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contractive conditions of Hardy-Rogers type. Our results generalize fixed point theorems
of Nemytzki [V.V. Nemytzki, Fixed point method in analysis, Uspekhi Mat. Nauk 1 (1936)
141-174], Edelstein [M. Edelstein, On fixed and periodic point under contractive mappings,
J. Lond. Math. Soc. 37 (1962) 74-79] and Huang, Zhang [L.G. Huang, X. Zhang, Cone metric

Iéiﬁ":ﬁ;f'ﬁxed point spaces and fixed point theorems of contractive mappings, J. Math. Anal. Appl. 332 (2)(2007)
Cone metric space 1468-1476] from abstract metric spaces to symmetric spaces (Theorem 2.1) and to metric
Normal and nonnormal cone spaces (Theorem 2.4, Corollaries 2.6-2.8). Two examples are given to illustrate the usability
Coincidence point of our results.

Symmetric space © 2010 Elsevier Ltd. All rights reserved.

1. Introduction and preliminaries

Abstract (cone) metric spaces were introduced in [1], in which authors described convergence in abstract metric spaces
and introduced completeness. Then, they proved some fixed point theorems of contractive mappings on cone metric spaces.
Also, in [2-10], some common fixed point theorems were proved for maps on cone metric spaces.

Consistent with Huang and Zhang [ 1] and Deimling [ 11], the following definitions and results will be needed in the sequel.

Let E be a real Banach space. A subset P of E is called a cone if and only if

(a) P is closed, nonempty and P # {6};
(b)a,b e R,a,b>0,andx,y € P imply ax + by € P;
(c) PN (=P) = {6}.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if and only if y — x € P. We shall write
x < y to indicate that x < y but x # y, while x < y will stand for y — x € int P (interior of P). A cone P C E is called normal
if there is a number K > 0 such that for allx,y € E,

0 <x =y implies x| <K]|y]l. (1.1)

The least positive number satisfying the above inequality is called the normal constant of P. It is clear that K > 1. Most of
ordered Banach spaces used in applications posses a cone with the normal constant K = 1, and if this is the case, proofs
of the corresponding results are much alike as in the metric setting. If K > 1, this is not the case. From [11], we know that
there exists ordered Banach space E with cone P which is not normal but with int P # .

The cone P is called regular if every increasing sequence in E which is bounded from above is convergent. That is, if (X;)n>1
is a sequence in E such that x; < x; < --- < yfor somey € E, then there is x € E such that lim,_, [|x, — x| = 0. Every
regular cone is normal [11], but the converse is not true.

* Corresponding author.

E-mail addresses: sradojevic@mas.bg.ac.rs (S. Radojevic), ljiljana.paunovic76@gmail.com (L. Paunovi¢), radens@beotel.rs, sradenovic@mas.bg.ac.rs
(S. Radenovic).

0893-9659/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.am1.2010.11.012


http://dx.doi.org/10.1016/j.aml.2010.11.012
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
mailto:sradojevic@mas.bg.ac.rs
mailto:ljiljana.paunovic76@gmail.com
mailto:radens@beotel.rs
mailto:sradenovic@mas.bg.ac.rs
http://dx.doi.org/10.1016/j.aml.2010.11.012

554 S. Radojevic et al. / Applied Mathematics Letters 24 (2011) 553-558

Definition 1.1 (/1]). Let X be a nonempty set. Suppose that the mapping d : X x X — E satisfies

(d1) 6 < d(x,y) forallx,y € X and d(x,y) = 0 ifand only if x = y;
(d2) d(x,y) = d(y, x) forallx,y € X;
(d3) d(x,y) <d(x,z) +d(z,y) forallx,y, z € X.
Then, d is called a cone metric on X and (X, d) is called a cone metric space. The concept of a cone metric space is more

general than that of a metric space, because each metric space is a cone metric space where E = R and P = [0, +00).
For basic properties of cone metric spaces, we refer to [1].

Definition 1.2 ([1]). Let (X, d) be a cone metric space. We say that {x,} is

(e) a Cauchy sequence if for every c in E with 6 < c, there is an N such that for alln, m > N, d(x,, x,,) < c;
(f) a convergent sequence if for every c in E with § < c, there is an N such that for alln > N, d(x,, x) < c for some fixed
xinX.

A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X. In the case of normal cone,
it is known [1] that {x,} converges to x € X if and only if ||d(x,, x)|| = 0asn — oc.

For the given cone metric space (X, d), one can construct a symmetric space (X, D) where “symmetric” (in sense
of [12-14]) D : X x X — Ris given by D(x, y) = ||d(x, y)| (for details see [15]). In the case when (X, d) is a cone metric
space with a normal cone P, then (1.1) implies

D(x,y) < K(D(x,z) + D(z,y)),
X, ¥,z € X, K is a normal constant of P.

