arXiv:2001.05203v1 [math.NA] 15 Jan 2020

STABILITY EQUIVALENCE AMONG STOCHASTIC
DIFFERENTIAL EQUATIONS AND STOCHASTIC DIFFERENTIAL
EQUATIONS WITH PIECEWISE CONTINUOUS ARGUMENTS AND

CORRESPONDING EULER-MARUYAMA METHODS*

MINGHUI SONG', YIDAN GENG', AND MINGZHU LIUt

Abstract. In this paper, we consider the equivalence of the pth moment exponential stability for
stochastic differential equations (SDEs), stochastic differential equations with piecewise continuous
arguments (SDEPCAs) and the corresponding Euler-Maruyama methods EMSDEs and EMSDEP-
CAs. We show that if one of the SDEPCAs, SDEs, EMSDEs and EMSDEPCAs is pth moment
exponentially stable, then any of them is pth moment exponentially stable for a sufficiently small
step size h and 7 under the global Lipschitz assumption on the drift and diffusion coefficients
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1. Introduction. Stochastic differential equations (SDEs) have been widely
used in many branches of science and industry [1, 4, 8, 9, 28, 34]. There is an ex-
tensive literature in stochastic stability (e.g. the moment exponential stability or
almost sure exponential stability) [1, 5, 9, 18, 25, 36, 37]. One of the powerful tech-
niques in the study of stochastic stability is the method of Lyapunov functions. In
the absence of an appropriate Lyapunov function, we may carry out careful numer-
ical simulations using a numerical method, say the Euler-Maruyama (EM) method
[see e.g. 2, 12, 16, 17, 19, 26, 33, 39] with a small step size. Does the main question
arise whether the numerical solutions can reproduce and predict the stability of the
underlying solutions?

The case that stochastic stability of the general nonlinear equation and that of
the numerical method are equivalent for a sufficiently small step size can be founded
in [6, 13, 15, 22, 27, 30] , while for the linear equation in [3, 11, 35]. Higham et al.
in [14] showed that when the SDE obeys a linear growth condition, the EM method
recovers almost surely exponential stability.

In this paper, we consider the following stochastic differential equation with piece-
wise continuous argument (SDEPCA)

(L) da(t) = (f(2(t) + w (2 ([t/7) 7)) dt + (9(x(t)) + uz(x([t/]7)))dw(?)
and the stochastic differential equation (SDE)

(1.2) dy(t) = (f(y(1)) + ur(y(®))dt + (g(y(2)) + ua(y(t)))dw(t).

We also consider the applications of EM method to SDEPCA (1.1) and SDE (1.2),
respectively
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2 M. H. SONG, Y. D. GENG, AND M. Z. LIU

(1.4) Vo1 = Yo + (f(Yn) + ur(Yn)h + (9(Yn) + u2(Ya)) Awn,

where h = = m € Nt. We refer to (1.3) and (1.4) by the terms EMSDEPCA (1.3)
and EMSDE (1.4), respectively. The main purpose of the present paper is to show
that if one of the SDEPCAs (1.1), SDEs (1.2), EMSDEPCA (1.3) and EMSDE (1.4)
is pth moment exponential stable, then so are the others for a sufficiently small step
size h and 7 under a global Lipschitz assumption on the drift and diffusion coefficients.
In order to do this, we shall concentrate on the following questions:

(Q1) If for a sufficiently small 7, the SDEPCA (1.1) is pth moment exponentially
stable, can we confidently infer that the SDE (1.2) is pth moment exponen-
tially stable?

(Q2) For a sufficiently small step size h, does the EMSDE (1.4) reproduce the pth
moment exponential stability of the underlying SDE (1.2)?

(Q3) For a sufficiently small 7, the EMSDEPCA (1.3) can preserve the pth moment
exponential stability of EMSDE (1.4)7

(Q4) If the EMSDEPCA (1.3) is pth moment exponentially stable, will the SDE-
PCA (1.1) be the pth moment exponentially stable for a sufficiently small
step size h?

It is known that the positive answer to (Q2) for SDE in case p = 2 can be founded
in [13]. The stochastic differential equation with piecewise continuous arguments
(SDEPCA) has been studied extensively [see e.g. 7, 21, 29, 31, 32, 40], and in the
case of 7 =1, we refer to [23, 24]. Mao in [29] is the first paper that investigated the
mean square exponentially stable for SDEPCA. The positive answer to the converse
problem of (Q1), we refer to [10, 29, 32, 38].

In this paper, we will give the positive answer for (Q1), (Q2), (Q3), (Q4). In
section 2, we describe the SDEPCA and EM methods along with the definitions of pth
moment exponential stability for SDE, SDEPCA, EMSDE, EMSDEPCA. Section 3,
section 4, section 5, section 6 answer the questions (Q1), (Q3), (Q4), (Q2) respectively,
the final conclusions are stated in the last section.

