arXiv:1807.09496v2 [math.LO] 8 Nov 2019

FUNDAMENTAL GROUP IN O-MINIMAL STRUCTURES WITH
DEFINABLE SKOLEM FUNCTIONS

BRUNO DINIS, MARIO J. EDMUNDO, AND MARCELLO MAMINO

ABSTRACT. In this paper we work in an arbitrary o-minimal structure with
definable Skolem functions and we prove that definably connected, locally de-
finable manifolds are uniformly definably path connected, have an admissible
cover by definably simply connected, open definable subsets and, definable
paths and definable homotopies on such locally definable manifolds can be
lifted to locally definable covering maps. These properties allows us to obtain
the main properties of the general o-minimal fundamental group, including:
invariance and comparison results; existence of universal locally definable cov-
ering maps; monodromy equivalence for locally constant o-minimal sheaves -
from which one obtains, as in algebraic topology, classification results for lo-
cally definable covering maps, o-minimal Hurewicz and Seifert - van Kampen
theorems.

1. INTRODUCTION

In this paper we work in an arbitrary o-minimal structure M = (M, <, (¢)cec,
(f)fer, (R)rer) which we assume to have definable Skolem functions. We are
interested in developing algebraic topology tools for objects definable in M, more
specifically a suitable fundamental group functor. One should point out here that,
although the objects definable in M have a topology induced by the order in M, if
M is non-archimedean, then all such objects (except the ones of dimension zero) are
totally disconnected topological spaces and so the topological fundamental group
is of no use.

In the case M expands a real closed field (M, <,0,1,+,-), so this includes the
semi-algebraic case, a suitable o-minimal fundamental group functor is already
known and was studied in, for example, [7], [8], [3], [4], [I8], [1] and [2], where
its main properties were proved and applications to the theory of definable groups
were obtained. These main properties include: (i) finite generation; (ii) invariance
when going to o-minimal expansions of M or to bigger models of the first order
theory of M and (iii) coincidence with the topological fundamental group when
M = R. Often, in this case, the proofs of these properties relied on the o-minimal
triangulation theorem ([I0]), a generalization of the semi-algebraic and of the semi-
analytic triangulation theorems ([6], [25], [31] and [26]).

In the case M expands an ordered group (M, <,0,+) a suitable o-minimal fun-
damental group functor was studied in the papers [21], [22], [12] and [I3], where
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besides the properties mentioned above, the following were also proved: (iv) the ex-
istence of universal locally definable covering maps; (v) monodromy equivalence for
locally constant o-minimal sheaves - from which one obtains, as in algebraic topol-
ogy: (vi) classification results for locally definable covering maps; (vii) o-minimal
Hurewicz and Seifert - van Kampen theorems.

In the case M is an arbitrary o-minimal structure with definable Skolem func-
tions, following M. Mamino’s ideas, a general o-minimal fundamental group was in-
troduced in the paper [I7], where Pillay’s conjecture for definably compact groups
was obtained in the general case. However, in that paper, the properties men-
tioned above were only proved for the o-minimal J-fundamental group which is the
relativization of the general o-minimal fundamental group to a cartesian product
J = I, J; of definable group-intervals J; = ((—;bi, b;), 0;, 44, —i, <). The goal
of this paper is to show, as conjectured in [I7], all of the above properties for
the general o-minimal fundamental group in the more general setting of o-minimal
structures with definable Skolem functions.

The main technical result of the paper, obtained in Subsection Bl says that
definably connected, locally definable manifolds are uniformly definably path con-
nected, have an admissible cover by definably simply connected, open definable
subsets and, definable paths and definable homotopies on such locally definable
manifolds can be lifted to locally definable covering maps. See Properties Bl The
results (i), (ii), (iii) and (iv) mentioned above are obtained, in the general case of
M an arbitrary o-minimal structure with definable Skolem functions, in Subsection
B2l and as explained in Subsection B.I], they follow from Properties Bl in exactly
the same way as in [I3] for o-minimal expansions of ordered groups. In Subsection
we also show that if X is a definably connected locally definable manifold with
definable charts in J, then the o-minimal J-fundamental group of X is isomorphic
to the o-minimal fundamental group of X in M. Result (v) and its consequences
(vi) and (vii) are mentioned in Subsection after some background is recalled.

