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Abstract

The paper deals with modelling of acoustic waves which propagate in inviscid
fluids interacting with perforated elastic plates. The plate can be replaced
by an interface on which transmission conditions are derived by homogeniza-
tion of a problem describing vibroacoustic fluid-structure interactions in a
transmission layer in which the plate is embedded. The Reissner-Mindlin
theory of plates is adopted for periodic perforations designed by arbitrary
cylindrical holes with axes orthogonal to the plate midplane. The homoge-
nized model of the vibroacoustic transmission is obtained using the two-scale
asymptotic analysis with respect to the layer thickness which is proportional
to the plate thickness and to the perforation period. The nonlocal, im-
plicit transmission conditions involve a jump in the acoustic potential and
its normal one-side derivatives across the interface which represents the plate
with a given thickness. The homogenized model was implemented using the
finite element method and validated using direct numerical simulations of
the non-homogenized problem. Numerical illustrations of the vibroacoustic
transmission are presented.

Keywords: Vibro-acoustic transmission, perforated plate, thin layer, two
scale homogenization, Helmholtz equation, finite element method

1. Introduction

The noise and vibration reduction belongs to important issues in design
of structures used in the automotive industry, or civil engineering. The en-
gine silencer used to reduce the noise emitted by the exhaust gas presents
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an important and well known example. However, there are many similar
solid structures which can influence the acoustic wave propagation in fluid.
Usually they involve porous, or perforated plates, or panels, such that they
are permeable for the gas flow. The straightforward approach to modelling
the acoustic wave propagation through vibrating perforated plates consists
in solving directly the vibroacoustic problem with a 3D elastic structure de-
scribing the plate. However, its numerical treatment using the finite element
method can lead to an intractable problem because of the prohibitive number
of DOFs corresponding to the geometric complexity of the perforated struc-
ture. Therefore, it is reasonable to replace the elastic plate by an interface
on which coupling transmission conditions are prescribed.

In this paper, we consider the acoustic wave propagation in an inviscid
fluid interacting with elastic structures designed as periodically perforated
plates. The aim is to derive non-local vibro-acoustic transmission conditions
using the periodic homogenization method. Although similar problems have
been treated in the literature, cf. [6], in this context, the plate elasticity has
not been considered yet. As for the rigid structures, semi-empirical formu-
lae for the acoustic impedance exist which were tuned by experiments, or
developed using the electro-acoustic equivalent circuit theory [8, 19, 20], or
the Helmholtz-Kirchhoff integral theory [23]. During the last decade, a num-
ber of works appeared which are based on a homogenization strategy. For
a thin rigid perforated plate represented by interface Γ0 and characterized
by the thickness ≈ δ it has been shown in [1, 6] that this interface is totally
transparent for the acoustic field at the zero order δ0 terms of the model
which describes the limit behaviour for δ → 0, cf. [7]. For a higher order ap-
proximation, an approach based on the so-called inner and outer asymptotic
expansions has been developed, such that two associated acoustic fields are
coupled, one being relevant in the proximity of the perforations, the other at
a distance from the limit interface, see e.g. [5, 10, 11]. In contrast with [1]
dealing with thin perforated interfaces only, in [14] we were concerned with
homogenization of a fictitious layer in which rigid periodically distributed
obstacles were placed. In particular, a rigid plate perforated by arbitrary
shaped pores could be considered. Therein nonlocal transmission conditions
were obtained as the two-scale homogenization limit of a standard acoustic
problem imposed in the layer.

Here we follow the approach reported in [14] to develop vibroacoustic
transmission conditions which substitute the vibroacoustic interaction on an
elastic perforated plate immersed in the acoustic fluid. Up to our knowledge,
despite some numerical studies, see e.g. . [21], a rigorous treatment of such
a problem has not been treated using the homogenization method so far.
As the result we obtain vibroacoustic transmission conditions in a form of
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an implicit Dirichlet-to-Neumann operator. Due to this operator, the elastic
perforated plate can be replaced by an interface on which a jump of the
global acoustic pressure is linked to the acoustic momenta associated with two
faces of the homogenized plate. It allows us to obtain an efficient numerical
model which takes into account geometrical details of the periodic perforation
without need of discretizing the vibroacoustic problem at the global level. In
other words, the homogenized interface provides a reduced model in which
a complex 3D elastic structure is replaced by a 2D perforated plate model
whose coefficients retain information about the perforation geometry. To
do so, we rely on the homogenized Reissner-Mindlin plate tailor-made for
the “simple” perforation represented by general cylindrical holes with axes
orthogonal to the mid-plane of the plate. Elastic strongly heterogeneous
plates were treated in [17, 18] where the framework of the Reissner-Mindlin
theory was used to derive a model of phononic plates, cf. [13], but without
the interaction with an exterior acoustic field.

The proposed modelling conception based on the problem decomposition
and using the homogenization provides an alternative framework for mod-
elling of microporous panels which are known for their capabilities of acoustic
attenuation [22, 23, 9]. In [12] the so-called patch transfer functions were de-
veloped for numerical modelling of compliant micro-perforated panels.

The plan of the paper is as follows. In Section 2 the vibroacoustic prob-
lem of the wave propagation in a waveguide containing the perforated plate
is decomposed into the problem in a fictitious transmission layer (the “in-
layer” problem) and the “outer” problem governing the acoustic field out
of the layer. The “in-layer” vibroacoustic problem is treated using the ho-
mogenization method in Section 3, where the local problems imposed in the
representative periodic cell are introduced and formulae for the homogenized
coefficients are given. In Section 4, as the main result of this paper, the global
acoustic problem is established using the limit “in-layer” and the “outer”
problems which are coupled using additional conditions derived by an ad-
ditional integration and averaging procedure. The limit two-scale model of
the homogenized layer is validated in Section 5 using direct numerical sim-
ulations of the original problem. Finally, in Section 6, the proposed model
is employed to simulate wave propagation in a waveguide equipped with the
perforated plate. Some technical auxiliary derivations are presented in the
Appendix.

Notation.. In the paper, the mathematical models are formulated in a Carte-
sian coordinate system R(O; e1, e2, e3) where O is the origin of the space
and (e1, e2, e3) is a orthonormal basis for this space. The spatial position
x in the medium is specified through the coordinates (x1, x2, x3) with re-
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Figure 1: Left: The global domain decomposition into Ω+ and Ω− separated by the
homogenized perforated plate represented by the interface Γ0. Center: detail of the layer
structure; the layer thickness is proportional to the plate thickness and to the perforation
period. Right: perforated interface and the representative periodic cell Y = Y ∗ ∪ S.

spect to a Cartesian reference frame R. The boldface notation for vectors,
a = (ai), and for tensors, b = (bij), is used. The gradient and divergence
operators applied to a vector a are denoted by ∇a and ∇ · a , respectively.
By ∇Su we denote the symmetrized gradient ∇u , i.e. the strain tensor.
When these operators have a subscript which is space variable, it is for in-
dicating that the operator acts relatively at this space variable, for instance
∇x = (∂xi ). The symbol dot ‘·’ denotes the scalar product between two vec-
tors and the symbol colon ‘:’ stands for scalar (inner) product of two second-
order tensors. Throughout the paper, x denotes the global (“macroscopic”)
coordinates, while the “local” coordinates y describe positions within the
representative unit cell Y ⊂ R3 where R is the set of real numbers. By
latin subscripts i, j, k, l ∈ {1, 2, 3} we refere to vectorial/tensorial compo-
nents in R3, whereas subscripts α, β ∈ {1, 2} are reserved for the tangen-
tial components with respect to the plate midsurface, i.e. coordinates xα
of vector represented by x′ = (x1, x2) = (xα) are associated with direc-
tions (e1, e2). Moreover, ∇x = (∂α) is the “in-plane” gradient. The gradi-
ent in the so-called dilated configuration with coordinates (x′, z) is denoted
by ∇̂ = (∇, 1

ε
∂z). We also use the jump w.r.t. the transversal coordinate,

[[q(·, x3)]]±r = q(·, r/2)− q(·,−r/2).

2. Formulation and decomposition of the vibroacoustic transmis-
sion problem

The aim of the paper is to find a representation of the vibro-acoustic
interaction on a perforated plate. For this, homogenized vibroacoustic trans-
mission conditions are derived using the asymptotisc analysis w.r.t. a scale
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parameter ε which has a double role: on one hand it deals with the thick-
ness of an elastic plate when considered as a 3D object, on the other hand
it describes the size and spacing of holes periodically drilled in the plate
structure.

The flowchart of deriving the transmission conditions for a limit global
problem consists of the following steps:

• The vibro-acoustic problem (later called the “global problem”) is for-
mulated in a domain ΩG ⊂ R3 in which the perforated elastic plate is
embedded, being represented by a planar surface – the plate midsur-
face.

• A transmission layer Ωδ of the thickness δ is introduced in terms of
Γ0 which constitutes its midsurface. This will allow to decompose the
global problem into two subproblems: the vibroacoustic interaction in
the layer Ωδ and the outer acoustic problems in ΩG \ Ωδ. The two
subproblems are coupled by natural transmission conditions on the
“fictitious” interfaces Γ±δ .

• We consider the layer thickness being proportional to the scale param-
eter, thus, δ = κε, where κ > 0 is fixed. The asymptotic analysis
δ ≈ ε → 0 considered for the problem in Ωδ with the Neumann type
boundary conditions on Γ±δ leads to the homogenized vibroacoustic
transmission problem defined on Γ0. In this analysis, ε has the double
role announced above and the plate is described using its 2D repre-
sentation in the framework of the Reissner-Mindlin plate theory. In
Remark 1 we explain the dual interpretation of the plate thickness
used in the asymptotic analysis of the vibro-acoustic problem.

• The final step is to derive the limit global problem for the acoustic
waves in the fluid interacting with the homogenized perforated plate
represented by Γ0. For this, with a few modifications we follow the ap-
proach used in [14], where the rigid plate was considered; a given plate
thickness h corresponds to given finite thickness δ0 of the transmission
layer. Then the continuity of the acoustic fields on interfaces Γ±δ0 yields
the homogenized vibroacoustic transmission conditions which hold on
Γ0.

2.1. Global problem with transmission layer

In this section, we introduce the problem of acoustic waves in a domain
ΩG with embedded perforated elastic plate Σε, see Fig. 2 and Fig. 3. The
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Figure 2: Left: Transmission layer Ωδ of thickness δ embedded in the global domain ΩG.
Right: Interface Γ0 representing the homogenized transmission layer.

acoustic fluid occupies the domain Ω∗ε. We consider a fictitious transimssion
layer Ωδ with a thickness δ > 0, such that Σε ⊂ Ωδ. The plate thickness is
hε = εh̄, while the layer thickness δ = κε for a given fixed κ > 0.

For a fixed parameter ε > 0, correspondingly to Ω∗ε and Σε, we use a
simplified notation Ω∗ and Σ. The acoustic harmonic wave with the frequency
ω is described by the acoustic potential p : Ω∗ 3 x 7→ R3 in the fluid, the
corresponding wave in the elastic body is described by the displacement field
u : Σ 3 x 7→ R3. Assuming the body is fixed to a rigid frame on the
boundary ∂uΣ and interacting with the fluid on ∂∗Σ = ∂Σ\∂uΣ, these fields
satisfy the following equalities:

c2∇2p+ ω2p = 0 in Ω∗ ,

∇ · σ(u) + ω2ρu = 0 in Σ ,

acoustic transmission:

iωn · u = n · ∇p
n · σ(u) = b(p) = iωρ0pn

}
on ∂∗Σ ,

incident, or reflected acoustic waves in the fluid:

riωcp+ c2 ∂p

∂n
= s2iωcp̄ on ∂extΩ

G \ ∂uΣ ,

clamped elastic structure:

u = 0 on ∂uΣ .

