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ON THE STRUCTURE OF CERTAIN VALUED FIELDS

JUNGUK LEE AND WAN LEE

Abstract. In this article, we study the structure of finitely ramified mixed
characteristic valued fields. For any two complete discrete valued fields K1

and K2 of mixed characteristic with perfect residue fields, we show that if
the n-th residue rings are isomorphic for each n ≥ 1, then K1 and K2 are
isometric and isomorphic. More generally, for n1 ≥ 1, there is n2 depending
only on the ramification indices of K1 and K2 such that any homomorphism
from the n1-th residue ring of K1 to the n2-th residue ring of K2 can be lifted
to a homomorphism between the valuation rings. Moreover, we get a functor
from the category of certain principal Artinian local rings of length n to the
category of certain complete discrete valuation rings of mixed characteristic
with perfect residue fields, which naturally generalizes the functorial property
of unramified complete discrete valuation rings. Our lifting result improves
Basarab’s relative completeness theorem for finitely ramified henselian valued
fields, which solves a question posed by Basarab, in the case of perfect residue
fields.

1. Introduction

In this paper, we are interested in finitely ramified mixed characteristic valued
fields (see Definition 2.3). In model theory of valued fields, one of the most im-
portant theorems is the AKE-principle, proved by Ax and Kochen in [1, 2], and
independently by Ershov in [7, 8]. The AKE-principle says that the theory of an
unramified henselian valued field of characteristic 0 is determined by the theory of
the residue field and the theory of the value group.

Fact 1.1 (The Ax-Kochen-Ershov principle). [1, 2, 7, 8] Let (Ki, ki,Γi) be an
unramified henselian valued field of characteristic zero, where ki is the residue field
and Γi is the valuation group respectively, for i = 1, 2.

K1 ≡ K2 if and only if k1 ≡ k2 and Γ1 ≡ Γ2.

Basarab in [4] generalized the AKE-principle to the finitely ramified case. Actually,
he showed that the theory of a finitely ramified henselian valued fields of mixed
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2 J. LEE AND W. LEE

characteristic is determiend by the theory of each n-th residue ring (see Definition
2.8), the quotient of the valuation ring by the n-th power of the maximal ideal and
the theory of the valuation group.

Fact 1.2. [4] Let (Ki, Ri,(n),Γi) be finitely ramified henselian valued fields of mixed
characteristic, where Ri,(n) is the n-th residue ring and Γi is the valuation group
respectively for i = 1, 2. The following are equivalent:

(1) K1 ≡ K2.
(2) R1,(n) ≡ R2,(n) for each n ≥ 1 and Γ1 ≡ Γ2.

Motivated by Fact 1.2, we ask the following related question on isomorphisms.

Question 1.3. Given two complete discrete valued fields K1 and K2 of mixed
characteristic with perfect residue fields, if the n-th residue rings of K1 and K2 are
isomorphic for each n ≥ 1, then are K1 and K2 isomorphic? Moreover, is there
N > 0 such that K1 and K2 are isomorphic if the N -th residue rings of K1 and K2

are isomorphic?

We give a comment on Question 1.3. Macintyre in [16] raised the following question
on the problem of lifting of homomorphisms of the n-th residue rings for more
general rings.

Question 1.4. Are two complete local noetherian rings A and B isomorphic if the
n-th residue rings of A and B are isomorphic for each n ≥ 1?

In [16], van den Dries gave a positive answer to Question 1.4 in the case that the
residue fields are algebraic over their prime fields. Furthermore, given complete
local noetherian rings A and B, it is enough to check whether the N -th residue
rings of A and B are isomorphic for some N = N(A,B) depending on A and B.
Note that van den Dries showed the existence of a non explicit bound N , and in
general, there is a counter example by Gabber in [16] for Question 1.4.

Next we recall the following well-known fact on unramified complete discrete
valuation rings.

Fact 1.5. [15]

(1) Let k be a perfect field of characteristic p. Then there exists a complete
discrete valuation ring of characteristic 0 which is unramified and has k as
its residue field. Such a ring is unique up to isomorphism. This unique
ring is called the ring of Witt vectors of k, denoted by W (k).

(2) Let R1 and R2 be complete discrete valuation rings of mixed characteristic
with perfect residue fields k1 and k2 respectively. Suppose R1 is unrami-
fied. Then for every homomorphism φ : k1 −→ k2, there exists a unique
homomorphism g : R1 −→ R2 making the following diagram commutative:

R1
g−−−−→ R2

pr1,1

y pr2,1

y

k1
φ−−−−→ k2,

where two vertical maps are the canonical epimorphisms.

In categorical setting, Fact 1.5 is equivalent to the following statement.
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Fact 1.6. Let Cp be the category of complete unramified discrete valuation rings of
mixed characteristic (0, p) with perfect residue fields and Rp the category of perfect
fields of characteristic p. Then Cp is equivalent to Rp. More precisely, there is a
functor L′ : Rp → Cp which satisfies:

• Pr ◦L′ is equivalent to the identity functor IdRp
where Pr : Cp −→ Rp is

the natural projection functor.
• L′ ◦Pr is equivalent to IdCp

.

Based on Question 1.3 and Fact 1.6, we ask the following generalized questions for
the finitely ramified case.

Question 1.7. (1) For a principal Artinian local ring R of length n with a per-
fect residue field, is there a unique complete discrete valuation ring R which
has R as its n-th residue ring? Moreover, if it has a positive answer, can a
lower bound for such n be effectively computed in terms of the ramification
index of R?

(2) Given complete discrete valuation rings R1 and R2 of mixed characteristic
with perfect residue fields, let R1,(n1) and R2,(n2) be the n1-th residue ring
of R1 and the n2-th residue ring of R2 respectively. If n1 and n2 are large
enough, is there a unique lifting homomorphism g : R1 −→ R2 such that
g induces a given homomorphism φ : R1,(n1) −→ R2,(n2)? Moreover, can
such lower bounds on n1 and n2 be effectively computed in terms of the
ramification indices of R1 and R2?

Question 1.8. Let Cp,e be the category of complete discrete valuation rings of
mixed characteristic (0, p) with perfect residue fields and ramification index e. For
n > e, let Rn

p,e be the category of principal Artinian local rings of length n having
ramification index e and perfect residue fields (see at the beginning of Section 4 for
the precise definition). Let Prn : Cp,e −→ Rn

p,e be the natural projection functor. Is
there a lifting functor L : Rn

p,e −→ Cp,e which satisfies:

• Prn ◦L is equivalent to IdRn
p,e

.
• L ◦Prn is equivalent to IdCp,e

.

In general, the answer for Question 1.7.(2) is not positive, that is, there is a homo-
morphism φ : R1,n1 −→ R2,n2 such that no homomorphism from R1 into R2 induces
φ (see Example 3.5). Instead of finding a ‘usual’ lifting in the sense of Question
1.8, we will show that for sufficiently large n2, if there is a given homomorphism
φ : R1,(n1) −→ R2,(n2), then there is an ‘approximate’ lifting g : R1 −→ R2 of φ
(see Definition 3.4).

Let us come back to the question of elementary equivalence. In [4], Basarab
posed the following question (see [4, page 23-24]):

Question 1.9. For a finitely ramified henselian valued field K of ramification index
e, is there a finite integer N ′ ≥ 1 depending on K such that any finitely ramified
henselian valued field of the same ramification index e is elementarily equivalent to
K if their N ′-th residue rings are elementarily equivalent and their value groups
are elementarily equivalent?

Given a finitely ramified henselian valued field K, Basarab in [4] denoted the min-
imal number N ′, which satisfies the condition in Question 1.9, by λ(T ) for the
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complete theory T of K. He showed that λ(T ) for a local field K is finite but did
not give any explicit value of λ(T ).

The goal of this paper is to answer these questions when the residue fields are
perfect. Its organization is as follows. In Section 2, we recall basic definitions
and facts. In Section 3, we answer Question 1.3 positively for the perfect residue
field case in Theorem 3.7. Our main result shows that if n2 is sufficiently large,
then for a given homomorphism φ : R1,(n1) −→ R2,(n2), there is a homomorphism
L(φ) : R1 −→ R2 satisfying a lifting property similar to that of the unramified
case. This provides an answer for Question 1.3. Also, the lifting map L provides
an answer for Question 1.7.(2) and Question 1.7.(1). In Section 4, we concentrate
on Question 1.8. We can show that L is compatible with the composition of ho-
momorphisms between residue rings. More precisely, L(φ2 ◦ φ1) = L(φ2) ◦ L(φ1)
for any φ1 : R1,(n1) −→ R2,(n2) and φ2 : R2,(n2) −→ R3,(n3). This defines a functor
L : Rn

p,e −→ Cp,e for sufficiently large n. We prove that a lower bound for n depends
only on the ramification index e and the prime number p. Even though L does not
give an equivalence between Rn

p,e and Cp,e, it turns out that L satisfies a similar

functorial property to that of L′ : Rp → Cp. This provides an answer for Ques-
tion 1.8. In Section 5, we reduce the problem on elementary equivalence between
finitely ramified henselian valued fields of mixed characteristic to the problem on
isometricity between complete discrete valued fields of mixed characteristic. Using
results in Section 3, we improve Basarab’s result on the AKE-principle which gives
a positive answer to Question 1.9 when the residue fields are perfect. Under certain
conditions, we calculate λ(T ) explicitly for the tame case and get a lower bound
for λ(T ) for the wild case. Surprisingly we show that λ(T ) can be 1 even when K
is not unramified. As a special case, we conclude that λ(T ) is 1 or e + 1 if p ∤ e,
and λ(T ) ≥ e+1 if p | e when K is a finitely ramified henselian subfield of Cp with
the ramification index e.