It might be possible that part of this theory may be developed in a general o-
minimal structure without the definable Skolem functions assumption. However,
in the applications that we have in mind, all the structures have definable Skolem
functions. It is even possible that under the assumption of the existence of definable
Skolem functions some arguments may be simplified. Indeed, due to the trichotomy
theorem it might be possible that there is a definable family of groups covering all
the points of the domain of the structure. In that case the arguments in Subsection
Bl would be closer to those of the o-minimal J fundamental group treated in [17].
We leave these issues for future work.

Regarding the applications, consider an algebraically closed valued field with
a nontrivial valuation and consider the definable sets induced in the value group
with a point at infinity added (the valuation of 0), I's. Adding a copy of the
value group I' to I'sx we obtain an o-minimal structure ¥ with definable Skolem
functions. Understanding the definable topology/definable algebraic topology of
definable subsets of (I's,)™ can have applications in non-Archimedean tame topol-
ogy by the main theorem of Hrushovski and Loeser ([27, Theorem 11.1.1]). For
instance, Theorem [3.4] below is used in an essential way in developing the cohomol-
ogy in the non-Archimedean tame setting [20]. Moreover, we expect that the main
results about the fundamental group developed here or adaptations of those might



give further applications.

2. PRELIMINARIES

In this section we recall the notion of locally definable manifolds and locally
definable covering maps and the general o-minimal fundamental group from [17].

Before we start, recall that an o-minimal structure M has definable Skolem func-
tions if and only if for every uniformly definable family {X;};cr of nonempty de-
finable subsets of some M¥, there is a definable function h : T — M¥* such that:

- h(t) e Xy forallt € T.

2.1. Locally definable manifolds and covering maps. Here we recall the defi-
nition of the category of locally definable manifolds with continuous locally definable
maps and the notion of locally definable covering maps.

A locally definable manifold (of dimension n) is a triple (S, (U;, 6;)i<x) where:

e S= Ui</~c Ui;

e cach 0; : U; — M" is an injection such that 0;(U;) is an open definable
subset of M™;

e for all 4,7, 6;(U; NUj) is an open definable subset of 6;(U;) and the tran-
sition maps Hij : 91(UZ n UJ) — HJ(UZ N Uj) X 93‘ (9;1(17)) are definable
homeomorphisms.

We call the (U;,0;)’s the definable charts of S. If k < Ny then S is a definable
manifold.

A locally definable manifold S is equipped with the topology such that a subset
U of S is open if and only if for each 4, 6;(U N U;) is an open definable subset of

We say that a subset A of S is definable if and only if there is a finite Iy C & such
that A C Uiel0 U; and for each i € Iy, 0;(ANVU;) is a definable subset of 6;(U;).
A subset B of S is locally definable if and only if for each i, BN U; is a definable
subset of S. We say that a locally definable manifold S is definably connected if it
is not the disjoint union of two open and closed locally definable subsets.

IfU = {Uq }acr is a cover of S by open locally definable subsets, we say that U is
admissible if for each i < k, the cover {U, NU,;}aer of U; admits a finite subcover.
If V = {V3}ges is another cover of S by open locally definable subsets, we say that
V refines U, denoted by V < U, if there is a map € : J — [ such that Vg C Ugg
for all g € J.

A map f: X — Y between locally definable manifolds with definable charts
(Ui, 0:)i<ryx and (V;,0;)j<x, respectively is a locally definable map if for every
finite I C kx there is a finite J C ky such that:

o f(Uier Us) € UjeJ Vis

e the restriction f| : U,c; Ui = U, Vj is a definable map between definable
manifolds, i.e., for each i € T and every j € J, §;0 fo8; ' : 0;(U;) — 5;(V;)
is a definable map between definable sets.

Thus we have the category of locally definable manifolds with locally definable con-
tinuous maps.
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Definition 2.1. Given a definably connected locally definable manifold .S, a locally
definable manifold X and an admissible cover U = {U, }aer of S by open definable
subsets, we say that a continuous surjective locally definable map px : X — S is a
locally definable covering map trivial over U = {Uy }acr if the following hold:

e px (Uy) = LJi<x Us a disjoint union of open definable subsets of X;

e each pxy: : Ul — U, is a definable homeomorphism.
A locally definable covering map px : X — S is a locally definable covering map
trivial over some admissible cover U = {U, }aer of S by open definable subsets.