2. Perilimaries. Throughout this paper, unless otherwise specified, we will use
the following notations. If A is a vector or matrix, its transpose is denoted by AT, If
xz € R", then |z| is the Euclidean norm. If A is a matrix, we let |A| = \/trace(ATA)
be its trace norm. If D is a set, its indicator function is denoted by 1p. Moreover,
let (Q, F,P) be a complete probability space with a filtration {F;},;>¢ satisfying the
usual conditions (that is, it is right continuous and increasing while Fy contains all
P-null sets), and let E denote the expectation corresponding to P. Let B(t) be a
m-~dimensional Brownian motion defined on the space. Throughout this paper, we set
p =2

In this paper, we deal with the following d-dimensional nonlinear stochastic dif-
ferential equations with piecewise continuous arguments (SDEPCAs)

2.1) {dl‘(t) = [f(2@) + v (2 ([t/7] 7)) dt + [g(2(t)) + uz(x([t/7]7))]dw(t)
’ I(O) =9 € R4

on t > 0, where w(t) is an m-dimensional Brownian motion, f : R? — R? ¢ :R% —
RX™ gy @ RT — R? and uy : RY — R¥™. 1 is a positive constant, [t/7] is the
integer part of t/7. We denote z(t) the solution of (2.1) with initial data 2(0) = x¢
and y(t) the solution of the following SDEs

(2.2) dy(t) = [f(y(t)) + ui(y(®)]dt + [g(y(1)) + u2(y(t))]dw(t)
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on t > 0 with initial data y(0) = xo.
In the present paper, we also deal with the application of EM method to SDEPCA
(2.1) and SDE (2.2). We note that [¢/7]7 =n7 for t € [n7,(n +1)7),n=0,1,2,---,

a natural choice for his h = =, m € N*. Hence, we have

(23) Xn+1 = Xn + (f(Xn) + up (X[n/m]m))h + (g(Xn) + UQ(X[n/m]m))Awn>

(24) Yn+1 = Yn + (f(Yn) + w1 (Yn))h + (g(Yn) + UZ(Yn))Awna

where X,, and Y, are the approximations of x(¢) and y(t) at grid points t = t,, = nh,
n = 0,1,2,---, respectively, Aw, = w(tni1) — w(ty). Let n = km + 1, k € NT,
1=0,1,--- ,m —1. Then (2.3) and (2.4) would reduce to

(2.5) Xim+i+1 = Xim+1+ (f Km+t) Fu1 (Xim )+ (9(Xim+1) Fu2(Xem)) AWk,

(2.6) Yim+i+1 = Yimti+(f YVem+r) Fu1 (Yiem+) ) h+(9(YViem+1) 2 (Yim+1)) AWkt

Remark 2.1. If we choose h = 7, then (2.3) and (2.4) are the same and (2.5) and
(2.6) are the same.

In spite of the simplicity of the EM method, explicit EM method is the most
popular for approximating the solution of the SDE under global Lipschitz condition
[see 12, 19, 33] and has often been used successfully in actual calculations. For further
analysis it is more convenient to use continuous-time approximations,

2.7)
ralt) =x0+ / F(Za(8)) + ur(@a((s/r]r))ds + / 9(7a(5)) + us(@als/7)))du(s),
0 0

(28) yalt) =0+ / F(7a(5)) + ur(Ga(s))ds + / 9(5a(5)) + u2(a (5))deo(s),

where

o0 o0
Zat) =Y Xolp, o(t), alt) =D Valy, o, (), VE>0.
n=0 n=0
We observe that za(t,) = Za(tn) = X, and ya(t,) = §a(t,) = Yy,. Consequently,

za(t/r]r) —za(t/7]7) =0, ya(lt/7]T) —ya(lt/7]7) = 0.
In this paper, we impose the following standing hypothesis.

ASSUMPTION 2.2. Assume that there exists a positive constant K such that
|f (@) = FW)l Vv lg(x) = g@)| V [ur(z) — us ()] V [uz(z) — ua(y)| < Kz —yl,
for all x,y € RY. Assume also that f(0) =0, g(0) =0, u1(0) = 0 and uz(0) = 0.
Assumption 2.2 implies that
[f @)V g(@)] V |ui (@) V |uz(2)] < Klz|

for all z € R%.
We now give our basic definitions, which is cited from [28].
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DEFINITION 2.3. The equations SDEPCA (2.1) and SDE (2.2) are said to be pth
moment exponentially stable if there exist positive constants My, v1, Ms and 2 such
that

(2.9) E|lz(t)[? < My|xolPe™ ", ¥t >0,
and
(2.10) Ely(t)|P < My|zg|Pe™ 2", Vvt >0,

for any zo € RY.

DEFINITION 2.4. For any given step size h > 0, the Euler-Maruyama numerical
methods EMSDEPCA (2.3) and EMSDE (2.4) are said to be pth moment exponentially
stable, if there exist positive constants A1, L1, Ao and Lo such that

(2.11) E| X, [P < Ly|zo[Pe= "k,

(2.12) E|Y,|P < La|zo[Pe 2",

for any o € RY, n € N.

It is known that under Assumption 2.2, for any initial value xy given at time
t = 0, the SDEPCA (2.1) and SDE (2.2) have a unique continuous solutions on
t > 0 (see [28]). To emphasize the role of the initial value, we denote the solution
x(t) and y(t) by x(t;0,x0) and y(t; 0, x0), respectively. Of course, we may consider a
more general case, for example, where the SDEs and the SDEPCAs have a random
initial data x(0) = ¢ which is an Fy-measurable R%-valued random variable such that
E|¢|P < 00,V p > 0. In this case, by the Markov property of the solution, we can
easily see that the solution satisfies

Elz(t)[” = E(E(|lz(t)["|Fo)) < E(M1l¢[Pe™"") = MiE[¢[Pe "
It is therefore clear why it is enough to consider only the deterministic initial value
2(0) = xo.

Let y(t; s,y(s)) be the solution of SDE (2.2) for ¢ > s with initial value y(s). It
is also known that the solutions to SDE (2.2) have the following flow property,

y(t;0,20) = y(t;8,y(s)), Vt>s>0.

