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Abstract

A dominating set in a graph G is a set S of vertices of G such that every vertex
outside S is adjacent to a vertex in S. A connected dominating set in GG is a dominating
set S such that the subgraph G[S] induced by S is connected. The connected domination
number of G, v.(G), is the minimum cardinality of a connected dominating set of G. A
graph G is said to be k-v.-critical if the connected domination number 7.(G) is equal to
k and v.(G 4+ uv) < k for every pair of non-adjacent vertices v and v of G. Let ¢ be the
number of cut-vertices of G. It is known that if G is a k-v.-critical graph, then G has at
most k& — 2 cut-vertices, that is { < k — 2. In this paper, for k > 4 and 0 < { < k — 2,
we show that every k-~ -critical graph with ( cut-vertices has a hamiltonian path if and
onlyif k—3<(<k—-2.
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1 Introduction

A dominating set in a graph G is a set S of vertices of G such that every vertex in V(G) \ S
is adjacent to at least one vertex in D. The domination number of G, denoted by v(G), is
the minimum cardinality of a dominating set of G. A graph G is said to be k-vy-critical if
v(G) = k and v(G + uv) < k for every pair of non-adjacent vertices u and v of G. Such a
graph G is called a domination critical graph. If S is a dominating set of GG, we write S > G,
and if X = {v}, we also write v > G rather than {v} = G. The concept of domination and
its variations have been widely studied in the literature; a rough estimate says that it occurs
in more than 6,000 papers to date. A thorough treatment of the fundamentals of domination
theory in graphs can be found in the books [15] [16].

A connected dominating set, abbreviated a CD-set, of a connected graph G is a dominating
set S of G such that the subgraph G[S] induced by S is connected. The connected domination
number of G, denoted by 7.(G), is the minimum cardinality of a CD-set of G. A CD-set of G
of cardinality 7.(G) is called a v.-set of G. A graph G is said to be k-v.-critical if 7.(G) = k
and v.(G + wv) < k for every pair of non-adjacent vertices v and v of G. Such a graph G
is called a connected domination critical graph. If S is a CD-set of G, we write S =, G,
and if X = {v}, we also write v >, G rather than {v} >, G. The concept of connected
domination was studied at least in the early 1970s, although it was first formally defined by
Sampathkumar and Walikar in their 1979 paper [27]. Subsequently over the past forty years,
the connected domination number has been extensively studied in the literature; a rough
estimate says that it occurs in more than 400 papers to date. For a small sample of papers
on the connected domination we refer the reader to [4, 9] 10} 25] 26], 28].

We remark that the concept of connected domination in graphs is application driven,
as evidenced by the earlier papers on the concept. For example, Wu and Li [32] show
that connected dominating sets are useful in the computation of routing for mobile ad hoc
networks. In this application, a minimum connected dominating set is used as a backbone
for communications, and vertices that are not in this set communicate by passing messages
through neighbors that are in the set.

We also remark that finding connected dominating sets and Steiner trees in a graph are
closely related [7,[8]. Moreover, determining the connected domination number of a connected
graph G is equivalent to finding the largest possible number of leaves among all spanning
trees of G. A maximum leaf spanning tree of G is a spanning tree that has the largest
possible number of leaves among all spanning trees of GG, and the mazx leaf number, denoted
lmax(G), of G is the number of leaves in a maximum leaf spanning tree of G. Since n(G) =
lmax(G) +7(G), the problems of a connected dominating set and a maximum leaf spanning
tree are closely connected. The maximum leaf spanning tree problem is MAX-SNP hard,
implying that no polynomial time approximation scheme is likely [14]. We remark, however,
that both the minimum connected dominating set problem and the maximum leaf spanning
tree problem are fixed-parameter tractable [3]. The connected dominating set problem is
polynomially solvable for distance-hereditary graphs [g].



1.1 Terminology and Notation

For notation and graph theory terminology, we in general follow [I7]. Specifically, let G =
(V,E) be a graph with vertex set V' = V(G) and edge set E = E(G), and let v be a vertex
in V. A neighbor of a vertex is a vertex adjacent to it. The open neighborhood of v is the set
N¢(v) of all neighbors of v, and so Ng(v) = {u € V |uv € E} and the closed neighborhood
of vis Nglv] = {v} U Ng(v). A vertex v is said to dominate a vertex w in G if u = v or if
u is a neighbor of v. The degree of a vertex v is [Ng(v)| and is denoted by dg(v). An end
verter is a vertex of degree 1 and a support verter is a vertex adjacent to an end vertex. For
a set S of vertices in G, the subgraph induced by S in G is denoted by G[S]. If G is a graph,
the complement of G, denoted by G, is formed by taking the vertex set of G and joining
two vertices by an edge whenever they are not joined in G. If the graph G is clear from the
context, we omit it in the above expressions. For example, we write N(v) and N[v] rather
than Ng(v) and Ng[v], respectively. We use the standard notation [k] = {1,...,k}.

Two vertices u and v in a graph G are connected if there exists a (u,v)-path in G. A
graph G is connected if every two vertices in G are connected. We denote the number of
components in a graph G by w(G). The distance dg(u,v) between two vertices u and v
in a connected graph G is the length of a shortest (u,v)-path in G. A hamiltonian cycle
(respectively, hamiltonian path) of a graph is a cycle (path) passing through all vertices of
the graph. A graph G is traceable if it contains a hamiltonian path. Moreover, a graph G is
hamiltonian if it contains a hamiltonian cycle. For any subgraph F' of G and distinct vertices
a and b of G, aPrb denotes an (a, b)-path in G all of whose internal vertices are in V (F'). We
note that a and b need not be in V(F). If P is an (a, b)-path in G, we sometimes write the
path P by aPb to indicate the start and end vertices of the path P.

We denote the path, cycle, and complete graph on n vertices by P,, Cy,, and K, respectively,
and we denote the complete bipartite graph with partite sets of cardinality n and m by K, ;.
A star is the graph Kjj, where £ > 1. The graph K3 is called a claw. A graph G is
claw-free if it does not contain a claw as an induced subgraph. A tree is a connected graph
with no cycle.

For vertex subsets X,Y C V(G), we let Ny (X) be the set of all vertices in Y that have a
neighbor that belongs to X in G, that is, Ny(X) = {y € Y | y € Ng(z) for some z € X}.
For a subgraph H of G, we use Ny (H) instead of Ny (V(H)) and we use Ny (X) instead
of Ny()(X). If X = {z}, we use Ny(x) instead of Ny ({z}). The open neighborhood of a
set S of vertices in G is the set Ng(S5) = U,cg Na(v) and its closed neighborhood is the set
N¢[S] = Ng(S)uU S.

A subset S C V(G) is a vertex cut set of G if the number of components of G — S is
more than the number of components of G; that is, of w(G — S) > w(G). In particular, if
S = {v}, then v is called a cut-vertex of G. We let ((G) be the number of cut-vertices of
G. When no ambiguity can occur, we write ¢ instead of ((G). A block of a graph G is a
maximal connected subgraph of G has no cut-vertex of its own. Thus, a block is a maximal
2-connected subgraph of G. Any two blocks of a graph have at most one vertex in common,
namely a cut-vertex. A block of G containing exactly one cut-vertex of GG is called an end
block. If a connected graph contains a single block, we call the graph itself a block.



For ¢/ > 2 and a finite sequence G1,...,Gy of vertex disjoint graphs, we let the join
G1V ---V Gy be the graph obtained from the disjoint union of Gi,..., Gy by joining each
vertex in G; to all vertices in G4 for i € [¢ —1]. If V(G;) = {x}, then we write G; V ---V
Gi—1VxVGir1V---V Gy Moreover, for vertex disjoint graphs GG; and G and for a subgraph
H of G, the join GV gGs is the graph obtained from the disjoint union of G; and Go by
joining each vertex in G to each vertex in H.

1.2 Domination Critical Graphs

A study of properties of domination critical graphs was initiated by Sumner and Blitch in
their classical 1983 paper [29]. Among other results, they showed that every connected 3-7-
critical graph of even order contains a perfect matching. Wojcicka [31] subsequently studied
hamiltonian properties of domination critical graphs and showed every connected 3-7-critical
graph on at least seven vertices is traceable. Favaron et al. [II], Flandrin et al. [13] and
Tian et al. [30] proved further that all connected 3-y-critical graphs with minimum degree at
least 2 are hamiltonian. Motivated in part by these results, Sumner and Wojcicka (Chapter 16
in [I5]) conjectured in 1998 that all (k—1)-connected k-y-critical graphs are hamiltonian for all
k > 4. However, their conjecture was disproved seven years later by Yuansheng et al. [33] who
constructed a 3-connected 4-+y-critical non-hamiltonian graph containing 13 vertices. On the
positive side, Kaemawichanurat and Caccetta [22] proved the Sumner-Wojcicka Conjecture
is true if £ = 4 and the graphs are claw-free.