We say that two locally definable covering maps px : X — S and py : Y — S

are locally definably homeomorphic if there is a locally definable homeomorphism
F: X — Y such that:
* px =pyoF.
A locally definable covering map px : X — S is trivial if it is locally definably

homeomorphic to a locally definable covering map S x M — S : (s,m) — s for
some set M.

Let py : Y — T be a locally definable covering map, X be a locally definable
manifold and let f : X — T be a locally definable map. A lifting of f is a contin-
uous map fN: X — Y such that py o f = f. Note that a lifting of a continuous
locally definable map need not be a locally definable map. However, if X is defin-
ably connected, then any two continuous locally definable liftings which coincide in
a point must be equal [I3] Lemma 2.8].

2.2. A general o-minimal fundamental group. Here we recall the definition
and the basic properties of the o-minimal fundamental group in arbitrary o-minimal
structures from [17].

Definition 2.2. By a basic d-interval, short for basic directed interval, we mean a
tuple

Z = ([a,b],{07,17))
where a,b € M with a < b and (0z,17) € {(a,b), (b,a)}. The domain of T is [a, b]
and the direction of T is (0, 17). The opposite of T is the basic d-interval

P = <[CL, b]a <OI°P7 11'°p>>
with the same domain and opposite direction (Ozep,17op) = (17,071).

If Z, = ([ai, bi], (0z,,17,)) are basic d-intervals, for ¢ = 1,...,n, we define the
d-interval, short for directed interval, Ty A - - - A Z,,, whose domain 1is the set

[a1,b1) A+ Afan, by] == U{Ci} x lai, bz]/

where ¢y, ..., ¢, are n distinct points of M and ~ is the equivalence relation defined
by (¢i,1z,) ~ (cit1,0z,,,) for each i = 1,...,n — 1 and identity elsewhere. The
direction of Ty A -+ - NI, i8 (Oz,n--AZ, s 1Ty Ao -nz,, ) Where Oz, a...a7,, = (c1,07,) and
Iz, ponz, = (Cny 17,,)-

The opposite of Iy A --- N L, is the d-interval

(Zy A= ANTR)P = ([ar, bi] A Alan, ba), Oz, Aoz )ors LZin- AT )or))

~



with the same domain and opposite direction

Oz Aenzyors Lz nenzyor) = (12 a ATy 0T A AT, )-

Fact 2.3. If Z; = ([ai, b;], (0z,,17,)) are basic d-intervals, for ¢ = 1,...,n, then
(Zy N+ NTp)P =TI A= NITP.

Below, for the notion of definable space we refer the reader to [10, page 156]. We
have:

Fact 2.4. [IT7, Lemma 2.5] Let Z = (I,{0z,1z7)) be a d-interval. Then the domain
I of T is a Hausdorff, definably compact, definable space of dimension one which is
equipped with a definable total order <z .

Due to Fact 24 below we will identify a d-interval Z = (I, {0z, 1z)) with its
domain equipped with the definable total order <z . In particular, since the domain
I of Z°P is a definable space of dimension one which is equipped with the definable
total order >z, we have an order reversing definable homeomorphism (with respect
to the topologies given by the orders)

01!I—>IOP

given by the identity on the domain.

Given two d-intervals Z = Z;y A ---ANZ, and J = J1 A -+ A Tm, we define the
d-interval

INT =N NILANTIN - ANTm
and we will regard Z and J as definable subsets of Z A 7.

We say that Z and J are equal, denoted Z = J, if n = m and Z; = J; for
alli=1,...,n.