We find it convenient to introduce the following definition.

Definition 1.3 (See [4]). Let (X, d) be a cone metric space and P a cone with nonempty interior. Suppose that the mappings
f,g : X — X are such that the range of g contains the range of f, and f (X) or g(X) is a complete subspace of X. In this case
we will say that the pair (f, g) is Abbas and Jungck’s pair, or shortly AJ’s pair.

Definition 1.4 (See [2]). Let f and g be self-maps of a set X (i.e., f,g : X — X).If o = fx = gx for some x in X, then x is
called a coincidence point of f and g, and w is called a point of coincidence of f and g. Self-maps f and g are said to be weakly
compatible if they commute at their coincidence point, that is, if fx = gx for x € X, then fgx = gfx.

Proposition 1.5 (See [2]). Let f and g be weakly compatible self-maps of a set X. If f and g have a unique point of coincidence
w = fx = gx, then w is the unique common fixed point of f and g.

In the following, we always suppose that E is a Banach space, P is a normal cone in E with int P # ¢ and < is the partial
ordering with respect to P.
The next example shows that the fixed point problem cannot be solved in symmetric spaces as in the metric setting.

Example 1.6. Let X = (0, co) and d(x, y) = (x — y)2. Obviously, (X, d) is a symmetric space. The mapping fx = %x, xeX
is a contraction in the Banach sense with % < A < 1, because

1 1
d(fx, fy) = (fx — fy)* = e -y = 29 y) = 2d(x, ),

for A € [%, 1). However, f has no fixed points.
However, symmetric space (X, D) obtained as associated with cone metric space (X, d) with a normal cone P has a
property that any contractive mapping possesses a fixed point (see [9]).

2. Main results

Theorem 2.1. Let (X, d) be a complete cone metric space, P a normal cone with normal constant K. Suppose that (f, g) is A]’s
pair, and that there exist nonnegative constants a;, i = 1, 5 satisfying Z?ﬂ a; + K(a4 + as) < 1such that, forevery x,y € X,

D(fx, fy) < a1D(gx, gy) + a,D(gx, fx) + asD(gy, fy) + a4D(gx, fy) + asD(gy, fx). (2.1)

Then, f and g have a unique coincidence point in X. Moreover, if f and g are weakly compatible, f and g have a unique common
fixed point.
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Proof. Let x, € X be arbitrary and let x; € X be chosen such that yo = f(xo) = g(x1). This can be done, since f (X) C g(X).
Let x, € X be such thaty; = f(x;) = g(x,). Continuing this process, having chosen x, € X, we choose x,1 in X such that

Yo = f(xn) = g&ny1)-
We have to show that
Dn, Yn+1) < AD(Yn—1,yn) forsome i € [0,1), n> 1. (2.2)
From
D(Yn, Ynt+1) = D(fxn, frni1) < a1D(gxn, xny1) + a2D(gxn, fXn)
+a3D(gXnt1, Xnt1) + aaD(gXn, fXny1) + asD(gXny1, fxn)
a1DYn—1,Yn) + @DWn-1,Yn) + a3DWn, Y1) + a4DYn1, Ynt+1) + asDWn, yn)

< (a1 + az + Kag)D(yn—1, yu) + (a3 + Kas)D(yn, Yn+1),
and from
DWns1,Yn) = DXy, fXn) < a1D(gXni1, &%) + a2D(&Xny1, fXni1)
+asD(gxn, fxn) + asD(gxny1, fxn) + asD(gxy, fXni1)
= a1DWn, Yn—1) + @2DWn, Ynr1) + a3DWu—1, Yn) + a4sDYn, Yn) + asDYn—1, Ynt1)
< (a1 + a3 + Kas)D(yn—1, yn) + (a2 + Kas)D(yn, Yn+1),
we obtain

2DWYn+1,Yn) < (2a1 + a2 + a3 + K(ag + as5))D(¥n, yn—1) + (a2 + a3 + K(ag + a5))D(Vn+1, Yn),
that is,
_ 2a1 +a; +as + K(aq + as)
"~ 2— (a4 a3+ K(as + as))

D(yn+‘l,yn) f)\D(.yn’Yn—l), A
Further, (2.2) implies that

DWn,Yn-1) < ADYn—1,Yn—2) <--- =< }\nilD(yle’O)- (2.3)
Now we shall show that {y,} is a Cauchy sequence. By the triangle inequality, for n > m we have

d(.an.ym) = d(ym yn71) + d(}’nflay:wZ) +-+ d(.Vm+lvym)~
Hence, as P is a normal cone, we have

DWn, ym) = 1dWn, ym) | < K(ldWn, Yn—1) + dWn-1,¥n—2) + -+ - + dWmt1, ym) D
K(dn, Y-l + 1dWn—1, Yn-2)l + - - - + [d@mt1, ym) D)
KD(Vm}’n—]) + KD(yn—lvyn—Z) +--- 4+ 1<D(Vm+1,}’m)~

<1l,n=1,2,....