1.3 Connected Domination Critical Graphs

Kaemawichanurat [18] initiated a study of connected domination critical graphs. Hamiltonian
properties of connected domination critical graphs were subsequently studied by Kaemawicha-
nurat, Caccetta and Ananchuen [23] who showed that every 2-connected k- -critical graph
is hamiltonian for all & € [3]. Further, they constructed k-v.-critical graphs that are non-
hamiltonian for all £ > 4. Recently, Kaemawichanurat and Caccetta [22] proved that every
2-connected 4-+.-critical claw-free graph is hamiltonian, and they constructed 2-connected
k-v.-critical claw-free graphs that are non-hamiltonian for all k > 5. For 5 < k < 6, they
proved that every 3-connected k-7 -critical claw-free graph is hamiltonian. Recall that ((G)
denotes the number of cut-vertices of G, and that if the graph G is clear from the context,
we simply write ¢ instead of ((G). Kaemawichanurat and Ananchuen [2I] showed that a
connected domination critical graph cannot have too many cut-vertices.

Theorem 1 ([21]) For k > 2, every k-y.-critical graph has at most k — 2 cut-vertices, that
15, ( < k—2.



2 Main Result

Our aim in this paper is to determine a connection between the traceability of a k-v.-critical
graph and the number of cut-vertices in the graph. More precisely, we shall prove the following
result.

Theorem 2 For k >4 and 0 < { < k — 2, every k-v.-critical graph with  cut-vertices has
a hamiltonian path if and only if k —3 < ( <k —2.

3 Preliminary Results

In this section, we present some preliminary results that we will need to prove our main
theorem, namely Theorem [2l The following result is a simple exercise in most graph theory
textbooks.

Observation 1 Let G be a graph and let S be a nonempty proper subset of V(G). If G is
traceable, then w(G — S) < |S| + 1.

By Observation[I] if S is a vertex cut set of a graph G satisfying |S|+ 1 < w(G — 5), then
G is non-traceable. Kaemawichanurat, Caccetta and Ananchuen [23] showed that connected
domination critical graphs with small connected domination number are hamiltonian.

Theorem 3 ([23]) Every k-vy.-critical graph is hamiltonian for all k € [3].
Chen, Sun, and Ma [5] characterized all k-v.-critical graphs for k € [2].

Theorem 4 ([5]) A graph G is 1-yc-critical if and only if G is a complete graph. Moreover,
a graph G is 2-v.-critical if and only if G = UleKl,ni where k > 2 and n; > 1 for alli € [k].

Chen et al. [5] also established fundamental properties of k-y.-critical graphs for k& > 2.

Lemma 1 ([5]) Let G be a k-v.-critical graph, and let x and y be a pair of non-adjacent
vertices of G. If Dyy is a 7.-set of G + xy, then the following holds.

(a) k=2 < |Dyy| <k —1.

(b) Day N {z,y} # 0.
(C) If {$} = {:Evy} N Dmy; then NG(y) N Dgcy = 0.

Ananchuen [1] established the following properties and structural results of k-v.-critical
graphs that possess cut-vertices.



Lemma 2 ([I]) For k > 3, if G is a k-yc-critical graph with a cut-vertex ¢ and if D is a
CD-set of G, then the following holds.
(a) G — ¢ contains exactly two components.
(b) If Cy and Cy are the components of G — ¢, then G[N¢, ()] and G[N¢,(c)| are complete.
(c) ceD.

As remarked earlier, Kaemawichanurat and Ananchuen [2I] showed in Theorem [{ that for
k > 2, every k-v.-critical graph has at most k—2 cut-vertices, that is, ( < k—2. Further, they
also characterized the k-~ -critical graph with exactly k—2 cut-vertices. To state their results,
let S be a set of stars G1, Gy, . .., G|s) where |S| > 2, G; = K1, and V(G;) = {s},s},..., s, }
where s{, is the center of the star G; for ¢ € [|S]]. Let

S| S|

S = U{Sé} and S = U{sil,sé,...,sf”}.
i=1 =1

Moreover, let S” be a (possibly empty) set of isolated vertices. We note that |S| = |S| > 2.
Let T be the vertex disjoint union of these stars G1,Ga,...,G|s|. Thus, the complement T
of T' is a complete graph obtained by removing the edges from the stars in S. We are now in
a position to describe the following classes of graphs.

The class B;. A graph G in the class B is constructed from the complement T of T by
adding a new vertex b and joining it to every vertex of S’. The vertex b of G is called the
head of G. A graph in the class By is illustrated in Figure [l

e

-
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Figure 1: A graph G in the class B;

The class U(k). Let B be a graph in the class B; defined earlier. A graph G in the class
U(k) is constructed from the graph B and a path Px_o: cocy ... cx—3 of order k — 2 by joining
ck—3 to b. A graph G in the class U(k) is illustrated by Figure 2

We are now in a position to state the characterization of k-v.-critical graphs with k — 2
cut-vertices.

Theorem 5 ([21]) For k > 2, if G is a k-vy.-critical graph, then { < k — 2. Moreover,
¢(=k—2if and only if G € U(k).
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Figure 2: A graph G in the class U(k)

In order to present the characterization due to Kaemawichanurat [19] of k-7 -critical graphs
with ( = k — 3 cut-vertices, we describe next some additional classes of graphs. Let ¢ =
(41,42, ...,ik—3) be a (k — 3)-tuple such that iy,i9,...,ix_3 € {0,1} and Z;C;i’ i; = 1. Thus,
there is exactly one £ € [k — 3] such that iy =1 and i =0 for all ¢’ € [k — 3]\ {¢}.

The class G (i1,19,...,ix_3). For a (k — 3)-tuple ¢« = (0,0,...,4,...,0) where iy = 1 and
ip =0for1 < /¢ <k—-—4and1 < ¢ < k-3 where ¢ # (', a graph G in the class Gy
can be constructed from the vertex disjoint paths cocy ... cp—1 and cpeprq ... cp_yq, a copy of
a complete graph K,,, and a block B € B; by adding edges according the join operations

co—1VEK,, Ve and  cp4q VD

where b is the head of B. Thus, the vertices ¢,_1 and ¢; are joined to every vertex in the
complete graph K,,,, and the vertices c;_4 and b are joined. Two examples of graphs in this
case when 1 < ¢ < k — 4 are illustrated by Figure Bl and Figure [l

co ] [ e 01:4—@
Ko, | |

Be B

Figure 3: A graph G in the class Gi(i; = 1,0,0,...,0)

co a e @z 0:4—@
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Be B

Figure 4: A graph G in the class G;(0,0,...,i, =1,0,...,0)

Further, for a (k — 3)-tuple ¢ = (0,0,...,1) where ix_3 =1 and iy = 0 for ¢’ € [k — 4], a



graph G in the class Gi¢ can be constructed from a path cgcy ... cp_4, a copy of a complete
graph K, . and ablock B € By by adding edges according the join operation c;_4V K, ,Vb,
where b is the head of B. Thus, the vertices c;_4 and b are joined to every vertex in the
complete graph K, ,. An example of a graph in this case is illustrated in Figure [l

Co C1 Cc2 Ck—4

Nk—3

b
K | |
Be B

Figure 5: A graph G in the class G1(0,0,...,1)

We proceed further by defining a special class of end blocks.

The class By. Let H be a block graph, and so H is a connected graph that contains a single
block. The block H belongs to the family By if v.(H) = 3 and H has the following properties.
(a) The block H contains a vertex b such that Ny (b) is a complete graph.
(b) Every vertex v of H different from b belongs to some ~.-set of H of size 3.
(¢) For every pair of non-adjacent vertices x and y in H — b, there exists a 7.-set of H + zy
of size 2 that contains a neighbor of b in H and contains at least one of x and y.

The vertex b is called the head of the block H € By. We note that in property (b) defined
above, the 7.-set of H that contains the vertex v € V(H) \ {b} must contain a neighbor of b
in H in order to dominate the vertex b.

The class Gy(k) for k > 5. A graph G belongs to the class Go(k) for k > 5 if it can be
constructed from the vertex disjoint union of a path cgcy ...cr_4 and a block graph H € G
with head b by adding the edge bcp_4.