(1)

Above, c is the sound speed in the acoustic fluid, σ(u) is the stress in the
lienar elastic solid, ρ0 is reference fluid density, and by n = (ni) we denote
the normal vector. The constants r, s ∈ {0, 1} and p̄ are defined to describe
incident, reflected, or absorbed acoustic waves in the fluid, according to a
selected part of the boundary.
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2.2. Geometry of the perforated layer

Given a bounded 2D manifold Γ0 ⊂ {x ∈ ΩG|x3 = 0} representing the
plate mid-plane, we introduce Ωδ = Γ0×] − δ/2, δ/2[⊂ ΩG, an open domain
representing the transmission layer. This enables to decompose ΩG into three
nonoverlapping parts, as follows: ΩG = Ωδ∪Ω+

δ ∪Ω−δ . Thus, the transmission
layer is bounded by ∂Ωδ which splits into three parts:

∂Ωδ = Γ+
δ ∪ Γ−δ ∪ ∂extΩδ , Γ±δ = Γ0 ±

δ

2
~e3 , ∂extΩδ = ∂Γ0×]− δ/2, δ/2[ ,

(2)

where δ > 0 is the layer thickness and ~e3 = (0, 0, 1), see Fig. 1. In the context
of the transmission layer definition, we consider the plate as a 3D domain
Σε defined in terms of the perforated midsurface Γε; the following definitions
are employed:

Σε = Γε × εh̄]− 1/2,+1/2[ ,

∂Σε = ∂◦Σ
ε ∪ ∂+Σε ∪ ∂−Σε ∪ ∂uΣε ,

where

∂◦Σ
ε = ∂◦Γ

ε × εh̄]− 1/2,+1/2[ ,

∂±Σε = Γε ± εh̄/2 ,

(3)

where ∂uΣε is the surface where the plate is clamped.
The midsurface Γε representing the perforated plate is generated using a

representative cell ΞS ⊂ R2, as a periodic lattice. Let Ξ = ]0, `1[ × ]0, `2[,
where `1, `2 > 0 are given (usually `1 = `2 = 1) and consider the hole Ξ∗ ⊂ Ξ,
whereas its complement ΞS = Ξ \ Ξ∗ defines the solid plate segment. Then

Γε =
⋃
k∈Z2

ε

(
ΞK +

∑
i=1,2

ki`i~ei

)
∩ Γ0 , (4)

Further we introduce the representative periodic cell Y and define its solid
part S ⊂ Y ,

Y = Ξ× ]− κ/2,+κ/2] ,

S = ΞS × h̄]− 1/2,+1/2[ ,
(5)

so that Y ∗ = Y \S is the fluid part. Obviously, in the transmission layer Ωδ,
the fluid occupies the part

Ω∗ε =
⋃
k∈Z2

ε(Y ∗ +
∑
i=1,2

ki`i~ei) ∩ Ωδ , (6)
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Figure 3: Scheme of the transmission layer Ωδ in which the perforated plate Σεδ (dark
gray) is embedded. The complementary domain Ωεδ is occupied by the acoustic fluid (light
gray).

where ~e1 = (1, 0, 0) and ~e2 = (0, 1, 0).
For completeness, by virtue of (3) we can introduce the decomposition of

boundary ∂S = ∂◦S ∪ ∂±S ∪ ∂#S. For this we need the boundary ∂ΞS =
∂◦ΞS ∪ ∂#ΞS, where ∂#ΞS ≡ ∂Ξ, so that the closed curve ∂◦ΞS = ∂Ξ∗

generates the cylindrical boundary ∂◦S:

∂◦S = ∂◦ΞS × h̄]− 1/2,+1/2[ ,

∂±S = ΞS ± ~e3h̄/2 ,

∂#S = ∂Ξ× h̄]− 1/2,+1/2[ .

(7)

For the sake of simplicity, by ∂ΞS we shall refere to ∂◦ΞS.

2.3. Problem decomposition

The domain split allows us to decompose problem (1) into three parts. By
P δ we denote the acoustic potential in Ω+

δ and Ω−δ , whereas pε is the acoustic
potential in the transmission layer Ωδ, see Fig. 3. Further, by iωgε± we
denote the acoustic fluid velocity projected into the normal of the interfaces
Γ±δ . The following subproblems are considered:

1,2: Given p̂ε on Γ±δ , find P δ defined in ΩG
δ = Ω+

δ ∪ Ω−δ , such that

c2∇2P δ + ω2P δ = 0 in Ω+
δ ∪ Ω−δ ,

interface condition:

P δ = p̂ε on Γ±δ ,

other boundary conditions

riωcP δ + c2∂P
δ

∂n
= s2iωcp̄ on ∂extΩ

G
δ ,

(8)
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where ∂extΩ
G
δ = ∂ΩG ∩ (∂Ω+

δ ∪ ∂Ω−δ ) is the “external” boundary. As in
problem (1), r and s are constants attaining values 0, or 1, whereas p̄
is the amplitude of an incident wave. In the context of a waveguide,
we consider ∂extΩ

G
δ to be decomposed into three parts, ∂inΩG

δ , ∂outΩ
G
δ ,

and ∂wΩG
δ , denoting the input, the output and walls, respectively. By

the constants r, s in (8)3 different conditions on ∂ΩG
δ are respected:

r = s = 0 on the walls ∂wΩG
δ , whereas r = s = 1 on ∂inΩG

δ and r = 1,
s = 0 on ∂outΩ

G
δ , which accounts for the non-reflection condition.

3: Given gε± on Γ±δ , find pε in Ω∗εδ and uε in Σε, such that

c2∇2pε + ω2pε = 0 in Ω∗εδ ,

interface conditions
∂pε

∂n
= −iωgε± on Γ±δ ,

∇ · σ(uε) + ω2ρuε = 0 in Σε
δ ,

acoustic transmission:

iωn · uε = n · ∇pε
n · σ(uε) = b(pε) = iωρ0p

εn

}
on ∂∗Σ

ε
δ ,

other boundary conditions

riωcpε + c2∂p
ε

∂n
= s2iωcp̄ on ∂extΩ

G \ ∂uΣε
δ ,

clamped elastic structure:

uε = 0 on ∂uΣε
δ .

(9)

where ∂∗Σ
ε
δ = ∂Σε

δ ∩ ∂Ω∗εδ is the surface of the elastic structure in
contact with the fluid, thus, ∂Σε

δ = ∂∗Σ
ε
δ ∪ ∂uΣε

δ.

4. For a fixed ε and δ, solutions to problems (8) and (9) are equivalent
to the solution of (1), if the coupling conditions hold:

iωgε± =
∂P δ

∂n±
on Γ±δ ,

pε = p̂ε = P δ on Γ±δ ,

(10)

where n± referes to normals n± outer to domains Ω±δ .

2.4. Plate model

The 3D model of an elastic plate involved in problem (1) can be replaced
by a plate model which describes a thin structure. We assume a small ε0 > 0
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for which the limit model of acoustic transmission can be interpreted. In
this paper we shall approximate behaviour of the thin elastic structure by
the Reissner-Mindlin (R-M) plate model, which allows us to consider the
effects related to shear stresses induced by rotations of the plate crossections
w.r.t. the mid-plane.

The R-M plate model can be obtained by the asymptotic analysis of the
corresponding 3D elastic structure while its thickness h̃ → 0. However, the
obtained limit model is then interpreted in terms of a given thickness h > 0.
We shall discus this point in Remark 1.

The plate is represented by its perforated mean surface Γε, therefore all
involved variables depend on ε. However, for a while we drop the superscript
ε related to these variables. The plate deflections are described by amplitude
of the membrane elastic wave u = (u1, u2), of the transverse wave u3 and
of the rotation wave θ = (θ1, θ2). Two linear constitutive laws are involved,
which depend upon the second order tensor S = (Sij) = ςδij, where ς > 0 is
the shear coefficient, and the fourth order elasticity tensor IE = (Eijkl) which
is given by the Hooke law adapted for the plane stress constraint; we define
(all indices i, j, k, l = 1, 2)

Wij(v) := Eijkl∂lvk = [IE∇S
v ]ij,

Zi(u3,θ) := Sij(∂ju3 − θj) = [S(∇u3 − θ)]i.
(11)

The Reissner-Mindlin plate model is derived using the following kinematic
ansatz confining the displacement w = (w , w3) in a plate with the actual
thickness h,

w(x′, z) = u(x′) + hzθ(x′) , w3(x′, z) = u3(x′) , z ∈ [−1, 1] , x′ ∈ Γε ,
(12)

where u = (u1, u2) is “membrane-mode” displacements, i.e. vector u =
(u , u3) involves also the “transversal mode” (the deflection). The vector
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fields (u ,θ) satisfy the following equations in Γε,

ω2hρ u + h∇ ·W (u) = −f (p) , in Γε ,

ω2hρ u3 + h∇ · Z (u3,θ) = −f3(p) , in Γε ,

ω2h
3

12
ρ θ +

h3

12
∇ ·W (θ) = −m , in Γε ,

hn ·W (u) = f
∂

on ∂◦Γ
ε ,

hn · Z (u3,θ) = f∂3 on ∂◦Γ
ε ,

h3

12
n ·W (u) = m∂ on ∂◦Γ

ε ,

u = 0 on ∂extΓ
ε ,

θ = 0 on ∂extΓ
ε ,

(13)

where ∂◦Γ
ε = ∂Γε\∂extΓ

ε describes the perforations. Above the applied forces

f = (f , f3), f
∂

and moments m , m∂ depend on the acoustic potential p. The
crucial step in deriving the model of vibroacoustic transmission consists in
describing these forces in terms of p imposed on surface ∂Σε in the 3D plate
representation.

Remark 1. In our asymptotic analysis of the acoustic transmission layer,
we shall use the plate thickness in two contexts:

• The periodically perforated plate model defined in terms of the 2D
domain Γε ⊂ Γ0 representing the mid-plane and the thickness h = ε0h̄
with ε0 > 0 being fixed. In fact, for a given thickness h and the
perforation design (a given size of the holes yielding ε0) we can obtain
h̄.

• To describe the interaction between the 3D elastic structure and the
acoustic fluid, the thickness must be proportional to ε which is also
related to the transmission layer thickness δ = κε, thus, we consider
hε = εh̄ and the elastic body occupying domain Σε, see (3).

Thus, the homogenization of the periodically perforated plate is done
by pursuing the asymptotic analysis ε → 0 applied to the 2D plate model
(13) divided by h. Whereas h is fixed in the plate equation operator, beeing
independent of ε, at the r.h.s. terms we get 1/(εh̄) which is coherent with the
dilation operation applied when dealing with fluid equation, see Section 2.7.

4
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2.5. Variational formulation of the vibroacoustic problem in the layer

In order to derive the homogenized model of the transmission layer, we
shall need the variational formulation of problem (9) with the plate model
(13).

