Definition 2.6. A function o is said to be differentiable at my € Pa(R), if there exists a
random variable & € L*(Q, F,P) over some probability space (Q, F,P) with Pe; = mo such that
o' L?(Q, F,P) — R is Fréchet differentiable at &).

We suppose for simplicity that o' : L?(Q,F,P) — R is Fréchet differentiable. We denote
its Fréchet derivative at &) by Do’(£)). Recall that Do’(&)) : L*(Q, F,P) — R is a continuous
linear mapping; i.e. Do’(&))) € L(L*(Q,F,P),R). With the identification that L(L*(Q, F,P),R) =
L%(Q, F,P) given by Riesz representation theorem, Do’(£))) is viewed as an element of L?(2, F,P),

hence we can write

a(m)—a(mg) = o' (&) — o' (&) = E[(Da’)(€ o) - (€ — )] +o(E[|€' — &H[1M?), as E[|¢’ — €[}V — 0.

where &’ is a random variable with law m. Moreover, according to Cardaliaguet [9], there exists
a Borel function h,, : R — R, such that Do’ (&))) = hp, (&), P-a.s. We define the derivative of
o with respect to the measure at mg by putting 0,,0(mo)(z) := hp,(x). Notice that Op,o(mo)(x)
is defined mg(dz)-a.e. uniquely. Therefore, the following differentiation formula is invariant by

modification of the space 2 where the random variables £, and &’ are defined, i.e.

o(m) — o(mo) = E[0mo(mo)(§) - (€' = &)] + o(E[l¢' — &]'/?), as E[l¢' — &]/* — 0.
whenever ¢ and &), are random variables with laws m and mg respectively.
Joint concavity: We will need the joint concavity of a function on (R x P2(R)). A differen-
tiable function b defined on (R x Pa(R)) is concave, if for every (2/,m’) and (xz,m) € (R x P2(R)),

we have

b(z',m') — b(z,m) — O.b(z, m)(z" — z) — E[0b(z,m)(X)(X — X)] <0,

whenever X, X’ € L?(, F,P;R) with laws m and m/ respectively.

3 Well-posedness

The existence and uniqueness of mean-field anticipated BSDEs driven by fBm are proved here by
using two different approaches. For simplify the presentation, we only discuss the one dimensional

case in this paper. Let

t t
N = Mo +/ byds +/ osdBH,
0 0
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where 79 is a constant, and b and o are two deterministic differentiable functions such that o, # 0
(then either o, < 0 or oy > 0), t € [0,T]. We recall that (see (2.1))

t t
lo|2 = H(2H —1) / / = o220, 0 dudy,

S0 &(0]12) = 2610 > 0 for ¢ € (0, where 6, = [} 6(t — v)ord.

Now, we denote the (non-completed) product space of (2, F,P) by (Q, F,P) = (2xQ, FRF,P®
P), and denote the filtration of this product space by F = {F;, = F ® 5,0 <t < T}. A random
variable, originally defined on Q, ¢ € L°(Q, F,P;R) is canonically extended to €: ¢'(w',w) =
W), (W w) €N =QxQ On the other hand, for every § € L*(Q, F,P), the random variable
0(-,w) : Q = Ris in LY(Q, F,P), P(dw), a.s., and its expectation is denoted by

E'[0(-, w)] :/QH(W',w)IP)(dw').

Then we have E'[0] = E'[0(-,w)] € LY(Q, F,P). In addition,

ﬂ(Zﬂfﬂ%iLEW@WWW@>:EWWH

In the following, we investigate the existence and uniqueness of BSDE (1.1). And for simplicity

of presentation, we rewrite BSDE (1.1) into a differential form,

_dY;f = [f(t LR Y;t ’ Zt, Y;h Zta t+5(t) t+C(t) Y;H—(S(t)a Zt+C(t))]dt - thBg—I’ te [Oa T]a

(3.1)
Ye=g(m), Zi=nh(n), te[l,T+ K],

where K > 0 is a constant, 6(-) and ¢(-) are two deterministic RT-valued continuous functions
defined on [0, T satisfying the following two issues:

(i) For all t € [0,T],
P40 <T+K,  t+C((t)<T+K.

(ii) There exists a constant L > 0 such that for all nonnegative and integrable m(-),
T T+K T T+K
/ m(s+0(s))ds < L/ m(s)ds, / m(s+ ((s))ds < L/ m(s)ds, te[0,T].
t t t t

Remark 3.1. Owing to our notation, we mark that the coefficient of Eq. (3.1) is explained by:

E,[f(ta U Y;f/a Zt,a Y;f, Zt, Y;j/_l,_(s(t), Zt/+<(t)a YVt—}—(S(t)? Zt—l—C(t))](w)

_E/ Lf (t,me(w), YtaZtaYt( )s Zt(w)aYthLs(t)aZ£+¢(t),yl+5(t)(w),Zt+<(t)(w))]

/f (t,ne(w), Ye(w ) Zt(w/),YZ(w),Zt(w),YtM(t) (W/)aZt—i—((t)(wl),y;f—l—é(t)(w)’Zt+§(t)(w))P(dw/)'

From the above remark, combining the definition of expectation, we have the following two
special cases:

E' [f(t Y;f/’ Zt/, Y;H—(S(t)’ t—l—C(t))] E[f(t, Y;g, Zta Y;H—(S(t)’ Zt—l—((t))]a
E'Lf(t, e, Ye, Zt, Yers(ry, Zeecwy)) = F616 Ve, Ze, Yirsy, Zescqr))-

Before giving the definition of solutions of BSDE (3.1), we introduce the following sets,

(3.2)
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o [*2(F;R) = {5 : Q — R|¢ is Fp-measurable, E[|¢[?] < oo};

o C;(’;;’([O,T] x R) = {Lp € CH3([0,T] x R), and all derivatives of ¢ are of polynomial growth};

* Voo = {Y = o(n())|e € Co3([0,T) x R) with 52 € C2([0,T] x R), t € [o,T]}.

H

Moreover, by 17[0,T+ K] and ]7[0 T+K]

we denote the completion of Vi 71 i) under the following norms
respectively,

A tha 2 % A R 2H—-1 2 %
sy iz (s Swera) zis (e[ entezopa),
0 0

where 8 > 0 is a constant. It is easy to see that ﬁ{gTJrK] C 17[07T+K} C L%E(O, T+ K;R).

Definition 3.2. We call (Y, Z) a solution of BSDE (3.1), if they belong to 17[0,T+K] X gngJrK]
and satisfy the equation (3.1).