We are now in a position to state the characterization of k-v.-critical graphs with { = k—3
cut-vertices due to Kaemawichanurat [19].

Theorem 6 ([19]) For k > 4, if G is a k-yc-critical graph with k — 3 cut-vertices, then
G e gl(ilaléy e 7ik—3) U g2(k)

4 Traceability of k-7.-Critical Graphs

In this section, we show that, for k¥ > 4 and k — 3 < { < k — 2, every k-~ -critical graph with
¢ cut-vertices contains a hamiltonian path. We first prove basic properties of k-v.-critical
graphs.

In what follows, let B be a graph in the class B; of order ng and let the vertex b be the
head of B. For notational convenience, we sometimes rename the vertex b as the vertex cj_s.



We show first that there exists a hamiltonian path in B that contains the vertex b as one of
its ends.

Lemma 3 If B € By with the vertex b as its head, then there exists a hamiltonian path Pp
of B having b as one of its ends.

Proof. By the construction of the graph B € By, we have S’ = Np(b) and SU S" =
V(B)\ Np[b]. Further, we note that B[S'U{b}| and B[SUS"] are complete subgraphs. Since
|S] > 2, every vertex in S’ has at least one neighbor in S. Let uv be an arbitrary edge in G
where u € S" and v € S. Further, let v/ be an arbitrary vertex in S’ different from u. Let P,
be a hamiltonian path in G[S’] that starts at the vertex v’ and ends at the vertex u. Let P, be
a hamiltonian path in G[S U S”] that starts at the vertex v. Let Pp be the hamiltonian path
of B that starts at the vertex b, proceeds along the edge bu’ to v/, follows the hamiltonian
path P, from u’ to u, proceeds along the edge uv to v, and then follows the hamiltonian path
P, starting at the vertex v. By construction, the hamiltonian path Pp of B has the vertex v
as one of its ends. O

By Lemma [3] there exists a hamiltonian path Pg of B having b as one of its ends. Let b’
be the other end of the path Pg. As a consequence of Theorem Bl and Lemma [3] we obtain
the following lemma.

Lemma 4 If G is a k-vy.-critical graph with k — 2 cut-vertices, then G is traceable.

Proof. Let G be a k-v.-critical graph with & — 2 cut-vertices. By Theorem [, the graph
G € U(k). Therefore, G is constructed from a graph B € Bj with head b and a path
Pr_9: cgcq ... ci_3 by joining ci_3 to b. The path cycy ... c_3 can therefore be extended to a
hamiltonian path of G by proceeding along the edge c;_3b from cj_3 to b, and then following
the hamiltonian path Pg from b to b’ to yield the hamiltonian path cgc; . .. c,_3bPgb’ of G. O

We show next that every graph in the class Gy (i1, 2, ...,ir_3) has a hamiltonian path.
Lemma 5 If G € Gy(i1,12,...,ix_3), then G is traceable.

Proof. Suppose that G € Gy (i1, 42, ...,ik_3), where iy = 1 and iy = 0 for £, ¢’ € [k — 4] and
¢ # /. Let Q be a hamiltonian path in the copy of K,,, used in the construction of G, and
let wy and wy,, be the start and final vertex of the path Q.

We first consider the case when ¢ = 1, and so G € G;(1,0,0,...,0). The path that starts
at the vertex cg, proceeds along the edge cow; to wy, follows the hamiltonian path ¢ from w,
to wy,,, proceeds along the edge wy,, ¢ to c1, follows the path cjca. .. cp—4, proceeds along the
edge c,_4b to b, and then follows the hamiltonian path Pg from b to b’ yield the hamiltonian
path coP’cy ... cj,_4bPgl of G.

Secondly we consider the case when 2 < ¢ < k—3. We note that ¢,_1 > K,,, and ¢, >~ K,,.
Starting with the path cgcy ... cp_1 from ¢ to ¢p_1, we proceed along the edge cy_jwy from



c¢—1 to wy, follow the hamiltonian path @) from w; to wy,, proceed along the edge wy, ¢, from
Wp, to ¢y, follow the path ¢ ... cp—4b from cp to b, and follow the hamiltonian path Pp from
b to b’ to yield the hamiltonian path cgcy ... c—1Qcp...bPgb of G.

Thirdly we consider the case when ¢ = k — 3, and so G € G;1(0,0,...,1). In this case,
Ck—a = Ky, , and b = K,, .. Starting with the path cpci...cp—yq from co to cp_y, we
proceed along the edge cp_4qwy from c,_4 to wy, follow the hamiltonian path @ from w; to
Wp,_,, Proceed along the edge wy, ,b from w,, , to b, and follow the hamiltonian path Pp
from b to b’ to yield the hamiltonian path cgcy ... cp_sQbPgbY of G. This completes the proof

of Lemmalfl O

We are now in a position to prove that all k-v.-critical graphs with { cut-vertices are
traceable when ¢ € {k — 3,k — 2}.

Theorem 7 Fork >4 and ¢ € {k—3,k—2}, if G is a k-vy.-critical graph with ¢ cut-vertices,
then G is traceable.

Proof. For k >4 and ¢ € {k—3,k— 2}, let G be a k-y.-critical graph with ¢ cut-vertices. If
¢ = k—2, then by Lemma[], the graph G is traceable. Hence we may assume that ( = k— 3,
for otherwise the desired result follows. By Theorem [6l G € G (i1,12,...,ix_3) U Ga(k). If
G € Gy(i1,12,...,1k—3), then, by Lemma[5] the graph G is traceable. Hence we may assume
that G € Ga(k), for otherwise the desired result follows. Thus, £ > 5 and G can be constructed
from the vertex disjoint union of a path P: cgcy ... cr_4 and a block graph H € Gy with head
b by adding the edge bcp_4. Let

A=Ng®b) and A =V(H)\Ngb.

By construction of the graph H € Ga, we note that G[A] is a complete subgraph. We
now consider G[A]. Let P': ziz}...z} be a longest path in G[A]. We note that P! is
a subgraph of G[A] and thus, x]l and x}, may be adjacent for 1 < j7 < 7/ +2 < ny. If
Ay = V(P') and A\ A; # 0, then we let P?: z323...22 be a longest path in G[ A\ Aj].
Continuing in this way, for i > 1 if the paths P!, P?,... P’ are defined and A\ A; # () where

j=1

then we let PH1: 22l | 2i+! be a longest path in G[A \ 4;]. Continuing in this way,
let 2 > 1 be the smallest integer such that A\ A, = (). Thus either z = 1, in which case
A = V(PY), or z > 2, in which case (V(P!),V(P?),...,V(P?)) is a partition of A where
each set V(P?) is nonempty for all i € [2]. By definition of the paths P* for i € [2], we note
that

V(PH 2 V(P = - = [V(P?)].

The structure of G[ A] is illustrated in Figure [6l

We proceed further with the following series of claims.
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Figure 6: The structure of G[A] in the proof of Theorem [7]

Claim 1 The set {3:]1-1,:E§2, ..., @3 } is an independent set for all j; € {1,n;} and i € [2].

Proof. Suppose, to the contrary, that wzlx;/ﬂ € E(Q) for some i and i’ where 1 <i < <z
where j; € {1,n;} and jy € {1,ny}. Renaming the vertices on the path P* and P? if
necessary, we may assume without loss of generality that j; = n; and jy = 1. We now
consider the path P* obtained from P’ by proceeding along the edge 3:}113:’1/ from 3:;1 to :L'Zi,,
and then following the path P? from z! to wﬁzll If i = 1, then P* is a longer path in G[A]
that P!, contradicting the maximality of Pl. If i > 2, then P* is a longer path in G[ A\ 4;_1]
that P*, contradicting the maximality of P*. O

In what follows, we adopt the following notation. If x and y are two non-adjacent vertices
of G, then we let D, denote a 7.-set of G + xy.

Claim 2 Ifz andy are two non-adjacent vertices of G A], then | Dy, N(AUA)| = 2, implying
that |Dgyy N{z,y}| =1 and |Dyy N A| = 1.