Moreover, the solutions of SDE (2.2) also have the time-homegeneous Markov prop-
erty. Hence (2.10) implies

Ely(t; s, )P < MpR[¢[Pe 2079 vt > 5.
Given y;, for some k& € NT, the process {y, }»>r can be regard as the process which
is produced by EM method applied to the SDE (2.2) on ¢ > kh with the initial

value y(kh) = yi. In other words, the process {yn }n>k is time-homogeneous Markov
process. Hence, (2.12) is equivalent to the following more general form.

2.13 Ely,|P < LoE|yx|Pe 2k,
Yn|"w S Loll|Yk
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Due to the special feature of the SDEPCA (2.1), the solution x(¢) has flow property
and the Markov property at the discrete time ¢t = k7 (k € NT). Hence
x(t;0,20) = x(t; kr, x(kT))
and (2.9) implies
(2.14) E|z(t)|P < M E|z(kr)|Pe” R ¢ > k7.

Given xy,, for some k € N, the process {Zn}n>km can be regard as the process which
is produced by EM method applied to the SDEPCA (2.1) on ¢ > k7 with the initial
value z(kT) = Zgm,. The process {xy}n>km is time-homogeneous Markov process.
Hence, (2.11) is equivalent to the following more general form.

(2.15) E|z, [P < L1E|zgy, [Pe 1 mkm)h,

3. SDE (2.2) shares the stability with SDEPCA (2.1). In this section, we
shall investigate that if the SDEPCA (2.1) is pth moment exponentially stable with a
sufficiently small 7, then the SDE (2.2) is also pth moment exponentially stable, i.e.
give the positive answer to (Q1l). To show this, we need several lemmas. The last

lemma estimates the difference in the pth moment between the solution of the SDE
(2.2) and that of the SDEPCA (2.1).

LEMMA 3.1. Assume that Assumption 2.2 holds. Then for any given constant
T > 0, we have

(3.1) sup Elz(t)|P < Hi(T,p, K)|zo|?,
0<t<T

where Hy (T, p, K) = e2PKI+(-DKIT,
Proof. In view of It6 formula and Assumption 2.2, we obtain
Elz()” <|aol” + E/ pla ()P~ (x(s) +ur(a([s/7]7))|
0

+ wa(S)Ip‘zlg(:c(s)) +ua(w([s/]7))|ds

<lwol” + E/Ov pEz(s)[P~ (|l (s)] + [a([s/7]7)])
+p(p = DEZ[a(s)[P2(|l2(s)]* + [a([s/7]7)[*ds

<|zo|? + 2pK[1+ (p — 1)K]/ sup E|z(u)|Pds
0

0<u<s

Taking the supremum value of both sides over v € [0, t], we have

¢
sup Elz(v)]P < |xolP 4+ 2pK[1 + (p — l)K]/ sup E|z(u)[Pds.
0

0<v<t 0<u<s

The desired result (3.1) follows from the well-known Gronwall inequality. a

LEMMA 3.2. Assume that Assumption 2.2 holds. Then for any t > 0,
Elz(t) — a([t/7]7)P < C1(K,p, 7)1 2P KITE=DK g0 0.

where C1(K,p,7) = 2?P~1KP [Tg + (p(p — 1)/2)5]'
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Proof. By basic inequality, Hélder inequality, moment inequality and Assump-
tion 2.2, we obtain

Elz(t) — x([t/7]T)|P <2p—1T”_1E/[t/ ] | (2(s)) +ua(2([s/7]7))["ds

o (MPQ_D> 5 TTE/W lo(e(9) + ua(alls/Ir)Pds

t
< it [ ( sup Ew(unp) s

[t/7]7 \0<u<s

It comes from (3.1) that

¢
Elz(t) — z([t/7]7)|" <Ci(K,p, T)Tg‘l/ PRI = UK 7P ds
[t/7]T
<C\(K,p, T)T%e2pK[1+(p—1)K]t|$0|p

The lemma is proved. |

The following lemma estimates the difference in the pth moment between z(t) and
y(t)-
LEMMA 3.3. Let Assumption 2.2 hold. Then

Elz(t) — y(t)|P < Co(K,p, )78 |aol? (ec3(p’K)t - 1) ,

for allzg € R? and t > 0, where Co and Cs are defined as (3.4) and (3.5), respectively.

Proof. Using It6 formula and Assumption 2.2, we have
Elz(t) —y(®)”
< E/Otple(S) —y(&)P (e (s) = y(s)| + e ([s/7]7) — y(s)])
+p(p = 1)K?|x(s) — y(s)P2(Ja(s) — y(s)|* + | ([s/7]m) — y(s)[*)ds
= (pK +p(p - 1)K?) /OtEIJ?(S) —y(s)[Pds

+pK]E/O |2(s) = y(s)["~ o ([s/7]7) = y(s)lds

p(p— 1)KE / (2(5) — y(s)IP~2a([s/7]7) — y(s) [ ds

By Young inequality, we have

Elz(t) —y()”

< [@p— 1427 VK +2(p— 1)(p—1+2HK?] /0 Ela(s) — y(s)[Pds

(3.2) +2P7 YK 4 2(p — 1)K?) /0 Elz([s/T]T) — z(s)|Pds
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In view of Lemma 3.2, we have
t
27K + 20~ DK?) | Bla((s/r)r) ~ a(s)Pds
0

t
<2 YK +2(p - 1)K2)/ C1(K,p,7)72 2P KU DK 315
0
_ 27711 +2(p - 1)K)7gC1(K,P, 7)|zol? (GQpK[lﬁL(P*l)K]t B 1)
p[2+2(p — 1)K]
< 2p717%01(K,p,T)|1'0|p (62pK[1+(P*1)K]t N 1)
p