The setting of our problem is as follows: to find a pair of processes (Y., Z.) € 17[07T+ K] X 17[18[ T4K]
satisfying the BSDE (3.1). In the following, we will use two different approaches to prove the
existence and uniqueness of the equation (3.1).

3.1 The first approach

In this subsection, the first approach, introduced by Maticiuc and Nie [18], is used to establish the
existence and uniqueness of Eq. (3.1). In order to find the solution of BSDE (3.1), the following
assumptions are needed.

(H1) g and h are given elements in CEOZ(R) such that

T+K T+K
B[ Mgl < oo, B[ PR < oo
T T
(H2) Assume that f = f(t,z,v',2",y,2,0,(,0,¢) : [0, T]xR>x L?(Fr, R) x L2(F,., R) x L?(Fpr,R) x

L*(F,R) — L?(F,R) is a CS(’)}—continuous function, where +',r € [t,T + K]. Moreover,

there is a constant C' > 0 such that, for every t € [0,T], z,v,7, 2,2,v, 7,2, 2 € R, 0.,0.,0'.0',
¢,C,¢,C € LE(t, T + K;R), we have

\f(taﬂﬁay/, Z/,y, 2 67/»/7 Cr/‘a 67"’7 CT) - f(tw%'?g/? 2/7§7 27 é;ﬁ 67/*767”7 67’)‘

scoy—ywuz—?wwy—m+V—a
7))

4@@%—%+Hg—m

-Ft:| +E|:‘0r’ - ér" + ’Cr - gr‘

For notational simplicity, we denote fy(t,z) = fo(¢,x,0,0,0,0,0,0,0,0).
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Theorem 3.3. Under the assumptions (H1) and (H2), BSDE (5.1) admits a unique solution
(Y., Z) € Vorik) X V[IgTHq. Moreover, for all t € [0,T],

T
(3.4) E (&“my? +/ eﬁssQHlyzsy%zs) < RO(t,T,K),
t
where R is a positive constant which may be different from line to line, and
T T+K
O(t,T,K) = E(eﬁﬂg(mﬁ [ lntmalas+ [ (g + 82H1|h(77s)|2)d5>-
¢
Proof. For any given (y;, 2¢) € 17[07T+ K] X 17[1({, Tyr] We consider the following simple BSDE:

—dYy = E'[f(t,m, 1, 205 Yt 21, y£+5(t), Z£+C(t)ayt+5(t), Zerew))dt — ZdBE,  t € [0,T);

(3.5)
Ye=9(n), Zi=nh(n), te[l,T+K]

From Proposition 2.5, note that Y; = g(1;) and Z; = h(n;) are given when ¢ € [T, T + K|, we obtain
that BSDE (3.5) has a unique solution (Y., Z.) € 17[0,T+K] X 9[1({T+K]'

Define a mapping I : 17[0,T+K] X ?ﬁTJrK} — 17[0,T+K] X ﬁﬁT+K] such that I[(y.,z.)] = (Y., Z.).
Due to the values of Y; and Z; are given when ¢ € [T,T + K], we essentially only need to prove
(3.1) has a unique solution on [0,7]. Let n € N and ¢; = =1T,i =1,...,n + 1. First we solve (3.1)

on [t,,T]. In order to do this, we show I is a contraction on 17[tn,T+K] X 17{;; T4K]"

For two arbitrary elements (y.,z.) and (y.,2.) € ﬁ[tmTjLK] X 17[151 74K Set (Y, Z) = I[(y., z)]
and (Y., Z.) = I[(y., 2.)]. We denote their differences by

(§,2) = (y. — ., 2. — 2.), Y, 2)=(Y.-Y.,Z - 7).

By applying It6 formula (Proposition 2.4), for t € [t,,T], one has

T T T
Y2+ B / Y 2ds 4 2 / DAY, Z,ds + 2 / PV, Z,dBH
t t t

T
3.6 -
( ) =2 / eﬁsY;El [f(s, Ns, yin Z;, Ysy Zs, y;+5(s)a Zé+((s)7 ys+5(s)7 Zs+((s))
t

_f(S, Ns, gls, EIsa gs, Zs, gngé(s)a Z;+<(s)a gs+5(s)a ZerC(s) )] ds.

We know (see Hu and Peng [16], Maticiuc and Nie [18]) that D7V, = g—zZs Moreover, by Remark
6 in Maticiuc and Nie [18], there is a constant M > 0 such that

Z€2H71 a,t
< < ML vt € [0, 7).
Ot

Without loss of generality, we can choose M > 2 in the following discussion. Then from (3.6) and

Proposition 2.2, we have

T T
. . 2 N
E <eBtY;2 + 5/ PV 2ds + i / 65332H123d3>
t t

3.7 T oo
( ) < 2 / eﬁSY;EI [f(s, Ns, yin Z;, Ysy Zs, y;+5(3)7 Zé+((s)7 ys+5(s)7 Zs+((s))
t

_f(S, Ns, gls, EIsa gs, Zs, gngé(s)a Z;+<(s)a gs+5(s)a Zer((s) )] ds.

8



From assumption (H2) and (3.2) we obtain

T T
N N 2 A
E <eﬁtY;2 + ﬁ/ PV 2ds + i / 66882H1282d8>
t t

T
< 2E [ HITIE (1041 + 11+ B 1ol + sl

7| )as
7] )as

T T
:4C/ 658E<|Ys|(|g)s| +|2s|)>d5+40/ 668E<|y;|(|g8+5(8)|+|és+5(s)|)>d5.
t t

(3.8) .
+20E/ 668|YVS|E/<|?QS| + |2s| + E|:|gs+6(s)| + |28+(5(8)|
t

Therefore by choosing 8 > 1, and using Holder’s inequality and Jensen’s inequality we get

T T
N N 2 A
E <emY;2 + / PV 2ds + M/ 66882H1282d8>
t t

(3.9) . 1 1
< 4C/t (eBSEIYélz)E([ PE(9s] + 1251)°] 2 + [ E(|dsts(s)| + Zsrc(s)])’]

NI

)as.

N
Denote z(t) = (7 E|Y;|?)2. From (3.9) we have

Bs 3 Bs ~ 2 213
<40 [ o) ([ePB1.I + ) + B rao] + o)) s

Applying Lemma 20 in Maticiuc and Nie [18] to the above inequality one has

<20/ ( [P E(|9s] + |25]) ]% )ds
1
2

+
<2fc/ (ﬁSE 362 + [2,12) ) ds+2f0/ (ﬂE(|y5+a<s| +|zs+¢<s|>> ds.

