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Abstract

In [24] and previous papers by the same authors, a general smooth setting
was proposed for the incompressible Navier-Stokes (NS) Cauchy problem on a
torus of any dimension d > 2, and the a posteriori analysis of its approximate
solutions. In this note, using the same setting I propose an elementary proof of
the following statement: global existence and time decay of the NS solutions
are stable properties with respect to perturbations of the initial datum. Fully
explicit estimates are derived, using Sobolev norms of arbitrarily high order.
An application is proposed, in which the initial data are generalized Beltrami
flows. A comparison with the related literature is performed.
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1 Introduction

Let us consider the Cauchy problem for the (homogeneous, incompressible) Navier-
Stokes (NS) equations on a torus T¢; this reads

0

(9_1: =vAu+ Plu,u) , u(z,0) = up(x) . (1.1)
Here: any dimension d > 2 is admitted; u = u(x,t) is the divergence free velocity
field, depending on # € T and on time ¢; v > 0 is the kinematic viscosity; A is the
Laplacian of T%; P is the bilinear map sending any two sufficiently regular vector
fields v, w : T¢ — RY into

Pv,w) := —L((veV)w) . (1.2)

In the above (veV)w : T¢ — R is the vector field of components ((veV)w), =
Z‘jzl vs0sw,., and £ is the Leray projection onto the space of divergence free vector
fields.

In [24], a smooth functional setting was proposed for the Cauchy problem ([1.1));
this relies on the Fréchet space of C™ vector fields on T¢ with vanishing divergence
and mean, which is represented as an intersection of H? type Sobolev spaces of
arbitrarily high order p (i.e., as a Sobolev space of infinite order); here and in the
sequel || ||, stands for the H? norm, for any real p. Working within this framework,
a general strategy was presented in [24] to infer estimates on the solution u of
from the a posteriori analysis of any approximate solution u,; such estimates con-
cern the time interval of existence of u and the distance ||u(t) —ua(t)||, of arbitrarily
high order p. @ This setting also applies to the inviscid limit v = 0 (giving Eu-
ler’s equations) and to the case where an external forcing is present; however, such
extensions will not be considered in the present note.

A similar approach to the approximate solutions of in Sobolev spaces of
finite order was presented in [20]; both [20] and [24] are greatly indebted to the
seminal works [4] [27] on the a posteriori analysis of NS approximants. In typical
applications of the approach of [20] [24], the approximant u, is provided by the
Galerkin method (see the same works), or by a truncated power expansion in the
“Reynolds number” 1/v [23] [16] (see also [15], where the limit v = 0 is considered
and u, is a truncated power expansion in t).

The aim of this note is to discuss the global, time decaying NS solutions and their
stability with the methods of [24]; the necessary tools from that work are reviewed

LOf course, for each time ¢, u(t) means the map x € T? + u(x,t); ua(t) and analogous symbols
appearing in the sequel must be understood similarly.

2In addition let me mention papers [I8] [19], presenting earlier variants of the same ideas on
NS approximants, and the recent work [25] which extends the methods of [24] to (homogeneous,
incompressible) magnetohydrodynamics.



in Sections[2] and [3] Given a smooth, global NS solution v, there are several notions
of decay for v: for example, one can ask that

o) — 0 fort — +oo (1.3)

for some n. In Section {4] of the note I point out that condition (1.3]) for some n >
d/2+ 1, and other reasonable decay conditions, are in fact equivalent to exponential
decay in all Sobolev norms:

|v(t)|], < const. x e foralpe Randt >0 (1.4)

(where the constants depend on v and p). In Section |5 I derive the stability of
the above properties with respect to small perturbations of the initial data. More
precisely, I show what follows: if the NS solution v with an initial datum vy is global
and decaying (in any sense equivalent to ), the same happens for the NS solution
w with any datum ugy such that ||ug — vol|, is sufficiently small for some n > d/2+1.
Again for ||ug — vgl|, small, T derive estimates on u — v having essentially the form

lu(t) — v(t)|l, < const. x |lug — vol|, e forallp>nandt>0. (1.5)

The precise formulation of the above statements can be found in Theorem [5.1} to
prove these results, I apply the machinery of [24] viewing v as an approximate
solution for the NS Cauchy problem with datum wq.