2. Preliminaries

In this section, we introduce basic notations, terminologies, and several prelim-
inary facts which will be used in this paper. We denote a valued field by a tuple
(K,R,m, ν, k,Γ) consisting of the following data : K is the underlying field, R is
the valuation ring, m is the maximal ideal of R, ν is the valuation, k is the residue
field, and Γ is the value group. Hereafter, the full tuple (K,R,m, ν, k,Γ) will be
abbreviated in accordance with the situational need for the components. For any
field L, Lalg denotes a fixed algebraic closure of L.

Notation 2.1. Let (L, ν) be a valued field of mixed characteristic (0, p) whose
value group is contained in R. We define a normalized valuation ν on L of ν by
the property ν(p) = 1, that is, ν(p)ν = ν. We denote an extended valuation of ν
on Lalg by ν̃. Note that ν̃ is unique when L is henselian.

Definition 2.2. Let (K, ν, k,Γ) be a valued field of characteristic zero. We say
(K, ν) is unramified if char(k) = 0, or char(k) = p and ν(p) is the minimal
positive element in Γ for p > 0. We say (K, ν) is ramified if it is not unramified.

Definition 2.3. Let (K,R, ν, k,Γ) be a valued field whose residue field has prime
characteristic p.
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(1) We say (K,R, ν, k,Γ) is finitely ramified if K is ramified and the set {γ ∈
Γ| 0 < γ ≤ ν(p)} is finite. For x ∈ R, we write eν(x) := |{γ ∈ Γ| 0 < γ ≤
ν(x)}|. If there is no confusion, we write e(x) for eν(x). The number eν(p),
which is the cardinality of {γ ∈ Γ| 0 < γ ≤ ν(p)}, is called the ramification
index of (K, ν).

(2) Let (K,R, ν, k,Γ) be finitely ramified. If p does not divide eν(p), we say
(K, ν) is tamely ramified. Otherwise, we say (K, ν) is wildly ramified.

Note that if a valued field of mixed characteristic has a finite ramification index,
then its value group has a minimum positive element.

Definition 2.4. Let (R, ν, k) be a complete discrete valuation ring of mixed char-
acteristic with a perfect residue field. Let (R′, ν′, k′) be a finite extension of R. Let
K and K ′ be fraction fields of R and R′ respectively. If k = k′, we say that R′ is a
totally ramified extension of R, or K ′ is a totally ramified extension of K.

Definition 2.5. Let (K1, ν1) and (K2, ν2) be valued fields. Let R′
1 and R′

2 be
subrings of K1 and K2 respectively. Let f : R′

1 → R′
2 be an injective ring homo-

morphism. We say f is an isometry if for a, b ∈ R′
1,

ν1(a) > ν1(b) ⇔ ν2(f(a)) > ν2(f(b)).

Fact 2.6. Let (R1, ν1) and (R2, ν2) be finitely ramified valuation rings of mixed
characteristic (0, p) whose value groups are isomorphic to Z. Let f : R1 → R2 be a
ring homomorphism. Then we have the following.

(1) f : R1 → R2 is an isometry.
(2) Let K1 and K2 be the fraction fields of R1 and R2 respectively. Then the

homomorphism K1 −→ K2 induced by f is an isometry.
(3) If both of valuation groups of R1 and R2 are contained in a common ordered

abelian group and ν1(p) = ν2(p), then ν1(x) = ν2(f(x)) for any x ∈ R1.

Proof. (1) We have f(n) = n for all n ∈ Z. Take a ∈ R1. Since f sends units to
units, ν2(f(a)) = 0 if ν1(a) = 0. To show that f is an isometry, it is enough to
show that ν2(f(a)) > 0 if ν1(a) > 0. Suppose ν1(a) > 0. Then there is k ∈ R×

1

such that kan = pm for some n,m > 0 since R1 is finitely ramified. Since f(p) = p,
we have that pm = f(pm) = f(k)f(a)n. Therefore, we have that

ν1(a) =
m

n
ν1(p), ν2(f(a)) =

m

n
ν2(p) (∗)

and f is injective. Thus, f is an isometry.
(2) This follows directly from (1).
(3) This follows from (∗). �

Fact 2.7. Let (K1, ν1) and (K2, ν2) be valued fields whose value groups are con-
tained in R. Let f : K1 −→ K2 be an isometry. Suppose K1 is henselian. Let

f̃ : Kalg
1 −→ Kalg

2 be an extended homomorphism of f . Then f̃ is an isometry.

Proof. There are two valuations on f̃(Kalg
1 ), ν̃1◦f̃−1 and ν̃2|f̃(Kalg

1 ) where ν̃2|f̃(Kalg
1 )

is the restriction of ν̃2 to f̃(Kalg
1 ). Since f is an isometry, the restrictions of ν̃1◦ f̃−1

and ν̃2|f̃(Kalg
1 ) to f(K1) are equivalent, in fact, they are equal since (ν̃1 ◦ f̃−1)(p) =

ν̃2|f̃(Kalg
1 )(p) = 1. Since K1 is henselian, f(K1) is Henselian. Hence, ν̃1 ◦ f̃−1 is

equal to ν̃2|f̃(Kalg
1 ) by the henselian property. This shows that f̃ is an isometry. �
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Definition 2.8. For a local ring R with maximal ideal m, we denote R/mn by R(n),
and we call R(n) the n-th residue ring of R. In particular, R(1) is the residue field
of R. For each m > n, we write prn : R → R(n) and prmn : R(m) → R(n) for the
canonical epimorphisms respectively.

For R-algebras S1 and S2, we denote the set of R-algebra homomorphisms from S1

to S2 by HomR(S1, S2), and we write Hom(S1, S2) for HomZ(S1, S2).
We recall some facts on the structure of finite extensions of unramified complete

valued fields.

Fact 2.9. Let (R, ν) be a complete discrete valuation ring of mixed characteristic
(0, p) with perfect residue field k whose valuation group is Z. Then W (k) can be
embedded as a subring of R and R is a free W (k)-module of rank ν(p). Moreover,
R is a W (k)-algebra generated by π, denoted by W (k)[π], where π is a uniformizer
of R.

Proof. Chapter 2, Section 5 of [15] �

Fact 2.10. Let A be a ring that is Hausdorff and complete for a topology defined
by a decreasing sequence a1 ⊃ a2 ⊃ ... of ideals such that an · am ⊂ an+m. Assume
that the residue ring A1 = A/a1 is a perfect field of characteristic p. Then:

(1) There exists a unique system of representatives h : A1 −→ A which com-
mute with p-th powers: h(λp) = h(λ)p. This system of representatives is
called the set of Teichmüller representatives.

(2) In order for a ∈ A to belong to S = h(A1), it is necessary and sufficient
that a be a pn-th power for all n ≥ 0.

(3) This system of representatives is multiplicative which means

h(λµ) = h(λ)h(µ)

for all λ, µ ∈ A1.
(4) S contains 0 and 1.
(5) S \ {0} is a subgroup of the unit group of A.

Proof. (1)(2)(3): Chapter 2, Section 4 of [15]
(4): 0 and 1 satisfy (2).
(5): (3) and (4) show that S \ {0} is a subgroup of the unit group of A. �

Remark 2.11. Let (R,m) be a complete discrete valuation ring of mixed character-
istic (0, p) with perfect residue field. By Fact 2.10, R and R(n) have the sets S and
Sn of Teichmüller representatives respectively. Then, we have that prn(S) = Sn.

Proof. It is clear that prn(S) ⊂ Sn. Since each of Sn and S bijectively corresponds
to R/m by Fact 2.10, the inclusion must be equality. �

Remark 2.12. Let (R, ν) be a complete discrete valuation ring of mixed character-
istic (0, p) with perfect residue field. Let S be the set of Teichmüller representatives
and let π be a uniformizer. Then, for any x ∈ R, there is a unique infinite sequence
(λi)i≥0 of elements in S such that x =

∑
i λiπ

i.

Proof. Fix x ∈ R. By Fact 2.10, we inductively choose λi’s in S such that ν(x −∑n
i=0 λiπ

n) > ν(πn) for each n ≥ 0. Then, we have that x =
∑

i λiπ
i. It remains

to show that such a sequence is unique. Let (λ′
i) be a sequence of elements in S
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such that x =
∑

i λ
′
iπ

i. Suppose that λi 6= λ′
i for some i. Let i0 be the smallest

index such that λi0 6= λ′
i0 . Then, we have that

pr1 (λi0) = pr1

(
x−

∑
i<i0

λiπ
i

πi0

)

= pr1

(
x−∑i<i0

λ′
iπ

i

πi0

)

= pr1(λ
′
i0 ),

which implies that λi0 = λ′
i0 , a contradiction. Thus, (λi) = (λ′

i). �

The following facts are useful to effectively computeN in Question 1.3 (see Theorem
3.7 and Theorem 3.10).

Fact 2.13 (Krasner’s lemma). Let (K, ν) be a henselian valued field and let a, b ∈
Kalg. Suppose a is separable over K(b). Suppose that for all embeddings σ(6= id)
of K(a) over K, we have

ν̃(b − a) > ν̃
(
σ(a)− a

)
.

Then K(a) ⊂ K(b).

Proof. See Chapter 2 of [12] or Theorem 4.1.7 of [6]. �

Fact 2.14. Let (R,mR) ⊂ (S,mS) be discrete valuation rings. Suppose S = R[α]
for some α ∈ S and S is a finitely generated R-module so that mRS = me

S for a
positive integer e. Suppose the residue fields of R and S are of characteristic p > 0.
Let f(x) in R[x] be a monic irreducible polynomial of α over R.