Find pε ∈ H1(Ω∗ε) and (uε,θε) ∈ (H1
0 (Ω))5 such that

c2

∫
Ω∗ε
∇pε · ∇qε − ω2

∫
Ω∗ε

pεq = −iωc2

(∫
Γ±ε

gε±qε dΓ +

∫
∂Σε

n ·w εqε dΓ

)
,

(14)

for all q ∈ H1(Ω∗ε), where n is outward normal to domain Σε, and

ω2h

∫
Γε
ρuε · v εω2h

3

12

∫
Γε
ρθε ·ψε − h

∫
Γε

[IEε∇S
uε] : ∇S

v ε

− h
∫

Γε
[S ε(∇uε3 − θε)] · (∇vε3 −ψε)− h3

12

∫
Γε

[IEε∇S
θε] : ∇S

ψε

=

∫
Γε
f ε(pε) · v ε +

∫
Γε
mε(pε) ·ψε +

∫
∂◦Γε

f
∂,ε

(pε) · v ε +

∫
∂◦Γε

m∂,ε(pε) ·ψε ,

(15)

for all test functions (v ε,ψε) ∈ (H1
0 (Ω))5. In (14), the displacements w ε

defined on the surface ∂Σε are expressed using the mid-plane kinematic fields.
Due to (12), it holds that

w ε(x′, x3) = (wεk(x
′, x3)) ,

wεα(x′, x3) = uεα(x′)− x3θ
ε
α(x′) , α = 1, 2 ,

wε3(x′, x3) = uε3(x′) ,

(16)

where x′ ∈ Γε, x3 ∈ εh̄] − 1/2, 1/2[. In analogy, the test displacements
w̃εk(x

′, x3) k = 1, 2, 3 can bentroduced in terms of the test functions (v ε,ψε)
involved in (15); in this equation, the r.h.s. integrals express the virtual power∫

∂∗Σε
bε · w̃ ε , (17)

where the traction stress bε = iωρ0np
ε is induced by the acoustic pressure

in the fluid.

2.6. Fluid structure interaction on the plate surface ∂Σ

The forces and moments involved in the r.h.s. of (15) can be identified
using the 3D representation of the plate surface ∂∗Σ

ε decomposed according
to (3). The actual surface traction bεi = iωρ0nip

ε is given by the acoustic

12



potential and by the surface normal n = (ni); note that nα = 0, α = 1, 2 on
∂±Σε, whereas n3 = 0 on ∂◦Σ

ε. Hence, it can be shown that the following
expressions hold:

f
ε

α = 0 , mε
α = 0 , f∂3 = 0 ,

f
ε

3 =
∑
s=+,−

b3(x′, sεh̄/2) = iωρ0(pε(x′, εh̄/2)− pε(x′,−εh̄/2)) ,

f∂,εα =

∫ hε/2

−hε/2
bα(x′, x3)dx3 = iωρ0

∫ hε/2

−hε/2
nα(x′)pε(x′, x3)dx3 ,

m∂,ε
α = −

∫ hε/2

−hε/2
x3bα(x′, x3)dx3 = −iωρ0

∫ hε/2

−hε/2
x3nα(x′)pε(x′, x3)dx3 .

(18)

Then we consider the fluid equation. In (14), in the integral on ∂Σε, the
displacement field w must be expressed in terms of the mid-plane displace-
ments and rotations uε and θε, as introduced in (16). This yields∫
∂Σε

n ·w εqε =

∫
Γε
uε3[[qε(·, x3)]]±εh̄ +

∫
∂Γε

εh̄

∫ 1/2

−1/2

n̄ · (uε − εh̄ζθε)qε(·, εh̄ζ)dζ .

(19)

2.7. Dilated formulation

We can now state the vibro-acoustic problem in the dilated layer Ω̂ =
Γ0×] − κ/2,+κ/2[, where the fluid occupies domain Ω̂∗ = {(x′, ε−1x3) ∈
R3|x ∈ Ω∗ε}, see (6). Using z = ε−1x3, while x′ = (xα), with new coordinates
(x′, z), the gradients are ∇̂ = (∂α, ε

−1∂z), thus∇p(x) = ∇̂p(xα, z); to simplify
the notation, we shall use the same notation for functions depending on x3,
but expressed in terms of z.

By virtue of the dilation and the periodic unfolding, the vibroacoustic
problem can be transformed in the domain which does not change with ε.
Consequently the standard means of convergence can be used to obtain the
limit model.

Equation (14) with the substitution (19) can now be transformed by the
dilatation (the same notation for all variables is adhered, but should be
interpreted in this new context of this dilated formulation):∫

Ω̂ε
∇̂pε · ∇̂qε − ω2

c2

∫
Ω̂ε
pεqε = − iω

ε

∫
Γ±
ĝε±qε

− iω

ε

[∫
Γε
uε3[[qε(·, x3)]]±εh̄ +

∫
∂◦Γε

εh̄

∫ 1/2

−1/2

n̄ · (uε − εh̄ζθε)qε(·, εh̄ζ)dζ

]
.

(20)
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Further we employ (18) to rewrite (15) which is divided by hε; by virtue of
Remark 1, the plate thickness is given, i.e. h = ε0h̄, however, when dealing
with the r.h.s. interaction terms, h := hε = εh̄ in accordance with the dilation
transformation. Thus we get

ω2

∫
Γε
ρuε · v ε + ω2h

2

12

∫
Γε
ρθε ·ψε

−
∫

Γε
[IEε∇S

uε] : ∇S
v ε −

∫
Γε

[S ε(∇uε3 − θε)] · (∇vε3 −ψε)− h2

12

∫
Γε

[IEε∇S
θε] : ∇S

ψε

=
iωρ0

εh̄

[∫
Γε
vε3[[pε(·, x3)]]±εh̄ + εh̄

∫
∂◦Γε

∫ 1/2

−1/2

pε(·, εh̄ζ)n̄ · (v ε − εh̄ζψε)dζ

]
.

(21)

It is worth noting that, in (20) and (21), the r.h.s. integrals provide a sym-
metry of the following formulation.

The problem formulation. The vibroacoustic interaction in the dilated layer
Ω̂δ is described by (pε,uε,θε) ∈ H1(Ω̂∗ε)× (H1

0 (Γε))5 which satisfy equations
(20)-(21) for any test fields (qε, v ε,ψε) ∈ H1(Ω̂∗ε)× (H1

0 (Γε))5.
Let g0 ∈ L2(Γ0) and g1±(x′, y′) ∈ L2(Γ0 × R2), whereby g1±(x′, ·) being

Ξ-periodic in the second variable; we define

ĝε+(x′) = g0(x′) + εg1+(x′,
x′

ε
) ,

ĝε−(x′) = −g0(x′)− εg1−(x′,
x′

ε
) .

(22)

For any ε > 0 and ĝε± defined according to (22), the vibroacoustic interac-
tion problem constituted by equations (20)-(21) possesses a unique solution
(pε,uε,θε). As an essential step of the proof, the a priori estimates are
derived in the Appendix A.1.

3. Homogenization of the transmission layer

In this section, we introduce the convergence result which yields the limit
acoustic pressure and the plate displacements and rotations. These are in-
volved in the limit two-scale equations of the vibroacoustic problem imposed
in the transmission layer. The asymptotic analysis is based on the unfold-
ing method which was inaugurated in the seminal paper [4] and elaborated
further for thin structures in [3]. In our setting, the unfolding operator
Tε : L2(Ωδ;R) → L2(Γ0 × Y ;R) transforms a function f(x) defined in Ωδ

into a function of two variables, x′ ∈ Γ0 and y ∈ Y . For any f ∈ L1(Y ), the

14



cell average involved in all unfolding intergartion formulae will be abreviated
by

1

|Ξ|

∫
Ξ

f =∼
∫

Ξ

f
1

|Ξ|

∫
D

f =:∼
∫
D

f , (23)

whatever the domain D ⊂ Y of the the integral is (i.e. volume, or surface).

3.1. The convergence results

Based on the a priori estimates derived in the Apendix A, the following
theorem holds.

Theorem 1. Let us assume

‖pε‖L2(Ω̂∗ε) ≤ C , ‖uε‖[L2(Γε)]2 ≤ C ,

‖uε3‖L2(Γε) ≤ C , ‖θε‖[L2(Γε)]2 ≤ C ,
(24)

then the folloving estimates can be obtained:∥∥∥∇̂pε∥∥∥
[L2(Ω̂∗ε)]3

≤ C ,
∥∥∇uε∥∥

[L2(Γε)]4
≤ C ,∥∥∇uε3∥∥[L2(Γε)]2

≤ C ,
∥∥∇θε∥∥

[L2(Γε)]4
≤ C .

(25)

Since ∇̂pε = (∇pε, ε−1∂zp
ε), we have∥∥∇pε∥∥

[L2(Ω̂∗ε)]2
≤ C , ‖∂zpε‖[L2(Ω̂∗ε)]2 ≤ εC . (26)

Due to Theorem 1 providing the estimates (24)-(26) we obtain the conver-
gence of the unfolded functions(For the definition of the unfolding operator
we refere e.g. to [4]). First we observe (note (26)2):

pε ⇀ p0 w. in L2(Ω̂) ,

∂zp
ε ⇀ 0 w. in L2(Ω̂) ,

(27)

thus, ∂zp
0 = 0. The classical results of the unfolding method of homogeniza-

tion yield

Tε(pε) ⇀ p0 w. in L2(Γ0 × Y ∗) ,
Tε
(
∇pε

)
⇀ ∇x′p

0 +∇y′p
1 w. in L2(Γ0 × Y ∗) ,

1

ε
Tε(∂zpε) ⇀ ∂zp

1 w. in L2(Γ0 × Y ∗) .
(28)
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Above p0 ∈ H1(Γ0) and p1 ∈ L2(Γ0;H1
#(Y ∗)), where H1

#(Y ∗) is the subspace

of H1(Y ) generated by Ξ-periodic functions (thus, the periodicity in yα holds,
but not in y3 = z), with vanishing average in Y .

For the plate responses we get

uε → u0 s. in [L2(ΓK)]2 ,

Tε(uε) ⇀ u0 w. in [L2(ΓK × ΞK)]3 ,

Tε
(
∇uε

)
⇀ ∇x′u

0 +∇y′u
1 w. in [L2(Γ0 × ΞS)]6 ,

(29)

where u0 ∈ [H1(ΓK)]3 and u1 ∈ L2(ΓK ; [H1
#(ΞK)]3). Here H1

#(ΞK) is sub-
space ofH1(Ξ) involving only Ξ-periodic functions with vanishing average in
ΞK . For the rotations we obtain

Tε(θε) ⇀ θ0 w. in [L2(Γ0 × ΞS)]2 ,

Tε
(
∇θε

)
⇀ ∇x′θ

0 +∇y′θ
1 w. in [L2(Γ0 × Ξ)]4 ,

(30)

where θ0 ∈ [H1(ΓK)]2 and θ1 ∈ L2(Γ0; [H1
#(ΞS)]2).

The limit vibro-acoustic problem can be derived by a formal approach
which relies on the recovery sequences (w.r.t. ε) constructed in accordance
with the convergence result. Neglecting the higher order terms in ε, the
following approximate expansions for unfolded vibroacoustic fields (pε,uε,θε)
are considered:

Tε(pε) = p0(x′) + εp1(x′, y) ,

Tε(uε) = u0(x′) + εu1(x′, y′) ,

Tε(uε3) = u0
3(x′) + εu1

3(x′, y′) ,

Tε(θε) = θ0(x′) + εθ1(x′, y′) ,

(31)

where x′ ∈ Γ0, y′ ∈ Ξ and y = (y′, z) ∈ Y ; in (31), all the two-scale functions
are Ξ-periodic in the second variable. Analogous expansions involving two-
scale functions periodic in y′ will be employed as the test functions involved
in (20)-(21),

Tε(qε) = q0(x′) + εq1(x′, y) ,

Tε(v ε) = v 0(x′) + εv 1(x′, y′) ,

Tε(vε3) = v0
3(x′) + εv1

3(x′, y′) ,

Tε(ψε) = ψ0(x′) + εψ1(x′, y′) .