NI

[ |ys+6 s)| + |Z8+C(s |) ]
1
2

Therefore for ¢ € [t,,T],

~—
—
D=
QU
Vo)
SN—
no

T 1 2 T
2(t)? < 16C2</t [P E(19:7 + [2:/%)] 2 5) + 1602(/ [P E(lgars” + 2areeo)”

t

Now we compute

l\‘)\»—l

/tT (s)2ds < 16C*(T (/:[581[«: (19s* + |12:]%)] 2d )2

T 1 2
+1602 (/t 6 E |ys+5(s | + |Zs+C(S | )] 2d8>

n

(3.10)

=: A; + As.



For the term Ay of (3.10) we deduce
(3.11)

T 2
(/t [ E(|s45(5) | + Zspc()|?)] dS)

1 T 2
< </t [ ps E‘ys-i-é s)‘ ]2 +/t [ Be E‘Zs—I—C s)‘ ] >

T 271 ? T 1 2H-1 1 ?
< 2(/15 [eﬁSE’gs—I—é(s)‘ ]2d8> + 2</t [W : 6683 B E‘Zs—I—C s)‘ ]2 >

< AT — ¢ T BSE ~ 2d 2(T2_2H _t%_ZH) T Bs 2H71E 2 2d
< 2( n) e [9s+5(s)|“ds + 5 oH s |Zs4¢(s)“ds

NI

t\.’)\»—l

T2-2H _ 42-2H T (s ol 1 9
< (AT =)+ g JB [ [P a4 PN s () g s

T+K
)L-E/ €2 (|92 + 2112, |2) ds
tn

In the last inequality, we used the condition (ii) satisfied by 6(+) and {(-). Similarly, for A; of (3.10),

<Lﬁﬁww%myﬁ@f

T2 2H t2 2H T
(3.12) < [Q(T—tn) 4+ " IE/ 658 Iy 2 4 s2H-13 |12 )

2—2H 2—2H
T2-2H _ 2

< (AT — ta) + ——

T2-2H t2 2H T+K
< [2AT —ty) + E/ (1951 + 82122 ds
tn
Combining (3.10-3.12), it follows that

T T+K
(3.13) / 2(s)2ds < (T — tn)G-E/ B (167 + 21115, ) ds
tn tn

T2-2H _42-2H

where G = 16C%(L + 1)[2(T — t,) + ———2—. And similarly one has

T 1 5 T2—2H —t2_2H T+K 9 SH—1 :
(3.14) / ——(s)?ds < 02—2};1@/ e (1951 + 8171 2] ds
th S - tn

Now from (3.8),

T . 2 T R
E (/ eﬁs|Ys|2d8 + M/ 66882H1|Z3|2d5>
tn tn

T
1 1 - ) 0
§4CE/t eﬁs<;(1+Sw—l)lelervlysIQJrstH 1|Zs|2>d8

T
1 1 N . 1A
-MCEA’a%&ﬂy+3ﬁqﬂnﬁ+m%w@ﬁ+v¥HH%ﬂmﬁ)@

8C !
< _E/ P (1 + oy 1)\1/; ds+4CvE/ %5 (19s] + s 25]?) ds
tn tn

v

T
—|—4CUE/ 663(|gs+5(s)|2 + 52H71|2s+4(s)|2)d5
tn

8¢ Bs Loy e Bs (15 12 o 2H-1|5 |2
< 5 E e’ (1+ 82H71)|YVS| ds +4Cv(1+ L)E ™ (1gs]” + s |25|%)ds
tn tn

10



where v > 0. Using the inequalities (3.13) and (3.14), and note that M > 2, we obtain

T T ) _ [THK
E </ e |v, |2 ds —i—/ 65352H1|Zs|2d8> < GIE/ eﬁs(|gjs|2 + 52H71|25|2)d5
tn tn tn

o T+K ) ) _ THK
E/ 653(|Y's|2 _|_52H71|Zs|2)d8 < GE/ eﬁs(|gs|2 —|—52H71|§s|2)d8
tn tn
where
~  4CGM 4CGM
G = T —tp) + ——(T?72H 2720y L 90CM(1 + L)v.
v ( n)+v(1—H)( n )+ (+ )U

4CGM
v

_ ACGM 5 og o om
(T —t,) < v(l—H)(T i) <

)

Choosing v such that 2CM (14 L)v < i, and taking n large enough such that
1
4’

| =

then
T+K R . 3 T+K
IE/ P ([V,? + s*1e| Z[?) ds < ZE/ e (|97 + s> 71| 2]%) ds
tn tn

Hence I is a contraction on 9[tn,T+ K] X 17[?; T4K]’ which implies that BSDE (3.1) has a unique
solution on [t,,T]. The next step is to solve (3.1) on [t,_1,t,]. In order to do this, one can show

I is a contraction on V[tn Lint K] X V[t bt K] With the same arguments, repeating the above

technique we obtain that BSDE (3.1) admits a unique solution on V[o T+K] X V[o T4K]"

Now we prove the estimate (3.4). Suppose (Y, Z) is the solution of BSDE (3.1). From (H2),
similarly to (3.7) we obtain
T 9 [T
E <eth2 + ﬁ/ P Y2ds + M/ eﬁSSQH_lZde>
t t
T
<B(Tlglm)P 42 [ SV Y 2 Vo 2V Do Yorston Zarols ).
By Lipschitz continuity of f, similar as the above discussion, we have
T
/ / / /
QE/t eﬁSYQE [f(s,ms, Yy, Z5, Y5, Zs, Ys+6(s) Zs+g(5)ays+5(s)aZs+((s))]d5

T
S‘*E/t eﬁﬂm( (Yal 4 1Z5] + Yara] + | Zosces |)+|fo(8,ns)|>d8

T 2 2 T
20°M  2C°ML 1
2 8 2 Bs 2H—1 2
gE/t 4<20+C + g+ —|—1>e |YalPds + 5 E/t P51 7,2 ds

g2H-1
1 T 2H—1 2 4 2
+E/ |V ao s + 2MLIE/ 552117, ) d5+4E/ | fo(s,m5) 2
t t
T 2 2 T
2C2M | 2CPML 1
2 3 2 Bs 2H-1|ry |2
SE/t 4<2C+C + 2H—1 + 2H—1 +1+L>6 S|Y:<;| d5+ME1 & SS |ZS| dS

T+K T
+LE/ e”*|g(ns)*ds + —E/ BSSQH_l\h(ns)\ZdtJr‘lE/ ¢’ fo(s,ns)ds.
T t

11



Thus, we have

1 /T
E (eﬁtlYHQ + M/ eBSSQH_1]Z8]2d3>
(3.15) ¢

T 2C2M (L + 1
SR@(uT,K)JrE/ 4<20+02+L+1+C’8+j)>668]¥;\2ds.
t

By Gronwall’s inequality,

T2-2H _ 42-2H
eP'B|Y)? < RO(t, T, K) exp {4(20 +C?+ L+ 1)(T —1t)+8C*M(L + UW}

Finally, from (3.15), combining the above estimate one has
T
IE/ P21 7 2ds < RO(L, T, K).
t
Hence the estimate (3.4) is obtained. This completes the proof. |

Remark 3.4. In the proof of Theorem 3.3, we first divide the interval [0,T + K|, and then
we prove BSDE (3.1) has unique solution in each subinterval of [0,T + K|. Next, we use another
approach to directly prove that BSDE (3.1) admits unique solution in [0,T + K].