In Section [0, that concludes this note, I consider as an example the case when
the initial datum vy is a generalized Beltrami flow [29] [31]. A datum of this kind
can be arbitrarily large and is known to produce a global, decaying NS solution v
with an elementary expression; the results of Section [b| are applied to this case.

The statement that the global nature of the NS solutions is preserved by small
perturbations of the initial datum, under suitable decay assumptions for the un-
perturbed solution, is not at all new in the literature. The first result of this kind
is [26]; the subject has been investigated until present time, see e.g. the recent
works [3] [6]. (¥) Most papers in this area discuss global stability in terms of some
reference Banach space of velocity fields, which is an H' type space in [26], the
so-called X1 space in [3] (ED, and, essentially, an H" type space of fixed, integer
order r > 1 in [6]; this makes some difference with respect to the present note, that
refers systematically to a Fréchet space of velocity fields with infinitely many HP
norms.

30ther authors have discussed the preservation (under small changes of the initial datum) of
the global nature of some special, nondecaying NS solutions in presence of external forces. In
particular, global stability results have been obtained for the small amplitude, almost periodic
solutions of the NS equations with time quasi-periodic external forcing: see [14] and references
therein.

this is made of the velocity fields u : R? — R3 with Fourier transform Fu : k — (Fu)(k) such
that +o00 > [lullx—1 := [gs dk [k| 7 (Fu)(k)|.



In addition, most of the cited works refer to the case of space dimension d = 3
(admittedly, the most interesting case), while the present results hold for d arbitrary.
Let me repeat that the space domain in this note is the torus T¢; for a comparison
with the literature, I will mention for example that [26] refers to a domain 2 C R3,
[3] to the whole space R? and [6] to T3. (7))

Another point I would mention is that, with notable exceptions like [3], most
papers on this subject present estimates relying on unspecified constants. On the
contrary, all estimates in this note are fully explicit: this holds, in particular, for the
bounds on ||ug — vgl|, yielding the stability result of Section [5| and for the constant
in Eq. (1.5). This is made possible by the quantitative analysis performed in [I7]
[21] [22] for the constants in some fundamental inequalities on the NS bilinear map
©2).

Concerning the form of the stability result, the earlier work to which the present
note is closer is [0]; for a more detailed comparison, see Remark (iv) (on the
functional settings and decay conditions) and Remark [5.2| (ii) (about Eq. and
its analogue in [6]).

Apart from technical differences with respect to the previous literature, a feature
of this note is that the present stability result arises almost automatically from the
main theorem of [24] on NS approximants (to be used as indicated after Eq. (L.5)).
It might be of some interest that the same result of [24] also has the applications
mentioned before, rather different from the one presented here.

2 Preliminaries
Some function spaces. Throughout this note we work on a torus
T .= (R/27Z)* (d=2,3,..) (2.1)

and refer to the functional setting of [24] (and [20]), reproduced in this section to
make the note self-contained.

Let us consider the space D'(T% R%) = ' of Ré-valued distributions on T%; each
v € I’ has a weakly convergent Fourier expansion v = ), .. vre; with coefficients
v = 0 € C where e, (z) := (27)"%2e™***. The mean value (v) is, by definition,
the action of v on the constant test function (27)~% and (v) = (27)"%?vy. The
Laplacian of v € I’ has Fourier coefficients (Av), = —|k[?vy; if (v) =0 and p € R,