Proof. Let x, y and D,, be as defined in the statement of the claim. We now consider the
graph G + zy. Since G is a k-7.-critical graph, By Lemma [I(a) implies that |D,,| < k — 1.
Further, Lemma [i(b) implies that D, N {z,y} = 1. Renaming = and y if necessary, we
may assume that x € Dgy. If ¢g ¢ Dy, then ¢; € Dy, to dominate ¢o. If g € Dy,
then, since the subgraph, (G + zy)[Dy,|, of G + xy induced by the set D,, is connected
and since ¢; is the only neighbor of ¢y in G + xy, we must have ¢; € D,,. Hence, in both
cases, ¢1 € Dyy. Recall that @ € Dy, N A. Since (G + zy)[Dy,] is a connected graph that
contains both ¢; and z, the structure of the graph G implies that D,, contains all vertices
of the path P: cycy...cp_4 except possibly for the vertex ¢y, the vertex b, at least one
neighbor of b in A, and at least one vertex in A, namely the vertex z. Thus, D,, contains
at least (|V(P)| —1)+3 = (k—4) +3 =k — 1 vertices, and so |D,y| > k — 1. As observed
earlier, by Lemma [l(a) we have |D,,| < k — 1. Consequently, |D.,| = k — 1, implying
that Dy, = (V(P) \ {co}) U {b,u,x}, where u € A and ux € E(G). In particular, we note
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that [Dyy NV (H —b)| = |Dgy N (AU A)| = [{u,z}| = 2, and so |Dyy N {z,y}| = 1 and
|Dyy MA|=1.0

In what follows, for notational convenience we let Ay = V(P) U {b} U A, and so Ay =
V(G)\ A.

Claim 3 If R is a proper subset of vertices of A, where possibly R = (), and v is an arbitrary
vertez in A\ R, then there exists a path Pg, from cy to v containing every vertez in Ap\ R.

Proof. Recall that A = Np(H) and G[A] is a complete graph. Since R C A, we note
therefore that G[A — R] is a complete subgraph. Let P, be a hamiltonian path in G[A — R]
that ends at the vertex v, and let v’ be the start vertex of P, (possibly, v = v'). The path
Pg,, that starts at the vertex cp, follows the path P to c;_4, proceeds along the edge cp_4b
from ci_4 to b, along the edge bv’ from b to v/, and then follows the path P, is a path from
¢p to v containing every vertex in Ay \ R. O

Claim 4 If z =1, then G is traceable.

Proof. Suppose that z = 1, and so A = V(P'). Suppose that x1 or :E}Ll is adjacent to some

vertex y of A. Renaming vertices if necessary, we may assume that y is adjacent to xi. By
Claim [B] with R = (), there exists a path Pgr, from ¢y to y containing every vertex in Ap.
The path Pr, can be extended to a hamiltonian path of G by proceeding along the edge yx%
from y to z1, and then following the path P! from z} to x}zl. Thus, we may assume that
neither x% nor x,lll is adjacent to any vertex of A, for otherwise G is traceable as desired.
Since H € By is a connected graph, this implies that |V (P1)] > 3.

We show next that zjz} € E(G). Suppose, to the contrary, that ziz;, ¢ E(G). In this
case, we consider GG +x%x}“. For notational simplicity, let D* = Dx%xl . By Claim 2], we have
ni

|D*NA| = |[D* N A| = 1. Further, [D* N {z7,z} }| = 1. Renaming «{ and z,, if necessary,
we may assume that D* N {z],z} } = {21}. Let D* N A = {u}. By the connectedness of
(G + wia;,,)[D*], this implies that 2iu € E(G), contradicting our earlier assumption that z1

is not adjacent to any vertex in A. Hence, ziz;, € E(G).

Since z1z),, € E(G), we note that C: P!+ zja}, is a hamiltonian cycle of G[A]. Since G
is a connected graph, there exists a vertex v in A which is adjacent to a vertex of P!, say to
az} for some j where 1 < j < n;. By Claim Bl with R = 0, there exists a path Pg, from ¢ to
v containing every vertex in Ag. The path Pg, can be extended to a hamiltonian path of G
by proceeding along the edge w;} from v to a:}, and then following a hamiltonian path in the

cycle C starting at the vertex le Thus, G is traceable. O
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Claim 5 If z = 2, then G is traceable.

Proof. Suppose that z = 2, and so A = V(P!) U V(P?). Recall that |V (P1)| > |V (P?)].
By Claim [T the vertex z1 (respectively, x,lll) is adjacent to neither 22 nor :E%Lz. In particular,
ziz? ¢ E(G). We now consider the graph G + z1z%. For notational simplicity, let Do =
D,1,2. By Claim 2 we have |Dj o NA| = |D12N A| = 1. Further, |[Dy N {xi,22}| = 1. Let
Dy 5N A= {y}. We consider the cases z} € Dy 2 and 23 € D; 5 separately.

Claim 5.1 If 2} € Dy o, then G is traceable.

Proof. Suppose that #1 € Dj2. Thus in this case, Dio N (AU A) = {z},y}. Since
(G + x122)[D12] is a connected graph, zly € E(G). Moreover by Lemma[Il(c), yz? ¢ E(G).

Claim 5111 If |[V(P")| < 2, then G is traceable.

Proof. Suppose that |V (P')| < 2. Suppose that |V (P')| = 1. Since |V(PY)| > |V (P?)|,
we therefore have |V (P?)| = 1, and so P! and P? consists of the single vertices x1 and 23,
respectively. But then {y1,y2} is a CD-set of H, where y; is an arbitrary neighbor of x¢ that
belongs to A for i € [2], and so 7.(H) < 2, contradicting the fact that v.(H) = 3. Hence,
|V(PY)| =2, and so n; = 2 and P! is the path zlzi. As observed earlier, |V (P?)| < 2.

Suppose firstly that |V (P?)] = 1. Thus, P? consists of the single vertex z?, and A =
{x1,2},22}. By Claim [} the vertex x? is adjacent to neither z} nor z1. Let u be an arbitrary
neighbor of 27 in the connected graph G. We note that u € A. If u = y, then {y,x1} =. H,
implying that .(H) < 2, a contradiction. Thus, u # y. Since H is a 2-connected graph, the
vertex x3 has a neighbor, w say, different from x1. We note that w € A. If w € {u,y}, then
{u,y} > H, a contradiction. Hence, the vertices u, w and y are distinct vertices in A. By
Claim Bl with R = {u,w}, there exists a path Pgr, from ¢y to y containing every vertex in
Ao\ {u,w}. The path Pr, can be extended to a hamiltonian path of G by proceeding along
the edge yri from y to x1, and then following the path ziziwur? from z} to z; that is, the
path

coPryy, wtrlwua?

is a hamiltonian path in G. Hence we may assume that |V (P?)| = 2, for otherwise G is
traceable, as desired. Thus, A = {z},z3, 22 23}. Recall that D15 N (AU A) = {z},y} and
that the vertex z1 is adjacent to neither 23 nor 3. Further, yz? ¢ E(G). These observations
imply that yz% € F(G) in order for D1 2 to dominate the vertex 73 in G +rix?. By Claim[I]
the vertex z3 is adjacent to neither 23 nor 3. Since H is a 2-connected graph, the vertex 3
has a neighbor, u say, different from x1. We note that u € A. If u = y, then {y, 23} =, H, a
contradiction. Hence, u # y. By Claim Bl with R = {y}, there exists a path Pg, from ¢y to
u containing every vertex in Ao \ {y}. The path Pg, can be extended to a hamiltonian path
of GG by proceeding along the edge ux% from u to :L'%, and then following the path x%w%ym%x%
from i to z?; that is, the path

1.1,.2 2
coPryu, x3w1yT57]
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is a hamiltonian path in G. This completes the proof of Claim EIl1. (o)

By Claim 5111, we may assume that |V (P!)| > 3, for otherwise G is traceable and the
desired result holds.

Claim B5.1.2 If zixz;, ¢ E(G), then G is traceable.

Proof. Suppose that ziz} ¢ E(G). This implies that |V (PY)| > 3. In order to dominate
the Vertex zh, in G+ az%x%, we must have that yz;, € E(G). We now consider the graph

G + zlzl . For notational simplicity, let D1 ,,, = D, Iy . By Claim 2 we have |Dj ,, N A| =

| D1 ny ﬁA| = 1. Further, | Dy, N{z}, 2} }| = 1. Let {u} Dy NA. As observed earlier, the
vertex 7 is adjacent to neither 1 nor ., . In order to dominate the vertex =% in G + a;l b
we must have that uz? € E(G).