(3.3)

Substituting (3.3) into (3.2) and using Gronwall inequality, we show that

Elz(t) — y(t)|P < Co(K,p, 7)7% |20 (eC3<PvK>t _ 1) ,

where
2710 (K
(34) 02(K7p7 T) = Ma
p
(3.5) Calp. K) = [4p— 1+ 2771 +2(p — 1)(2p — 1 + 2" K] K.
This completes the proof of Lemma 3.3. ]

Our positive answer to (Q1) is stated in the following theorem.

THEOREM 3.4. Let Assumption 2.2 hold and the SDEPCA (2.1) is pth moment
exponentially stable, i.e. Elx(t)|P < Mye= " zg|P. Choose § € (0,1), if T satisfies

(2
Cg(p,K)( 7 +7‘)
(3.6) R(7) =6+ 2P Cy(K,p,7)7% | e —1| <1,

then the SDE (2.2) is also pth moment exponentially stable, where Co(K,p,7) and
Cs(p, K) are defined in Lemma 3.3.

Proof. Stepl. Let us choose a positive integer n such that

b(E) | n(E)

n < + 1.
nr nr
So 2P~ 1 M e~ 7?7 < §. Hence,
(3.7) PR |z (A7) |P < 2P Mye ™ 0T |z |P < 8o P

By virtue of Lemma 3.3, we obtain
Elo(i) - y(ar)[* < Co(K,p,7)7¥ faol? (@927 — 1),
which together with (3.7), we arrive at

Ely(ar)l” < [64 2771 Co (K, p, 7)7% (@9 — 1) [zol? < R(r)zol?
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In view of (3.6), there is a positive constant v, such that R(7) = e 72"7. Conse-
quently,

Ely(Ar)[? < 77277 |zo|P.

Step2. For any given k € Nt let Z(t) be the solution to the SDEPCA (2.1) for t > knr
with the initial value Z(kn7) = y(kiir). We have from (2.14) that

(3.8) E|z((k + 1)Ar)[? < MEly(kir)[Pe™ 7.

In view of Lemma 3.3, we arrive at

(3.9) Ela((k + 1)7) = y((k + DAn)” < Co(K, p, 77 Ely(kar)|P (% @57 — 1)

Using (3.8) and (3.9), we can show, in the same way as we did in Step!, that
Ely((k + 1)a7) [P < Ely(kir)|[Pe™ 72"

Consequently,

(3.10) Ely(kat)|P < e " Ely((k — 1)ar)[P < - < e” 20 | |P

Now, for any ¢ > 0, there is a unique k such that kAT <t < (k+ 1)ir. In view of Itd
formula and Assumption 2.2, similarly as the proof of Lemma 3.1, we arrive at

t

Ely(®)[" < Ely(kar)|P + 2pK (1 + (p - 1)K)/ Ely(s)["ds.

knt
By the Gronwall inequality and (3.10), we can derive

Ely(t)|P < E|y(knr)|Pe2PK A+ =D E)(t—kar)
< Ely(kar)|Pe?PK A+ K)ar
< e*k’Yz’fLT|x0‘pe2pK(1+(p,1)K)ﬁT

S M2 |$0|p6_72t7

where My = el2+2pE1+E-DK)AT  The proof is hence complete. O

4. EMSDEPCA (2.3) shares the stability with EMSDE (2.4). In this
section, we shall show that if the EMSDE (2.4) is pth moment exponentially stable,
then the EMSDEPCAs (2.3) is also pth moment exponentially stable, i.e. give the
positive answer to (Q3). It is known from Remark 2.1 that if h = 7, then EMSDE (2.4)
and EMSDEPCA (2.3) are the same, and the answer for (Q3) is obviously positive.
So in this section, we assume h # 7.

THEOREM 4.1. Assume that Assumption 2.2 holds. For a step size h = 7/m,
the EMSDE (2.4) is pth moment exponentially stable , i.e. E|Y,|P < Loe 2" |xq|P.
Choose § € (0,1), if T satisfies

p—1 »
(4.1) 2rtp, (2 <1n(2>\Lz/6)+T>,K,7,p> TZ4+0<1
2

where Hy(T, K, T,p) is defined in Lemma 4.3, then the EMSDEPCA (2.3) is also pth
moment exponentially stable.
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The above theorem will be proved below by making use of the following lemmas.

LEMMA 4.2. Assume that Assumption 2.2 holds. Then for any given T > 0 such
that

sup Ean|p < H3(T7pa K)|x0|pa
0<t,<T
where Hy(T, p, K) = e2PK(+p-1DK)T

Proof. The proof follows from Lemma 3.1. But to highlight the importance of
numerical solutions, it is given here. In view of It6 formula and Assumption 2.2, we
have

Elza ()" = [zol” + ]E/O plea)Pza(s)" (f(7als)) + ur(@a(ls/7]7))

plp—1)
2

< Jzol” + ]E/Ov pE|za(s)P~H(1Za(s)] + [Za([s/7]7)])ds

n lwa(9)P2lg(Ea(s)) + ua(za(s/r]r) ds
- DKE | a7 ([2a()? + |2a((s/Ir)P) ds

v
< laol? + 20K (14 (p— DK) [ sup Bloa(w)]"ds
0

0<u<s
According to the Gronwall inequality, we obtain

(4.2) sup Elza(t)[P < |zo|Pe2PKI+m-DET
0<t<T

The proof is completed by noting that za(t,) = X,, i.e.

sup E|X,|P < ‘x0|p62PK(1+(p—1)K)T.
0<t, <T -

The following lemma estimates the difference in the pth moment between approxima-
tion of EMSDE (2.4) and that of EMSDEPCA (2.3).