5One of the referees suggested a comment upon the extension of the present results to space
domains different from T¢. Indeed T¢ has several nice features, namely, the strict positivity of the
spectrum of —A on NS velocity fields (under the condition of mean zero) and the inequalities for
the NS bilinear map reviewed in Section [2} all of them are essential for the setting of [24] and
for its present application. It is not obvious that the totality of these features would be preserved
passing to other space domains.



we define (—A)P/2v to be the element of ) with mean zero and Fourier coefficients
(—A)P20),, = |k[Pvy for k € Z4\ {0}. We consider as well the space L(T?¢ R%) =
IL?, with the standard inner product (v|w)2 := [, Tewdx. For any p € R, let us
introduce the Sobolev space

H2, ;= {veD | dive=0, (v) =0, (~A)"?v cL?} (2.2)
={veD | key =0Vk € Z%, vy=0, Y  [k[*|n]* < 400}

keZd4\{0}

(the subscripts s and o indicate the vanishing of the divergence and of the mean);
this carries the inner product and the norm

(vlw)y = (APPl(=A)Pw)e = ) kP Tpewy, (2.3)
kezd\{0}
[oll ==/ (vl = (=202 .

For real p > ¢ one has HE, C HY, and || ||, = || |l¢- The vector space

Hy = (1) Hg, (2.4)

peER

can be equipped with the topology induced by the family of all Sobolev norms || ||,
(p € R), which coincides with that induced by the countable subfamily || ||, (p € N);
so, we have a Fréchet space. Due to standard Sobolev imbeddings,

H® = {vec C®(TRY) | divve=0, (v) =0} (2.5)

and the above mentioned topology on HY coincides with that induced by the family
of norms || || o (r € N), where || | o is the sup norm for the derivatives of all

orders < r (for r € N and p € R one has || HCT < const.|| ||, if p > r+d/2, and
Iy < const. || [| o7 if p < 7).

The fundamental bilinear map for NS equations. In the Introduction I have
already mentioned the bilinear map sending two (sufficiently regular) divergence
free, mean zero vector fields v,w : T¢ — R? into P(v,w) := —L((veV)w) (see Eq.
and the subsequent comments; a precise definition of the Leray projection £
is given, e.g., in [20]). Let p,n € R; it is known that p > d/2, v € HY,, w € HE?
= P(v,w) € HY, and that, for p,n as below, there are constants K, G, Kpn, Gpn
€ (0,400) such that the following holds:



1P(v, w)[lp < Epllollpllwlpe  ifp>d/2, v e B, weHy,  (26)

(P(v, w)|w),| < Gp||v||p||w||12J ifp>d/2+1,veHy, we HEF (2.7)
1
1PCv, w)llp < 5 Epnllvllpllwline + vllallwllp) (2.8)

ifp>n>d/2veH,, weH ",

1
[(P(v, w)lw)pl < SGplllvllpllwll + [[v]allwlls) [wll, (2.9)

fp>n>d/2+1,veHl,, weHY" .

Note that with n = p gives (2.6), with K, := K,,; similarly, (2.9) with n =p
gives with G, := G,,. Eq. (with the implication in the text before it)
indicates that P maps continuously Hb, x HE to HE, for all p > d/2, and HX x HX
to HY.

Eq. and its generalization are closely related to the basic norm in-
equalities about multiplication in Sobolev spaces. Eq. was discovered in [9] for
integer p, and extended in [5] to noninteger cases; inequalities very similar to ([2.9))
were proposed in [2] [30] [28]. Fully quantitative, upper and lower bounds for the
sharp constants K,, G,, Ky, Gpn in Egs. (2.6(2.9) were proposed in [21] [22] [17].
From here to the end of the paper K, ..., G, are (possibly nonsharp) constants
fulfilling the above inequalities.