(32)

It is worth to note that the use of the recovery sequences simplifies the
derivation of limit equations of the vibro-acoustic model which, however, can
be obtained more rigorously using the asymptotic analysis applied directley
to equations (20)-(21). We shall substitute the ansatz (31)-(32) in unfolded
equations (20)-(21) and explore the limit form for ε→ 0.

16



3.2. Limit fluid equation

The unfolded left hand side of (20) yields the following limit form:

c2

∫
Γ0

∼
∫
Y ∗
Tε
(
∇pε

)
· Tε
(
∇qε

)
+
c2

ε2

∫
Γ0

∼
∫
Y ∗
∂zTε(pε)∂zTε(qε)− ω2

∫
Γ0

∼
∫
Y ∗
Tε(pε)Tε(qε)

→ c2

∫
Γ0

∼
∫
Y ∗

(∇xp
0 +∇yp

1) · (∇xq
0 +∇yq

1) + c2

∫
Γ0

∼
∫
Y ∗
∂zp

1∂zq
1 − ω2

∫
Γ0

∼
∫
Y ∗
p0q0 .

(33)

The unfolded right hand side integrals can be written, as follows:

− iωc2

ε

∫
Γ0

[
∼
∫
I+
y

(g0 + εg1+)(q0 + εq1)+ ∼
∫
I+
y

(−g0 − εg1−)(q0 + εq1)

]

− iωc2

ε

∫
Γ0

[
∼
∫

ΞS

Tε(uε3)[[εq1(·, z)]]±h̄

+
εh̄

ε
∼
∫
∂ΞS

∫ 1/2

−1/2

n̄ · (Tε(uε)− εh̄ζTε(θε))
(
q0(x′) + εq1(x′, y′, h̄ζ)

)
dζ

]
.

(34)

In the limit, the first integral related to the dilated fictitious interfaces Γ±

yields

−iωc2

∫
Γ0

(
q0 ∼
∫

Ξ

(g1+ − g1−) + g0

(
∼
∫
I+
y

q1− ∼
∫
I−y

q1

))
. (35)

The second integral in (34) can be rewritten, as follows (omitting the factor
−iωc2)

1

ε

∫
Γ0

∼
∫

ΞS

(u0
3 + εu1

3)ε[[q1]]±h̄

+
h̄

ε

∫
Γ0

∼
∫
∂ΞS

∫ 1/2

−1/2

n ·
(
u0 + εu1 − εh̄ζ(θ0 + εθ1)

)
(q0 + εq1) ,

(36)

where only q1(x′, y′, h̄ζ) depends on ζ ∈]−1/2,+1/2[. Hence, since
∫ 1/2

−1/2
ζ = 0,

in the limit, the second integral in (34) yields

−iωc2

∫
Γ0

(
u0

3 ∼
∫

ΞS

[[q1]]±h̄ + u0· ∼
∫
∂ΞS

n h̄

∫ 1/2

−1/2

q1dζ + q0h̄ ∼
∫
∂ΞS

n · u1

)
. (37)
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Now the limit fluid equation constituted using (33)(35) and (37) attains the
following form:

c2

∫
Γ0

∼
∫
Y ∗

(∇xp
0 +∇yp

1) · (∇xq
0 +∇yq

1) + c2

∫
Γ0

∼
∫
Y ∗
∂zp

1∂zq
1 − ω2

∫
Γ0

∼
∫
Y ∗
p0q0

= −iωc2

∫
Γ0

[
q0 ∼
∫

Ξ

∆g1 + g0

(
∼
∫
I+
y

q1− ∼
∫
I−y

q1

)

+u0
3 ∼
∫

ΞS

[[q1]]±h̄ + u0· ∼
∫
∂ΞS

n h̄

∫ 1/2

−1/2

q1dζ + q0h̄ ∼
∫
∂ΞS

n · u1

]
(38)

where ∆g1 = g1+ − g1−.

3.3. Limit plate equation

The unfolded left hand side of (21) yields the following limit form:

−ω2

∫
Γ0

ρS

(
u0 · v 0 +

h2

12
θ0 ·ψ0

)
+

∫
Γ0

∼
∫

ΞS

[IE(∇S

xu
0 +∇S

yu
1)] : (∇S

xv
0 +∇S

yv
1)

+

∫
Γ0

∼
∫

ΞS

S(∇xu
0
3 +∇yu

1
3 − θ0) · (∇xv

0
3 +∇yv

1
3 −ψ0)

+
h2

12

∫
Γ0

∼
∫

ΞS

[IE(∇S

xθ
0 +∇S

yθ
1)] : (∇S

xψ
0 +∇S

yψ
1)

(39)

The unfolded right hand side integrals can be written in analogy with the
ones involved in the fluid equation, see (36). Since the role of the solution
and the test function switches, the unfolded form of (21) yields

iωρ0

εh̄

∫
Γ0

∼
∫

ΞS

(v0
3 + εv1

3)ε[[p1]]±h̄

+
iωρ0

ε

∫
Γ0

∼
∫
∂ΞS

∫ 1/2

−1/2

n ·
(
v 0 + εv 1 − εh̄ζ(ψ0 + εψ1)

)
(p0 + εp1) ,

(40)

which, in the limit, yields an analogous expression as the one of (37). Thus,
the limit of the plate equation (21) is constituted by (39) which equals to

(39) = iωρ0

∫
Γ0

(
v0

3

1

h̄
∼
∫

ΞS

[[p1]]±h̄ + v 0· ∼
∫
∂ΞS

n

∫ 1/2

−1/2

p1dζ + p0 ∼
∫
∂ΞS

n · v 1

)
.

(41)
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Remark 2. Integrals over the plate surface involving q1 and p1 in (37) and
(41), respectively, can be written in a more compact form; for any two-scale
function ϕ(x′, y′, ζ) it holds that

v0
3

1

h̄
∼
∫

ΞS

[[ϕ]]±h̄ dy′ + v 0· ∼
∫
∂ΞS

n

∫ 1/2

−1/2

ϕdζ =
1

h̄
v 0· ∼
∫
∂S

nϕ . (42)

4

3.4. Local problems in Y ∗

When testing the limit equation (38) with q1 6= 0 while q0 = 0, the local
problem in the fluid part is obtained which reveals linear dependence of p1

on the “macroscopic” functions u0, p0 and g0. Therefore, we can introduce
the following split:

p1(x′, y) = πβ(y)∂xβp
0(x′) + iωξ(y)g0(x′) + iωηk(y)u0

k(x
′) , (43)

where y = (y′, z) ∈ Y ∗, and introduce the following 3 autonomous problems
for πβ, ξ, ηk ∈ H1

#(Y ∗):

(
∇yπ

β, ∇yψ
)
Y ∗

= −
∫
Y ∗
∂yβψ , ∀ψ ∈ H1

#(Y ∗) , β = 1, 2 ,

(∇yξ, ∇yψ)Y ∗ = −

(∫
I+
y

ψ −
∫
I−y

ψ

)
, ∀ψ ∈ H1

#(Y ∗) ,

(
∇yη

k, ∇yψ
)
Y ∗

= −
∫
∂S

nkψ ∀ψ ∈ H1
#(Y ∗) , k = 1, 2, 3 .

(44)

3.5. Local problems on ΞS

We consider the limit equation governing the plate response; its left and
right hand sides are constituted by (39) and (41), respectively. Upon testing
there subsequently by ψ1, v 1 and v1

3, whereas all ψ0, v 0 and v0
3 vanish, the

following local “microscopic” equations are obtained,

h2

12

∫
Γ0

∼
∫

ΞS

[IE(∇S

xθ
0 +∇S

yθ
1)] : ∇S

yψ
1 = 0 , ∀ψ1 ∈ L2(Γ0; (H1

#(ΞS))2) ,∫
Γ0

∼
∫

ΞS

IE(∇S

xu
0 +∇S

yu
1) : ∇S

yv
1 = iωρ0

∫
Γ0

p0 ∼
∫
∂ΞS

n · v 1 , ∀v 1 ∈ L2(Γ0; (H1
#(ΞS))2) ,∫

Γ0

∼
∫

ΞS

S(∇xu
0
3 +∇yu

1
3 − θ0) · ∇yv

1
3 = 0 , ∀v1

3 ∈ L2(Γ0;H1
#(ΞS)) .

(45)
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Due to the linearity of (45), the following split of the two-scale functions can
be introduced

u1 = χαβ(∇S
u0)αβ + χ∗iωρ0p

0 , (46)

u1
3 = χk

(
(∇u3)k − θk

)
, (47)

θ1 = χαβ(∇S
θ0)αβ , (48)

where χαβ,χ∗ ∈ H1
#(ΞS), and χk ∈ H1

#(ΞS) are the corrector functions.
They express the local characteristic responses of the plate which can be

computed independently of the macroscopic responses ∇S
u0, ∇S

θ0, ∇u3,
and p0. It is worth noting that the same functions χαβ are involved in both
u1 and θ1 due to the similar structure of (45)1 and (45)2. The following
three local autonomous problems have to be solved,

• Find χαβ ∈ H1
#(ΞS)/R2 such that

∼
∫

ΞS

(IE∇S

y (χαβ + Παβ) : ∇S

yv = 0 ∀v ∈ H1
#(ΞS) , (49)

where Παβ = (Παβ
ν ), Παβ

ν = yβδαi with ν, α, β = 1, 2.

• Find χα ∈ H1
#(ΞS)/R such that

∼
∫

ΞS

(S∇y(χ
α + yα)) · ∇yz̃ = 0 ∀z̃ ∈ H1

#(ΞS) , α− 1, 2 . (50)

• Find χ∗ ∈ H1
#(ΞS)/R2 such that

∼
∫

ΞS

IE∇S

yχ
∗ : ∇S

yv =∼
∫
∂ΞS

n · v , ∀v ∈ H1
#(ΞS) . (51)

3.6. Homogenized equations associated with the fluid

The macroscopic equation governing the acoustic potential p0 distributed
on the homogenized interface Γ0 is obtained upon testing (20) with q0 6= 0
while q1 = 0, which yields

c2

∫
Γ0

∼
∫
Y ∗

(∇xp
0 +∇yp

1) · ∇xq
0 − ω2

∫
Γ0

∼
∫
Y ∗
p0q0

= −iωc2

∫
Γ0

q0

(
∼
∫

Ξ

∆g1 + h̄ ∼
∫
∂ΞS

n · u1

)
,

(52)

where ∆g1 was introduced in (38). By virtue of the multiplicative splits
(43) and (46), the integrals over Y ∗, ΞS and ∂ΞS involving the two-scale
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functions can be expressed in terms of the macroscopic variables and using
the homogenized coefficients A = (Aαβ), B = (Bα), D = (Dk), H = (Hαβ)
and K,

Aαβ =∼
∫
Y ∗
∇y(π

β + yβ) · ∇y(π
α + yα) ,

Bα =∼
∫
Y ∗
∂yαξ ,

Dα
k =∼
∫
Y ∗
∂yαη

k =

∫
∂S

nkπ
α ,

Hαβ =∼
∫
∂ΞS

n · χαβ ,

K =∼
∫
∂ΞS

n · χ∗ .