LEMMA 4.3. Let Assumption 2.2 hold. Then for any given positive constant T >
0,

Sup E‘Xn - Yn|p S H4(T7 K7 Tap)T% ‘x0|p7
0<t, <T

where Hy(T, K, 1,p) = Co(K,p, T) (ec3(p*K)T — 1), Cs and C5 are defined in Lemma 33'
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Proof. According to (2.7), (2.8), It6 formula and Assumption 2.2, we have

Elza(v) —ya(v)l
< E/O pleals) —ya(s)P7Hf(@a(s)) = f(Gals) +ui(@a(ls/7])) — ui(ga(s))]

p(p—1)
2

< E/O”pKlarA(s) —ya(8)PH(|1Za(s) — Ga(s)| + 1Za([s/T]T) — Ga(s)])
+p(p = DI [2a(s) = ya ()P (17a(5) = 5a () + [7a([3/7]7) = 5a(5)P)ds

< (0K + p(p - 1K) / sup Elza (1) — ya(u)|Pds
0 0<u<s

+ lza(s) = ya(s)P?|9(@a(5)) — 9(Fa(s) +ua(Za([s/7]7)) — u2(7a(s))*ds

HE /ov PElza(s) —ya(s)lP za(ls/T]7) — Ga(s)lds

{E / " p(p— DE?2a(s) — ya(s)P2za((s/71r) — ga(s)ds
(4.3)

Similarly as in the proof of Lemma 3.2, we obtain

E[za(t) = 2a([t/7]7)|P = E|Xkmt1 — Xem[”
(4.4) < CL (K, p, 7)7% | [Pe?P K1+ DK)E

Substituting (4.4) into (4.3), we have

Elza(v) — ya(v)]?

<[@p—-142""4+20-1)(p—1+2""HK]K [ sup Elza(u) —ya(u)lPds
0 0<u<s

F2 (1420 DE)K [ Cu(E,py )8 g PO 080 g
0
Applying the Gronwall inequality, we have

sup Elza(v) — ya(v)]” < Co(K,p,7)7 % |aol? (6C3(p’K)T - 1) ,
0<v<T

where Cy(K,p,7) and Cs(p, K) are defined in Lemma 3.3. For ease of notations, set
Hy(T,K,p,7) = Co(K,p,T) (ec3(p’K)T — 1). The proof is completed by noting that
xA(tn) = X,, and yA(tn) =Y,,ie.

sup ]E|Xn - Yn|p S H4(T7 Kap7 T)T§|I0‘p'
0<t, <T

The proof of Theorem 4.1. Let

In(25E2)
R Gl
" l /\27‘ th
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which implies that

In(25E2)

W Loe 2 <5 and nr < 3
2

+ 7.
By |a + b|P < 2P~ Y alP + 2P~ 1[b|P, we have

E|X,|P < 2P7'E|X,, — Y, [P + 2P 'E|Y,|P.

According to the pth moment exponentially stability of EMSDE (2.4) and Lemma 4.3,
we have

sup  E|X,[P <2P7' sup E|X, Y, |P+2"'  sup  E|Y,]P
AT<t,<2nT 0<t,<2nT AT<tn, <27

< (2 Ha(20r, K 7y p) 8 + 27 Lm0 ) [P

< (2 Ha(2ir, K, 7y p)7E 4+ 0) faoP

In(2P—1L P
< (2p_1H4 (2 (Il(>\2/(5> + T) , K, T7p> T2 +6) |.,L.0|p
2

Let R(7) = 2P~ 1H, (2 (W + T) , K, T,p) 7% +4. It is known from (4.1) that

R(7) < 1. Therefore, we can find a positive constant A; such that

(4.5) R(1) < e 77,

and

(4.6) sup  E[X,|P < e M|z,
nT<t,<2nt

Let {Y,,}¢,>a- be the solution of EMSDE (2.4) with initial data Y3, = Xam at initial
time t = n7T. According to Lemma 4.3, we have

In(2P~1Ly/6)

sup  E|X, —Y,|P < Hy (2 ( "

nT<t, <3nT

+ T) K, T,p) TEE| Xaml?.
It comes from (2.13) that
E|Yo|P < Loe 2 (" =AmhE X, [P

Using similar arguments that produced (4.6), we obtain

sup E|X,|P < R(TE|Xam|P < e*AlmE|Xﬁm|p <e M gup E|X,|P
2nT<t, <30T N <t,<2nT

By (4.6), we obtain

sup  E|X,[P < e P[P
207 <t,<3hT

Continuing this approach and using (4.5), we have, for any i = 1,2,-- -,

(4.7) - <tSl<l%)'+1)‘ E| X, [P < e~ ™7 |z|P < Lye 2"z
inT<t,<(i nT
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where L; = e*"7. For i = 0, by using Lemma 4.2, we get

sup E|X, [P < H3(Ar,p, K)|2o|P < Li|zo|Pe™ ",
0<t, <iT

where Ly = Hz(n1,p, K)eM™ > e\ = [, This, together with (4.7), we arrive at
for alln € N
0
E| X, |P < Ly|zo|Pe= ",

5. SDEPCA (2.1) shares the stability with EMSDEPCA (2.3). In this
section, we shall show that for a given step size h, if the EMSDEPCA (2.3) is pth
moment exponentially stable, then the SDEPCA (2.1) is also pth moment exponen-
tially stable with some restriction with h, i.e. give the positive answer to (Q4). The
first lemma shows that the EMSDEPCA (2.3) is convergent in the pth moment to
SDEPCA (2.1).