The NS Cauchy problem in a smooth framework. From here to the end of
the paper we fix a viscosity
ve (0,400) . (2.10)

The (homogeneous, incompressible) NS Cauchy problem with initial datum wuy € H
is the following:

d
Find u € C*([0,T), HY) such that d—:f =vAu+ P(u,u) , u(0)=wuy, (2.11)

with ' =T, € (0, 4o00]; obviously enough, a solution of (2.11]) with 7" = 400 is said
to be global. It is known that (2.11) has a unique maximal (i.e., not extendable)
solution u, whose domain [0,7") depends in principle on the datum wq [2] [8] [9] [10]

I [12) 20). @)

6Most of these classical works refer to Sobolev spaces of finite order, but there are standard
arguments for passing to the infinite order case (i.e., to the setting based on H®); these arguments
are reviewed, e.g., in [24].




3 Approximate solutions of the NS Cauchy prob-
lem. Control inequalities

Let ug € HY; hereafter I report a definition from [24], and the main result proved
in the same work.

3.1 Definition. An approzimate solution of the NS Cauchy problem ({2.11)) is
any map u, € C'([0,T,), H?), with T, € (0,+0c]. Given such a function, (i) and
(ii) are stipulated.

i) The differential error and the datum error of u, are, respectively:

du,
e(uy) := o

— VAU, — Pua,ua) € C([0,T,),HY) 5 wp —ua(0) € HY . (3.1)

i1) Let p € R. A differential error estimator, a datum error estimator and a growth
estimator of order p for u, are, respectively, a function €, € C([0,13),[0,4+00)), a
number §, € [0,+00) and a function D, € C([0,T,),[0,+00)) such that

le(ua) (Bl < () fort €[0,Ta),  |luo — ua(0)]lp < 6y , (3-2)

lua(®)llp < Dy(t)  fort €0,T5) .

In particular the function €,(t) := ||e(ua)(t)||p, the number 6, = ||ug — ua(0)|], and
the function D,(t) := ||ua(t)||, will be called the tautological estimators of order p
for the differential error, the datum error and the growth of us,.

3.2 Proposition. Let u, € C*([0,T,),HX) be an approzimate solution of the NS
Cauchy problem (2.11). Assume that, for somen € (d/2+1, +00), ua has differential
error, datum error and growth estimators of order n or n+ 1, indicated with €,,,,
D,, and D,,11, and that there is a function R, € C([0,T),R), with T, € (0,T3],
fulfilling the following control inequalities:

dtR,
dt

> VR, G D+ Ky Dy )Ry +G o R2 e, everywhere on [0,T,), R,(0) > 6,

(3.3)
(K, G, as in Egs. (@ , with p replaced by n; in the above we use the
right, upper Dini derivative (dTR,(t)/dt)(t) := limsupy,_,o+ (R.(t +h) — R, (¢))/h).
Consider the mazimal solution v € C*°([0,T),HX) of problem ; then (i)(ii)
hold.
i) u and its existence time T are such that

T>T,,  |ult)—ua(®)ln <Ra(t)  fortel0,T.). (3.4)

In particular, if R,, is global (T, = +00), then u is global as well (T = +0o0).

6



ii) Consider any p € (n,+00), and let €,, 6,, Dy, Dy be differential error, datum
error and growth estimators of order p or p+ 1 for u,. Let R, € C([0,T;),R) be a
function fulfilling the linear, order p control inequalities

AR,
dt

> —vR,+(GpDp+KpDpi1+GpnR, )Ry +e, everywhere on [0,1,) ,  R,(0) =6,
(3.5)

(K,,Gp, Gpn as in Egs. (@ ,' again, d*/dt stands for the right, upper
Dini derivative). Then

[ut) —ua(®)]l, < Rp(t)  fort €[0,Tc) . (3.6)

The relations are both fulfilled as equalities by a unique function R, € C*([0,T¢),R),
which 1s given explicitly by

R,(t) = eVt A1) <5p + /t dse”® — AP(S)G;,(S)) : (3.7)