Remark 2.5. Let 7T = (I, (07, 17)) be a d-interval. If x,y € I are such that x <z y
then the subset

[x,ylz={tel :z<zt<zy}
of the elements of I between x and y s itself a d-interval.
Indeed, let T; = {[a;, b;],(0z,,17,)) be basic d-intervals, for i = 1,...,n, and
suppose that T =Ty N---NT,. Let iy, iy € {1,...,n} be such that x € [a;,,b;,] and
y € [ai,, bi,]. Note that iy < iy, v <7 1z, and 0z, <z Y. If iy = iy then

<[$,y],<$,y>> ifa/iz §x<y§biw
[:E,y]z =
<[y,x],<:17,y>> ifaiz Sy<x§blz

If i, <iy then
[, ylz = [z, 17, ] ALy A A [0z, Yl
Below, if X is a locally definable manifold and Y is a definable space, we say
that h: Y — X is a definable continuous map if for some (equivalently, for every)

definable subspace U of X with A(Y) C U, the map h : Y — U is a definable
continuous map between definable spaces.
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Definition 2.6. Let X be a locally definable manifold. A definable path o : T — X
is a continuous (with respect to the topology on Z given by the order) definable
map from some d-interval Z to X. We define o := «(0z) and a7 := a(1z) and call
them the endpoints of the definable path a.

A definable path o : Z — X is constant if ap = «(t) for all ¢t € Z. Below, given
a d-interval Z and a point x € X, we denote by c7 the constant definable path in
X with endpoints z.

A definable path o : T — X is a definable loop if ag = a1. The inverse a~! of a
definable path o : Z — X is the definable path

a ! ::ozoog1 1 I°P = X.

A concatenation of two definable paths v : T — X and ¢ : J — X with y(17) =
5(07) is the definable path v-6 : ZA J — X with:

~v(t) iftel

(v-0)(t) =
5(t) ifteJ.

We say that X is definably path connected if for every u,v in X there is a defin-
able path « : 7 — X such that og = v and a1 = v.

In the special case required for our applications we shall prove later, see Corol-
lary B.18] (1), that being definably connected is equivalent to being definably path
connected.

Let X be a locally definable manifold and Y a definable space. Given two de-
finable continuous maps f,g : ¥ — X, we say that a definable continuous map
F(t,s): Y xJ — X is a definable homotopy between f and g if f = Fy := Fy,, and
g =Fy := Fy,, where F, := F(-,s) for all s € J. In this case we say that f and g
are definably homotopic, denoted f ~ g.

Fact 2.7. [17] Remarks 2.8, 2.9 and 2.10] The definable homotopy ~ is an equiv-
alence relation compatible with concatenation i.e., if v; : Z = X and 0; : J — X
(i = 1,2) are definable paths with (v;)1 = (6;)0 fori=1,2 and 1 ~ v2 and §; ~ da,
then Y1 51 ~ Yo - 62.

Moreover, if v: T — X s a definable path and J is any d-interval, then

CIng V™~V €T
Since definable paths need not have the same domain, the notion of homotopic

definable paths is not contained in the notion of homotopic definable maps just
defined:

Definition 2.8. Two definable paths v:Z — X, 0 : J — X, with 79 = §p and
~v1 = 61, are called definably homotopic, denoted ~ ~ ¢, if there are d-intervals Z'
and J’' such that 7' AZ = J AZ’, and there is a definable homotopy

5
cl -y~6d-cg

fixing the end points (i.e., they are definably homotopic by a definable homotopy
F:KxA— X, where K=J NT =J AT, such that F(0x,s) = 70 = o and
F(lg,s) =~v1 =06 for all s € A.)



‘We have:

Remark 2.9. [I7, Remark 2.11] Let X be a locally definable manifold. If ¢; : 7 —
X (i = 1,2) are definable paths such that §; ~ d2, then §; = 0.

We also have:

Fact 2.10. [I7, Proposition 2.13] Let X be a locally definable manifold and xo, x1 €
X. Let P(X,xg,21) denote the set of all definable paths in X that start at xy and
end at x1. Then the restriction of = to P(X, xg,x1) X P(X, xo,x1) is an equivalence
relation on P(X, xo,x1). Moreover, if v,7',0 and §' are definable paths in X such
that v = 8o, v1 =0y, Y~ and § = &', then y-d =~ - .