LEMMA 5.1. Assume that Assumption 2.2 holds. For T >0,

sup Elz(t,) — Xn|? < He(T, K7p)h%|xo|p,
0<tn,<T

where He(T, K, p) is defined as (5.3).

Proof. For any t > 0, by It6 formula, Assumption 2.2 and Young inequality, we
obtain

Elz(t) —za(®)”
< E/O pKla(s) — za(s)P~H (|2(s) — Za(s)] + [a([s/7]7)) — za([s/7]7)])
+p(p = DE?|2(s) — 2a ()P~ (Jo(s) = 2a(s)]” + [a([s/7]7) — 2alls/7]7)]?) ds

§2pK(1—|—2(p—1)K)/0 E sup |z(s) —xa(s)Pds

0<u<s

4pKE [ [a(s) = 2a ()P (o) ~ 2a(s)lds

+pKE/O |2(s) = za(s)[PHealls/TIT) — Za(ls/7]7)|ds

+2p(p — 1)K2E/ 2(s) = za(s)[P*|zals) — a(s)|*ds

0

+2p(p — 1)K2E/0 |2(s) — za(s)[P*|zalls/T]T) — Za(ls/]7)[*)ds

By noting za([s/7]7) — Za([s/7]T) = 0, we have
Bla(t) = aa () < KBp—1+2 = 1)@ —2K] [ E sup_la(u) = aa(u)Pds

(5.1) +K[1+4(p - 1)K] /0 Elza(s) —za(s)|Pds

Now, we shall give the estimation of the second term of the right hand. For any
t > 0, there exists k and [ such that tgm4; < t < tgmii+1. Then Ta(t) = Ximar =

This manuscript is for review purposes only.
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ZA (tkm—1). Hence from (2.5) we have

Elza(t) —za ()
=E[(t = thm+t) (F (Xums1) + w1 (Xem)) + (9(Xnmr1) + t2(Xem)) (w(t) — w(trme)]”
< 222715 KP (B Xt |? + E| Xpn |P)

Applying (4.2), we obtain
(5.2) Elza(t) — Ta(t)|P < 22PhE KP|zg|Pe?PK 1+ -1 K
Substituting (5.2) into (5.1), we obtain

Ejz(v) —za(v)l?

< K[3p—1+2(p—1)(3p - 2)K] / B sup [ofu) — za(uw)]"ds

t
+K[1+4(p — 1)K] / 2% KP|ag|Pe2P K+ (=15 g
0
By Gronwall inequality, we have

sup Elz(t) — za(t)]” < He(T,p, K)h*|aol?,
0<t<T

where
(5.3) He(T,p, K) = [1+4(p — 1) K]22P KPH1KTPp— 14— (2D K]

By noting za (t,) = X,,, we get for t =1,

sup E|z(t,) — Xn|P < He(T, p, K)h%|xo|p
0<tn<T

0

The proof is completed.

LEMMA 5.2. Assume that Assumption 2.2 holds. Then for any 0 < t, < t <
tn+1 S T;

sup Elz(t) — a(tn)|P < H7(T, K, p)h* ||,

0<t<T

where H7(T, K,p) = 22P~1KP {Té’ + (P(le))z} e2pK[1+(p—)K]T

Proof. For any 0 <t, <t <t,;1 <T, we have

t

w(t)*x(tn):/t f(x(S))+U1(I([8/T]T))ds+/t 9(x(s)) + uz(x([s/7]7))dw(s).

n

In view of Holder inequality, Assumption 2.2 as well as moment inequality, we have

Elz(t) — z(tn)|?

/t Ele(s)l” + Ela([s/r]r)[Pds

n

z t
> ] / sup E|z(u)|Pds
2 t, 0<u<s

< 2P72(f—¢,) 5T IKP l(t —t,)

[N
+

N

]
)

s

N
—
N—
N———

A

< 2% — )5 IKP l(t — )

(NS}
+
7N
=
s
I
=
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It follows from (3.1) that

" » —1)\?
Bla(t) — a(t,)? < 27t~ ) K7 l@ —wi+ (M 0) ] I g

< 2P~1ps KP
= 2

1 4+ (p(p—l)) 2] erK[1+(p_1)K]t|ch|p

Hence,

sup E|z(t) — z(t,)|P < 22P71KP
0<t<T

R —1 g P
T% + (P@Q)) ] 2PKIA = DKIT 5 | P,

The proof is complete. ]

THEOREM 5.3. Assume that Assumption 2.2 holds. For a step size h = =, the
EMSDEPCA (2.3) is pth moment exponentially stable, i.e. E| X, [P < Lle_’\1"g1|x0|p.
If the step size h satisfies

(54) 3p71Hg(2ﬁ7—’ K,p)hg +67%>\1ﬁ'r < 67%)\1&7,

where N = [w} +1 and Hs(2n7, K,p) = H;(2n7, K, p) + He(207, K, p), then

1T
the SDEPCA (2.1) is also pth moment exponentially stable, where Hg(201, K,p) is
defined in Lemma 5.1 and H7 (207, K,p) in Lemma 5.2.