Ay(t) == /Ot ds (GyDy(s)+KpDyi1(s)+GpnR(s)) - O

I have already mentioned in the Introduction a number of applications of Proposition
in which u, is, e.g., a Galerkin approximant or a truncated power expansion in
1/v. From the viewpoint of the present note, Proposition is the basic tool
yielding, by elementary manipulations, a global stability result for the NS Cauchy
problem: see Section [o]

4 Global, decaying NS solutions

4.1 Lemma. Let wy € HY be such that ||wyll, < v/G, for some n € (d/2 +
1,4+00). Then, the (mazimal) solution w of the NS Cauchy problem with
initial datum wy is global and, for each p € R, there is a constant C, € [0,400)
such that [[w(t)|, < Cpe™" for all t € [0, +00).

Proof. This follows immediately from Proposition 5.1 of [24]. () O

Using the previous Lemma, we can easily prove that many natural decay conditions
for a global NS solution v are in fact equivalent, and are indeed equivalent to the
requirement that v(tg) be sufficiently small at just one time ¢.

"The cited Proposition from [24] gives slightly more refined estimates on the norms of w(t) (see
Eq. (5.4) therein), which could be used to infer explicit expressions for the constants C), in terms
of the norms of wg. These explicit expression are not relevant for our present purposes.



4.2 Proposition. Let v € C™([0,+00),HX) be a global NS solution: dv/dt =
vAv + P(v,v). The following statements are equivalent:

a) For somen € (d/2+ 1,400) and ty € [0,400), it is ||v(to)|l, < v/G,.

b) For somen € (d/2+ 1,+00), it is ||[v(t)||, = O for t — +o0.

c¢) For allp € R, it is ||v(t)||, = 0 for t — +o0 (i.e., v(t) — 0 in the Fréchet space
H ).

d) For somen € (d/2 + 1, —|—oo) cmd v E (0 +00), it is fo dt [|lu(t)]|} < +oo.

e) For allp € R and v € (0,+00), it is [["™ dt|Jv(t)|]] < +oo.

f) For somen € (d/2+1, +oo) there is constant C,, € [0,400) such that ||v(t)||, <
Cne " for all t € [0, 400).

g) For each p € R, there is constant C, € [0,+00) such that ||v(t)], < Cpe™* for
all t € [0, 400).

Proof. It suffices to show that (a) = (g) and that, for (x) = (b),(c),(d),(e),(f), it
is (g) = (x) = (a). Here are the proofs.

(a) = (g). Let n,to be as in (a), that we assume to hold. Setting wy := v(to) we see
that v(t) = w(t — to) for t € [ty, +00), where w is the (maximal) solution of the NS
Cauchy problem with datum wy, which has the features predicted by Lemma [4.1}
Thus, v fulfills (g).

(g) = (b),(c),...,(f). Obvious

(b) = (a); (¢c) = (a); (f) = (a). Obvious.

(d) = (a). Let n, v be as in (d), that we assume to hold; hereafter we show that,
for each n > 0, there is ¢y € [0,400) such that ||v(ty)]|, < 7. Indeed, if not so, we
would have ||v(t)|, = n for all ¢ € [0,+0c0) and this would imply f0+°° dt |v(t)]])} >
n? f0+°o dt = 400, against (d). Now, with n = v/G,, we get the thesis (a).

(e) = (a). In fact, it is evident that (e) = (d) and we know that (d) = (a). O

4.3 Definition. i) A global, decaying NS solution is a global solution v with the
equivalent properties (a)-(g) of Proposition [{.3

it) We say that vy € HY gives rise to a global, decaymg solution for the NS Cauchy
problem f such features are possessed by the maximal solution v of problem
with initial datum vy.

iii) The subset of HY formed by the initial data vy as in (i) will be indicated with
Ex, =EX. O
4.4 Remarks. i) Lemma indicates that, for any n € (d/2 + 1,4+00), E
contains the ball {vy € H | HUOHn <v/G,}.