(53)

The alternative expression of Pα
k by πα is obtained due to the local problems

(44).
Finally we can obtain the following extended equations of the acoustic

transmission satisfied by (p0, g0) ∈ H1(Γ0)× L2(Γ0)

c2

∫
Γ0

(A∇xp
0) · ∇xq

0 − ζ∗ω2

∫
Γ0

p0q0 + iωc2

∫
Γ0

g0B · ∇xq
0 + iωc2

∫
Γ0

∇xq
0 ·Du0

=− iωc2h̄

∫
Γ0

q0

(
1

h̄
∼
∫

Ξ

∆g1 + iωρ0Kp
0 + H : ∇S

xu
0

)
,

(54)

for all q0 ∈ H1(Γ0), where ζ∗ = |Y ∗|/|Ξ|.

3.7. Homogenized equations associated with the plate

In the limit equation governing the plate response, see (39) and (41), we
apply the macroscopic test functions v 0,ψ0, whereas we put v 1 = 0 and
ϑ1 = 0. Thus we obtain

−ω2

(∫
Γ0

∼
∫

ΞS

ρSu
0 · v 0 +

h2

12

∫
Γ0

∼
∫

ΞS

ρSθ
0 · ϑ0

)
+

∫
Γ0

∼
∫

ΞS

(S(∇yu
1
3 +∇xu

0
3 − θ0)) · (∇xv

0
3 −ψ0)

+
h2

12

∫
Γ0

∼
∫

ΞS

(IE(∇S

yθ
1 +∇S

xθ
0)) : ∇S

xψ
0 +

∫
Γ0

∼
∫

ΞS

(IE(∇S

yu
1 +∇S

xu
0)) : ∇S

xv
0

= iωρ0

∫
Γ0

(
v 3 1

h̄
· ∼
∫
∂S

np1

)
,

(55)
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Upon substituting (u1, θ1) and p1 by the splits (46)-(48) and (43), the effec-
tive model parameters can be introduced. Symmetric expressions for the two
elasticity tensors are derived using the local problems (49)-(50),

EH
αβµν =∼

∫
ΞS

IE∇S

y (χµν + Πµν) : ∇S

y (χαβ + Παβ) ,

SH
αβ =∼

∫
ΞS

[S∇y(χ
α + yα)] · ∇y(χ

β + yβ) .

(56)

Due to the presence of p0 in the expression of u1, see (46), a pressure-coupling
term appears which involves coefficient H introduced in (53),

iωρ0p
0 ∼
∫

ΞS

(IE∇S

yχ
∗) : ∇S

xv
0 = −iωρ0p

0H : ∇S

xv
0 , (57)

where the identity follows upon substituting the test functions in (49) and
(51) by χ∗ and χαβ, respectively.

In the r.h.s. integrals of (55), the following coefficients C = (Ck) and
T = (T kj ) are introduced,

Ck =∼
∫
I+
y

ηk− ∼
∫
I−y

ηk ,

T kj = − ∼
∫
∂S

ηknj =
(
∇yη

k, ∇yη
j
)
Y ∗

= T jk , k, j = 1, 2, 3 ,

(58)

so that T is symmetric.
Using the homogenized coefficients, the macroscopic (homogenized) plate

equation (55) can be rewritten:

− ω2

∫
Γ0

ρS

(
u0 · v +

h2

12
θ0 · ϑ

)
+

∫
Γ0

(SH(∇xu
0
3 − θ0)) · (∇xv3 − ϑ)

+
h2

12

∫
Γ0

(IEH∇S

xθ
0) : ∇S

xϑ+

∫
Γ0

(IEH∇S

xu
0) : ∇S

xv − iωρ0

∫
Γ0

p0H : ∇S

xv

=
ρ0

h̄

∫
Γ0

v ·
(
iωDT∇p0 − ω2C g0 + ω2Tu0

)
,

(59)

for all (v ,ϑ) ∈ (H1
0 (Γ0))5. Above ρS is the effective plate density, ρS =

|Ξ|−1
∫

ΞS
ρ.
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4. Global problem with vibroacoustic transmission conditions

We recall the problem decomposition according to (8), (9) and conditions
(10). The problem (9) describing the vibro-acoustic response in the layer
has been homogenized, yielding equations (70) and (71). Our further effort
will focus on the coupling the acoustic field in the layer with the surrounding
environment. We consider dilated domains Ω̂±, such that Γ0 is their common
boundary, i.e. ∂Ω̂+ ∩ ∂Ω̂+ = Γ0. By P̂ we denote the dilated solutions in
domains Ω̂±, the traces of P̂ on Γ0 are denoted by P̂±; obviously P̂+ =
traceΓ0(P̂ |Ω̂+) and P̂− = traceΓ0(P̂ |Ω̂−).

4.1. Coupling of the layer with external acoustic fields

In this section, we use the convergence result concerning the acoustic
potential pε, namely (28), and consider coupling of the acoustic fields “inside”
the layer with the ones “outside” the layer. In particular, below we introduce
a coupling equation (60) which is associated with the limit equations in the
homogenized layer and provide the transmission conditions for the global
problem.

We recall the condition P δ = p̂ε on Γ±δ defined in (8)which is now treated
in a weak sense. The jump of the exterior field across the layer with finite
δ > 0 is expressed, as follows,∫

Γ+
δ

ψP δ −
∫

Γ−δ

ψP δ =

∫
Γ0

ψ

∫ δ/2

−δ/2
∂x3 p̃

εδ ∀ψ ∈ L2(Γ0) , (60)

where we assume ψ = ψ(x′), x′ ∈ Γ0, where by˜we denote an extension of pεδ

to the whole Ωδ We may apply the dilation transformation; let P̂ δ+ is defined
on Γ0, such that P̂ δ+(x′, 0) = P δ(x′, δ/2) and, in analogy, we introduce P̂ δ−,
consequently (60) can be written,∫

Γ0

ψ(P̂ δ+ − P̂ δ−) = ε

∫
Γ0

ψ

∫ κ/2

−κ/2

1

ε
∂zp̃

ε ∀ψ ∈ L2(Γ0) . (61)

With reference to Remark 1, we now consider a finite layer thickness δ0 =
κε0 > 0 in the l.h.s. expression of (61), whereas we pass to the limit on the
r.h.s. ; this yields the following approximation

1

ε0

∫
Γ0

ψ(P̂ δ+ − P̂ δ−) ≈ lim
ε→0

∫
Γ0

ψ

∫ κ/2

−κ/2

1

ε
∼
∫

Ξ

∂zTε(p̃ε)

=

∫
Γ0

ψ

∫ κ/2

−κ/2
∼
∫

Ξ

∂zp̃
1 =

∫
Γ0

ψ[[p̃1]]±κ

=

∫
Γ0

ψ

(
∼
∫
I+
y

p1− ∼
∫
I−y

p1

)
∀ψ ∈ L2(Γ0) .

(62)
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We substitute the split form of p1 in (62) which yields new positive coef-
ficient F > 0 and two other coefficients B ′,C ′:

F = − ∼
∫
I+
y

ξ+ ∼
∫
I−y

ξ =∼
∫
Y ∗
∇yξ · ∇yξ .,

B′α =∼
∫
I+
y

πα− ∼
∫
I−y

πα =∼
∫
Y ∗κ

∂yαξ = Bα , α = 1, 2 ,

C ′k =∼
∫
I+
y

ηk− ∼
∫
I−y

ηk =∼
∫
∂S

nkξ = Ck , k = 1, 2, 3 ,

(63)

where the equalities B = B ′ and C = C ′ are obtained due to the local
microscopic problems (44). Now the limit coupling condition (62) can be
written in terms of the homogenized coefficients F,C and B∫

Γ0

ψ
(
B ′ · ∇xp

0 − iωFg0 + iωC ′ · u0
)

=
1

ε0

∫
Γ0

ψ(P̂ δ0+ − P̂ δ0−) ∀ψ ∈ L2(Γ0) .

(64)

Due to the above mentioned symmetry, in (64), coefficients B ′ and C ′ can
be replaced symply by B and C , which reveals the symmetry of the system
of equations (54), (59) and (64).

A question which arizes naturally is how the limit field p0 defined on
Γ0 is related to traces P̂ δ0± of the global solution in Ω±δ0 . Recalling again

the 2nd condition in (10), we can establish a blending function: P̃δ(x
′, z) :=

(κ/2 + z)P̂+
δ + (z−κ/2)P̂−δ , where (x′, z) ∈ Γ0×]−κ/2,+κ/2[ and P̂±δ has

been defined above. Further we consider the following condition (recall that
Ω̂ is the dilated layer):∫

Ω̂

(p̃ε − P̃δ)ϕ = 0 ∀ϕ ∈ L2(Γ0), (65)

such that ϕ(x′, z) = ϕ(x′) for x′ ∈ Γ0. Due to the convergence result (27)1

and due to the construction of P̃δ, in the limit ε→ 0 we get∫
Γ0

(
p0 − 1

2

[
P̂+ + P̂−

])
ϕ = 0 ∀ϕ ∈ L2(Γ0) . (66)

Recalling the finite thickness δ0, this equation can be interpretted for P̂± ≈
P̂±δ0 , as in the case of the coupling condition (62). By virtue of the r.h.s. in-
tegral in (64), for a later use we introduce ∆P , so that due to (66) p0 is
expressed, as follows,

∆P =
1

ε0

(
P̂+ − P̂−

)
,

p0 =
1

2

(
P̂+ + P̂−

)
.

(67)
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4.2. Vibro-acoustic problem in the homogenized layer

We shall summarize the limit equations of the homogenized transmission
layer problem arising from the problem constituted by equations (20)-(21)
and with the imposed acoustic momentum fluxes ĝε± given in the form (22).

As announced in the introduction, the homogenized Reissner-Mindlin
plate model is valid for “simple” perforations generated by cylindrical holes
∂◦Σ defined according to (3), being generated by surface ∂◦S, see (7). This
leads to various simplifications which have already been respected when de-
riving the homogenized model. Moreover, from the microscopic problems
(44), due to Remark 2, the following cancellations can be deduced due to the
special geometry, in particular

C1 = C2 = 0 , C3 =∼
∫
∂S

n3ξ ,

Dα
3 = 0 , Dα

k =∼
∫
∂S

nkπ
α , k = 1, 2, α = 1, 2 ,

Bα = 0 , α = 1, 2 ,

(68)

where the last identity has allready been observed in [14], dealing with rigid
plates.

Remark 3. For rigid plates, the plate deflections and rotations disappear.
Thus, equation (59) is irrelevant and, hence, coefficients P and C and H are
not involved in (64) and (54). However, quite general types of perforations
can be considered for which coefficients Bα do not vanish.

4
To rewrite the resulting equations in a more convenient form, we introduce

the inner product notation:

〈φ, ψ〉Γ0
=

∫
Γ0

φψ .