Proof. For any t > 0, there exist n € N such that ¢, <t < t,,41,
Elz(t)|P < 3P 'Elz(t) — (t,) [P + 3P 'Elz(t,) — Xa|P + 3P 'E|X,|P
According to Lemma 5.1, we have

sup  Elz(tn) — X,|P < He(207, K, p)h® |xo|?.
0<t,<2nT

By Lemma 5.2, we have

sup  E|z(t) — x(t,)|? < H7 (207, K, p)h% |zo|P.
0<t<2hT

. . 4In(3°'L _ A _3)\h
Since 7 = [M} + 1, we have 3P~ 1Lie= M7 < ¢~ 3M77 Therefore,

AlT
sup  Elz(t)[?
nT<t<l2nT
<3P7' sup Elx(t) —x(t,)P + 3771 sup Ela(t,) — X,P +3771  sup E|X,[P
o<tl2nrt 0<t,<2nTt nT<t,<2nt

< (377 Hr(20r, K, p)h¥ + 377 Ho 207, K, p)h + 377 Lye™ 7 ) faql?
< (Spile(QﬁT, K,p)h® + 67%/\1&7) |0l
where Hg(2n7, K, p) = H7(207, K, p) + He(207, K, p). Recalling (5.4), we have

(5.5) sup  Elz(t)[P < e 2N |7
nT<t<2nT
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Denote by {X,}nn>ar the numerical solution of (2.3) with initial data X, = z(A7)
at t = ni7. Then from (2.15), we have

E|X,|P < Lie~ M ="mhE |z (A7) P

Using Lemma 5.1 and Lemma 5.2, we get

sup  Elx(tn) — Xn|P < He(207, K, p)h*E|a(iT)|P.

nT<tn,<3nT

sup Elz(t) — z(t,)|P < H7 (20T, K,p)h%EIw(m)lp-

nr<t<3nT
Therefore,
sup  Elz(t) (3P L (20, K, p)h% + 3P~V Hg (20T, K, p)h% + Lle*lf”) E|x(7r)[?
2nT<t<3nT

IA
~

3P~ Hg(207, K, p)h% + e~ 4)‘1"7) E|z(nr)?

IA

e M qp E|z(t)|P
nT<t<2nhT

By (5.5), we obtain
P —3l2ﬁ7 P
sup  Elz(t)P < e 257 |xo|".
2nT<t<3nT

Repeating this procedure, we find for i =1,2,---,

A1 - a _ A
(5.6) e Ela(t)[? < e =7 |zoP < Mye™ 2 !|zof?,
inT<t<(i+1)nt

where M; = ¢77. On the other hand, by means of Lemma 3.1, we can show that

sup Ela(t)|? < Hy(nr,p, K)|aol? < Mi|eolPe™ 37,
0<t<hr

where My = Hy (7T, p, K)e%lm > T = Mj, this, together with (5.6), we arrive at
for any t > 0,

Elz(t)|P < My|wo[Pe™ 21t
This completes the proof. 0

6. EMSDE (2.4) shares the stability with SDE (2.2). [13] gives the positive
answer to (Q2) only for the case p = 2. In this section, we shall show that for p > 2,
if the SDE (2.2) is pth moment exponentially stable, then the EMSDE (2.4) is also
pth moment exponentially stable with some restriction on h, i.e. give the positive
answer to (Q2). The first lemma shows that the EMSDE (2.4) is convergent in the
pth moment to SDE (2.2).

LEMMA 6.1. Assume that Assumption 2.2 holds. For any T > 0,

sup Ely(t,) — Yo|P < Ho(T, K, p)h* |zo?,
0<t, <T

where Ho(T, K, p) is defined as (6.4).
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Proof. For any t > 0, by It6 formula, Assumption 2.2 and Young inequality, we
obtain

Ely(t) —ya(®)”
< E/O ply(s) —ya ()P f(y(s)) — f(Hals) +uily(s)) — ua(ga(s))]

P22 6) P lalu(s) — 95a(5)) + wa(y(s)) — wa(a () s

<E / 2pK[y(s) — ya(5)P~ [y(s) — Ga(s)|
+2p(p — DE|y(s) — ya ()P 2ly(s) — ga(s)Pds

< (2K(2p — 1) + 8(p — 1)°K?) / Ely(s) — ya ()P ds
(61) + (2K + 50— DK [ Blua(s) - pa(s)Pds

Now, we shall give the estimation of the second term of the right hand. For any ¢t > 0,
there exists n such that ¢, <t < t,4+1, and ga(t) = Y, = ya(t,). Hence from (2.4)
we have

Elya(t) —ya(t)[?
=E|(t —t) (f(Ya) + ur(Ya)) + (9(Ya) + u2(Ya)) (W (t) — W (t))[”
S 2THE(E — ta) (f(Ya) +ur (V)P +E[(g(Yn) + uz(Ya)) (W(2) —
< 2P KPE|Y,|Ph%

W (tn))I")