ii) One can give examples of arbitrarily large initial data vy € E3; among them are
the generalized Beltrami flows of Section [6]

iii) Consider a global NS solution v. Using the equivalence between the family of
norms || ||, (p € R) and the family of norms || ||C,7~ (r € N) on HY (see after



Eq. (2.5)), it is possible to construct further equivalents of conditions (a)-(g) in
Proposition [£.2], e.g. the following ones:

d’) For some r € N with r > d/2+1 and some v € (0, +00), it is 0+°O dt ||v(t)||707a < 4o00.
e’) For all 7 € N and 7 € (0, +00), it is [, dt [o@®)17 < +oo.
In fact: (e) < (e’) due to the inequalities || ||Cr < const. || ||, for p > r +d/2 and
| |l, < const. || HCT for p < r; (¢’) = (d”) (obvious);
(d’) = (d) since || ||, < const. || ||Cr for n = r. Thus (d’) and (e’) are both
equivalent to (d) (e), and hence to all items in Proposition [4.2]
iv) Paper [6], already mentioned in the Introduction, considers for d = 3 the global
NS solutions v with (divergence free, mean zero) data vy, such that [, @t ||v(t)||? r, 00
< +oo for some r € N\ {0}; if vy has a minimal regularity (say, vy € HL,), for all
t > 0w(t) is C* [13] (and thus in H), whence ||U(t)||Wr,oo = Hv(t)HCr. With
the stronger assumption vy € HY, a comparison can be made with the present
note keeping in mind the previous Remark (iii); it turns out that the condition

Jrat ||v(t)||20r < +oo is implied by those in Proposition if r = 1,2, and is

equivalent to them if r > 3.

5 A global stability result for the NS Cauchy prob-
lem

5.1 Theorem. Letvy € EX (see Definition[{.5). Denote withv € C*([0, 400), H)
the global, decaying NS solution with initial datum vy, and set

+o0
I = / dt ()], < +o0 forpeR : (5.1)
0

in addition, choose any n € (d/2+ 1,+00) and define

Pn = Le_G”J" — KnJni ) (5.2)
Gn
Then

up € HYy , JJug — volln < pn = uo € EY . (5.3)

If ug € HX, ||uo — volln < pn and u is the global, decaying NS solution with datum

>0’

ug, for allt € [0,4+00) and p € (n,+00) we have
G + KT

o) = o0l < S e G ol 6
Gpjp + KPJP+1 + G (i _ 5 / ) —ut
[ut) —v(®)]l, <e " n/Pn) by e Gy = [luo — vollp -



Under the stronger assumptions uy € HY and 6, = ||up — volln < pn/2, the bounds
imply these simpler bounds, with linear dependence on both variables 9, and
0y fort € [0,+00) and p € (n,+00),

lu(t) = v(t)||n < 2eCn/n T Endnir 5 vt

G
Gpd, + K,J, . + 2
lu)) vl <e "7 T Guge
Proof. Let us consider a datum wu, € Hy, for the moment arbitrary. We are
interested in the NS Cauchy problem (2.11) with datum ug, and in its (maximal)
exact solution u. We apply to this Cauchy problem Proposition [3.2f on approximate
solutions, with

, (5.5)

Uy =0 . (5.6)

Since v solves exactly the NS equations with datum vy, the differential error of v

is zero and the datum error (with respect to (2.11)) is up — vo; we will use the

tautological error and growth estimators associated to v according to Definition |3.1],
which are

e(t) =0, 8, :=|lup—uvoll, ., Dp(t) = |v(t)], forpeR,tel0,+00). (5.7)

In the sequel we will also refer to the primitive functions
¢
g, (1) = / dsllo(s)l, <.,  forpeR, t€[0,+o0) (5.8)
0

(the last inequality comes from comparison with )