(1) The different DS/R of S/R is a principal ideal generated by f ′(α)
(2) Let νS be the valuation corresponding to S. Let s be the power which satisfies

ms
S = DS/R. Then one has

{
s = e− 1, if S is tamely ramified over R, that is, p ∤ e;
e ≤ s ≤ e− 1 + νS(e), if S is wildly ramified over R, that is, p | e.

Proof. Chapter 3, Section 2 of [13]. �

For model theory of valued fields, we take the language of valued fields with
three types of sorts for valuation fields, residue fields, and value groups. Let LK =
{+,−, ·; 0, 1; |} be a ring language with a binary relation | for valued fields, where
we interpret the binary relation | as a | b if ν(a) ≤ ν(b) for a, b ∈ K, Lk =
{+′,−′, ·′; 0′, 1′} be the ring language for residue fields, and LΓ = {+∗; 0∗;<} be
the ordered group language for valuation groups. The language of valued fields is the
language Lval = LK ∪Lk ∪LΓ equipped with function symbols prk and prΓ, where
prk and prΓ are interpreted as the canonical surjctive maps from the valuation ring
to the residue field and from the valued field to the valuation group respectively.
Next, we consider an extended language of Lval by adding the ring languages for
the n-th residue rings and function symbols prn and prnm for n ≥ m, where prn
and prnm are interpreted as the canonical epimorphisms from the valuation ring
to the n-th residue ring and from the n-th residue ring to the m-th residue ring
respectively. For each n ≥ 1, let LR(n)

= {+n,−n, ·n; 0n, 1n} be the ring language
for the n-th residue ring. For n = 1, we identify LR(1)

= Lk. We get an extended

language Lval,R = Lval ∪
⋃

n≥1 LR(n)
for valued fields. Let (K1, ν1, k1,Γ1) and
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(K2, ν2, k2,Γ2) be valued fields, and let R1,(n) and R2,(n) be the n-th residue rings
of (K1, ν1) and (K2, ν2) respectively. We say (K1, ν1) and (K2, ν2) are elementarily
equivalent if they are elementarily equivalent in LK . If (K1, ν1) and (K2, ν2) are
elementarily equivalent, then

• k1 and k2 are elementarily equivalent in Lk;
• Γ1 and Γ2 are elementarily equivalent in LΓ; and
• R1,(n) and R2,(n) are elementarily equivalent in LR(n)

for each n ≥ 1.

Remark 2.15. Let (K1, ν1,Γ1) and (K2, ν2,Γ2) be valued fields. Suppose

• R1,(n) ≡ R2,(n) as rings in the language LR(n)
for each n ≥ 1;

• Γ1 ≡ Γ2 as ordered abelian groups in the language LΓ.

Then there are ℵ1-saturated elementary extensions (K ′
1, ν

′
1,Γ

′
1) and (K ′

2, ν
′
2,Γ

′
2) of

K1 and K2 such that

• R′
1,(n)

∼= R′
2,(n) for n ≥ 1;

• Γ′
1
∼= Γ′

2,

where R′
1,(n) and R′

2,(n) are the n-th residue rings of K ′
1 and K ′

2 respectively.

Proof. It is easily deduced from the the Keisler-Shelah isomorphism theorem. �

Next, we review coarse valuations. For the coarse valuations, we refer to [11, 14].

Remark/Definition 2.16. [14, page 25-27] Suppose (K, ν, k,Γ) is finitely rami-
fied. Let π be a uniformizer so that ν(π) is the smallest positive element in Γ. Let
Γ◦ be the convex subgroup of Γ generated by ν(π) and ν̇ : K \ {0} −→ Γ/Γ◦ be a
map sending x(6= 0) ∈ K to ν(x) + Γ◦ ∈ Γ/Γ◦. The map ν̇ is a valuation, called
the coarse valuation. The residue field K◦ of (K, ν̇), called the core field of (K, ν),
forms a valued field equipped with a valuation ν◦, whose value group is Γ◦. More
precisely, the valuation ν◦ is defined as follows: Let prν̇ : Rν̇ −→ K◦ be the canon-
ical epimorphism and let x ∈ Rν̇ . If x◦ := prν̇(x) ∈ K◦ \ {0}, then ν◦(x◦) := ν(x).
And x◦ = 0 ∈ K◦ if and only if ν(x) > γ for all γ ∈ Γ◦.

Remark 2.17. (1) Let Rν , Rν̇ , and Rν◦ be the valuation rings of (K, ν),
(K, ν̇), and (K◦, ν◦) respectively. Then (prν̇)

−1(Rν◦) = Rν .
(2) Let R(n) and R◦

(n) be the n-th residue rings of (K, ν) and (K◦, ν◦) respec-

tively. Then there is a canonical isomorphism θn : R(n) −→ R◦
(n) such that

prν
◦

n ◦(prν̇ |Rν
) = θn◦prn, where prn : Rν −→ R(n) and prν

◦

n : Rν◦ −→ R◦
(n)

are the canonical epimorphisms.
(3) If (K, ν) is henselian, then (K, ν̇) is henselian.
(4) If (K, ν) is ℵ1-saturated, then (K◦, ν◦) is complete.

Proof. (1) Note that Rν̇ := {x ∈ K| ν̇(x) ≥ 0} = {x ∈ K| ν(x) ≥ γ for some γ ∈
Γ◦}. Let x ∈ Rν̇ be such that prν̇(x) =: x◦ ∈ Rν◦ , that is, ν◦(x◦)(∈ Γ◦) ≥ 0. If
x◦ = 0, ν(x) > γ for all γ ∈ Γ◦ and x ∈ Rν . If x◦ 6= 0, then ν◦(x◦) = ν(x) ≥ 0 in
Γ◦, and hence ν(x) ≥ 0 in Γ. Thus x ∈ Rν . Therefore, for x ∈ Rν̇ , x ∈ Rν if and
only if x◦ ∈ Rν◦ .

(2) Note that each θn is induced from prν̇ |Rν
: Rν −→ Rν◦ . It is easy to see

that each θn is surjective. To show that θn is injective, it is enough to show that
ν(x) ≥ n if and only if ν◦(x◦) ≥ n for x ∈ Rν . It clearly comes from the definition
of ν◦ in (1).

(3)-(4) Section 5 of [11]. �
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Remark 2.18. By combining Fact 1.1, Remark 2.15 and Remark 2.17, we reduce
the problem on elementary equivalence between finitely ramified henselian valued
fields of mixed characteristic to the problem on isometricity between complete dis-
crete valued fields of mixed characteristic whose n-th residue rings are isomorphic
for each n ≥ 1. To our knowledge, this strategy first appeared in [11].

3. Lifting homomorphisms

From now on, if there is no comment, we consider only complete
discrete valued fields of mixed characteristic (0, p) with perfect residue
fields, and we assume that valuation groups are Z so that for a valued
field (L,R, ν), ν(x) = eν(x) for x ∈ R. Let (R, ν, k) be a valuation ring. Let π be
a uniformizer of R. Let L and K be the fraction fields of R and W (k) respectively.

Definition 3.1. If L is ramified, we denote the maximal value

max
{
ν̃ (π − σ(π)) : σ ∈ HomK

(
L,Lalg

)
, σ(π) 6= π

}

by M(R)π or M(L)π.

Lemma 3.2. Let (Ri,mi, νi, ki) be a valuation ring and let πi be a uniformizer of
Ri for i = 1, 2. Let Si be the set of Teichmüller representatives of Ri for i = 1, 2.

(1) For any homomorphism φ : R1,(n1) −→ R2,(n2), φ(S1 + m
n1
1 ) is contained

in S2 + m
n2
2 . Similarly, for any homomorphism g : R1 −→ R2, g(S1) is

contained in S2.
(2) For any homomorphism φ : R1,(n1) −→ R2,(n2), φ ((W (k1) +m

n1
1 )/mn1

1 )
is contained in (W (k2) + m

n2
2 )/mn2

2 . Similarly, for any homomorphism
g : R1 −→ R2, g(W (k1)) is contained in W (k2).

Proof. (1) This comes from Fact 2.10 and Remark 2.11.

(2) Since W (ki)/pW (ki) ∼= Ri/mi
∼= ki, Si is contained in W (ki) by Fact 2.10.

Since any element a in W (k1) can be uniquely written as a =
∑∞

r=0 λrp
r where λr is

in S1, we have that φ ((W (k1) +m
n1
1 )/mn1

1 ) ⊂ (W (k2)+m
n2
2 )/mn2

2 and g(W (k1)) ⊂
W (k2) by Lemma 3.2.(1). �

Lemma 3.3. Let Li and Ki be the fraction fields of Ri and W (ki) respectively for
i = 1, 2.

(1) Let α be a uniformizer of R1. Then M(R1)π1 = M(R1)α. We write
M(R1)π1 = M(R1).

(2) Suppose [L1 : K1] = [L2 : K2] = e, that is, ν1(p) = ν2(p) = e. Suppose
there is an isometry g : L1 −→ L2. Then M(R1) = M(R2).

Proof. (1) By Remark 2.12, we can write α =
∑∞

r=1 λrπ
r
1 where λr is a Teichmüller

representative of R1 for each r and λ1 6= 0. Since R1/m1 = k1, λr is in W (k1) for
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each r by Fact 2.10. For any σ in HomK1(L1,K
alg
1 ),

α− σ(α) =

∞∑

r=1

λrπ
r
1 − σ

(
∞∑

r=1

λrπ
r
1

)

=
∞∑

r=1

λr

(
πr
1 − σ(πr

1)
)

=
(
π1 − σ(π1)

) ∞∑

r=1

λr




r−1∑

j=0

πr−1−j
1 σ(πj

1)




and ν̃1(α− σ(α)) = ν̃1(π1 − σ(π1)) because

ν̃1




∞∑

r=1

λr




r−1∑

j=0

πr−1−j
1 σ(πj

1)




 = 0.