By virtue of the r.h.s. integral in (54), we shall use

∆G1(x′) :=
1

|Ξ|
∼
∫

Ξ

∆g1(x′, y′)dy′ , x′ ∈ Γ0 , (69)

where ∆g1 = g1+ − g1− has been introduced above.
Assume for a while that ∆P and ∆G1 are given on Γ0. Then, since

Bα = 0, the model constituted by (54),(59) and (64) would yield two separate
problems which are described in the next two sections. Also we recall the
relationship between the plate thickness h and the perforation size ε0, h =
ε0h̄, whereby δ0 = ε0κ determines the actual transmission layer thickness.
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4.2.1. Tangential acoustic wave coupled with in-plane plate vibration

The first subproblem arising from (59) and (54) is independent of the
jump ∆P . As explained below, it couples in-plane plate vibrations described
by u0 with surface acoustic waves propagating in the fluid in the tangential
direction w.r.t. the plate, thus, being described by the acoustic potential p0.

To obtain a symmetric system, we multiply (59) by factor h̄/ρ0 and con-
sider v3 = 0 and ϑα = 0. The fluid equation (54) is multiplied by 1/c2. The
following separate problem can be distinguished: For a given ∆G1 ∈ L2(Γ0),
find (p0,u0) ∈ H1(Γ0)× (H1

0 (Γ0))2 such that (by I = (δij) we denote the 2D
identity)

〈
A∇p0, ∇q

〉
Γ0
− ω2

〈
(
ζ∗

c2
+ ρ0K)p0, q

〉
Γ0

+iω

(〈
Du0, ∇q

〉
Γ0

+ h̄
〈
H : ∇S

u0, q
〉

Γ0

)
= −iω

〈
∆G1, q

〉
Γ0

,

−iω

(〈
∇p0, Dv

〉
Γ0

+ h̄
〈
p0, H : ∇S

v
〉

Γ0

)
+
h̄

ρ0

〈
IEH∇S

u0, ∇S
v
〉

Γ0

− ω2

〈
(
h̄ρS
ρ0

I + T )u0, v

〉
Γ0

= 0 ,

(70)

for all (q, v) ∈ H1(Γ0)× (H1
0 (Γ0))2 .

4.2.2. Plate deflection coupled with transversal acoustic momentum

The second subproblem governs the transversal plate vibrations described
by the couple (u0

3,θ
0) with the transversal acoustic momentum g0 of the fluid

in response to a given jump ∆P , whereas ∆G1 is not involved. We consider
vα = 0 and α = 1, 2 in (59) which again is multiplied by factor h̄/ρ0 .
The resulting equation is coupled with (64) multiplied by iω, so that the
following separate problem can be distinguished: For a given ∆P ∈ L2(Γ0)
find (g0, u0

3,θ
0) ∈ L2(Γ0)× (H1

0 (Γ0))3 such that

−ω2
〈
Fg0, ψ

〉
Γ0

+ ω2
〈
C3u

0
3, ψ

〉
Γ0

= iω 〈∆P , ψ〉Γ0
,

ω2
〈
g0, C3v3

〉
Γ0
− ω2

〈
(
h̄ρS
ρ0

+ T33)u0
3, v3

〉
Γ0

− ω2 h̄h
2

12ρ0

〈
ρS
ρ0

θ0, ϑ

〉
Γ0

+
h̄

ρ0

〈
SH(∇u0

3 − θ0), ∇v3 − ϑ
〉

Γ0
+
h̄h2

12ρ0

〈
IEH∇S

θ0, ∇S
ϑ
〉

Γ0

= 0 ,

(71)

for all (ψ, v3,ϑ) ∈ L2(Γ0)× (H1
0 (Γ0))3.
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4.2.3. Rigid plate with general shape of perforations

Assuming arbitrary shaped pores perforating the plate allowing for a more
general geometry of the fluid cell Y ∗ and leading to a nonsymmetry of the
response ξ, see [14], (54) is coupled with (64). For a given ∆P ∈ L2(Γ0) and
∆G1 ∈ L2(Γ0), find a couple (p0, g0)H1(Γ0)× L2(Γ0), such that

∫
Γ0

(A∇xp
0) · ∇xq − ζ∗

ω2

c2

∫
Γ0

p0q + iω

∫
Γ0

g0B · ∇xq =− iω

∫
Γ0

q∆G1 ,∫
Γ0

ψ
(
B · ∇xp

0 − iωFg0
)

=

∫
Γ0

ψ∆P ,

(72)

for all (q, ψ) ∈ H1(Γ0)× L2(Γ0). Thus, both ∆P and ∆G1 are involved.

4.3. Dirichlet-to-Neumann (DtN) operator and the transmission conditions

For a given ε0 > 0, by virtue of the approaximation introduced above, let
us consider a problem arizing from (8) for δ → 0. The interface condition is
now replaced by

∂P̂ |Ω̂±
∂n±

≈ ∂P̂ δ0±

∂n±
= iω ∼

∫
Ξ

Tε0(ĝε0,±) on Γ0 , (73)

where ∂p
∂n

= n · ∇p denotes the normal derivative of p on Γ0; note that n+ =

−n− is outward to Ω̂+. Therefore, we introduce the averaged momentum
fluxes Ĝ±0 defined by averaging the unfolded expressions (22) over the period
Ξ, so that

Ĝ±0 (x′) = ± 1

|Ξ|

∫
Ξ

Tε0(ĝε0,±) =
1

|Ξ|

∫
Ξ

(
g0(x′) + ε0g

1,±(x′, y′)
)

dy′

= g0(x′) + ε0G
1±(x′) , where G1± =

1

|Ξ|

∫
Ξ

g1±(x′, y′)dy′ .

(74)

Hence

g0 ≈ 1

2

(
Ĝ+

0 + Ĝ−0

)
= g0 +

ε0

2
(G1+ +G1−) ,

∆G1 = G1+ −G1− =
1

ε0

(
Ĝ+

0 − Ĝ−0
)
,

(75)

where ∆G1 was defined in (69) with ∆g1 = g1,+ − g1,−. Moreover, if we
assume that G1+ = −G1−, then equality holds in (75)1 for any ε0
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Now for a while, we may consider the following problem: For given p̄, Ĝ+
0

and Ĝ+
0 , find P̂ in ΩG satisfying

c2∇2P̂ + ω2P̂ = 0 in Ω̂+ ∪ Ω̂− ,

interface condition:

∂P̂ |Ω̂+

∂n+
= iωĜ+

0 on Γ0 ,

∂P̂ |Ω̂−
∂n−

= −iωĜ−0 on Γ0 ,

outer boundary conditions

riωcP̂ + c2∂P̂

∂n
= s2iωcp̄ on ∂extΩ

G .

(76)

see problem (8) concerning constants r and s involved in the boundary con-
ditions on ∂extΩ

G.
Problem (76) arizes from (8) for δ → 0, however, the Dirichlet type

interface conditions are now replaced by the Neumann ones represented by
(73) with (74).

Problem (76), as well as problems (70) and (71) are artificial; in fact,
neither Ĝ±0 , nor ∆P or ∆G1 are known a priori; they all are coupled to the
solution P̂ due to the interface vibroacoustic interaction conditions (70) and
(71) which involve ∆P, g0 and ∆G1. While g0 and ∆G1 are related to Ĝ±0
directly by (75), ∆P and p0 are related to traces P̂± by (67).

The problems (70) and (71), and the conditions (67) and (75) present an
implicit form of the Dirichlet-to-Neumann operator (DtN) associated with
the “outer” acoustic problem defined for P̂ in Ω̂±.

4.4. Global acoustic problem with homogenized perforated plate

In order to write the weak formulation of problem (76) with the DtN map-
ping introduced above, we shall employ the following bilinear forms involving
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the homogenized coefficients introduced in the preceding sections,

A(p, q) =
〈
A∇p, ∇q

〉
Γ0

,

S((w,θ), (v,ϑ)) =
h̄

ρ0

〈
SH(∇w − θ), ∇v − ϑ

〉
Γ0

,

E(θ,ϑ) =
h̄

ρ0

〈
IEH∇S

θ, ∇S
ϑ
〉

Γ0

,

F(g, ψ) = 〈Fg, ψ〉Γ0
,

H(v , p) = h̄
〈
H : ∇S

v , p
〉

Γ0

,

C(u, ψ) = 〈C3u, ψ〉Γ0
,

K(p, q) =

〈
(
ζ∗

c2
+ ρ0K)p, q

〉
Γ0

,

L(θ,ϑ) =
h̄

ρ0

〈
ρS
ρ0

θ, ϑ

〉
Γ0

,

M(u , v) =

〈
(
h̄ρS
ρ0

I + T )u , v

〉
Γ0

,

N (u, z) =

〈(
h̄
ρS
ρ0

+ T33

)
u, z

〉
Γ0

,

D(v , p) =
〈
Dv , ∇p

〉
Γ0

,

B(p, ψ) =
〈
B · ∇p, ψ

〉
Γ0

.

(77)

Above the bilinear forms F , C,N andM are related to the inertia and fluid-
structure interaction effects, while S and E are related to the plate stiffness.

The global acoustic field P̂ ∈ H1(Ω̂+ ∪ Ω̂+) satisfies

c2

∫
Ω̂+∪Ω̂−

∇P̂ · ∇Q− ω2

∫
Ω̂+∪Ω̂−

P̂Q+

∫
∂extΩG

riωcP̂Q

−iωc2

(〈
Ĝ+

0 , Q
+
〉

Γ0

−
〈
Ĝ−0 , Q

−
〉

Γ0

)
=

∫
∂extΩG

siωcp̄Q

(78)

for all Q ∈ H1(Ω̂+ ∪ Ω̂−), whereby Q± denotes the trace of Q on ∂Ω̂±.
The DtN operator involving functions (P̂±, p0,u) ∈ [L2(Γ0)]2×H1(Γ0)×

[H1
0 (Γ0)]2 and (Ĝ±0 , u3,θ) ∈ [L2(Γ0)]2×H1

0 (Γ0)× [H1
0 (Γ0)]2 is represented by

the following equalities arizing from (70) and (71) where we employ (67) and
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(75), so that we have

A(p0, q)− ω2K(p0, q) + iω (D(u , q) +H(u , q)) +
iω

ε0

〈
[Ĝ+

0 − Ĝ−0 ], q
〉

Γ0

= 0 ,

−iω
(
D(v , p0) +H(v , p0)

)
+ E(u , v)− ω2M(u , v) = 0 ,

(79)

for all (q, v) ∈ H1(Γ0)× [H1
0 (Γ0)]2, and

ω2

2
F([Ĝ+

0 + Ĝ−0 ], ψ)− ω2C(u3, ψ) +
iω

ε0

〈
[P̂+ − P̂−], ψ

〉
Γ0

= 0 ,

ω2

2
C([Ĝ+

0 + Ĝ−0 ], v3)− ω2

(
N (u3, v3) +

h2

12
L(θ,ϑ)

)
+S((u3,θ), (v3,ϑ)) +

h2

12
E(θ,ϑ) = 0 ,

(80)

for all (ψ, v,ϑ) ∈ L2(Γ0)×H1
0 (Γ0)×[H1

0 (Γ0)]2. There is the coupling equation:〈
2p0 − [P̂+ + P̂−], q

〉
Γ0

= 0 ∀q ∈ L2(Γ0) . (81)

Now we can state the main result of the paper.

Global acoustic problem with the homogenized perforated plate. Given the
incident acoustic wave represented by p̄ on Γin, find the acoustic potential P̂
defined in Ω̂G = Ω̂+ ∪ Ω̂− and other functions (p0, Ĝ±0 ,u ,θ) defined on Γ0

such that the variational equalities (78)-(81) hold.