Let us choose n € (d/2+1, +00). We use the estimators with p = n or n+1 and
try to fulfill the control inequalities as equalities for an unknown C! function;
this yields the Cauchy problem

dR,
T — VR + (Golv]ln + Knllv]lne1) R + GoR2 R.(0) =6, (5.9)

for an unknown function R,, € C*([0,T.), R). The (maximal) solution of (5.9) is as
follows:

e_Vt + Gn8n<t> + Kngn—i-l(t)
Ro(t) := 6, T CAL for t € [0,T0) (5.10)

t
L,(t) = /ds Vs + Gudu(s) + Kndnri(s) o ¢ € 0, +00) (5.11)
0

+o0o, if G,0,L,(t) # 1 for all t € (0, +00);

Te:=q the unique ¢ € (0,400) s.t. G0, Ly (t) =1,
if this exists

(note that L, is strictly increasing on [0, +00)).

10



According to (5.8)) J,.(s) < Jn, Jnt1(s) < Jpyq for all s > 0, so that

t 1— —vt
L,(t) < oGndn + Kpdnia /ds o VS — Gndp + Kpdp1 2 € (5.12)

0 14

g l eGan + Kan—l—l —
v nPn
(as for the last equality, recall Eq. (5.2)). From now on we assume, as in ({5.3)),

for t € [0, 4+00)

On = |Jug — volln < pn - (5.13)
Then, due to (5.12]),
GnonLn(t) < on <1 forall t € [0,+00) (5.14)
Pn

so that T, = +o00, i.e., the solution R, in Eqs. (5.10)) (5.11) is globally defined. Due
to Proposition this implies that the solution u of the NS Cauchy problem ([2.11))
with datum wug is global as well, and that

u(t) — v(t)|ln < Ru(t) for t € [0, +00) ; (5.15)

lu(t) —v(t)|, < Ry(t) forp € (n,+00), t € [0, +00), (5.16)
R,y (1) = 5, VET A A (1) = Gy, (1) + Kpllpia(t) + G / s R (5).

(To derive Eq. (5.16) one uses Egs. (3.6) and (3.7)), recalling the form (5.7)) of the

error and growth estimators and Eq. (5.8))). Now, let us return to the expression
(5.10) for R,, in which we insert the inequalities J,,(t) < J,, dni1(t) < Jpy1 (recall
again ([5.8))) and the inequality (5.14)) for £,,; this gives

eGan + Kan+1
1= 6,/pn

On eVt — Y On/n eV fort e [0, 4+00) ;

Gn(1 = 6n/pn) (5.17)

oo On/ Pn
dt R, (t) <
/0 O < Gt =snipn)

(the above equality follows from ; the bound on the integral is a consequence
of the bound on R,,). Now, [[u(t)|l, < |[v(@)][n+ [Ju(t) — o)l < [Jv(E)]]n + Ru(t);
from here we infer, using the definition of J, and the inequality in for
the integral of R,,,

Rn(t) <

+oo 5
/ at [u(®) o < T+ 0P (5.18)
0

Gn(l - 5n/Pn>
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Thus the solution u of the NS Cauchy problem with datum ug, besides being global
is decaying: this means that ug € E, so statement ([5.3)) is proved.

207

To go on, let us insert the bound for R,, in Eq. ; this yields the
bound on [[u(t) — v(t)|, in (5.4).

Now, let p € (n,+00) and let us consider the definition of A,(¢) in Eq. (5.16);
inserting therein the inequalities J,(t) < Jp, Jps1(t) < Jpr1 (see once more (5.8)),
writing fotds Rn(s) < 0+°°ds R.(s) and using for the last integral the bound (5.17)),
we obtain

Gpn Ou/ Pn
Gn(l - 5n/pn>

Egs. (5.19) and (5.16)) yield the bound on |[u(t) — v(¢)||, in (5.4). To conclude, let
us make the stronger assumption §,, < p,/2; then the bounds (|5.4]) yield the simpler

bounds (5.5)), noting that 1/(1 — 8,/p,) < 2 and (6,/pn)/(1 — 0,/ps) < 1. O

‘Ap<t> < GPJP + KPJP+1 +

for ¢ € [0, +00) . (5.19)