So, we have M(R1)π1 = M(R1)α.

(2) By Lemma 3.2.(2), g(K1) is contained in K2. Let f1 be the monic irreducible
polynomial of π1 over W (k1). Since g is an isometry, we have ν2(g(π1)) = ν1(π1) =

1/e, and hence, g(π1) is a uniformizer of L2. Let g̃ : Lalg
1 −→ Lalg

2 be an extended
homomorphism of g. If we write f1 = xe + · · ·+ a1x+ a0, we have that

g(f1) = xe + · · ·+ g(a1)x+ g(a0)

is the monic irreducible polynomial of g(π1) over K2 since g(K1) is contained in
K2. Then by Lemma 3.3.(1) and Fact 2.7, we get

M(R2) = max {ν̃2 (g(π1)− η) : g(f1)(η) = 0, η 6= g(π1)}
= max {ν̃2 (g(π1)− g̃(π′

1)) : f1(π
′
1) = 0, π′

1 6= π1}
= max {ν̃1 (π1 − π′

1) : f1(π
′
1) = 0, π′

1 6= π1}
= M(R1),

which finishes the proof. �

Now we introduce the notion of lifting maps.

Definition 3.4. Let R1 and R2 be complete discrete valuation rings of character-
istic 0 with perfect residue fields k1 and k2 of characteristic p respectively. Let mi

be the maximal ideal of Ri for i = 1, 2. Let Li and Ki be the fraction fields of Ri

and W (ki) for i = 1, 2 respectively. For any homomorphism φ : R1,(n1) −→ R2,(n2),
we say that a homomorphism g : R1 −→ R2 is a (n1, n2)-lifting of φ if g satisfies
the following:

• For any x in R1, there exists a representative βx of φ(x + m
n1
1 ) which

satisfies

ν̃2
(
g(x)− βx

)
> M(R1)

• φred,1 ◦ pr1,1 = pr2,1 ◦g where φred,1 : k1 −→ k2 denotes the natural re-
duction map of φ and pri,1 : Ri −→ ki is the canonical epimorphism for
i = 1, 2.

When such g is unique, we denote g by Ln1,n2(φ). When Ln1,n2(φ) exists for all
φ : R1,(n1) −→ R2,(n2), we write Ln1,n2 : Hom(R1,(n1), R2,(n2)) −→ Hom(R1, R2).
When n1 = n2 = n, we denote Ln1,n2 by Ln and say that Ln is an n-lifting.
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The following example explains why we need our ‘approximate’ lifting map for the
ramified case.

Example 3.5. If we take R1 = R2 = Z3[
√
3] and n1 = n2 = 2n, then R1,(2n) =

R2,(2n)
∼= (Z3/3

nZ3)[x]/(x
2 − 3). Then φ : a+ bx 7→ a+ (1 + 3n−1)bx = φ(a + bx)

defines an isomorphism between R1,(2n) and R2,(2n). But when n > 1, there is
no homomorphism g : R1 −→ R2 which induces φ since the Galois conjugates of√
3 are ±

√
3. This shows that we can not guarantee that the following diagram is

commutative:

R1
Ln1,n2(φ)−−−−−−→ R2y

y

R1,(n1)
φ−−−−→ R2,(n2)

We introduce a weaker condition of lifting map, which will turn out to be equiv-
alent to Definition 3.4 (see Proposition 3.6). This weaker notion is useful to show
the functoriality of lifting maps (see Proposition 4.3).

Proposition 3.6. For a homomorphism φ : R1,(n1) −→ R2,(n2), suppose that a
homomorphism g : R1 −→ R2 satisfies the following:

• There exists a representaive β of φ(π1 +m
n1
1 ) which satisfies

ν̃2 (g(π1)− β) > max
σ

{ν̃2 (σ (g(π1))− β) : σ (g(π1)) 6= g(π1)}

where σ runs through all of HomK2(L2, L
alg
2 ).

• φred,1 ◦ pr1,1 = pr2,1 ◦g where φred,1 : k1 −→ k2 is the natural reduction
map of φ.

(1) We have that

max
σ

{ν̃2 (σ (g(π1))− β) : σ (g(π1)) 6= g(π1)} = M(R1).

(2) For any x in R1, there exists a representative βx of φ(x + m
n1
1 ) which

satisfies

ν̃2 (g(x)− βx) > M(R1)

so that g is a (n1, n2)-lifting of φ.

Proof. (1) For σ ∈ HomK2(L2, L
alg
2 ) with σ(g(π1)) 6= g(π1), we have

ν̃2 (σ (g(π1))− g(π1)) = ν̃2 (σ (g(π1))− β + β − g(π1))

= min {ν̃2 (σ (g(π1))− β) , ν̃2 (g(π1)− β)}
= ν̃2 (σ (g(π1))− β)

where the second equality follows from the ultrametric inequality and the assump-
tion ν̃2(g(π1)− β) > ν̃2(σ(g(π1))− β).

This shows

M(R1) = max
σ′

{ν̃1 (π1 − σ′(π1)) : σ
′(π1) 6= π1}

= max
σ

{ν̃2 (g(π1)− σ (g(π1))) : σ (g(π1)) 6= g(π1)}
= max

σ
{ν̃2 (σ (g(π1))− β) : σ (g(π1)) 6= g(π1)}
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where σ′ runs through all of HomK1(L1, L
alg
1 ). The second equality follows from

Lemma 3.3.(2) because [K2(g(π1)) : K2] is equal to [L1 : K1] and g(π1) is a uni-
formizer of K2(g(π1)) by Fact 2.6.

(2) For any x in R1, we can write x =
∑∞

r=0 λrπ
r
1 where λr is in S1 for each r.

Then

φ(x +m
n1
1 ) = φ

((
∞∑

r=0

λrπ
r
1

)
+m

n1
1

)
=

(
∞∑

r=0

τrβ
r

)
+m

n2
2

where τr is a representative of φ(λr +m
n1
1 ) contained in S2 which is guaranteed by

Lemma 3.2.(1). In particular
∑∞

r=0 τrβ
r is a representative of φ(x + m

n1
1 ), say βx.

By Lemma 3.2.(1) again, we have g(λr) = τr, and hence,

g(x) = g

(
∞∑

r=0

λrπ
r
1

)
=

∞∑

r=0

τrg(π1)
r.

We obtain

ν̃2(g(x)− βx) = ν̃2

(
∞∑

r=0

τrg(π1)
r −

∞∑

r=0

τrβ
r

)

= ν̃2



(
g(π1)− β

) ∞∑

r=1

τr




r−1∑

j=0

g(π1)
r−1−jβj






> M(R1)

because

ν̃2 (g(π1)− β) > max
σ

{ν̃2 (σ (g(π1))− β) : σ (g(π1)) 6= g(π1)}
= M(R1).

So g is a (n1, n2)-lifting of φ. �

The following theorem shows that there is a unique lifting if we enlarge the
lengths of residue rings.

Theorem 3.7. Suppose n2 > M(R1)ν1(p)ν2(p) and Hom(R1,(n1), R2,(n2)) is not
empty. Then there exists a unique (n1, n2)-lifting Ln1,n2 : Hom(R1,(n1), R2,(n2)) −→
Hom(R1, R2). Also, Ln1,n2(φ) is an isomorphism when φ : R1,(n1) −→ R2,(n2) is
an isomorphism.

Proof. Let φ be a homomorphism from R1,(n1) to R2,(n2). By Lemma 3.2.(2), let

φres :
W (k1) +m

n1
1

m
n1
1

−→ W (k2) +m
n2
2

m
n2
2

be the restrition map of φ. For an element a =
∑∞

r=0 λrp
r in W (k1), we define

gres : W (k1) −→ W (k2) by the rule

gres : W (k1) −→ W (k2), a 7→ gres(a) =

∞∑

r=0

τrp
r

where τr is a unique representative of φres(λr + m
n1
1 ) which is contained in S2,

the set of Teichmüller representatives of R2. Then, by the proof of Fact 1.5.(2)
(c.f. the proof of [15, Proposition 10]), gres is a homomorphism and gres induces
φres. By Fact 2.9, L1 = K1(α) is totally ramified of degree ν1(p) over K1, that
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is, [L1 : K1] = ν1(p), where α = π1 is a uniformizer of R1. Let f be the monic
irreducible polynomial of α over K1. The ring homomorphism gres induces a field
homomorphism from K1 into K2. We still denote the fraction field homomorphism
by gres if there is no confusion. Then gres : K1 −→ K2 is an isometry by Fact 2.6.

Let g̃res : K
alg
1 −→ Kalg

2 be an extended field homomorphism of gres, which is also
an isometry by Fact 2.7. Write

f =xν1(p) + · · ·+ a1x+ a0

=(x− α1) · · · (x− αν1(p))

where α = α1, and put

gres(f) =xν1(p) + · · ·+ gres(a1)x+ gres(a0)

= (x− g̃res(α1)) · · ·
(
x− g̃res(αν1(p))

)
.

We have that [K2(g̃res(α)) : K2] ≤ [K1(α) : K1] = ν1(p) and that ν̃2(g̃res(α)) =
ν̃1(α) = 1/ν1(p) because g̃res is an isometry. Therefore gres(f) is the monic irre-
ducible polynomial of g̃res(α) over K2. Let β be any representative of φ(α+m

n1
1 ).