3.2 The second approach

In this section we present the second approach to prove the existence and uniqueness of solutions
of equation (3.1). It should be pointed out that this approach is more convenient than the above
one. However, the price of doing this is that we should strengthen the condition of the coefficient

f with respect to z.

(H3) Assume that f = f(t,z,v',2",y,2,0,(',0,() : [0, T]xR>x L?(Fr, R) x L2(F,., R) x L?(Fpr,R) x

L*(F,R) — L?(F,R) is a CS(’)}—continuous function, where +',r € [t,T + K]. Moreover,

there is a constant C' > 0 such that, for every t € [0,T], z,v,7,2, 2,y 9, 2,2 € R, 0.,0.,0'.0',
¢,C, ¢, € LL(t, T + K;R), we have

lftz,y 2y, 2,00, 00, ) — fta, i 25, 2,00, ., 000, G|

1 1
< C(Iy’ — g+t = |+ y — g+t 2]z - 2

+E'[w;f R

7)

Remark 3.5. Suppose 0 is a square integrable, jointly measurable stochastic process. Then we
can define for allt € [0,T], z,y,z € R, §' € L?>(F,/,R),

]:t] +E[‘HW - ér/‘ + TH_%’CT - gr‘

fel (t, z,Y, Z) é E/[f(t’ z,Y,z, 91/€+5(t) )] = /Q f(t’ x,Y,z, 91/€+5(t) (w/))P(dw/)

1

Indeed, due to the assumption on the coefficient f being Co’l—continuous, we know that f% is also

po
Cg&%—contmuous. In addition, with the same constant C' of assumption (H3), for every t € [0,T],

9,7, 2,2 € R, we have
/ / 1
Otz g, 2) = [ (82,9, 2)] < C(lyr — yol + 77221 — 20).

12



This remark is useful in the proof of the comparison theorem (see Section 4). Now, we show

the existence and uniqueness theorem.

Theorem 3.6. Under the assumptions (H1) and (H3), BSDE (3.1) admits a unique solution

m ﬁ[O,T—}—K] X )7[10{,T+K}'

H

Proof. Firstly, similar to the previous approach, for any given (y,z¢) € )7[07T+ K] X )7[0 T+K] We

consider the following BSDE:

{ —dY; = E’ [f(t, Nts yé, Zé, Yt, =t y£+5(t) ) Z£+C(t) y Yt6(t) 5 Zt—i—((t))]dt — thBtH, t e [0, T]’
Y = g(m), Zy = h(m), tel,T+K).

Define a mapping I : lj[O,THq X )7[10{7T+K} — lj[O,THq X )7[101,T+K} such that I[(y.,z)] = (Y., Z).

Now we show that I is a contraction mapping. For two arbitrary elements (y.,z.) and (7.,2.) €
17[0,T+K] X ﬁ{gT+K], set (Y., Z.)=1I|(y.,2)] and (Y., Z.) = I[(y., 2.)]. We denote their differences by

(G,2)=(y. -G,z —2), (Y. Z)=(Y.-Y.,Z —Z).

By the estimate (2.2) we have
T
~ 2 o
E/ eﬁs<§’¥s’2 + _S2H71‘ZS’2)dS
0

M
T
§2E/ ePs
B Jo

E/ [f(37 s, y;7 Z;a Ysy Zss yé+5(s)7 Z;+5(s) ) ys+5(s)7 Zs+5(s))
2
—f(S, UED g;, Z;, Yss Zs, g;—f—&(s)’ Z;+5(3), gs+5(s), Zs+5(s))] ‘ ds.

From assumption (H3), Jensen’s inequality and (3.2) we obtain
(|

gEh{

E' [f(S, Ns, y;, Z;, Ys, Zs, y;-{—é(s)’ Z;-{—é(s) y Ys+5(s) Zs+6(s))

2
—f(s, Ns, g; 227 Ysy Zs» gé+5(s)7 2;+5(s) ) §s+5(s)7 zs+5(s))] ‘ :|

F(8:Ms, Yss 2 Yss 255 Yay5(s)s Zo16(s)2 Yst3(s)s Zstd(s))

— (8,05, Yt 25, s, Zs, ﬂ;+5(s), 5;;+5(s) s Ys+8(s)» Zs+3(s)) ﬁ }

< C’E {E'[(mg\ 1s] + "2+ 52 B (19 ) 1]+ E sl | B
s+ 6" B Ll + (54 66" B ero 1) ]

< 16C°E [!@5\2 + NP 4 [forss) | + (s + <<s>)2H1!28+¢<5>!2] :

where we used the notation (7, 2’) = (y/ — ¥/, 2/ — ') and the fact that (a + b)? < 2a® + 2b%. Then

13



note that ¢ and ¢ satisfy (i) and (ii), we obtain

TﬁsﬁAz 2 om_1,5 2
Ef e (5\1@; + 2112 )ds

3202 T 1A . 2H-1, ,
<=5 E /0 (1962 + 82 20 + gl + (5 + ()™ 2o ?) ds

32C2(L +1 T+K X “1;
< 7(18 )IE/ eﬁs<|ys|2 + g2H 1|zs|2)ds.
0

Therefore one has

T 2 TH+K
MpB, - A 16C=(L +1)M
E/ eﬁs( 45“;‘2 sZH_llZSIQ>ds§ (5 ) E/ eﬁs<@8’2 82H—1‘28‘2)d8.
0 0

Finally, by letting 3 = 32C%(L + 1)M + % we get

T+K X . 1 [T+K
E/ 668(|YS|2 +52H_1|Zs|2>ds < 5E/
0 0

BBS(IQSIQ 4 SQH_1|2S|2>dS.