IA ]

Now by (2.3), it follows that
DWn, ¥m) < KA1+ A" + -+ 2A™MD(y1, yo)
K"
<
T 1-A
From [1, Lemma 4] follows that {y,} = {fx,} = {gxs+1} is a Cauchy sequence. Since g(X) is complete, there exists a q in g(X)
such thaty, — gasn — oo.Consequently, we can find p in X such that g(p) = q. We shall show that f (p) = q. Substituting
X=p,y = x,in(2.1), we get
D(fp, fxn) = a1D(gp, gxn) + a2D(gp, fp) + azD(gxn, fxn) + asD(gp, fxn) + asD(gxx, fp).
According to [1, Lemma 5], it follows

D(fp, @) < a1D(q, @) + a2D(q, fp) + a3D(q, q) + asD(q, q) + asD(q, fp)
(az 4+ as)D(fp, ) < D(fp, @),
because a; + as < Zf;l a; + K(ag + as) < 1. Now, if we suppose that fp # g, then we have a contradiction. Hence,
gp = fp = q. We shall show that f and g have a unique point of coincidence. For this, assume that there exists another point
of coincidence q; # q in X such that fp; = gp; = ¢1. Now,
D(q, 1) = D(fp, fp1) < a1D(gp, gp1) + a2D(gp, fp) + asD(gp1, fp1) + asD(gp, fp1) + asD(gp1. fp)
a1D(q, q1) + a2D(q, q) + asD(q1, q1) + a4D(q, q1) + asD(q1, q)
(a1 + as + as)D(q1, @) < D(q1, Q).

D(y1,¥0) — 0, asm — oo.
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Asa;+as+as < Z?:1 a; + K(aq + as) < 1, we get D(q, q;) = 0, thatis, ¢ = q;. From the Proposition 1.5, it follows that f
and g have a unique common fixed point. O

Corollary 2.2. In Theorem 2.1. by setting E = R,P = [0, +00), ||x]|| = |x|,x € E,g = Ix, we get the main theorem of
Hardy-Rogers from [16].

Corollary 2.3. Putting a, = A,a = a3 = a4 = as = 0 (respect. ay = a3 = A, a1y = a4 = as = O that is,
a; = a, = a3 = 0, ay = as = )A) in Theorem 2.1, we obtain Theorem 2.3 from [9].

Since the four points {x, y, fx, fy} determine six distances in X, the condition (2.4) in the following theorem to say that
the image distance d(fx, fy) never exceeds a fixed convex combination of the remaining five distances. Geometrically, this
type of condition is quite natural.

Theorem 2.4. Let (X, d) be a sequentially compact cone metric space, P a regular cone and f : X — X a continuous mapping
such that

d(fx, fy) < a1d(x, y) + axd(x, fx) + asd(y, fy) + asd(x, fy) + asd(y, fx) (2.4)
forallx,y € X, x # y wherea; € [0, 1), i =1, 5 and Zle a; = 1. Then, f has a unique fixed point.
In order to prove Theorem 2.4., we shall need the following lemma.

Lemma 2.5. Let (X, d) be a cone metric space, f : X — X a mapping satisfying (2.4) for all x,y € X,x # y where
a; €[0,1), i=1,5and 2?21 a; = 1. Then

d(f?x, fx) < d(x, fx), foreachx e X with x # fx.

Proof. Puttingy = fxin (2.4), we have
d(fx, f2x) < aid(x, fx) + ard(x, fx) + azd(fx, f*x) + a4d(x, f2x) 4 asd(fx, fx)
< (a1 + az + ag)d(x, f) + (a3 + an)d(fx, f2x),
that is,
d(f, fx) < 9208 00 b, (2.5)
1—as3—ay
By symmetry in (2.4), we have
d(fy, %) < a1d(y, X) + a2d(y, fy) + asd(x, fx) + asd(y, fx) + asd(x, fy), (2.6)
i.e., putting y = fx in (2.6), we obtain
d(f2x, fx) < a;d(fx, x) + axd(fx, f2x) + asd(x, fx) + asd(fx, fx) + asd(x, fx)
< (a1 + a3 +as) d(x, fx) + (a2 + as)d(fx, f*x),
that is,

a, +as+as

d(fx, fx) < d(x, fx). (2.7)
1— a; — ds

—mi a1+ax+aq  ayt+az+as
Ifk = mm{ T E—— } € [0, 1), then

d(fx, f2x) < kd(x, fx) < d(x, fx). O (2.8)

Proof of the Theorem 2.4. First, if u and v are two different fixed points of f, according to (2.4), we have

d(u, v) = d(fu, fv) < a;d(u, v) + axd(u, fu) + asd(v, fv) + a4d(u, fv) + asd(v, fu)

= a1d(u, v) + a4d(u, v) + asd(u, v) = (a1 + a4 + as)d(u, v) < d(u, v).
This is a contradiction.
Let xo € X. We define the sequence x, = f"xg,n = 0, 1,2, ....1fx,,1 = x, for some n, then x, is a fixed point of f.