Since gres induces φres, we can write

0 +m
n2
2 = φ(f(α) +m

n1
1 )

= φ(α+m
n1
1 )ν1(p) + · · ·+ φ(a1 +m

n1
1 )φ(α +m

n1
1 ) + φ(a0 +m

n1
1 )

= gres(f)(β) + m
n2
2 .

This shows that gres(f)(β) is in m
n2
2 and

ν2 (gres(f)(β)) ≥ n2 > M(R1)ν1(p)ν2(p).

We claim that there exists an index i0 satisfying ν̃2(β − g̃res(αi0 )) > M(R1). If
ν̃2(β − g̃res(αi)) ≤ M(R1) for all i, then

ν̃2 (gres(f)(β)) = ν̃2

(
∏

i

(β − g̃res(αi))

)
≤ M(R1)ν1(p).

This shows

n2 ≤ ν2 (gres(f)(β)) = ν2(p)ν̃2 (gres(f)(β)) ≤ M(R1)ν1(p)ν2(p),

which is impossible. Thus there is an index i0 satisfying

ν̃2 (β − g̃res(αi0)) > M(R1) = max {ν̃2 (g̃res(α1)− g̃res(αj)) : j = 2, ..., ν1(p)}
where the equality follows from the fact that g̃res is an isometry. Hence, by Fact
2.13, K2(g̃res(αi0)) ⊂ K2(β) ⊂ L2. We define an extended homomorphism g :
L1 −→ L2 of gres : K1 −→ K2 by the rule π1 7→ g(π1) = g̃res(αi0). Then, g induces
the restricted homomorphism from R1 to R2 which is still denoted by g. Also, g is
a (n1, n2)-lifting of φ because gres induces φres and

M(R1) = max
σ

{ν̃2 (σ (g(π1))− β) : σ (g(π1)) 6= g(π1)}

by Lemma 3.6.
Suppose that g1 : R1 −→ R2 is an (n1, n2)-lifting of φ other than g. We note

that the restriction g|S1 of g to S1 is equal to g1|S1 by Fact 1.5. From Remark 2.12
and g|S1 = g1|S1 , it follows that g1|W (k1) = g|W (k1). Since R1 = W (k1)[π1], g = g1
if g(π1) = g1(π1). So, g(π1) 6= g1(π1), and by Proposition 3.6,

ν̃2 (g1(π1)− β) > max
σ

{ν̃2 (σ (g1(π1))− β) : σ (g1 (π1)) 6= g1(π1)} .
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Since g1|W (k1) = g|W (k1), g(π1) and g1(π1) have the same minimal polynomial over
W (k2) and

{
σ (g1(π1)) : σ ∈ HomK2(L2, L

alg
2 )
}
=
{
σ (g(π1)) : σ ∈ HomK2(L2, L

alg
2 )
}
.

In particular g1(π1) = σ(g(π1)) for some σ ∈ HomK2(L2, L
alg
2 ). Since g1(π1) 6=

g(π1), we have the inequalities ν̃2(g1(π1)−β) > ν̃2(g(π1)−β) and ν̃2(g1(π1)−β) <
ν̃2(g(π1)−β) simultaneously by the first bullet point of Proposition 3.6. This gives
a contradiction, and hence, we obtain the uniqueness of the lifting.

When φ is an isomorphism, so are φres and gres. We obtain [L2 : K2] = [L1 : K1]
from the assumption that n2 > M(R1)ν1(p)ν2(p), and hence, Ln1,n2(φ) is also an
isomorphism. �

We note that the proof of Theorem 3.7 works for any representative β of φ(π1+m
n1
1 ).

Example 3.8. Let R1 = Z3[
√
3] and R2 = Z3[

√
−3]. There is no homomorphism

between R1 and R2 by Kummer theory. But there is an isomorphism

φ : R1,(2) =
Z3[

√
3]

3Z3[
√
3]

−→ R2,(2) =
Z3[

√
−3]

3Z3[
√
−3]

given by the rule a + b
√
3 7→ a + b

√
−3. Since ν1(3) = ν2(3) = 2 and M(R1) =

ν̃1(
√
3 − (−

√
3)) = 1/2, we obtain M(R1)ν1(3)ν2(3) = 2. Hence the lower bound

for n2 in Theorem 3.7 is the best possible in this case. This phenomenon will be
generalized in Proposition 4.5.

We give a generalized version of Fact 1.5.(1) for the ramified case. We first give
a useful upper bound for M(R).

Lemma 3.9. Let (R, ν, k) be a valuation ring and let π be a uniformizer of R. Let
L and K be fraction fields of R and W (k) respectively. Then,

M(R) ≤ 1 + ν(ν(p))

ν(p)
.

Proof. Let f be the monic irreducible polynomical of π over K, which is of degree
e := ν(p). Let π1(:= π), . . . , πe be the distinct zeros of f . We have ν̃(π) = 1/e and
hence ν̃(πi−πj) ≥ 1/e for all i and j. Furthermore, by definition of M(R), we have
that for some 2 ≤ i0 ≤ e,

• M(R) ≥ ν̃(π) = 1
e ; and

• M(R) = ν̃
(
π1 − πi0

)
.

Consider the differentiation

f ′ =
e∑

i=1

f

(x− πi)
.

There are two cases.

• Tame case: Suppose L/K is tamely ramified. Hence, ν(ν(p)) = ν(e) = 0.
It follows from Fact 2.14 that

e− 1

e
= ν̃

(
f ′(π1)

)
= ν̃


∏

j 6=1

(π1 − πj)


 =

∑

j 6=1

ν̃(π1 − πj).
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Since ν̃(πi − πj) ≥ 1/e , ν̃(π1 − πj) = 1/e = M(R) for j 6= 1. Hence, we
have that

M(R) =
1

e
=

1 + ν(e)

e
.

• Wild case: Suppose L/K is wildly ramified. Noting that ν̃(πi − πj) ≥ 1/e,
we have that

M(R) ≤ ν̃(π1 − πi0) +
∑

2≤i6=i0≤e

(
ν̃(π1 − πi)−

1

e

)

= ν̃


∏

i6=1

(π1 − πi)


− (e − 2)

e
= ν̃(f ′(π)) − e− 2

e

≤ e− 1 + ν(e)

e
− e− 2

e
=

1 + ν(e)

e

by Fact 2.14 again.

Therefore we get the desired result. �

Theorem 3.10. Let R be a principal Artinian local ring of length n with perfect
residue field k of characteristic p and maximal ideal m, that is, mn = 0 and m

n−1 6=
0. Suppose that R has no finite subfield as a subring. For any positive integer a, if
a generates a nonzero ideal mk, we denote k by ν(a). Suppose

ν(p)R 6= 0 and n > ν(p) + ν(p)ν
(
ν(p)

)
.

Then there exists a complete discrete valuation ring of characteristic 0 which has
R as its n-th residue ring. Also such a ring is unique up to isomorphism.

Proof. Any principal Artinian local ring is a homomorphic image of a discrete
valuation ring. This can be proved by Cohen structure theorem for complete local
rings (c.f. [10]) or, more directly, by the property of CPU-rings (c.f. [9]). Since the
completion of a discrete valuation ring R has the same n-th residue ring as that of
R, we may assume that there are complete discrete valuation rings R1 and R2 such
that R1,(n) and R2,(n) are isomorphic to R. We note that Ri is of characteristic 0 for

i = 1, 2 because R has no finite subfield as a subring. Let Li and Ki be the fraction
fields of Ri and W (ki) for i = 1, 2 respectively. Then by Fact 2.9, L1 = K1(α)
where α = π1 is a uniformizer of R1. By Lemma 3.9, we have that

M(R1)ν1(p)ν2(p) ≤ ν2(p)(1 + ν1(ν1(p))) = ν(p)(1 + ν(ν(p)).

Note that ν(ν(p)) and ν(p) are well-defined since ν(p)R 6= 0 and R has no finite
subfield. The desired result follows from Theorem 3.7. �

Note that the notation ν(p) in Theorem 3.10 is compatible with the previously
defined valuation. Suppose that a discrete valuation ring R with valuation ν and
maximal ideal m has R as its residue ring. Then ν(p) is equal to a power of the
maximal ideal generated by p, that is, pR = mν(p) as we noted in the proof of
Theorem 3.10.
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4. Functoriality

The main purpose of this section is to give a generalized version of Fact 1.6 for
the ramified case. For a prime number p and a positive integer e, let Cp,e be a
category consisting of the following data:

• Ob(Cp,e) is the family of complete discrete valuation rings of mixed charac-
teristic having perfect residue fields of characteristic p and the ramification
index e; and

• MorCp,e
(R1, R2) := Hom(R1, R2) for R1 and R2 in Ob(Cp,e).

Let Rn
p,e be a category consisting of the following data:

• For n ≤ e, Ob(Rn
p,e) is the family of principal Artinian local rings R of

length n with perfect residue fields of characteristic p, and for n > e,
Ob(Rn

p,e) is the family of principal Artinian local rings R of length n with

perfect residue fields of characteristic p such that p ∈ m
e \me+1 where m is

the maximal ideal of R; and
• MorRn

p,e
(R1, R2) := Hom(R1, R2) for R1 and R2 in Ob(Rn

p,e,),

Note that for e1, e2 ≥ 1 and for n ≤ e1, e2, two categories Rn
p,e1 , Rn

p,e2 are the same.
For each m > n, let Prn : Cp,e → Rn

p,e and Prmn : Rm
p,e → Rn

p,e be the canonical
functors respectively.

Definition 4.1. Fix a prime number p and a positive integer e.