Consequently, I is a contraction on 9[0,T+ K] %X 17[16[ T4K]" It follows by the fixed point theorem that

BSDE (3.1) has a unique solution in 17[07T+K} X V[SIT”ﬂ. |

Remark 3.7. Now, we make a comparison between the above two approaches. It is easy to
see that (H2) is weaker than (HS3). So from the point of view of conditions, the first approach is
better than the second one. On the other hand, thanks to the concise proof, the second approach is

convenient than the first one. So from this point of view, the second approach is better.

4 Comparison theorem

In this section, we study a comparison theorem of MF-ABSDEs of the following form:

(4 1) { _d}/t - E/[f(t7 Tt }/h Zt7 }/;Cré(t))]dt - thBtI{7 te [07 T]7

Y;fzg(nt)a tG[TaT+K]

Under (H1) and (H3), it is easy to know that the above equation admits a unique solution. Here,
not (H2), we use (H3) because it is more convenient for the proof of the following comparison
theorem.

Theorem 4.1. Fori = 1,2, suppose g; satisfies (H1), and f; and Oy f; satisfy (H3). Moreover,
assume fl(t7x7y727') is mcreasmg, 2.'6'7 fl(tﬁ%y’%‘%) S fl(taxayazaé;)7 lf 6;' S é;; 0;“797;“ €
L%(t7T+K7R)7 (S [t7T+K] Then) ngl(w) S 92(.%') and fl(t7x7y727‘9/) S fg(t,x,y,z,ﬁl) fOT’ all
(t,z,y,2) € [0,T] x R3, 0] € L*(F,,R), we have Yi(t) < Ya(t) almost surely.

Proof. For i = 1,2, we define ff/(s,x,y, z) & E'[fi(s,x,y,z,H;Jré(s))]. By virtue of Remark 3.5, we

see that f and 9 f¢ satisfy (H3). In addition, f¢' is increasing in ¢’ and f¢" < f§'.
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Let Yo(-) = Ya(-). We consider the following BSDE,

Va(t) = g1 (nr) + / B[y (5 70s Vi (5), Z1 (5), V(5 + 6(5)))]ds — / Zi(s)dBY,  1e[0T];
Yi(t) = g1(me), te[l,T+ K].

By Theorem 3.6, the above equation admits a unique solution (Y;(-), Z1(-)) € )7[07T+ K] X 17[16] )"
Now based on the assumptions, we have

ffol(t%y, z) < f;fo/(t,x,y, z), V(t, z,y,2) € [0,T] x R3;
g1(z) < go(x), Vo eR.
So from Theorem 12.3 of Hu et al. [15], we deduce
Yi(t) < Yo(t) = Ya(t), as.

Next, we consider the following BSDE,

_ T » N - T _
Ya(t) = g1(nr) +/t E'[f1(s,ns, Ya(s), Za(s), Y] (s 4 d(s)))]ds —/t Zy(s)dBY, €0, T);
Ya(t) = g1(mt), te[l,T+K].

And denote by (Ya(-), Za(+)) € 17[0,T+ K] X 17{8’ 77 the unique solution of the above equation. Thanks

to that ff, is increasing in €', one has
ff{(t,x,y, z) < flffo/(t,x,y, z), Y(t,z,y,2) € [0,T] x R3.
Therefore, similar to the above discussion we deduce
Ya(t) < Yi(t), a.s.

By induction, one can construct a sequence {(Y;,(+), Zn () n>1 C )7[07T+ K] X 17[1({ 77 such that

)= n(m) + [ B0 Fale), Zalo), Tia o+ 66 0s — [ Zu(o)aml, ve 0.7
Yo(t) =g1(n),  te[T,T+K].
Similarly, we obtain
Ya(t) = Yo(t) > Yi(t) > Yo(t) > - > Y, (t) > -+, a.s.
In the following, we show {(Y,,(-), Zn(-))}n>1 is a Cauchy sequence. Denote

Y, =Y, -Y, 1, Zn = Zn — Zn-1, n > 4.

From the estimate (2.2), we have

T T

E (g/o 5|V, () 2ds + %/0 sQH_leﬁS\Zn(s)\zds>

2_ (T -

<28 [ (B0 Ta(6). Zolo T als 4 605)

0
2
o Faca (), Zoct (90, T2 (s 4 80D ) s
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Then combining (H3) and Jensen’s inequality, note that § satisfying (i) and (ii), one has

5 T Bs|v/ 2 2 4 2H—1 _fBs| 2
E 2/ e’ |Yn(s)] ds—i—M ; s e’ Z(s)|"ds

6C [T . ; 6CL_ [T 4 ¢
< —E/ e ([Yn(s)? + s Z,(s)|?) ds + —E/ 5|V, 1 (s)ds
B8 Jo B Jo
< 6C(L+1)
B
Now we choose M > 2 and let 8 = 12CM (L + 1) + 4, then

T
E/ &5 [V () + 5251 Zo(5)? + Vo1 (s)[2) ds.
0

T
IE/ B (Vo (s) [ + 2171 Z,(s)*) ds
0

1 T N ~ ~
<GB [T + 2 Zs) P + [Fama (5)) s
0

Hence T
E/ (1Y () + 5271 Z, (5)[?) ds
0
|
g—E/ |V, _1(s)2ds
3 Jo
1 T Bs (11 2, 2015 2
ggE e’ (|Yn-1(s)]* + s | Zn-1(s)]?)ds.
0
So

T . N 1 T . .
E / (V) + 527 Zu(s)ds < ()R / (Vi) + 52| Za(s) 2)ds.
0 0

It follows that (V;,(-))n>4 and (Z,(-))n>4 are respectively Cauchy sequences in 17[07T+ K] and 17[1({, AL
Denote their limits by Y. and Z, respectively. From Theorem 3.6, we have ?(t) =Yi(t), a.s.,
which deduce that

Yi(t) < Ya(t), a.s.

Therefore, the desired result is obtained. 1

Example 4.2. Suppose we are facing with the following two MF-ABSDEFEs,

T T
Yi(t) = g1 (nr) + / [Yi(s) + Za(s) + E'Y{(s + 8(s)) — 1)ds — / Z,(s)dBY
Yi(t) = g1(me), te [l T+ K],
and . .
Y(t) = ga(r) + / [Ya(s) + Zo(s) + E'Yi(s + 8(s)) + 1)ds — / Zo(s)dBY;
Yo(t) = g2(n), te [T, T+ K],

where g1 and go satisfy (H1) with g1(x) < ga(z), Yo € R. Then, according to Theorem 4.1, one

has

Yl(t) < Yg(t), a.s.
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5 Optimal control problem

Let 6 > 0. We want to control a process X (t) = X*(t) given by an equation of the form:

(5.1) { dX (t) = b(t, Px (1), Px (1—s), Puge))dt + o ()BT, t€[0,T];

X(t) = zo(t), t € [-0,0].