By Claim Bl with R = {u}, there exists a path PRy from ¢y to y containing every vertex
in Ap \ {u}. By the connectedness of (G + ziz} )[Din), the vertex u is adjacent to the
vertex in Dy, N {z}, 2} e Renamlng the vertlces ri and z} ny if necessary, we may assume
without loss of generahty that z! . € D1, With this assumption, uzx) | € B(G). The path
Pg, can be extended to a hamlltoman path of G by proceeding along the edge ya:l from y
to x1, following the path P! frorn ri to :Em, proceeding along the edge x. L u from x , tou,
proceeding along the edge ux? from u to 27, and then following the path P2 from z? to xnz,
that is, the path

COPRyy,:ElP zkou :E1P2 2

niy?

is a hamiltonian path in G. (o)

By Claim [5.112, we may assume that xlx € E(G), for otherwise G is traceable and the
desired result holds. Since ziz;, € E(G), we note that C: P! + zlx} is a cycle in G[A].

ni

Claim B.113 If |V (P?)| = 1, then G is traceable.

Proof. Suppose that |V (P?)| = 1 Thus P2 consists of the single vertex z3. By Claim[I] the
vertex :17% is adjacent to neither z1 nor x} . If 22 is adjacent to xl for some 1 < j < ny, then

the (! Tty J) -path on C that does not contaln the edge x; :17; 41 can be extended to a longer

path in G[ A] by adding to it the vertex 2 and the edge T 122 contradicting the maximality
of the path P!. Hence, the vertex x? is adjacent to no vertex of P!. By the connectivity of

G and the maximality of the path P2, the vertex 27 is adjacent to a vertex, u say, in A.

If y = P!, then {y,u} . H, implying that ~.(H) < 2, a contradiction. Thus, y does not
dominate P'. Let j be the smallest integer so that yaz} is not an edge. Since riy € E(G), we
note that j € [n1] \ {1}. By the choice of j, we note that yz; € E(G) for all £ € [j —1].

We now consider the graph G + m]lx% For notational simplicity, let D* = Dm}x%. By

Claim 2, we have |D* N A| = |D* N A| = 1. Further, |[D* N {x;,x%}] = 1. Let {w} = D*N A.

Since y is adjacent to neither z} nor 2, we note that w # y. If 22 € D*, then since 27 is not

J
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adjacent to any vertex of P!, we note that w = P! —x 1mply1ng that {w, a:J 1} =¢ H, and so
ve(H) < 2, a contradiction. Hence, z? ¢ D*, 1mply1ng that x] € D*; that is, D*N A = {le}
By Lemma [Il(c), we note that wz? ¢ E(G). Since (G + :E;l‘%)[D*] is connected, we therefore
have wle- € E(G). Since G is connected, the vertex x? is adjacent to a vertex, say v, that
belongs to A. Since the vertex x? is adjacent neither w nor y, the vertices v, w and y are

distinct.

By Claim Bl with R = {v, w}, there exists a path Pr, from ¢y to y containing every vertex
in Ag \ {v,w}. The path Pg, can be extended to a hamiltonian path of G by proceeding
along the edge ya; _; from y to a: 1, and then following the (z} T4, ) path, say P*, on C
that does not contain the edge x] 1x (and contains all vertices of Pl) from :17}_1 to :Ej, and

then following the path z! wvxl from :17 to x2; that is, the path

1 w1 2
coPryy, ;P xj, wory

is a hamiltonian path in G. This completes the proof of Claim (E.113. (o)

By Claim (5113, we may assume that [V(P?)| > 2, for otherwise G is traceable and the
desired result holds. Recall that DisNA={y} and Dl 2N A= {z{}. Further, the vertex z}
is adjacent to neither 2 nor 2 . In particular, :Ell‘ §é E(G). In order for the set D; 2 to
dominate the vertex m22 we note that ym%z € E(G).

We now consider the graph G + ZE%$%

Claim 2} we have |D* N'A| = |D* N A| = 1. Further, |[D* N {z1,22,}| = 1. Let D*N A = {u}.
By Lemma [(c), the vertex u is adjacent to exactly one of z} and xiz. Therefore since y is
adjacent to both x1 and 22, we note that u # y.

,- For notational simplicity, let D* = Dm%x%g. By

no?

Suppose firstly that z} € D*. In this case, u is adjacent to z1 but not to x%T Since
rix? ¢ E(G), in order for the set D* to dominate the vertex a2, we note that uz? € E(G).
By Claim Bl with R = {u}, there exists a path Pg, from ¢y to y containing every vertex in
Ap\ {u} The path PR .y can be extended to a hamiltonian path of G by proceedlng along the
edge yx from y to xnz, followmg the path P2 in reverse direction from z2 to z?, proceedlng
along the path 2?uz] from x? to x{, and then following the path P! from 71 to x} ; that is,
the path

coPR7yy,az P2a:1,u riPlzl 1

is a hamlltonlan path in G Suppose next that z2 , € D*. In this case, u is adjacent to :17%2
but not to ml Since a;ma:n2 ¢ E(G), in order for the set D* to dominate the vertex x}Ll, we
note that ux) . € E(G). By Claim B with R = {u}, there exists a path Pr, from ¢y to y
containing every vertex in Ag \ {u}. The path PRy can be extended to a hamiltonian path
of G by proceeding along the edge yr from y to :L'l, following the path P! from 1 to xnl,
proceeding along the path a:n , from T , to T ,» and following the path P? in reverse
direction from :E?LZ to x2; that is, the path
coPr yy,wlPl 1 U,JE%2P2:L'%

n17

is a hamiltonian path in G. This completes the proof of Claim (5.1l (o)
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By Claim B} we may assume that 27 € D o, for otherwise G is traceable and the desired
result follows. Thus in this case, D12 N (AU A) = {xl,y} Since (G + :Ell‘l)[Dl 9] is a
connected graph, z2y € E(G). Moreover by Lemma [dl(c), yz1 ¢ E(G ) Since z}, 23 ¢ E(G),
in order for the set Dj > to dominate the vertex :E}Ll, we note that y:nn1 eF (G)

Claim 5.2 If |V(P?)| = 1, then G is traceable.

Proof. Suppose that |V (P?)| = 1. Thus, P? consists of the single vertex z?. We show firstly
that ziz;,, ¢ E(G). Suppose, to the contrary, that ziz;, € E(G). We show that z} is not
adjacent to any vertex of P1. By our earlier observations, the vertex =7 is adjacent to neither
:17% nor :E%Ll. Suppose that :17% is adjacent to xl for some j where 1 < j < n1 In this case,
|[V(PY] >3, and so G[A] has a cycle C:p! + ziay,

C that does not contain the edge x J +1 can be extended to a longer path in G[ A] by adding

as a subgraph. The (2} T, ]) -path on

to it the vertex x? and the edge m]xl, contradicting the maximality of the path P'. Hence,
the vertex z? is adjacent to no vertex of P. Thus since {72,y} dominates all vertices of P!
different from z{, this implies that y = P' — z{. Therefore, {y,z} } = H, and so v.(H) < 2,
a contradiction. Hence, zjz) ¢ E(G).

We now consider the graph G + x} :17% For notational simplicity, let D* = D1 22
ni

Claim 2, we have |D* N A|] = |D* N A| = 1. Further, |[D* N {$n1,$%}| =1. Let D*N A = {u}.
By Lemma [Ii(c), the vertex u is adjacent to exactly one of z} ny, and x2. Therefore since y is
adjacent to both z;, and z%, we note that u 75 y. If 2 € D*, then since 22z} ¢ E(G), we
have uz} € E(G). If z}, € D*, then since iz}, ¢ E(G), we must have uz} € E(G). In both
cases, uri € E(G).

2. By

By Claim Bl with R = {y}, there exists a path Pr, from ¢y to u containing every vertex
in Ap \ {y}- The path PR « can be extended to a hamiltonian path of G by proceeding along
the edge ua: from u to a:l, followmg the path P! from z} to z} , and then proceeding along
the path xnly:ﬂl from . , to x2; that is, the path

ny?

1,1
coPr .y, :L'1P 1,y,$1

is a hamiltonian path in G. This completes the proof of Claim ©

By Claim 5.2l we may assume that |V (P?)| > 2, for otherwise G is traceable and the
desired result holds. We now consider the graph G + x,lllzn% For notational simplicity, let
D* =D, 23 . By Claim 2, we have |D* N A| = |D* N A| = 1. Further, |D* N {x;,,27}| = 1.
Let D* N A = {u}. By Lemma [c), the vertex u is adjacent to exactly one of z}, and 7.

Therefore since y is adjacent to both z} ny, and 22, we note that u # .