(1) We say that the category Cp,e is n-liftable if there is a functor L : Rn
p,e −→

Cp,e which satisfies the following:

• (Prn ◦L)(R) ∼= R for each R in Ob(Rp,e).
• Pr1 ◦L is equivalent to Prn1 .
• L ◦Prn is equivalent to IdCp,e

, the identity functor.
We say that L is a n-th lifting functor of Cp,e.

(2) The lifting number for Cp,e is the smallest positive integer n such that Cp,e
is n-liftable. If there is no such n, we define the lifting number for Cp,e to
be ∞.

We note that the condition (Prn ◦L)(R) ∼= R in the first bullet point in Definition
4.1.(1) is weaker than the condition that Prn ◦L is equivalent to IdRn

p,e
. By Example

3.5, Prn ◦L is not equivalent to IdRn
p,e

in general.

Remark 4.2. (1) Suppose that there is a n-th lifting functor L : Rn
p,e → Cp,e.

For any R in Ob(Rp,e), L(R) is the unique (up to isomorphism) object in

Ob(Cp,e) which has R as its n-th residue ring. Indeed, suppose that R in

Ob(Cp,e) has R as its n-th residue ring. Since L ◦Prn is equivalent to the

identity functor IdCp,e
, R = IdCp,e

(R) is isomorphic to (L ◦Prn)(R) = L(R).
(2) The lifting number for Cp is 1 by Fact 1.6. We will see that the lifting

number for Cp,e is always larger than e whenever e > 1 in Corollary 4.11.

(3) For n ≥ e, a functor Ln+1 := Ln ◦Prn+1
n is a (n+1)-th lifting functor of Cp,e

for any n-th lifting functor Ln : Rn
p,e → Cp,e. The proof is as follows: For R

in Ob(Rn+1
p,e ), there exists a ring R in Ob(Cp,e) which satisfies Prn+1(R) =

R as noted in the proof of Theorem 3.10. Since there is a unique object in
Ob(Cp,e) which has Prn(R) as its n-th residue ring by Remark 4.2.(1), we
have that

(Prn+1 ◦ Ln+1)
(
R
)
= Prn+1 ◦ (Ln ◦Prn+1

n )
(
R
)
= Prn+1(R) = R.
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Also, Pr1 ◦Ln+1 = (Pr1 ◦Ln) ◦Prn+1
n is equivalent to Prn1 ◦Prn+1

n = Prn+1
1

and
Ln+1 ◦ Prn+1 = (Ln ◦ Prn+1

n ) ◦ Prn+1 = Ln ◦ Prn
is equivalent to IdCp,e

.

Proposition 4.3. For 1 ≤ i ≤ 3, let (Ri,mi, νi) be a complete discrete valua-
tion ring of mixed characteristic (0, p) with a perfect residue field and let πi be a
uniformizer of Ri. For φ1,2 : R1,(n1) −→ R2,(n2) and φ2,3 : R2,(n2) −→ R3,(n3),

suppose that there are liftings g1,2 : R1 −→ R2 and g2,3 : R2 −→ R3 of φ1,2 and
φ2,3 respectively.

If ν1(p) = ν2(p), then g = g2,3 ◦ g1,2 is a lifting of φ2,3 ◦ φ1,2. Moreover g is the
unique lifting of φ2,3 ◦ φ1,2 when n3 > M(R2)ν2(p)ν3(p).

Proof. By Fact 2.6, the liftings g1,2 and g2,3 are isometries. Also, since both ν̃2 and
ν̃3 are normalized, we have ν̃3(g

2,3(x)) = ν̃2(x) for any x ∈ R2. By Lemma 3.3,
M(R1) = M(R2), say M . Since g1,2 is a lifting of φ1,2, there is a representative β1

of φ1,2(π1+m
n1
1 ) such that ν̃2(g

1,2(π1)−β1) > M . We note that β1 is a uniformizer
of R2. Since g2,3 is a lifting of φ2,3, there is a representative β2 of

(φ2,3 ◦ φ1,2)(π1 +m
n1
1 ) = φ2,3(β1 +m

n2
2 )

such that ν̃3(g
2,3(β1)− β2) > M .

If we write g1,2(π1) = β1 + xM where ν̃2(xM ) > M , then

g(π1) = g2,3(g1,2(π1)) = g2,3(β1 + xM ).

Since ν̃3(g
2,3(β1)− β2) > M and ν̃3(g

2,3(xM )) = ν̃2(xM ) > M ,

ν̃3
(
g(π1)− β2

)
= ν̃3

(
g2,3(β1)− β2 + g2,3(xM )

)
> M.

The equality (φ2,3 ◦ φ1,2)red,1 ◦ pr1,1 = pr3,1 ◦g follows directly from g = g2,3 ◦ g1,2.
By Proposition 3.6, g is a lifting of φ2,3 ◦ φ1,2.

When n3 > M(R2)ν2(p)ν3(p) = M(R1)ν1(p)ν3(p), g is the unique lifting of
φ2,3 ◦ φ1,2 by Theorem 3.7. �

Theorem 4.4. The lifting number for Cp,e is finite. More precisely, Cp,e is (e +
eν(e) + 1)-liftable. Here ν(e) denotes the exponent n such that e generates an ideal
mn of R in Ob(Cp,e) where m denotes the maximal ideal of R. The value ν(e)
depends only on the prime number p and the ramification index e, in particular
ν(e) is independent of the choice of R in Ob(Cp,e).

Proof. Suppose n is bigger than e + eν(e). For any R,R1 and R2 in Ob(Rn
p,e), by

Theorem 3.10, we define Ln(R) to be a unique ring R in Ob(Cp,e) which satisfies

Prn(R) = R. By Lemma 3.9, e + eν(e) ≥ M(R)e2. By Theorem 3.7, for any
φ : R1 −→ R2, there exists a unique n-th lifting map L(φ) : L(R1) −→ L(R2), and
hence we obtain a lifting functor Ln : Rn

p,e −→ Cp,e by Proposition 4.3. �

Example 3.8 can be generalized as follows.

Proposition 4.5. Let R1/W (k) and R2/W (k) be totally ramified extensions of
degree e. Then R1,(e) is isomorphic to R2,(e) as W (k)-algebras.

Proof. Let πi be a uniformizer of Ri and let νi be the valuation corresponding to
Ri for i = 1, 2. By the theory of totally ramified extensions (see Chapter 2 of [12]
for example), the monic irreducible polynomial fi of πi over W (k) is an Eisenstein
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polynomial for i = 1, 2. If we write fi = xe + ai,e−1x
e−1 + · · ·+ ai,1x + ai,0, then

νi(p) = νi(ai,0) = e and νi(ai,j) ≥ e for i = 1, 2 and j = 1, 2, . . . , e− 1. This shows

Ri,(e) =
W (k)[πi]

(πi)e
∼= W (k)[x]

(p, fi)

=
k[x]

(xe + · · ·+ ai,1x+ ai,0)

=
k[x]

(xe)
,

and hence, R1,(e) is isomorphic to R2,(e) as W (k)-algebras. �

For the tame case, we can calculate the lifting number. We denote a primitive
n-th root of unity by ζn.

Lemma 4.6. Let k be a perfect field of characteristic p and let K be the fraction
field of W (k). Let e be a positive integer prime to p. Suppose that there is a prime
divisor l of e such that ζln is in k× and ζln+1 is not in k× for some n > 0. Then
there are two totally ramified extensions L1 and L2 of degree e over K which are
not isomorphic over Q.

Proof. We have ζln is in W (k)× by Hensel’s lemma, and ζln+1 is not in W (k)×.
Then L1 = K( e

√
p) and L2 = K( e

√
pζln) are totally ramified extensions of degree

e over K. Suppose that there is an isomorphism σ : L2 −→ L1. Since Galois
conjugates of e

√
p and ζeln over Q are of the form e

√
pζie and ζjeln respectively for

some i and j with (j, e) = 1,

σ
(

e
√
pζln

)
= σ ( e

√
pζeln) = e

√
pζkeln

for some k prime to l. In particular, L1 contains both e
√
p and e

√
pζkeln , and hence,

ζln+1 is in L1. This is a contradiction because L1/K is totally ramified. �

Corollary 4.7. Suppose that p does not divide e and e > 1. Then e + 1 is the
lifting number for Cp,e.

Proof. Since ν(p) = 0, e+eν(e)+1 = e+1. By Theorem 4.4, Cp,e is (e+1)-liftable.
Let Fp be the prime field of p elements. Let K be the fraction field of the Witt ring
W (k) of k = Fp(ζe). By Lemma 4.6, there are two totally ramified extensions L1

and L2 of degree e over K such that there is no isomorphism between L1 and L2.
If Cp,e is e-liftable, L1 and L2 are isomorphic over K by Proposition 4.5 and it is a
contradiction. �

Remark 4.8. Proposition 4.5 and Corollary 4.7 show the difference between the
unramified case and the tamely ramified case. We can regard the unramified valued
fields of mixed characteristic as the tamely ramified valued fields having the ram-
ification index e = 1. If we apply Corollary 4.7 to Cp, the lifting number for Cp
should be 1 + 1 = 2. However the argument in the proof of Corollary 4.7 does not
work for Cp. For an unramified complete discrete valued field K, there is a unique
totally ramified extension of degree 1 over K, that is, K itself. Hence the fact that
the lifting number for Cp is 1 does not contradict Corollary 4.7.
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For the wild case, we have the following example. Let R1 = Z2[
√
2] and R2 =

Z2[
√
10]. There is no homomorphism between R1 and R2 by Kummer theory. But

there is an isomorphism between R1,(6) and R2,(6) because

R1,(6) =
Z2[

√
2]

(
√
2
6
)

∼= Z2[x]

(x2 − 2, 8)

=
Z2[x]

(x2 − 10, 8)
∼= Z2[

√
10]

(
√
2
6
)

= R2,(6).