The function o is assumed to be in #, the integral with respect to B is therefore understood
in the Wiener sense. The function b : [0,7] x Pa(R) x P2(R) x P2(R) — R is assumed to be
deterministic in the sense that it’s a function of ¢t and the laws of processes X and u. The function
x¢ is assumed to be continuous and deterministic. The set U/ C R consists of the admissible control
values. The information available to the controller is given by the filtration F (generated by the
fBm B*). The set of admissible controls, i.e., the strategies available to the controller, is given by
Ap the set of U-valued and F-adapted square integrable processes. In this paper, we assume that
X exists and belongs to L%(Q2 x [0,T]). For recent works about fractional stochastic differential
equation, we refer the reader to Ferrante and Rovira [13], Buckdahn et al. [6], Buckdahn and Jing
[7], etc. For other examples of stochastic optimal control problems with delay driven by fBm, the

reader may consult Agram, Douissi and Hilbert [10].

The performance functional is assumed to have the following form:

T
(5.2) J(u) = E|g(X(T),Px(r)) +/0 F X (@), X(E = 6),Px), Px—g), u(t))dt],

where f: Qx [0, T] xR2x Py(R)?xU — R and g : 2 xR x P2(R) — R are given processes, such that
forallt € [0,T], f(.,t,x,Z, m,m,u) is assumed to be F;-measurable for all z,z € R, m,m € Pa(R),
u € U. The process g(.,x,m) is assumed to be Fr-measurable for all z € R, m € P(R).

We also assume the following integrability condition

T
63 E||oX@.Px)] + [ 76X, X( -0, Px, Bxees u)] ] <+,

The functions b, f and g are assumed to be continuously differentiable w.r.t z, Z,u with bounded
derivatives and admit Fréchet bounded derivatives with respect to the probability measures as

mentioned in the preliminaries.
The problem we consider in this section is the following:

Problem: Find a control u* € Ap such that

(5.4) J(u*) = usgl) J(u).

Any control u* € A satisfying (5.4) is called an optimal control.
The Hamiltonian associated to our problem is defined by
H:Qx[0,T]xRxRxUxPaR) x P2(R) x Po(R) x RxR =R
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with

(5.5) H(t,z,ZT,u,my,mg,ms,y,z) = f(t,z,T,m1, mo,u) +y x b(t,mi,ma,m3) + z X o(t).
For u € Ap with corresponding solution X = X", define, whenever solutions exist, (Y, Z) £

(Y™, Z%), by the adjoint equation, in terms of the Hamiltonian, as follows:

dY (t) = —{0:H () + E[0: H(t + 0)x(0,7—5) (t)| ] + E[Om, H' () (X (1))]
(5.6) HE[E [0, H' ( + 8)(X(8))xp0,7—5 (D] Fe] Yt + Z()dB (1), t€[0,T],
Y(T) = 029(T) + E'[Omg (T)(X(T))]-

Note that we have used the following notations:

H(t) = H(t, X (), X(t = 6), u(t),Px 1), Px(i—s) Pur» Y (£), Z(1)),
H/( ) = H(t X' ( ) X/(t - 5)’u/(t)aPX(t)’PX(t—é),Pu(t)aY/(t)’Z,(t))’
g(T) =g(X(T )aPX(T))a g/(T) £ g(XI(T)aPX(T))'

Remark 5.1. 1. Note that according to the definition of the differentiability of functions of
measures and Remark 3.1, the terminal value Y (T') is a measurable function of X (T) and the
value of Z(T') follows from the Clark-Ocone formula, see [2].

2. In the coming example, we illustrate how to solve a special kind of BSDE (5.6), the resolution
proposed s done on time intervals using the results we obtained in the previous sections
concerning the existence and uniqueness of MF-ABSDE (8.1) when the constant K is equal

to zero.

5.1 Sufficient maximum principle

In this section, we prove sufficient stochastic maximum principle.

Theorem 5.2. Let u* € Ag, with corresponding controlled state process X, = X" . Suppose
that there exists (Yi(t), Zi(t)), the solution of the associated adjoint equation (5.6). Assume the
following:

1. (X%(t)Z.(t)) € dom(6T)  Vu € Ap.
2. (Concavity) The functions

(.%', T, Uy MY, M2, m3) = H(t7 T, T, u, M1, Mz, M3, Kk(t)7 Z*(t))7
(z,m) = g(z,m),

are concave for each t € [0,T] almost surely.
Moreover, the control u* satisfies the following conditions:

3. (Maximum condition)

18



H(t’X*(t)aX*(t_6)’U*(t)’PX*() IP>X*(t K Py *(t)» *(t)’Z*(t)) =
Slg) H(t,X*(t),X*(t — 5)7U7PX*(t)7PX*(t75)7]P> *(t ),Y;(t),Z*( )),
ue

for allt € [0,T) almost surely.

4- amSH(t’X*(t)’X*(t - 6)’U*(t)’PX*(t)aPX*(t—é)’Pu*(t)’Y:k(t)’ Z*(t))(u*(t)) =0,

for allt € [0,T) almost surely.

Then (u*, X,) is an optimal couple for our problem.

Remark 5.3. The above condition 4 means that the Fréchet derivative of H with respect to the

law of the control in u* vanishes.

Proof. Let u € Ar be a generic admissible control. By the definition of the performance functional

J given by (5.2), we have
(5.7) J(u) = J(u) = A+ As,

where

T
(5.8) 4, =E /0 (H () ~ Ha(t) ~ Ya()b(r)) ]
where we used the following notations
b(t) = b(tPx) Pxi—o),Pup),  b«(t) £ b(t, Px, 1), Px. (1—6)> Pur(t)):
) 2 fX ), X(E = 6),Px, Px—s),u(t)),
fult) 2 (X (1), Xu(t = 0),Px, ), ]P)X*(t 5, u*(t)),
g(T) 29X (T),Pxry),  9:(T) = g(Xu(T),Px. (1)),
H(t) = H(tX(t),X(t—06),ult),Pxu), Px—s) Puw), Ya(t), Z«(1)),
H(t) = H(t, Xu(t), Xu(t = 6),u"(£), Px, (1), Px. (e-) Pur (1), Yo (1), Zx (1)),
b(t)  2b(t) —bu(t),  X(t) = X(t) - X.(D).