Suppose that x,,, 1 # x,, for each n. Then, we have

d(Xn, Xng1) = d(f"%o, f"'x0) = d(ff" X0, ff"X0)

< ad(f" "o, f"%0) 4+ a2d(f" 'xg, f"X0) + azd(f"xo, f"*'Xo)

+ asd(f" X0, " x0) + asd(f"xo, f"xo)
a1dXn—1, Xn) + a2dXn—1, Xn) + a3d(Xn, Xn11) + aad(Xn—1, Xn) + Aad(Xn, Xn41),

IA
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that is,
d(Xny1, Xn) = d(f" 'x0, f'%0) = d(ff"x0, f/"'x0)
< a1d(f"xo, f"'X0) + a2d(f"x0, f" ' x0) + a3d(f" X0, f"X0)
+ aad(f"xo, f"x0) + asd(f" " 'xo0, f"'x0)
= a1d(Xp—1, Xn) + G2d(Xn, Xn41) + a3d(Xn—1, Xn) + A5d(Xn—1, Xn) + A5d(Xn, Xn11).
Now, we obtain

2d(Xn, Xpt1) < 2ag + az + az + ag + as)d(X;—1, X)) + (a2 + a3 + a4 + as5)d(Xy, Xp41),

2a1+a2+a3+a4+a5 (11-’—]
d(xn» Xn+l) < d(xn—l»xn) =
2—(12—(13—(14—(15 a+1

d(X,,_], Xn) = d(Xn_1, Xn)-

Hence, the sequence d, = d(x;, X,+1) is strictly decreasing bounded below by 6. Since P is regular, there is d* € E such
that d, — d*(n — oo). From the sequence compactness of (X, d), there are subsequence {x,,} of {x,} and x* € X such that
Xn; — X*(i — 00). Since mappings f and f? are continuous, we have

fxa, — f* and  f2x, — f2x%.
By using [1, Lemma 5], we have
d(fxn;, %n,) — (X", x*) (i— 00) and d(f’xy, fxn) — d(f*x*, fx*) (i — 00).
It is obvious that
d(fXn;, Xn,) = dn; = d* = d(fx*,x*) (i — o0) and
d(f%n;, fn)) = dnip1 — d* = d(f2x*, fx*) (i — 00). (2.9)
Now we shall prove that fx* = x*. If fx* # x*, then d* # 0. From (2.9) and according to Lemma 2.5, it follows
d* = lim dy 4y = lim d(fxy, fin) = A%, ) < A, X = d".
We have a contradiction, so fx* = x*. That is, x* is a fixed point of f. This completes the proof of Theorem 2.4. O

We now list some corollaries of Theorem 2.4.

Corollary 2.6 ([17]). In Theorem 2.4 by setting E = R, P = [0, +00), ||x|| = |x|,x € E,a; = 1,a; = 0, i = 2, 5, we get the
well-known Nemytzki’s result for contractive mappings on compact metric spaces.

Corollary 2.7 ([18]). In Theorem 2.4 by setting E = R, P = [0, +00), ||x]| = |x|,x € E,a; = 1,a; = 0, i = 2, 5, we get the
well-known Edelstein’s result for contractive mappings on compact metric spaces.

Corollary 2.8. Putting a; = 1,a; = 0, i = 2, 5 in Theorem 2.4, we get the result from [1, Theorem 2].

Remark 2.9. For contractive conditions (2.1) and (2.4) Hardy-Rogers type see also [5,16].

If the space (X, d) is not sequentially compact, condition (2.4) is not sufficient for the existence of a fixed point of the
mapping f.
Example 2.10. Let X = [1,400),E = R>,P = {(x,y) € E : x > 0,y > 0} ¢ R*>andd : X x X — E such that

d(x,y) = (Ix—y|, «|x—y|), where @ > 0is a constant. Consider the mapping f : X — X defined as fx = x+ % For arbitrary
X,y € X, we have that

1 1
A, fy) = (fc— 1, alfe— ) = (|x—y| (1 - —) -yl (1 _ 7))
xy xy

< (x =yl alx =y)) = dx,y).

Obviously, the condition (2.4) holds, but f has not fixed points. The space (X, d) is a regular complete cone metric space
which is not sequentially compact.
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