Note that the last equality holds because (
√
10)6Z2[

√
10] = (

√
2)6Z2[

√
10]. This

shows that the lifting number for C2,2 is 2 + 2ν(2) + 1 = 7 by Theorem 4.4. In
general, we have a lower bound e + 1 of the lifting number for the wild case. To
prove this, we need the following lemma.

Lemma 4.9. Let k be a perfect field of characteristic p and let K be the fraction
field of the Witt ring W (k) of k. Let e be a positive integer divisible by p. Then
there are two totally ramified extensions L1 and L2 of degree e over K which are
not isomorphic over Q.

Proof. We write e = spr for some positive integers s and r where s is prime to p.
Let Q∞/Q be the cyclotomic Zp-extension, in particular Gal(Q∞/Q) ∼= Zp. Let Mr

be a unique subfield of Q∞ such that [Mr : Q] = pr. By the theory of cyclotomic
fields (c.f. [13, Chapter 1]), the Galois extension Mr/Q is totally ramified at the
place above p. Let α be a uniformizer of Mr corresponding to the place above p.
Since Mr/Q is a Galois extension, Mr = Q(α) = Q(σ(α)) for any embedding σ.
We fix an embedding Qalg ⊂ Kalg.

Let L1 = K(p1/e) = K(p1/s, p1/p
r

) and L2 = K(p1/s, α). Then L1 and L2 are
totally ramified extensions of degree e overK. If there is an isomorphism σ : L2 −→
L1, L1 contains both σ(α) and p1/p

r

. Since Q(α) = Q(σ(α)), K(σ(α)) = K(α) is
contained in L1. We note that [K(p1/p

r

, α) : K(p1/p
r

)] divides [K(α) : K] = pr

because K(α)/K is a Galois extension. Since

s =
[
L1 : K

(
p1/p

r
)]

=
[
L1 : K

(
p1/p

r

, α
)] [

K
(
p1/p

r

, α
)
: K(p1/p

r

)
]
,

[K(p1/p
r

, α) : K(p1/p
r

)] divides s. Hence we obtain [K(p1/p
r

, α) : K(p1/p
r

)] =
gcd(s, pr) = 1. This shows K(p1/p

r

) = K(α) because [K(p1/p
r

) : K] = [K(α) : K].
This is a contradiction, and hence, L1 and L2 are not isomorphic. �

Proposition 4.10. Let p be a prime number and let e be a positive integer divisible
by p. Then the lifting number for Cp,e is bigger than e.

Proof. By Lemma 4.9, there are two totally ramified extensions L1 and L2 of degree
e over Qp such that there is no isomorphism over Qp between L1 and L2. If Cp,e
is e-liftable, L1 and L2 are isomorphic over Qp by Proposition 4.5 and it is a
contradiction. Hence, the lifting number for Cp,e is bigger than e. �

Corollary 4.11. The lifting number for Cp,e is bigger than e whenever e > 1.

Although we have the lower bound e+ 1 and the upper bound e+ eν(e) + 1 of the
lifting number for Cp,e, we have no clue to calculate the lifting number explicitly
for the wild case.

Question 4.12. What is the lifting number for the wild case?
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5. Ax-Kochen-Ershov principle for finitely ramified valued fields

Our main goal in this section is to strengthen Basarab’s result on relative com-
pleteness for finitely ramified henselian valued fields of mixed characteristic with
perfect residue fields. In this section, we drop the restriction that a valu-
ation group is Z so that a valuation group can be an arbitrary ordered
abelian group. Recall that for a valued field (K,R, ν,Γ), eν(x) is the number of
the positive elements of Γ less than or equal to ν(x) for x ∈ R.

Remark 5.1. Let (K1, ν1) and (K2, ν2) be finitely ramified valued fields of mixed
characteristic (0, p). Suppose R1,n ≡ R2,n for some n > min{eν1(p), eν2(p)}, where
R1,(n) and R2,(n) are the n-th residue rings of K1 and K2 respectively. Then,
eν1(p) = eν2(p).

Proof. Without loss of generality, we may assume that e1 := eν1(p) ≤ e2 := eν2(p).
By the Keisler-Shelah isomorphism theorem, we may assume that R1,(n) and R2,(n)

are isomorphic. Since n > e1, we have that pR1,(n) = m̄
e1
1 6= 0 where m̄1 is the

maximal ideals of R1,(n). Since R1,(n) and R2,(n) are isomorphic, 0 6= pR2,(n) = m̄
e2
2 ,

where m̄2 is the maximal ideal of R2,(n), and e1 = e2. �

Theorem 5.2. Let (K1, ν1,Γ1) and (K2, ν2,Γ2) be finitely ramified henselian valued
fields of mixed characteristic (0, p) with perfect residue fields. Let n0 > eν2(p)(1 +
eν1(eν1(p))). Then, the following are equivalent:

(1) K1 ≡ K2;
(2) Γ1 ≡ Γ2 and R1,(n) ≡ R2,(n) for each n ≥ 1; and
(3) Γ1 ≡ Γ2 and R1,(n0) ≡ R2,(n0).

Proof. It is easy to check (1) ⇒ (2) ⇒ (3). We show (3) ⇒ (1). Suppose R1,(n0) ≡
R2,(n0) and Γ1 ≡ Γ2. By Remark 2.15, we may assume that R1,(n0)

∼= R2,(n0)

and Γ1
∼= Γ2, and that (K1, ν1,Γ1) and (K2, ν2,Γ2) are ℵ1-saturated. Consider

the coarse valuations ν̇1 and ν̇2 of ν1 and ν2 respectively and the valued fields
(K1, ν̇1,Γ1/Γ

◦
1) and (K2, ν̇2,Γ2/Γ

◦
2), where Γ◦

i is the convex subgroup of Γi gener-
ated by the minimum positive element in Γi for i = 1, 2. Since (K1, ν1) and (K2, ν2)
are ℵ1-saturated, by Remark 2.17.(4), the core fields (K◦

1 , ν
◦
1 ) and (K◦

2 , ν
◦
2 ) are

complete discrete valued fields, where ν◦1 and ν◦2 are the valuations induced from
ν1 and ν2 respectively. Since the n0-th residue rings of (K1, ν1) and (K2, ν2) are
isomorphic, by Remark 2.17.(2), the n0-th residue rings of (K◦

1 , ν
◦
1 ) and (K◦

2 , ν
◦
2 )

are isomorphic.
By Theorem 3.7, K◦

1 and K◦
2 are isomorphic. Since Γ1

∼= Γ2, Γ1/Γ
◦
1
∼= Γ2/Γ

◦
2.

Furthermore, (K1, ν̇1, (K
◦
1 , ν

◦
1 )) ≡ (K2, ν̇2, (K

◦
2 , ν

◦
2 )) because Fact 1.1 holds after

adding structure on residue fields. To get that (K1, ν1) ≡ (K2, ν2), it is enough to
show that (K1, Rν1) ≡ (K2, Rν2) in the ring language with a unary predicate. By
Remark 2.17.(1), the valuation rings Rν1 and Rν2 are definable by the same formula
in (K1, ν̇1, (K

◦
1 , ν

◦
1 )) and (K2, ν̇2, (K

◦
2 , ν

◦
2 )) so that (K1, Rν1) ≡ (K2, Rν2). �

We give several corollaries of Theorem 5.2. First, we improve the result in [3]
on a decidability of finitely ramified henselian valued fields in the case of perfect
residue field.

Corollary 5.3. Let (K, ν,Γ) be a finitely ramified henselian valued field of mixed
characteristic with a perfect residue field. Let n0 > eν(p)(1 + eν(eν(p)). Let



ON THE STRUCTURE OF CERTAIN VALUED FIELDS 21

Th(K, ν) be the theory of (K, ν), Th(Γ) the theory of Γ, and Th(R(n)) the the-
ory of R(n). The following are equivalent:

(1) Th(K, ν) is decidable.
(2) Th(Γ) is decidable, and Th(R(n)) is decidable for each n ≥ 1.
(3) Th(Γ) is decidable, and Th(R(n0)) is decidable.

Note that the lower bound of n0 depends only on e and p.

Proof. (1) ⇔ (2) This was already given by Basarab in [3].
(1) ⇔ (3) Let e(:= eν(p)) be the ramification index of (K, ν). Consider the

following theory Tp,e consisting of the following statements, which can be expressed
by the first order logic;

• (K, ν) is a henselian valued field of characteristic zero;
• Γ is an abelian ordered group having the minimum positive element;
• k is a perfect field of characteristic p > 0;
• (K, ν) has the ramification index e.

By Theorem 5.2, the theory Tp,e ∪ Th(Γ) ∪ Th(R(n0)) is complete. Thus Th(K, ν)
is decidable if and only if Th(Γ) and Th(R(n0)) are decidable. �

Next we recall the following definition introduced in [4]:

Definition 5.4. [4] Let T be the theory of a finitely ramified henselian valued field
(K, ν,Γ) of mixed characteristic. Let λ(T ) ∈ N ∪ {∞} be defined as the smallest
positive integer n (if such a number exists) such that for every finitely ramified
henselian valued field (K ′, ν′,Γ′) of mixed characteristic having the same ramifica-
tion index of (K, ν,Γ), the following are equivalent:

(1) (K ′, ν′,Γ′) |= T .
(2) Γ ≡ Γ′ and the n-th residue rings of (K, ν) and (K ′, ν′) are elementarily

equivalent.

Otherwise, λ(T ) = ∞.