Remark 4. It is left as an easy excersie for raders that, if a rigid plate
is considered, the model reduces. From (72), insetad of (79) and (80), the
DtN operator is established in terms of P̂± and (p0, Ĝ±0 ) which satisfy the
following variational equalities,

A(p0, q)− ω2KR(p0, q) +
iω

2
B(q, [Ĝ+

0 + Ĝ−0 ]) +
iω

ε0

〈
[Ĝ+

0 − Ĝ−0 ], q
〉

Γ0

= 0 ,

ω2

2
F([Ĝ+

0 + Ĝ−0 ], ψ) + iωB(p0, ψ)− iω

ε0

〈
[P̂+ − P̂−], ψ

〉
Γ0

= 0 ,

(82)

for all (q, ψ) ∈ H1(Γ0) × L2(Γ0), whereby (67) holds. Note that KR is de-
fined according to (77), but with K = 0, whereby B vanishes for simple
perforations.

4
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5. Validation of the homogenized model

The homogenized model derived in this paper provides an approximation
of the vibroacoustic interaction in a vicinity of the perforated plate. This
approximation is introduced as the limit behaviour of the wave propagation
in the heterogeneous structure when the transmission layer thickness and
the characteristic size of the perforations diminish with ε → 0. However,
by virtue of coupling the limit layer model (54) and (59) with the “outer”
acoustic problem, the Global problem described in Section 4 is featured by
the specific scale parameter ε0 associated with a given plate thickness and the
perforation size. In this section, we examine how numerical responses of the
proposed homogenized vibroacoustic model corresponds with solutions of the
“original” problem (1) associated with the 3D heterogeneous solid structure
representing the plate.

To this aim, the reference model is established as the finite element (FE)
approximation of problem introduced in Section 2. For this model, the het-
erogeneous structure of the transmission layer is built up as the periodic
lattice by copies of the reference periodic cell according to (3)-(4). The
geometries associated with the homogenized and the reference models are
illustrated in Fig. 5, where the unit cell Y ∗ represents the fluid domain.
By virtue of the asymptotic homogenization, the layer presenting a “ficti-
tious” interface, highlighted by red and blue colors in Fig 5(left), is replaced
by homogenized transmission conditions imposed on the interface Γ0 in the
multiscale simulation, see Fig 5(right).

The validation of the homogenized model (78)-(81) is performed in two
steps. First, we compare the acoustic fields computed by the reference and
the homogenized models, whereby the perforated plate is assumed to be rigid,
see Remark 4. Secondly we compare the responses of the homogenized vi-
brating plate with the deflections obtained by direct numerical simulations
(DNS) of the heterogeneous 3D elastic structure. In this case, the plate
surface is loaded by a given acoustic pressure distribution, thus, the vibroa-
coustic problem is decoupled. The reason for such a simplification arises as
the consequence of the FE mesh complexity increasing with the number of
the perforating holes, thus, inducing a discretized problem with large number
of the degrees of freedom (DOFs).

For the purpose of this validation test, we consider the waveguide Ω
represented by the “S”-shaped slice of thickness ε0 m, as measured in the
x2-axis direction, see Fig. 4, where the slice dimensions are indicated. The
waveguide is symmetric w.r.t. the center of the perforated plate structure
which splits the acoustic domain into two mutually symmetric parts. The
thickness of the perforated plate is 0.12ε0 m, where ε0 = 0.3/N varies with N ,
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Figure 4: The acoustic domain with the embedded perforated plate.

the number of the perforation periods (holes) drawn in the x1-axis direction.
The homogenized models and the reference model presented in this pa-

per have been implemented in SfePy – Simple Finite Elements in Python
[2], a software developed for an efficient solving of multiscale problems by
means of the finite element method. In the validation tests and the cou-
pled problem simulation, by the “multiscale simulations” we mean solutions
of the homogenized (macroscopic) problem supplemented by the reconstruc-
tion procedure which allows us to respect the local fluctuations superimposed
to the solutions of the macroscopic problem when the scale parameter ε0 is
given.

5.1. Validation test – acoustic field in fluid

In this test, the perforated plate is rigid, so that the distribution of the
reference acoustic pressure field is governed by equations (1) modified for the
rigid plate, i.e. u = 0 in Σ. Accordingly, the homogenized layer presents
the coupling conditions (82) for the acoustic field in the wave guide which
is governed by (78). Recall that the homogenized coefficients A, B , F are
given by expressions (53), (63) involving solutions of the local problems (44)
defined in Y ∗.

For both the homogenized and the reference models an incident wave with
amplitude p̄ = 300 Pa is imposed on Γin, whereby the anechoic condition on
Γout is considered. The periodic conditions are prescribed on the two faces
orthogonal to the x2-axis direction (front and back faces of the waveguide)
for the geometry depicted in Fig. 4.

Responses of the reference and the homogenized models are compared
using the global acoustic properties expressed by the transmission loss (TL),
and by the local distributions of the acoustic pressure. These responses were
computed for the fluid characterized by the acoustic speed c = 343 m/s, the
density ρ0 = 1.2 kg m3.

The TL curves obtained for both the models are compared in Fig. 6.
Perforations with cylindrical holes were examined for two radii r. Results
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Figure 5: Geometries and FE meshes of the fluid domains related to the reference (left)
and homogenized (right) models. Geometry of the periodic cell (bottom) employed in the
multiscale simulation and in construction of the reference geometry.
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Figure 6: Transmission loss curves for the perforations with the hole radius of r = 0.1ε0 m
and r = 0.4ε0 m obtained by the reference (REF) and homogenized (HOM) models, N =
24.

for r = 0.1ε0 m are depicted in Fig. 6(a) and for r = 0.4ε0 m in Fig. 6(b).
From these graphs it is apparent that the result differ only in the vicinity
of wave numbers yielding the TL peaks; in those regions associated with
higher wave numbers also the shift of the peak positions can be observed.
However, this effect can be caused by different FE discretizations of both the
models. The difference of the two TL curves is displayed in Fig. 6(c) for the
two dimensions of the holes. The calculations are performed for an interval
of the wave number k ∈ [5, 35] and for ε0 = 0.0125 which corresponds to
N = 24.

We also examined responses of the two models in terms of the acoustic
fields fluctuations in the wave guide near to and far from the perforated
plate. For this, the acoustic pressure distributions were traced along lines l1
and l2, see Fig. 7(top). Line l2 has a fixed place outside the fictitious layer
while l1 lies in the layer, so that its position depends on ε0. We perform a
series of calculations for perforations with holes of radii r = 0.1ε0 and wave
number k = 28, whereby ε0 = 0.3/N varies for N = 12, 24, 48, 72, 96. The
real parts of the acoustic pressure fields are compared in Fig. 7, distributions
of the imaginary parts are similar as the real parts. The pressure field
pHOM is reconstructed using the results of the multiscale simulation and the
expressions introduced in Appendix A.2. We define the relative pressure error
associated with a given line l as perr :=

∣∣ ∥∥pREF∥∥
l
−
∥∥pHOM∥∥

l

∣∣ / ∥∥pREF∥∥
l
,

where ‖ ‖l is the L2(l)-norm which is well defined due to the conforming
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(a) l1, N = 12 (b) l1, N = 96

(c) l2, N = 12 (d) l2, N = 96

Figure 7: The real parts of the acoustic pressure along lines l1 (a,b), l2 (c,d) obtained
by the reference (pREF ) and homogenized (pHOM ) models for N = 12 (a,c) and N = 96
(b,d), holes with radius r = 0.1ε0 m.

FE approximation of p. This error is illustrated in Fig. 8 for the increasing
number of perforations N . It can be seen that perr on both lines l1 and l2
is quite high, above 16%, for N = 12, however, with growing N the error
decreases down to ≈ 1% for N = 96. The relative pressure error distribution
in the whole domain Ω is shown for N = 24 in Fig. 9 (right), the left figure
shows the distribution of the pressure pREF .

5.2. Validation test – compliant perforated plate

The second part of the validation test concerns the homogenized model
of a perforated plate of the Reissner-Mindlin type. The aim is to compare
responses of the homogenized plate model with the ones of the associated 3D
elastic structure with the geometry depicted in Fig. 10. This structure rep-
resenting the plate is loaded on its top surface Γtop by a prescribed complex
loading traction stress, see Fig. 11, which mimics the action of the acoustic
pressure, so that the loading traction is applied in the out-of-plane direc-
tion, axis x3. The perforated plate is fixed at its both ends: u = 0 on Γleft
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Figure 8: Change of the relative pressure error perr at lines l1 (left) and l2 (right) with
the increasing number of perforations.

Figure 9: Distribution of the acoustic pressure (left) and the relative pressure error p̂err
(right).

and Γright, and the periodic boundary conditions are applied in the x2-axis
direction, as it is considered in the acoustic problem above. The equiva-
lent boundary conditions and loading function are used in the homogenized
model, where the 3D structure is represented by the plate model described
as a 2D structure, see Fig. 10. The material properties of the plate are given
by the Young modulus E = 70 GPa, the Poisson ration ν = 0.35, and by the
density ρ = 2700 kg m3.

The plate deflections are computed for the two models, i.e. using the DNS
of the 3D structure and using the multiscale simulations of the plate. The
responses are compared for a fixed wave number k = 28, where ε0 = 0.3/24,
and for r = 0.1ε0 m and r = 0.4ε0 m. As seen in Fig. 12, the difference of the

Figure 10: Left: The 3D elastic structure Σ is used in the direct numerical simulation
(DNS) as the plate representation; responses depicted in Fig. 12 are compared using traces
of solutions on the line l̄ ∈ Γtop. Right: Geometric 2D representation of the Reissner-
Mindlin perforated plate.
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Figure 11: Loading function f̄3 applied to the compliant plate in the x3-axis direction.

Figure 12: The real parts of the plate deflection along the central line l̄ of domains Σ
(uREFz ) and Γ0 (uHOMz ) for r = 0.1ε0 m (left) and r = 0.4ε0 m (right), N = 24.

results is less than 5%, even for the relatively small number of perforations
N = 24. The values are plotted along line l̄ which is parallel to axis x1, as
shown in Fig. 10 left.

The effect of the plate compliance is illustrated in Fig. 13, where we
compare the values computed for the rigid and compliant perforated inter-
faces. The relative difference of the values is defined as TLdiff = |TLrigid −
TLcompl|/TLrigid. The influence of the plate compliance on the transmission
loss in the waveguide is sensitive on frequency intervals, nevertheless this
phenomenon will deserve a further study.

6. Coupled numerical simulation

The purpose of this part is to illustrate, how the homogenized vibroa-
coustic transmission model derived in this paper can be used for numerical
simulations. acoustic waves using the two-scale in this paper. To this aim we
consider an analogous problem as the one specified in Section 5.1, whereby the
mathematical model given by the coupled equations (78)-(81). The geometry
of the waveguide ΩG is depicted in Fig. 14(top). The boundary conditions at
the inlet and outlet parts of the domain boundary, Γin and Γout, are defined
as in the validation test reported in Section 5.1. On the rest of the boundary
∂(Ω̂+ ∪ Ω̂−) represents the rigid wall, thus, for the acoustic pressure field the
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Figure 13: Relative difference of the transmission loss values for the rigid and compliant
plate, r = 0.1ε0 m, N = 24.

zero Neumann condition applies. The plate represented by interface Γ0 is
anchored in the waveguide walls, so that quantities u = 0 and θ = 0 on ∂Γ0.
Also the same acoustic fluid and the same elastic solid are considered, as in
the validation tests. The heterogeneous structure – the plate perforations –
are specified by the circular holes with r = 0.1ε0 m, whereby ε0 = 0.0025,
which corresponds to the number N = 120 of holes (counted along the longer
side of the plate).