Remark 5.4. Notice that since o is a function of t and therefore it is not related to the process

X, we have dX (t) = b(t)dt.

Now using the concavity of g and the terminal value of BSDE (5.6) associated to (u*, X), we
get by Fubini’s theorem
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Applying the integration by parts formula (Proposition 2.4) to X (¢) and Y,(t), we get
d(Y.(t)X (t)) = Ya(t)dX (t) + X (t)dYi(t).

The equality comes from Remark 5.4 and the fact that D X(¢) = 0 because X (¢ fo
and b is deterministic. Hence, integrating from 0 to T, taking the expectation and using the ﬁrst
assumption, we get

E[Y*(T)X(T)]:E[/O Y*(t)d)‘((t)]JrE[/O X(t)dYi(t)]

T —
— [ vwpoa -l X(t){amH*a)+aiH*<t+5>x[o,T_5]<t>
(59 +E O (X ()] + E o, HL(E + 0)(X. (1)o7 (1)}

_IE/ Y, (t /X £)0, H, (t)dt] — /aH — §)dt]

K| /0 /[0y, H. (1) (XL (6)) X' (D] t] — | / B[Oy B (8) (XL (¢ — 8)) X (¢ — 6))dt].

0
To obtain the last equality, we did the following change of variables r =t + § to get

E| OHX(t)axH (t + 6)dt] = / K — 80 Ha(r)dr] = / X (r — 80 Ha(r)dr],

where we used that E[foéX 0)0z H.( f X (u)0z Hy(u+ 8)du] = 0, since X (u) = 0 for
all u € [—4,0], because X, (t) = X(t) = :UO( ) for all t € [—0,0].

Similarly, we get using the previous argument and by Fubini’s theorem

T B T B
E| /0 KR Oy HL (1 + 0) (X (1) x07—sy ()] = E /0 B [0y L (1) (X! (t — 6)) X (t — 6)]dt].

By (5.7), (5.8) and (5.9), we obtain

J(w) — J(u") < /O (H(t) — H.(1))dl] — E| /O O, Ho ()X / O HL ()X (1 — 6)d]
T
| /0 [0y H (£) (XL (6)) X (8)]dt] — E / (O, H (1) (X (¢ — )X (¢ — 6))dt

0
<0.

Due to the concavity assumption on H and because u* satisfies the maximum condition 3 and 4.
the first order derivative of H in u* and the Fréchet derivative of H with respect to the law of the
control v* in u*(t) vanish. 1

5.2 Application and example

The main applications of mean-field dynamics that appear in the literature rely mainly on a depen-

dence upon the probability measures through functions of scalar moments of the measures. More
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precisely, we assume that:

b(t, (Y1, m1), (P2, ma), (1h3,m3)),
f(tw%'?'f?ml?m%u) = f(t7x7j7 (717m1)7 ('727m2)7u)7

g(:ﬂ,m) = g(x, (WB,m))'

b(t, mi, ma, ms3) =

for some scalar differentiable functions 1, ¥, 13, v1, Y2, 3 with at most quadratic growth at oc.
The function b is defined on [0, 7] x R x R x R, the function f is defined on [0, 7] x R x R x R x R x U
and ¢ is defined on R x R. The notation (1), m) denotes the integral of the function ¢ with respect
to the probability measure m. The Hamiltonian that we defined in the previous section takes now

the following form:

H(t,z,T,u,mi,ma,m3,y, 2)
= f(t, 2,7, (v1,m1), (v2, m2), u) +y X b(L, (Y1, m1), (Y2, m2), (b3, m3)) + 2 x o(t).
The functions f . band g are similar to the functions f, b, g, the only difference is that the measure
for example m; is replaced by a numeric variable say 2’. Therefore according to the definition of the
differentiability with respect to functions of measures recalled in the preliminaries, the derivative
of the Hamiltonian with respect to the measure m; for instance, is computed as follows,
amlH(ta T, T, U, My, M2, M3, Y, Z)(xl)
= ax’f(ta T, T, (’71, ml)a (725 m2), u)'yi (iE/) +yX a$'b(t7 (¢15 ml)a (T;Z)2, m?)a (wg, m3))¢ll (iE/)

The terminal value of the adjoint BSDE (5.6) which is Y(T') = 0,9(T) + E'[0p¢' (T)(X(T))], can
be written in terms of the derivatives of the function § as follows:

Y(T) = 8$Q(XT7E[73(XT)]) + E/[ax’g(Xé“v E[73(XT)])]’Y§>(XT)'

5.2.1 Example

We consider now a controlled state process X = X given by the following mean-field delayed

stochastic differential equation:

{ dX(t) = ~[B(OEIX (¢ — 0)] + BE[()2)dt + B5()dB (1), ¢ [0,T];

(5.10)
X(t) = xO(t)’ te [_5a O]a

where § > 0 is a given constant, 81, x¢ are given bounded deterministic functions, By is a given
positive constant, (3 is a given deterministic function in H. The integral with respect to the fBm is
therefore a Wiener type integral and o € Ap is our control process. The set Ay are the admissible

controls assumed to be square integrable F-adapted processes with real positive values.

We want to minimize the expected value of X% with a minimal average use of energy, measured by
the integral fOT E[a?(t)]dt, more precisely, the performance functional we consider in this example

has the following form:

(5.11) J(a) = —%(E[X%] +E[/OT Oﬂ(t)dt]).
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Our goal is therefore to find the control process a* € Ay, such that

(5.12) J(a*) = sup J(«).
acAp

The Hamiltonian of our control problem is the following,

1
H(t,x,f,a,ml,mg,mg,y, Z) = —5042 - y[ﬁl(t)(IDa’n’u) + IBQ(ID’m?))Q] + 53(t)2

So, according to the notations we used previously, we have

x0p, H(t) =0,

x0z H(t) = 0,

*Om, H(t)(X(t)) =0,
*0m, H (1) (X (t = 0)) = —ybu (1),
*O0my H (1) ((t)) = —2y52E[a(t))],

Hence, by calculating the second derivatives of H, we find that the Hessian matrix is semi definite
negative and therefore the Hamiltonian H is concave in (z,Z, a, my, ma, m3) under the condition
y>0.

Moreover the function o € Ry — H(t,z,z, a,m1, ma, ms3,y, z) is concave and decreasing and
therefore is maximal in a* £ 0, note that once evaluating the derivative of H with respect to ms
in o, we get O, H(t)(a*(t)) = 0.