5.2 Remarks. i) Eq. indicates that EY is an open subset of HY in the
Fréchet topology.

ii) For a comparison between the present Theorem and [6], let us recall that
the cited work considers for d = 3 a global NS solution v with (divergence free,
mean zero) initial datum vy, fulfilling the decay condition discussed in Remark
(iv). According to Theorem 3.1 and Corollary 3.2 of [6], for each datum wug
with ||ug — vo||, sufficiently small for some r» € N\ {0}, the corresponding NS
solution w is global as well, and v — v fulfills bounds having essentially the form
|u(t) — v(t)|lm < const. X ||Jug — vgl|m e 7" for each o € (0,1), m € {0,1,....r},
and t > 0, with unspecified constants depending (among others) on o (the norms
|| ||m are for each m as in the present note). The approach of [6] does not seem to
encompass the o — 1 limit, that would give estimates more similar to those in the

present Eq. (5.5)).
6 Generalized Beltrami flows as initial data
Let us define a generalized Beltrami flow on T? to be a vector field v, such that
vo €HY | Avg = —r%vy (k€ (0,400)), P(vg,v9) =0 . (6.1)

For d = 3, the above notion (or its analog on R?) is considered in [29] [31]. Assuming
again d = 3, for (6.1) to hold it suffices that vy € H$ and rotwvy = +kvy with

12



k€ (0,400) (f); this is the case usually referred to as a Beltrami (or Beltrami-
Trkal) flow [1] [6] [7].

From now on d € {2,3,...}, vy is a generalized Beltrami flow, and & is as in (6.1]).
Writing the condition Avy = —k2vy in terms of the Fourier components of vy one
checks that vy = 0 (trivial case), or that x = |k| > 1 for some k € Z?¢\ {0} and
vor = 0 for k € Z4, |k| # k; these facts imply

(—A)p/2v0 =rPvy, |voll, = KP||lvollz forp € R. (6.2)

To go on let us observe that, due to (6.1)), the NS Cauchy problem ([2.11)) with initial
datum vy has the global, decaying solution

o(t) = ey, for t € [0, +00) ; (6.3)

thus, vy € E. Theorem can be applied to any generalized Beltrami flow vy;

Eq.s (5.1)) (6.2) (6.3) and (5.2)) (for some n > d/2 + 1) give

I = /+OO at o, = ole _ 2 e peR (6.4)
P ) PRk v ’
G, + K,k)rP2
Gpdp + KpJpi1 = Gy Vp ) |lvollzz for p € R, (6.5)
(Gp + K, k)" 2
v ” [[vol| 2

Any datum uy € HY with |Jug — vo|| < pn produces a global, decaying solution u,
and we have for u(t) — v(t) the bounds (5.4) (or (5.5)), if |lug — vo|| < pn/2). Let me
exhibit a generalized Beltrami flow v, for any d (which is not Beltrami if d = 3 and
A # 0 below); this is

vo(z) == % Asin(kex) for x € T (A€ R% ke Z%\ {0}, Ak =0) (6.6)

(divwg = 0 due to Aek = 0; P(vg, vo) = —L((voeV)vp) vanishes because ((voeV)vp) ()
= (27)"%(Aek) Asin(2kex) = 0). In the present case

k=1kl, lvollzz=1Al, |wol,=|kIF|A| forallpeR. (6.7)

So, for each real p, ||vg||, can be arbitrarily large.

8in fact we have Avy = —rot rot vg + V(divvg) = —rot rot vg = —r2vy and (vgeV)vy = (rot vg) A
vo + V(|v]?/2) = V(Jvo|?/2), which implies P(vg,v9) = —£((voeV)vg) = 0 because £ annihilates
gradients.
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