Suppose firstly that 23 € D*. In this case, u is adjacent to z3 but not to x,lll. Since
riz? ¢ E(G), in order for the set D* to dominate the vertex x1, we note that uzi € E(G).
By Claim B with R = {u}, there exists a path Pg, from ¢y to y containing every vertex in
Ap \ {u}. The path Pg, can be extended to a hamiltonian path of G by proceedlng along

the edge yx from y to xnl, following the path P! in the reverse direction from z} , to i,
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proceeding along the path zjuz? from z] to z3, and following the path P? from 2% to 22 ;
that is, the path
coPr yy,az Plazl,u a:lP2 2

is a hamlltoman path i 111 G Suppose next that m , € D*. In this case, u is adjacent to a;%”
but not to z?. Since x} zl ¢ E(G) and 22 # 22, in order for the set D* to dominate the

ni n2
vertex x7 , we note that uz?, € E(G).

ng’

By Claim [B] with R = {y}, there exists a path Pr, from ¢y to u containing every vertex
in Ap \ {y}. The path Ppg, “ can be extended to a hamiltonian path of G by proceeding along
the edge u:z:2 from u to x2 followmg the path P? in the reverse direction from :172 to xl,
proceeding along the path xlyx from z? to xl ,» and following the path Plin the reverse
direction from x;, to z1{; that is, the path

2 1 pl 1
coPr .y, z2 ,P $1,y,$n1P ]

is a hamiltonian path in G. This completes the proof of Claim Bl (o)

By Claims @ and [Bl we may assume that z > 3, for otherwise G is traceable and the desired
result holds. The following claim uses similar ideas to those presented in [20]. However for
completeness, we provide a proof of this claim.

Claim 6 If I is an independent set of A where |I| =t > 3, then all the vertices of I can be
ordered uy,us, ..., us in such a way that there exist t — 1 different vertices vy,vs,...,v—1 of
A satisfying {u;,v;} =c H — w41 for alli € [t —1].

Proof. We will construct a tournament 7' (a digraph which any two vertices are joined by
an arc) with vertex set V(T') = I and where the arcs of T' are defined as follow. For every
two distinct vertices u and v in I, we choose a fixed v.-set, say Dy, of G + uv. By Claim 2]
|Dyw N (AU A)| = 2, implying that |Dy, N{u,v}| =1 and |Dy, N A| = 1. Let Dy, N A = {z}.
If u € Dy, then since A is a complete subgraph, it follows that {u,z} =, H — v. In this
case, we orient the arc from u to v. If v € Dy, then {v,2} >=. H — u, and we orient the arc
from v to u. We do this for every two distinct vertices u and v in I. This defines the arcs
of the resulting tournament T'. Since every tournament has a directed hamiltonian path, we
let uqus ... us be a directed hamiltonian path in 7. This implies that there exists a vertex
v; € A such that {u;,v;} =. H — ujq for every i € [t — 1]. Since I = {uy,uz,...,u} is an
independent set, it follows that the vertex v; is adjacent to every vertex in I except for the
vertex u;4q for all ¢ € [t — 1]. This implies that the vertices v1,ve, ..., v are all distinct. (o)

We now return to the proof of Theorem [7l Since {z1,22,...,2%} is an independent set of
size z > 3, by Claim [0l there exists an ordering w1, us, ..., u, of the vertices of {x%, x%, N
such that there exist vertices vy, vs,...,v,_1 of A satisfying

{ui,vi} =c H —uipq

for all i € [z—1]. Let R = {v1,va,...,v,_1}. For notational convenience, if u; = z} for some
i,j € [z], then we relabel the path P’ as the path 77. Further we let u; = xy,.. We note that
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v; = {ur,ug, ..., uz} \ {uiy1} for all i € [z — 1]. Further, we note that the collection of paths
P, P2 ..., P?is therefore precisely the collection of paths T, T2, ..., T%. If |[V(T%)| =1 for
all i € [2], then {v1,v2} =. H, and so 7.(H) < 2, a contradiction. Hence, |V (T%)| > 1 for
some i € [z]. For i € [z], we let

¢ =max{i: |[V(T"| > 1}.

Therefore if £ < z, then |V(T7)| = 1 for all j where ¢ < j < z, implying that u; = u; for such
values of j. We remark that it is possible that [V (T7)| = 1 for some j < £. The structure of
G[A] is now illustrated by Figure [l

Vz—-1

A A
Y
/
U1 U1 'Ul Tl
x >~ uz uhH T2
14

. L 4 L J T

Upr1 = Upyq T
% \ Uz—1 = Ulzf1 Tz_l

~

&uz =l T*

Figure 7: The structure of G[ A] after rearranging the paths

C

Claim 7 If ¢ > 1, then G is traceable.

Proof. Suppose that ¢ > 1. Therefore, v, # v} and u, # u,. We now consider the graph
G + ujuy. For notational simplicity, let Dy, = Dulu’l- By Claim 2] we have |D;, N A| =
|D1,NA| = 1. Further, |Dy N {ui,u);| = 1. Let D1 ,N A = {w}. By Lemma[llc), the vertex
w is adjacent to exactly one of u; and ). By Claim [6], {u;,v;} = H —u;41 for all i € [z —1].
Therefore since w;u_, ¢ E(G), this implies that v;u,_, € E(G) for all ¢ € [z] \ {1}.

Suppose firstly that u; € D; . Thus, w is adjacent to u; but not to uj. If w = v; for some
J € [z — 1], then {u1,w} does not dominate the vertex w;,1, contradicting the fact that Dy ,
is a (connected) dominating set of G+ uju). Hence, w ¢ R. Since uju. ¢ E(G), we note that
wu, € E(G). Further since uyu), ¢ E(G) and {uy,v1} = H —ug and z > 3, it follows that
viul, € E(G). (Possibly, u, = u}.) As observed earlier, v;u,_, € E(G) for all i € 2]\ {1}. By
Claim [3] there exists a path Pg,, from ¢y to w containing every vertex in Ag \ R. The path
Pr ., can be extended to a hamiltonian path of G by proceeding along the edge wu, from
w to u,, following the path T% from u, to ), proceeding along the path u,viu; from v, to
uq, following the path T from u; to u}, proceeding along the path wjvous from u} to ua,
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following the path T2 from us to ub, proceeding along the path u)vsus from ug to uj, and,
continuing in this way, finally proceeding along the path v v, ju,_; from u,_o to u,_1,
and then following the path 7771 from w,_; to u/_;; that is, the path

!/

z, ./ 1,7 2,/ z—2,./ z—1
COPR,wu27uzT uzavlaulT Ul,’UQ,'LLQT U2,‘ o 7uz—2T uz-Qavz—lauz—lT uz—l

is a hamiltonian path in G, as desired. Suppose next that uj, € D . Thus, w is adjacent to
uy but not to u;. If £ < z — 2, then uj is adjacent to neither u/,_; nor v/, implying that w is
adjacent to both u,_; and u/,. If £ = z — 1, then w is adjacent to u/,_;. Further since u/_,
is not adjacent to u’, the vertex w is adjacent to u/, in this case. If £ = z, then w is adjacent
to u/,. Further since z > 3, the vertex u,_; # u;. Thus since the vertex v/, is not adjacent to
u’,_q, the vertex w is therefore adjacent to u/,_; in this case. Thus in all cases, we note that
the vertex w is adjacent to both u/,_; and u’.

Let Ry = (R\ {v1}) U{w}. By Claim [3] there exists a path Pg, from ¢y to v; containing
every vertex in Ag \ R;. The path Pg, ., can be extended to a hamiltonian path of G by
proceeding along the edge viu; from v; to uy, following the path 7! from u; to u}, proceeding
along the path ujvoug from u) to ug, following the path T? from us to ub, proceeding along
the path whvsus from ug to uh, and, continuing in this way, finally proceeding along the
path u,_ov,_ju._1 from u)_, to u,_1, and then following the path T2~! from u,_; to u,_j,
proceeding along the path v/ _jwu from u_; to v}, following the path T in the reverse
direction from u/, to u,; that is, the path

1,7 2,1 z—1,1 !z
coPRry v 01, w1 T uy, v, uaT ug, - -+ s u 17w, g, w,u, T u,
is a hamiltonian path in G, as desired. (o)

By Claim [7l we may assume that ¢ = 1, for otherwise G is traceable and the desired result
follows. Thus, P! = T! and |V(P!)| = n1 > 2, and so u; # u}. Moreover, u; = u/ for all

ielz]\ {1}

Suppose firstly that uu} € E(G), and so G[ A] contains a cycle C': T'+uju] as a subgraph.
If there exist integers j and r where j € [n; —1]\{1} and r € [2]\ {1} such that urzzt} € E(G),
then the (le-H,a:})—path on C that does not contain the edge x}az}ﬂ can be extended to

a longer path in G[A] by adding to it the vertex u, and the edge u,z!, contradicting the

7
maximality of the path P!. Hence, no vertex of T is adjacent to any vertex from the set

{u2,us, ..., u.}, implying that the vertex u; is an isolated vertex in G[A] for all i € [2]\ {1}.