Basarab in [4] showed that λ(T ) is finite if T is the theory of a local field of mixed
characteristic. In general, for the perfect residue field case, we prove that Basarab’s
invariant λ(T ) is always finite and smaller than or equal to the lifting number.

Corollary 5.5. Let (K, ν) be a finitely ramified henselian valued field of mixed
characteristic (0, p) having finite ramification index e = eν(p) with a perfect residue
field. Let T be the theory of (K, ν). Then

(1) λ(T ) is smaller than or equal to the lifting number for Cp,e.
(2) λ(T ) ≤ eν(p)(1 + eν(eν(p)) + 1.

Next, we compute explicitly λ(T ) for the theories T of some tamely ramified valued
fields. We say that an abelian group G is e-divisible when the multiplication by e
map, e : G −→ G is surjective. We denote the unit group of a ring R by R×.

Lemma 5.6. Let (K,W (k),m, k) be an unramified complete discrete valued field of
mixed characteristic (0, p) with a perfect residue field. Suppose that k× is e-divisible
for a positive integer e prime to p.

(1) If ζe is contained in W (k), then there exists a unique totally ramified ex-
tension L of degree e over K.

(2) If ζe is not contained in W (k), then there exists a unique totally ramified
extension L of degree e over K up to K-isomorphism.
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Proof. Let S be the set of Teichmüller representatives ofW (k). By Hensel’s lemma,
1 + m is e-divisible, and so is W (k)× = S \ {0} × (1 + m) because k× ∼= S \ {0} is
e-divisible.

For a totally tamely ramified extension L of degree e over K, there is u in
W (k)× such that L = K( e

√
pu) by the theory of tamely ramified extensions (c.f.

[12, Chapter 2]). Since W (k)× is e-divisible, there is v in W (k)× such that ve = u.
Hence, e

√
pu = e

√
pvζie for some i. This shows that L = K( e

√
pu) = K( e

√
pζie) is

isomorphic to K( e
√
p) over K because the irreducible polynomial of e

√
p over K is

xe − p. Furthermore, L = K( e
√
p) when ζe is contained in W (k). �

Proposition 5.7. Let (K, ν,Γ, k) be a finitely tamely ramified henselian valued
field of mixed characteristic (0, p) with a perfect residue field. Let e ≥ 2 be the
ramification index of (K, ν). Let T be the theory of (K, ν).

(1) If k× is e-divisible, then λ(T ) = 1.
(2) If there is a prime divisor l of e such that ζln ∈ k× and ζln+1 /∈ k× for some

n, then λ(T ) = e+ 1.

Proof. (1) Suppose k× is e-divisible. Let (K ′, ν′,Γ′, k′) be a henselian valued field
of mixed characteristic having ramification index e. Suppose k ≡ k′ and Γ ≡ Γ′.
By Remark 2.15, we may assume that k ∼= k′, Γ ∼= Γ′, and both K and K ′ are ℵ1-
saturated. Consider the core fields (K◦, ν◦, k◦) and ((K ′)◦, (ν′)◦, (k′)◦) of (K, ν)
and (K ′, ν′) respectively. Since k× is e-divisible, so is (k◦)×. Then by Lemma 5.6,
(K◦, ν◦) ∼= ((K ′)◦, (ν′)◦). By the proof of Theorem 5.2, we have (K, ν) ≡ (K ′, ν′).
Thus λ(T ) = 1.

(2) Suppose there is a prime divisor l of e and a natural number n such that
ζln ∈ k× and ζln+1 /∈ k×. Let Tp,e be the theory introduced in the proof of Corollary
5.3. Set T0 = Tp,e ∪Th(Re). Consider the following theories:

• T1 = T0 ∪ {∃x(xe − p = 0)};
• T2 = T0 ∪

{
∃xy

(
(xe − py = 0) ∧ Φln(y) = 0

)}
,

where Φln(X) ∈ Z[X ] is the ln-th cyclotomic polynomial. By the proof of Lemma
4.6, we have

• T1 ∪ T2 is inconsistent;
• T1 and T2 are consistent.

So, there are at least two different complete theories containing T0, and we have
λ(T ) ≥ e+ 1. By Corollary 5.5, we conclude that λ(T ) = e+ 1. �

For some wild cases, we have a lower bound for λ(T ).

Proposition 5.8. Let p be a prime number and let e be a positive integer divisible by
p. Let (K, ν,Γ, k) be a finitely ramified henselian valued field of mixed characteristic
(0, p) with a perfect residue field having the ramification index e ≥ 2. Then λ(T ) ≥
e+ 1 for the theory T of (K, ν).

Proof. The proof is similar to the proof of Proposition 5.7. Let Tp,e and T0 be the
theory introduced in the proof of Proposition 5.7. We write e = spr for positive
integers s and r where s is prime to p. Let α ∈ Qalg be as in the proof of Lemma
4.9. In particular, α is a uniformizer of Mr corresponding to the place above p
where Mr = Q(α) is the r-th subfield of the cyclotomic Zp-extension Q∞ of degree
pr over Q. Let f(X) be the minimal polynomial of α over Q. Consider the following
theories:
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• T1 = T0 ∪ {∃x(xe − p = 0)};
• T2 = T0 ∪ {∃x(xs − p = 0), ∃x(f(x) = 0)}.

By the proof of Lemma 4.9, we have

• T1 ∪ T2 is not consistent;
• T1 and T2 are consistent.

So, there are at least two different complete theories containing T0, we have λ(T ) ≥
e+ 1. �

We list some special cases of Proposition 5.7 and Proposition 5.8 (see Corollary
5.10). For a positive integer s, we say that s∞ divides [k : Fp] if there is a subfield
kn of k such that [kn : Fp] is finite and sn divides [kn : Fp] for each n ≥ 1. For
m ≥ 1, let µm be the group generated by ζm and let µm∞ =

⋃
n≥1 µmn .

Remark 5.9. Let k be an algebraic extension of Fp. Let e > 1 be coprime to p,
and let s be the order of the group µe ∩ k×. Suppose s∞ divides [k : Fp]. Then, k×

is e-divisible.

Proof. Note that (kalg)× ∼= ⊕µq∞ where q runs through all primes not equal to p.
To show that k× is e-divisible, it is enough to show that k× is r-divisible for each
prime factor r of e.

Case r ∤ s. k× is contained in ⊕q 6=p,rµq∞ . Since µqn is r-divisible for each q 6= r,
k× is r-divisible.

Case r | s. Note that r∞ divides [k : Fp] because s∞ divides [k : Fp]. It is
enough to show that µr∞ ⊂ k×. Clearly, we have that ζr ∈ k. By Kummer theory,
for any positive integer n, we have [Fp(ζrn+1) : Fp] = rdn [Fp(ζr) : Fp] for some
dn ≤ n. Since r∞ divides [k : Fp], there is a subfield kr,n of k with [kr,n : Fp] = rn

so that [kr,n(ζr) : Fp] = rn[Fp(ζr) : Fp]. So, Fp(ζrn+1) ⊂ kr,n(ζr) ⊂ k. Therefore,
we conclude that µr∞ ⊂ k. �

Corollary 5.10. Let (K, ν,Γ, k) be a finitely ramified henselian valued field of
mixed characteristic (0, p) with a perfect residue field. Let e be the ramification
index of K and let s be the order of the group µe ∩ k× where µe is the group
generated by ζe. For the theory T of (K, ν),

Case p ∤ e.

• λ(T ) = 1 when k = kalg;
• λ(T ) = 1 when K is a subfield of Cp and s∞ divides [k : Fp];
• λ(T ) = e+ 1 when K is a subfield of Cp and s∞ does not divide [k : Fp].

Case p|e.
• λ(T ) ≥ e+ 1 when K is a subfield of Cp.

Propositon 5.7.(1) shows that Basarab’s invariant λ(T ) can be strictly smaller than
the bound in Corollary 5.5 for the tame case. In the following example, the same
thing can happen for the wild case.

Example 5.11. Let (K,R, ν) = (Q3(
3
√
3),Z3[

3
√
3], ν), f(x) = x3 − 3 and α1 = 3

√
3,

α2 = 3
√
3ζ3, and α3 = 3

√
3ζ23 . Since f(x) = (x − 3

√
3)(x − 3

√
3ζ3)(x − 3

√
3ζ23 ) =

(x− α1)(x − α2)(x− α3) and [Q3(
3
√
3, ζ3) : Q3(

3
√
3)] = 2,

x3 − 3

x− 3
√
3
=
(
x− 3

√
3ζ3

)(
x− 3

√
3ζ23

)
= (x− α2) (x− α3)
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is irreducible over Q3(
3
√
3), that is, α2 and α3 are conjugate each other over Q3(

3
√
3).

It follows that ν̃(α1 − α2) = ν̃(α1 − α3). By Fact 2.14,

ν̃(f ′(α1)) = ν̃((α1 − α2)(α1 − α3)) = 2ν̃(α1 − α2) ≤
ν(3)− 1 + ν

(
ν(3)

)

ν(3)
.

Hence we have the following bound

M(R) = max
{
ν̃
(
α1 − αj

)
: j 6= 1

}

= ν̃(α1 − α2) = ν̃(α1 − α3) =
ν̃(f ′(α1))

2

≤ ν(3)− 1 + ν
(
ν(3)

)

2ν(3)
=

3− 1 + ν(3)

6

=
5

6
.

So we have

M(R)ν(3)2 ≤ 5

6
32 =

15

2
≤ 8 < ν(3) + ν(3)ν(ν(3)) = 3 + 3ν(3) = 12.

Thus, Theorem 3.7 shows that Basarab’s invariant λ(T ) for K is smaller than or
equal to 8, which is strictly smaller than ν(3)(1 + ν(ν(3))) + 1 = 12.
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