The computed macroscopic responses are shown in Fig. 14 which depicts
the acoustic pressure field P̂ in Ω̂+∪Ω̂− and the distributions of the following
quantities defined in the interface Γ0: the “in-layer” pressure p0, the plate
deflection u3 and the plate rotations θ = (θ1, θ2).

7. Conclusion

In this paper, we derive transmission conditions which serve for coupling
acoustic fluid pressure fields on an interface which represents a compliant
perforated elastic plate. For this, we consider a fictitious layer which embeds
the elastic plate with periodic perforation, such that the perforation period
is proportional to the layer and plate thicknesses. To derive the transmission
conditions, the layer is decoupled form the “outer” acoustic field which is
respected by introducing Neumann fluxes (the acoustic momentum). The
layer is then treated by the asymptotic analysis based on the periodic un-
folding homogenization method. As the result, the layer reduces to the 2D
planar manifold Γ0 where the homogenized model presents a coupled sys-
tem of PDEs governing the “in-layer” variables: the mean pressure field and
the plate deflection and rotations. Further averaging procedure based on a
weighted integration in the transversal direction w.r.t. the layer mid-plane
yields additional relationships which enable us to couple the “outer” acous-
tic field with the “in-layer” variables. In this way, the Dirichlet-to-Neumann
operator is constructed which couples traces of the “outer” acoustic pressure
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Figure 14: Acoustic pressure fields and plate deformations induced by the incident wave
prescribed at the inlet of the waveguide. The plate periodic perforation is characterized
by the hole radius, r = 0.1ε0 m, where ε0 = 0.0025.

with its normal-projected derivatives on both sides of the interface.
The numerical examples reported here illustrate the validation tests which

have been performed to explore the modelling errors associated with the ho-
mogenization and the “3D-to-2D” dimension reduction of the layer which is
replaced by the interface coupling conditions. We used the circular shape
of holes, however, arbitrary shaped cylindrical holes can be considered. The
validation tests were based on the comparison of responses computed us-
ing the homogenized models with the corresponding responses of reference
model, here presented by direct numerical simulations (DNS) of the non-
homogenized vibroacoustic problem. In these test, the convergence ε → 0
was examined by increasing the number of the periods with proportionally
smaller holes. It has been demonstrated that for a sufficiently small ε0, justi-
fying the scale separation, numerical results obtained using the homogenized
vibroacoustic model are quite close to the corresponding results of the DNS.
This observation underlines the main advantage of the homogenized model:
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it provides very good approximation of the reference solution, but at a con-
siderably lower computational cost than the DNS solution. To illustrate the
computational effort reduction, in the presented examples, the piecewise lin-
ear FE approximation of the homogenized problem has only about 2 × 104

degrees of freedom (DOFs) at the macroscopic level, whereas the micro-
scopic subproblems are solved each with about 1.5 × 104 DOFs to get the
homogenized coefficients. To compute relevant results even for much simpler
geometry employed in the validation test, the DNS requires more than 2×105

DOFs for the approximation of the acoustic field in the layer and about the
similar number of DOFs for the compliant elastic structure.

Among the topics of the future research, the homogenization-based mod-
elling of the compliant plate with arbitrarily shaped periodic perforations
presents one of the most interesting issues since such structures provide sig-
nificantly bigger potential to modify the vibroacoustic transmission. First
steps towards optimal design of perforated plates in the acoustic transmis-
sion problems were reported in [15, 16].
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A. Appendix

A.1. A priori estimates

To derive the a priori estimates on the solution of the problem (20)-(21),
we substitute there qε = pε, v ε = uε, v3 = u3 and θε = ϑε. Cosequently,
upon obvious division of the two equations by h̄ and ρ0, respectively, and
summation the resulting identities we get

−ω2

∫
Γε

ρS
ρ0

[
|uε|2 +

h2

12
|θε|2

]
− ω2

c2h̄

∫
Ω̂∗ε
|pε|2

+
h2

12ρ0

∫
Γε

IEε∇S
θε : ∇S

θε +
1

ρ0

∫
Γε

IEε∇S
uε : ∇S

uε

+
1

ρ0

∫
Γε
ςε|∇uε3 − θε|2 +

1

h̄

∫
Ω̂∗ε
|∇̂pε|2 = − iω

εh̄

∫
Γ±δ

gε±pε .

(83)

Note that, due to the above substitution of the test functions in (20)-(21),
the r.h.s. interaction terms expressed in terms of the integrals on ∂◦Γ

ε and Γε
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vanish upon the summation of the two equalities. Using the asumption on the
elastic constants IEε, S ε = ςεI , there exist constants cIE and cς (independent
of ε), such that we get[

h2

12ρ0

cIE

∥∥∥∇S
θε
∥∥∥2

L2(Γε)
+

1

ρ0

(
cIE

∥∥∥∇S
uε
∥∥∥2

[L2(Γε)]2
+ cς

∥∥∇uε3 − θε∥∥2

[L2(Γε)]2

)]
+

1

h̄

∫
Ω̂∗ε
|∇̂pε|2 ≤ ω2 ρ̄S

ρ0

(
‖uε3‖L2(Γε) + ‖uε‖[L2(Γε)]2 +

h2

12
‖θε‖2

[L2(Γε)]2

)
+
ω2

c2h̄
‖pε‖2

L2(Ω̂∗ε) +
ω

εh̄

∣∣ ∫
Γ±
ĝε±pε

∣∣ .
(84)

To estimate the last r.h.s. integral, we use the unfolding operation, see e.g. [4],
and a smooth extension p̃ from Ω̂∗ε to whole Ω̂, i.e. , for unfolded functions,
there is an extension from Y ∗ to whole Y . For any p ∈ H1(Ωε) there exists
p̃ ∈ H1(Ω) such that p̃− p = 0 in Ωε and the following estimates hold:∥∥∥∥p̃− ∫

Ω

p̃

∥∥∥∥
L2(Ω̂)

≤ C ‖∇p̃‖[L2(Ω̂)]3 ,

‖∇p̃‖[L2(Ω̂)]3 ≤ C ‖∇p‖[L2(Ω̂∗ε)]3 .

(85)

The trace theorem yields the following modification of the Poincaré–Wirtinger
inequality: for any f ∈ H1(Y )

‖f −MY (f)‖L2(∂Y ) ≤ C ‖∇yf‖L2(Y ) . (86)

Let us define

Gε(x′) =∼
∫
I±y

Tε
(
gε±
)
(x′, y′) dy′ , x′ ∈ Γ0 . (87)
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Now, we can now estimate the last r.h.s. integral in (84),

1

ε

∣∣ ∫
Γ±
ĝε±pε

∣∣ =
1

ε

∫
Γ0

∼
∫
I±y

|Tε
(
ĝε±pε

)
|

≤ 1

ε

∫
Γ0

∣∣Mε
Y (Tε(pε)) ∼

∫
I±y

Tε
(
ĝε±
)∣∣

+
1

ε

(∫
Γ0

∼
∫
I±y

|Tε(pε)−Mε
Y (Tε(pε))|2

)1/2(∫
Γ0

∼
∫
I±y

∣∣Tε(ĝε±)∣∣)1/2

≤ C ′ ‖pε‖L2(Ω̂∗ε)

∥∥∥∥1

ε
Gε

∥∥∥∥
L2(Γ)

+
CY
ε

(∫
Γ0

∼
∫
Y

|∇yTε
(
p̃ε
)
|2
)1/2 ∥∥gε±∥∥

L2(Γ±δ )

≤ C ′ ‖pε‖L2(Ω̂∗ε)

∥∥∥∥1

ε
Gε

∥∥∥∥
L2(Γ)

+ C

(∫
Ω

|∇̂xp̃ε|2
)1/2 ∥∥ĝε±∥∥

L2(Γ±δ )

≤ C ′ ‖pε‖L2(Ω̂∗ε)

∥∥∥∥1

ε
Gε

∥∥∥∥
L2(Γ)

+ C
∥∥∥∇̂xp

ε
∥∥∥

[L2(Ω̂)]3

∥∥ĝε±∥∥
L2(Γ±δ )

,

(88)

where all the positive constants C,C ′ CY are independent of ε. Due to the
assumed form of the fluxes ĝε± given by (22) and assuming the bounded so-
lution (pε,uε,θε) in the L2 norms, (84) with (88) yields the desired estimates
on the gradients of the solution, see the Theorem 1.

A.2. Reconstruction of responses at microlevel

The two-scale field reconstruction of the homogenized model response is
based on the coordinate split related to the periodic lattice. For ε0 > 0, using
the rescaled cell Zε0 we introduce its local copies ZK,ε0 labeled by index K
whereby {x̄K}K is the set of centers x̄K ∈ Γ0 of each ZK,ε0 . For the sake
of simplicity, we consider only such domains Γ0 for which the transmission
layers Ωδ0 are generated as a union of non overlapping ZK,ε0 , thus (recall
that Z is the closure of Z)

Ωδ0 =
⋃

K∈J ε0Ω

ZK,ε0 , ZK,ε0 = Zε0 + ξK , (89)

where J δ0
Ω is the set of indices K associated to the lattice vector k = (ki) ∈ Z2

such that ξK = ε0kiai, recalling the definition Y =
∏

i] − ai/2, ai/2[ and
|Y | = 1.

For any global position x ∈ ZK,ε0 , the local “mesoscopic” coordinate

y = (x− x̄K)/ε0 , (90)
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can be introduced, such that y ∈ Y . The folding procedure can be sum-
marized, as follows: for each “real sized” cell ZK,ε0 with its center x̄K ∈ Γ0

evaluate the local responses given below as two-scale functions f(x′, y), where
(x′, y/ε0) ∈ ZK,ε0 , thus, y ∈ Y is given, as described above. In what follows,
we drop the index K labelling the copy of the local cell.

Due to the homogenization result, by virtue of the characteristic re-
sponses, it is possible to reconstruct the acoustic pressure in the fictitious
transmission layer. For this we use the truncated expansion (31), where
p1(x′, y) is depends on ∇xp

0, g0, and u0 through (43). Thus, for a given plate
thickness h = ε0h̄ yielding ε0, the acoustic pressure field in Z∗,ε0(ε0[x′/ε0]Ξ) =
ε0Y

∗+kε0, k = (k1, k2) ∈ Z2 which is the local copy of ε0Y
∗ placed at x′ ∈ Γ0,

is given as follows,

pε0 ≈ p0(x′) + ε0p
1(x′, y) , where

p1(x′, y) = πβ(y)∂xβp
0(x′) + iωξ(y)g0(x′) + iωηk(y)u0

k(x
′)

= πβ(y)
1

2
∂xβ(P̂+(x′) + P̂−(x′)) + iωξ(y)

1

2
(Ĝ+

0 (x′) + Ĝ−0 (x′)) + iωηk(y)u0
k(x
′) ,

(91)

where y = (y′, z) ∈ Y ∗. We recall that p0 and g0 are expressed in terms of
the global fields P̂± and Ĝ±0 according to (67)2 and (75)1. It is worth noting,
that the position x′ ∈ Γ0 ∩ Z∗,ε0(ε0[x′/ε0]Ξ) varies and y is determined by
(90).
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