Since {ug,va} = H —us and uy is isolated in G[ A], this implies that vy > H —ug. Therefore,
{vi,v2} =¢ H, and so 7.(H) < 2, a contradiction. Hence, u1u} ¢ E(Q).

We now consider the graph G + uju). For notational simplicity, let Dy ; = Dy By
Claim 2] we have | Dy 1NA| = |Dy1NA| = 1. Further, |Dy 1N{uy,u}| = 1. Let D;1NA = {w}.
By Lemma [(c), the vertex w is adjacent to exactly one of u; and u}j. If w = v; for some
i € [z — 1], then D;; does not dominate u;;1, a contradiction. Hence, w € A\ R. Since
neither u; nor v is adjacent to u, or u,_1, the vertex w is necessarily adjacent to both u,
and u,_1. Recall that v;u;—1 € E(G) for all ¢ € [z — 1] \ {1}, and recall that vou} € E(G).
Let Ry = (R\ {v1}) U{w}. By Claim [3] there exists a path Pg, from ¢y to v; containing
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every vertex in Ag \ R;. The path Pg, ,, can be extended to a hamiltonian path of G by
proceeding along the edge viu; from v; to u, following the path T from u; to v}, and then
proceeding along the path ujvousvs ... v,_ju,_jwu,; that is, the path

1 7
co PRy v V1, u1T uyvougvs -+ v, U WU,

is a hamiltonian path in G. This completes the proof Theorem [7l O

5 k-v.~Critical Graphs which are Non-Traceable

In this section, we establish the realizability result that for & > 4, there exist k-~y.-critical
graphs which is non-traceable containing ¢ vertices for all 0 < ( < k—4. For this purpose, for
kE > 3 we introduce a class P(k) of k-7 -critical graphs such that, for every graph G € P(k)
and every integer ¢ > 1, there exists a (k + £)-.-critical graph that contains G as an induced
subgraph. Further, we construct a class N (s) of graphs for all s > 6.

The class P(k) for k > 3. A k-y.-critical graph G is in the class P(k) if there exists a
maximal complete subgraph H of G of order at least 2 satisfies the following two properties.

(a) Every vertex of G belongs to some 7.-set of G that contains a vertex of H.

(b) For every pair of non-adjacent vertices z and y in G, there exists a CD-set D;y of G+uzy
such that Dy, NV (H) # 0 and | Dy, | < k (we remark that D;, need not necessarily be
a y.-set of G + xy).

The class N (s) for s > 6. For a set S = [s] where s > 6, we let By = {a;: i € [s]} and
By = {b;: i € [s]} be two disjoint sets of vertices, and let

)

where <§> is a set of all pairs (regardless of order) of the members in S, and so |Bs| = (‘;)

A graph G in the class NV (s) can be constructed from the disjoint sets By, Bs and Bs by
adding a new vertex = and adding edges as follows:

Add edges so that By and Bs form two complete subgraphs.

Add all edges between B; and Bs except for the edges a;b; for i € [s].
Join z to every vertex of Bs.

Join b; to zjp for 1 <i# j# L <s.

Join a; to z;j for 1 <i# j <.

We note that for i € [s], Np,(a;) = {2i 1,22, Zii-1,Zii+1,Zi,it2,- - -+ Zis} and

Nay(0) = {zies Gy e (VL) ]

A graph in the class N (s) is illustrated by Figure B
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B3

By

Figure 8: A graph G in the class N (s)

Let F(k, () be the class of k-v.-critical graphs with ¢ cut-vertices which are non-traceable.
In view of Theorem B F(k,{) = 0 for all k& € [3]. We show next that N(s) C P(4) and
N(s) C F(4,0). In particular, this implies that the class P(4) is not empty when k = 4.

Lemma 6 For all s > 6, N(s) C F(4,0). Moreover, N(s) C P(4) where in the construction
of P(4) here we take H as the mazimal complete subgraph G[Ba].

Proof. Let G € N(s). We show that G is a 4-y.-critical non-traceable graph. Let H be
the maximal complete subgraph G[Bs| of G. We show firstly that ~.(G) > 4. Suppose,
to the contrary, that there exists a CD-set D of G of size 3. Suppose that x € D. If
D = {z, 2,z j}, then D does not dominate a; where ¢ € S\ {3,7,7,j'}. If D = {z, z; j, a;},
then D does not dominate b;. If D = {z, z; j, by}, then D does not dominate ay. In all three
cases we produce a contradiction. Hence, z ¢ D. In order to dominate the vertex x, we
have z; ; € D for some ¢ and j where 1 < i # j <s. If D = {2, a;,a;}, then D does not
dominate zy j where {i, 7'} {3,7} = 0. If D = {z; j, a;, a¢} where £ ¢ {i, j}, then D does not
dominate z; j; where {7, '} N {i, 5, £} = 0. If D = {z;;,a;,b;} where ¢ ¢ {i,j}, then D does
not dominate z;¢. If D = {z; j,a;, 2 j} or D = {z; j, by, 2y jr}, then D does not dominate z; ¢
where £ ¢ {i,7,7,5'}. If D = {2;;,bs, by} where £,¢ ¢ {i,j}, then D does not dominate zp 4.
In all cases, we have a contradiction. We deduce, therefore, that not such CD-set D of size 3
exists. Hence, 7.(G) > 4.

We show next that property (a) holds in the construction of P(4), and, simultaneously, we
show that 7.(G) = 4. For all i and j where 1 <1 # j < s, we note that xz; ja;b; is an induced
path in G and the set D; ; = {z, 2 j,a;,0b;} is a CD-set of G. This implies that 7.(G) < 4
and every vertex of GG belongs to some CD-set of G of size 4 that contains a vertex of H,
where recall that V(H) = By. As observed earlier, 7.(G) > 4. Consequently, 7.(G) = 4 and
every vertex of G belongs to some ~.-set of G that contains a vertex of H. This establishes
property (a) in the construction of P(4).
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We show next that property (b) in the construction of P(4) holds. Let v and v be an
arbitrary pair of non-adjacent vertices of G. We show that there exists a CD-set D,, of
G + wv such that |D,,| = 3 and the set D,, contains at least one vertex in Bs.

Suppose that x € {u,v}. Renaming vertices if necessary, we may assume that z = u.
Thus, v € By U By. If v = q;, then let Dy, = {x,a;,b;} where i # j. If v = b;, then let
Dyy = {x,a;,b;} where i # j. In both cases, |Dy,| = 3, the set D,, contains a vertex of B
and Dy, >, G + wv, as desired. Hence, we may assume that x ¢ {u,v}, for otherwise the
desired result holds.

Suppose next that z; ; € {u,v} for some ¢ and j where 1 < ¢ # j < s. Renaming vertices
if necessary, we may assume that z;; = u. If v = ay, then necessarily ¢ # ¢ and we let
Dyy = {ag, by, 255} If v = b; or v = b;, then we let Dy, = {z;,b;,b;}. If v = 2y 5
where {i,j} # {/,j'}, then z;; is adjacent to at least one of the vertices by or bj; and we
let Dyy = {zij,bir,bjr}. In all cases, |Dy,| = 3, the set D,, contains a vertex of By and
Dyy =c G + uv, as desired. Hence, we may assume that {u,v} C By U By, for otherwise the
desired result holds. Thus, {u,v} = {a;,b;} for some i € [s]. We now let Dy, = {a;,b;, 2 ;}
where i # j. Once again in this case, |D,,| = 3, the set D,, contains a vertex of By and
Dy =¢ G + uv, as desired.

Thus, for an arbitrary pair x and y of non-adjacent vertices of G, there exists a CD-set
Dy of G 4 uv such that |Dy,| = 3 and the set D, contains at least one vertex of H, where
V(H) = Bs. As observed earlier, 7.(G) = 4. Therefore, property (b) in the construction of
P(4) holds. In particular, we note G is a 4-v.-critical graph. Since G is an arbitrary graph
in N (s), we have N (s) C P(4).