Similarly as the proof of Lemma 3.1, we have

(6.2) sup. Elya ()P < o[ K101
0<s<t

Applying (6.2), we obtain
(6.3) Elya(t) — ga ()P < 227 KPe2PROT =D RS 5|7
Substituting (6.3) into (6.1), we obtain
t
Ely(t) —ya(O)]” < (2K(2p — 1) + 8(p — 1)*K?) / Ely(s) = ya(s)|Pds
0
¢
+ (2K +8(p — 1)K?) / 9% KPP K=K 0.0 |P ds
0
By Gronwall inequality, we have

sup E|y(t) - yA(t)|p < H9(T7pa K)h’g |z0|p7
0<t<T

(6.4) Ho(T,p, K) = [1 +4(p — 1) K]22P L P+ 2KTGp=14(p=1)(6p=) K)
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By noting ya(t,) =Y, we get for t =1,

sup Ely(tn) — Yo|P < Ho(T,p, K)h% |zo[?
0<t,<T

The proof is completed. ]

THEOREM 6.2. Let Assumption 2.2 hold. Assume that the SDE (2.2) is pth mo-
ment exponentially stable and satisfies (2.10). Let T = 1+ 4In(2P~1My)/y2. If h
satisfies

(6.5) 2@~ Hy (2T, p, K)h? 4 e~ 12T < ¢737%2T,
Then the EMSDE (2.4) is pth moment exponentially stable.
Proof. Since T =1+ 41n(2P~1 My) /72, we have
Ve 2T < e~ inT,

Now, for any given i € N, let {g(¢)}+>ir be the solution to the SDE (2.2) for ¢ €
[iT, o), with the initial condition ya (¢T). Then using basic inequality, Lemma 6.1,
(2.10) and (6.5), we have

sup Elya ()P
(i+1)T<t<(i+2)T
<27t sup  Elya(t) — g(t)P +2° 7" sup E|g(t)[?
iT<t<(i+2)T (i+1)T<t<(i+2)T

< (2”’1H9(2T,p, K)h% + 2?'*1M2e*72T) E|ya (iT)[?
< (27 Hy(2T,p. K)ME + e 47 ) Elya (D)7

66)  <e T sup  Elya(t)lr.
IT<t<(i+1)T

According to (6.2),
(6.7) sup_ Elya (£)[7 < Jao[Pe KO0 < Lyem 32t g,
0<t<T
where Ly = e272T+20K(1+(0-DK)T - Combining (6.7) and (6.6), we obtain that
sup Elya ()P < e 2T gyp Elya ()P
(i+1)T<t<(i4+2)T 0<t<T
< e*%(i+1)va|x0|pe2pK(1+(p*1)K)T

(6.8) < Loe™ 272t g|P.

Due to (6.8) and (6.7), the proof is completed by using t = ¢,,. d

7. Conclusion. In this paper, we have shown from Theorem 3.4, Theorem 4.1,
Theorem 5.3 and Theorem 6.2 that, under the standing Assumption 2.2,

SDE(2.2) % EMSDE(2.4) % EMSDEPCA(2.3) % SDEPCA(2.1) 4 SDE(2.2).

Hence we have the following theorem.

This manuscript is for review purposes only.



18 M. H. SONG, Y. D. GENG, AND M. Z. LIU

THEOREM 7.1. Under Assumption 2.2, if one of SDEPCA (2.1), SDE (2.2),
EMSDEPCA (2.3) and EMSDE (2.4) is pth moment exponentially stable, then the
other three are also pth moment exponentially stable for sufficiently small step size h
and T.

By examming the proof of the Theorem 3.4, Theorem 4.1, Theorem 5.3 and
Theorem 6.2, we see that the pth moment exponential stability of SDEPCA (2.1), SDE
(2.2), EMSDEPCA (2.3) and EMSDE (2.4) are equivalent as long as their solutions
are pth moment bounded and arbitrarily close for sufficiently small 7 and h. Let

Fy@®) = f(y(®) +uly(t)) and Gyt) = g(y(t)) + ua(y(t))
For V € C*1(R? x R, ;R ), we define an operator LV by

LV (y,t) = Vi(y, t) + Vi (y, ) F(y(t)) + %tmce [GT(y)Vyy (y, )G ()] -

The sufficient criterion for pth moment exponential stability via a Lyapunov function
is given by Theorem 4.4 in [28, P130]. Now we quote it here.

THEOREM 7.2. Assume that there is a function V(y,t) € C*' (R xR ;R,), and
positive constants ci,co, c3 such that

alylP <V(y,t) <ealyl’ and LV(y,t) < —c3V(y,t)

for all (y,t) € R* x Ry. Then for the SDE (2.2), we have
Ely(Ol” < = laol?e",
C1
for all zy € R%. In other words, the SDE (2.2) is pth moment exponentially stable.
For convenience, we impose the following hypothesis.

ASSUMPTION 7.3. There exists a pair of positive constants p and \ such that

1> 29" Fy) +1GW)°) = 2 -p)ly"Gy)]> < —Alyl*, VyeR™
Applying the Theorem 7.2 with V(y,t) = |y|P, we easily obtain the following theorem
[see 20].

THEOREM 7.4. Under Assumption 7.3, the SDE (2.2) is pth moment exponen-
tially stable, i.e.

Ely(t)P < |zolPe™ 27, V>0,

where p and A are given in Assumption 7.3.
In combination with Theorem 7.1, the following theorem provides an interesting result.

THEOREM 7.5. Assume that Assumption 2.2 and Assumption 7.3 hold, then SDE
(2.2) is pth moment exponentially stable and SDEPCA (2.1), EMSDEPCA (2.3),
EMSDE (2.4) are also pth moment exponentially stable as long as step size h and
7 are sufficiently small.
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