On the other hand the adjoint solution of the BSDE of our dynamic satisfies the following
BSDE:

(5.13) { dY (t) = Bu(t + OE'[Y'(t + 8)x(o,r—s (1)]dt + Z(t)dB" (1),  t € [0,T],

Y(T) = —Xr.

We propose a resolution of the previous anticipated BSDE by solving a sequence of linear BSDEs

following this procedure:

Step 1. Ift € [T — 6,T], the previous BSDE takes the form

dY (t) = Z(t)dBH(t), t¢c [T —0,T];
Y(T) = —Xr.

Then, under the hypothesis of Theorem 3.3, this BSDE has a unique solution (Y, 7) in f/[T_(;,T] X
V) H

Vir_smy-

Step 2. If t € [T — 20, T — 6] and T — 2§ > 0, we obtain the BSDE

dY (t) = B1(t + OE'[Y'(t + )] + Z(t)dBH (t), te [T —26,T -4l
Y(T —60) = known from step 1.
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We set ¢s(t) 2 B1(t+6)E'[Y'(t+6)] which is the driver of this BSDE, as v5(.) checks the hypothesis
of Theorem 3.3, this BSDE has a unique solution (Y, Z) in 17[T_25,T_5] X 17[?72 5.7—3]"

We continue like this by induction up to and including step n, where n is such that T — nd <
0 <T —(n—1)d and we solve the corresponding BSDE on the time interval [0,7 — (n — 1)d] and
we solve the corresponding BSDE on the time interval [0,7 — (n — 1)J].

According to Theorem 5.2 and the previous calculus, an optimal decision of our control problem
is the constant control a* = 0, the value of the performance functional in o* is J(a*) = —2E[X2],
where X £ X< is the solution of the SDE (5.10), thus we have the following corollary.

Corollary 5.5. The constant control o = 0 is an optimal control for the control problem
(5.12), the corresponding triplet (X , Y | Z%") solves the couple of systems (5.10) and (5.13)
of (decoupled) forward-backward stochastic differential equations, and the value of the performance

unctional in the proposed optimal control a* is J(a*) = —iE[X2], where X7 & X& .
2 T T

References

[1] C. Bender, Backward SDEs driven by Gaussian processes, Stochastic Process. Appl. 124 (2014)
2892-2916.

[2] F. Biagini, Y. Hu, B. Oksendal, T. Zhang, Stochastic Calculus for Fractional Brownian motion
and Applications, Springer, London, 2008.

[3] K.J. Borkowska, Generalized BSDEs driven by fractional Brownian motion, Statist. Probab.
Lett. 83 (2013) 805-811.

[4] R.Buckdahn, B. Djehiche, J. Li, S. Peng, Mean-field backward stochastic differential equations:
A limit approach, Ann. Probab. 37 (2009) 1524-1565.

[5] R.Buckdahn, J. Li, S. Peng, Mean-field backward stochastic differential equations and related
partial differential equations, Stochastic Process. Appl. 119 (2009) 3133-3154.

[6] R. Buckdahn, J. Li, S. Peng, C. Rainer, Mean-field stochastic differential equations and asso-
ciated PDEs, Ann. Probab. 45(2) (2017) 824-878.

[7] R. Buckdahn, S. Jing, Mean-field SDE driven by a fractional Brownian motion and related
stochastic control problem, SIAM J. Control Optim. 55(3) (2017) 1500-1533.

[8] R. Carmona, F. Delarue, Forward-backward stochastic differential equations and controlled
Mckean-Vlasov dynamics. Ann. Probab. 43 (2015) 2647-2700.

[9] P. Cardaliaguet, Notes on mean field games (from P. L. Lions’ lectures at College de France).
Available at https://www.ceremade.dauphine.fr/ cardalia/ (2013).

[10] S. Douissi, A. Hilbert, N. Agram, Mean-field optimal control problem of SDDEs driven by
fractional Brownian motion. https://arxiv.org/pdf/1706.06233.pdf (2018).

23



[11]

[12]

[13]

[15]

[16]

[17]

18]

[22]

23]

L. Decreusefond, A.S. Ustiinel, Stochastic analysis of the fractional Brownian motion, Potential
Anal. 10 (1999) 177-214.

N. El Karoui, S. Peng, M.C. Quenez, Backward stochastic differential equations in finance,
Math. Finance 7 (1997) 1-71.

M. Ferrante, C. Rovira, Stochastic delay differential equations driven by fractional Brownian
motion with Hurst parameter H > 1/2. Bernoulli 12(1) (2006) 85-100.

Y. Hu, Integral transformations and anticipative calculus for fractional Brownian motions,
Mem. Amer. Math. Soc. 175 (2005) no. 825.

Y. Hu, D. Ocone, J. Song, Some results on backward stochastic differential equations driven
by fractional Brownian motions, Stoch. Anal. Appl. Finance (2012) 225-242.

Y. Hu, S. Peng, Backward stochastic differential equation driven by fractional Brownian mo-
tion, STAM J. Control Optim. 48 (2009) 1675-1700.

J.M. Lasry, P.L. Lions, Mean field games, Japan. J. Math. 2 (2007) 229-260.

L. Maticiuc, T. Nie, Fractional backward stochastic differential equations and fractional back-
ward variational inequalities, J. Theory Probab. 28 (2015) 337-395.

D. Nualart, The Malliavin Calculus and Related Topics (Second Edition), Springer, 2006.

E. Pardoux, S. Peng, Adapted solution of a backward stochastic differential equation, Systems
Control Lett. 4 (1990) 55-61.

E. Pardoux, S. Peng, Backward SDEs and quasi-linear PDEs, Lecture Notes in Control and
Inform Seci. 176 (1992) 200-217.

S. Peng, S., Z. Yang, Anticipated backward stochastic differential equations, Ann. Probab. 37
(2009) 877-902.

J. Wen, Y. Shi, Anticipative backward stochastic differential equations driven by fractional
Brownian motion, Statist. Probab. Lett. 122 (2017) 118-127.

J. Wen, Y. Shi, Mean-field backward stochastic differential equations driven by fractional
Brownian motion, ArXiv.org/pdf/1606.02014 (2017).

J. Yong, X. Zhou, Stochastic Controls: Hamiltonian Systems and HJB Equations, Springer-
Verlag, New York, 1999.

24



	1 Introduction
	2 Preliminaries
	2.1 Fractional Brownian motion
	2.2 Differentiability of Functions of Measures

	3 Well-posedness
	3.1 The first approach
	3.2 The second approach

	4 Comparison theorem
	5 Optimal control problem
	5.1 Sufficient maximum principle
	5.2 Application and example
	5.2.1 Example