By construction, we note that G has no cut-vertex. Finally, to show that N (s) C F(4,0),
it remains to show that G is non-traceable. Let S = By U By U {z} and consider the graph
G — S. We note that |S| = 25+ 1 and G — S consists of (3) isolated vertices, namely the

vertices z; ; where 1 <7 # j < s. Since s > 6, we note that 25 + 2 < (;) = 5(52_1). Hence,
1
S| =25s+1<25s+2< @ = |Bs| = w(G — 9).

Therefore, by Observation [Il the graph G is non-traceable. Thus, ANV (s) C F(4,0). This
completes the proof of Lemma [6l O

For k > 4 and for ¢ > 1, we next give a construction of a (k + £)-v.-critical graph that
contains a graph G in the class P(k) as an induced subgraph. Let G be a graph in the class
P(k), and let H be a maximal complete subgraph of G having properties (a) and (b) in the
construction of the class P(k). For £ > 1, let Gy,...,Gy be £ vertex disjoint complete graphs
where G; = K,,, and n; > 1 for i € [¢]. Let G(n1,ng,...,ns) be the graph constructed from
an isolated vertex z, vertex disjoint copies of the complete graphs G1,...,Gy and G € P(k)
by adding edges according to the join operations

rzoVGLIVGyV--- VGV gG.
Let P(k,¢) be the class of all such graphs G(ny,ne,...,ng). A graph in the class P(k, ) is
illustrated in Figure @
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Knl— Kny| oo | Kny|— | H
ZTo - -
Gy G G

G € P(k)

Figure 9: The graph in the class P(k, )

Theorem 8 For k > 4 and ¢ > 1, every graph in the class P(k,l) is a (k + £)-y.-critical
graph.

Proof. For k > 4 and ¢ > 1, let G(ny,n9,...,ny) be a graph in the class P(k, /) that is
constructed from a graph G € P(k) with H as the maximal complete subgraph of G having
properties (a) and (b) in the construction of G. For notation convenience, we write the graph
G(ni,n2,...,ng) simply as Gpe. Let Gi,...,Gy be the ¢ vertex disjoint complete graphs
used to construct Gy ¢, where G; = K,,, for i € [{]. Let x; be an arbitrary vertex of G; for
i€ (], and let X = {x1,...,2¢}. Let D be a v.-set of G that contains a vertex of H. Thus,
|ID| =7.(G) =k and DNV (H) # 0.

We show firstly that v.(G,¢) = k+£. Since DUX . G, we note that v.(Gy ) < |D|+|X| =
k+¢. To show that v.(Gj ) > k+ ¢, let D" be an arbitrary ~.-set of Gy 4. If D’ contains the
vertex xp, then since D’ is a CD-set of Gy it also contains a vertex of Gi. If D’ does not
contains the vertex zg, then in order to dominate the vertex g, we note that D’ contains a
vertex of G;. Hence in both cases, D'NV(G1) # ). Since G — H is not the empty graph, the
set D’ contain at least one vertex of G. By the connectedness of G, ¢[D'], the set D’ therefore
contains at least one vertex from each of the sets G; for i € [¢] and D'NV (H) # (). Therefore,
|D' N (UL, V(Gy))| > ¢, that is, D' N (V(Gre) \ V(G))| > £. Since H is a complete subgraph
of G and D'NV(H) # ), we note that the set D' NV (G) is a CD-set of G, implying that
ID'AV(G)| > 7:(G) = k. Hence, (G e) = |D'| = |D'OV(G) DNV (Gro\V (G))] > k-+e.
Consequently, v.(Gi¢) = k + £.

We establish next the criticality of G} ¢. Let v and v be an arbitrary pair of non-adjacent
vertices of Gy, . We show that there exists a CD-set Dy, of G}, ¢+ uv such that [Dy,| < k+Z.
We first consider the case when {u,v} C V(Gj ) \ V(G). Renaming vertices if necessary, we
may assume that v = z; and v = z;» where 0 < j < j/ < ¢. Since u and v are non-adjacent
vertices of Gy ¢, we note that j+2 < j'. If j > 0, then let Dy, = DU (X \ {z;41}). If j =0,
then let Dy, = DU(X \{z1}). In both cases, |Dy,| = k+£—1 and Dy, >, Gy ¢+ uv. Hence,
we may assume that at least one of u and v belongs to G, for otherwise the desired result
follows. Renaming vertices if necessary, we may assume that v € V(G). By property (a)
in the construction of the graph G € P(4), there exists a v.-set D, of G that contains the
vertex u and contains a vertex of H.

Suppose next that v ¢ V(G), and so v = xp or v € V(G;) for some i € [{]. Renaming
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vertices if necessary, we may assume that v = z; for some i € [(] U {0}. Suppose that
u € V(H), implying that v # xp. If v = xg, then let Dy, = D, U (X \ {z1}). If v # ¢, then
let Dy, = D, U(X \ {z¢}). In both cases, |Dy,| = k+£¢—1 and Dy, >, Gy ¢+ uv. Hence, we
may assume that u € V(G) \ V(H). Once again if v # zg, then let Dy, = D, U (X \ {z¢}),
and if v = z; for some ¢ € [¢], then let Dy, = D, U (X \ {z}). In both cases, |Dy,| = k+{—1
and Dy, >c Gp¢+ uv. Hence, we may assume that v € V(G). By property (b) in the
construction of the graph G € P(4), there exists a v.-set D,, of G that contains a vertex
of H and such that |D.,| < k — 1. In this case, we let Dy, = D), U X and note that
|Dyy| < |Diyl + | X| < k+¢—1and Dy, = Gig + uv. These observations imply that Gy, ¢
is a (k + £)-7y.-critical graph. This completes the proof of Theorem 8l O

We are now ready to establish the realisability of k-v.-critical non-traceable graphs con-
taining ¢ cut-vertices for all £ > 4 and 0 < ¢ < k — 4. Recall that F(k,() is the class of
k-v.-critical graphs with ( cut-vertices which are non-traceable.

Theorem 9 For integersk > 1 and ¢ > 0, F(k,() # 0 if and only if k > 4 and 0 < ( < k—A4.

Proof. We first show that if k > 4 and 0 < { < k—4, then F(k, () # 0. In view of Lemmal6],
F(4,0) # 0. Thusif k =4 and ( = k — 4 = 0, then F(k,() # 0. Hence, we may assume
that k > 5, for otherwise the desired result follows. Let G € N (s) for some integer s > 6.
Adopting our earlier notation, Lemma [f] yields also that G € P(4) where here we take H
as the maximal complete subgraph G[Bs] having properties (a) and (b) in the construction
of G. For a given ¢ € [k — 4] U {0}, let G* = G(n1,n2,...,np_4) be a graph in the class
P(4,k — 4) that is constructed from the graph G by taking n; > 2 for i € [k — 4] in the case
when ¢ = 0 and taking n; = 1 for i € [(] and n; > 2 for i € [k — 4] \ [(] in the case when
¢ € [k —4] for the k —4 complete graphs K,,,, Kp,, ..., Ky, , used in the construction of G*.
We note that if ( = 0, then G* has no cut-vertex, while if { € [k — 4], then G* has exactly
¢ cut-vertices, namely the singleton vertices of the ¢ complete graphs Ky, , ..., K, . In both

cases, G* has exactly ¢ cut-vertices. Moreover, by Theorem B the graph G* is a k-~y.-critical.

We show next that G* is non-traceable. Adopting our earlier notation used in the con-
struction of the graph G € P(4), let S = By U Bo U {z} and consider the graph G* — S. We
note that |S| = 2s + 1 and G* — S consists of (3) isolated vertices, namely the vertices z;
where 1 <7 # j < s, together with an additional component containing the vertex xy and the
k — 4 complete graphs K,,,, K,,..., Ky, ,. Since s > 6, we note that 2s +2 < (;) = @
Hence,

1
S| =25 +1<2s42< 56D

+1=|Bs|+1=w(G —5).

Therefore, by Observation [I] the graph G* is non-traceable, implying that G* € F(k, ().
Hence, if K >4 and 0 < ¢ < k — 4, then F(k,() # 0.

Conversely, suppose that F(k,() # 0. Since every hamiltonian graph is traceable, by
Theorem [3, we must have that k > 4. Theorem [{] implies that F(k,() = () when ¢ > k — 1.
Thus, ¢ < k — 2. By Theorem [ also implies that F(k,() = @ when ¢ € {k — 3,k —2}. These
results imply that 0 < { < k — 4 and k > 4. This completes the proof of Theorem [0 O
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