By [17, Lemmas 2.14 e 2.15] we have:

Definition 2.11. Let X be a locally definable manifold and ex € X. If L(X,ex)
denotes the set of all definable loops that start and end at a fixed element ex of
X (ie. L(X,ex) = P(X,ex,ex)). We define the o-minimal fundamental group

m (X, ex) of X by

(X, ex) i= LY eX)/m
with group operation given by [v][d] = [y - §], the inverse given by [y]~! = [y~!]
and identity the class of a constant loop at ex.

If f: X — Y is alocally definable continuous map between two locally definable
manifolds with ex € X and ey € Y such that f(ex) = ey, then we have an induced
homomorphism f, : m1(X,ex) — m (Y, ey) : [o] = [f o o] with the usual functorial
properties.

Fact 2.12. [1I7, Corollary 2.18] Let X and Y be locally definable manifolds with
ex € X andey €Y. Then
(1) If X is definably path connected then m (X, ex) ~ 71 (X, z) for every x € X.
(2) m(X,ex) xm(Y,ey) ~m (X XY, (ex,ey)).

As usual for a definably path connected locally definable manifold X if there is
no need to mention a base point ex € X, then by Fact (1), we may denote
T (X, ex) by m1(X).

Definition 2.13. Let X be a locally definable manifold. We define the o-minimal
fundamental groupoid I1;(X) of X to be the small category II; (X) given by

Ob(IL1 (X)) = X,
Homnl(x) (;170, ;171) = P(Xv Zo, Il)/%
We set [y] := the class of v € P(X, zg, z1). By Fact 210 the small category IT; (X)
is indeed a groupoid with operations
Hompy, (x) (o0, 71) x Homy, (x) (21, 22) — Homp, (x) (20, 72)
given by [8] o [y] = [ - d].
If f: X — Y is alocally definable continuous map between locally definable man-

ifolds, then we have an induced functor f, : II;(X) — II; (Y') which is a morphism
of groupoids sending the object z € X to the object f(x) € Y and a morphism [v]
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of IT; (X) to the morphism [f o v] of II; (V).

3. MAIN RESULTS

3.1. The main properties. The goal in this subsection is to prove the following
properties:

Properties 3.1. Let P be the full subcategory of locally definable spaces in M whose
objects are the locally definable manifolds. Then in the category P the following
hold:

(P1) (a) every object of P which is definably connected is uniformly definably
path connected;

(b) given a locally definable covering map px : X — S in P then: (i) every
definable path v in S has a unique lifting ¥ which is a definable path
in X with a given base point; (ii) every definable homotopy F between
definable paths v and o in S has a unique lifting F which is a definable
homotopy between the definable paths ¥ and o in X.

(P2) Every object of P has admissible covers by definably simply connected, open
definable subsets refining any admissible cover by open definable subsets.

It follows, as observed in the concluding remarks (Section 5) of the paper [13],
that with (P1) and (P2) above one proves in exactly the same way all the main
results of the paper [I3], now in the more general context of arbitrary o-minimal
structures with definable Skolem functions. These results include all those men-
tioned in the Introduction.

In fact, besides (P1) and (P2) (and their consequences) everything else that is
required is, on the one hand, results from [I5], which hold in arbitrary o-minimal
structures (and for locally definable spaces as well), and on the other hand, [10,
Chapter 6, (3.6)], which is used to notice that the domains of the “good” definable
paths are definably normal. In our case here the domains of the definable paths are
Hausdorff, definably compact definable spaces (Fact2.4]), definable in the o-minimal
structure M with definable Skolem functions and so they are definably normal by
[16, Theorem 2.11].

The fact that (P1) and (P2) are the only requirements needed to develop the
theory presented in [I3] is somewhat natural. Indeed in topology, where we have
good notions of paths and homotopies with the lifting of paths and homotopies
property, all one needs is existence of such nice open covers as in (P2). In the o-
minimal context (here and in [13]), the role that (P1) (b) and (P2) play is similar to
the role that the analogue properties play in topology. However, (P2) is often used
in combination with the results from [I5] mentioned above to get local definability.
Also (P1) (a) is required essentially only once and to get local definability (see [13]
Proposition 2.18]), the other places where it is used, it is used to replace definably
connected by definably path connected.

Below let 7 : M™*1 — M™ be the projection onto the first n coordinates and let
71 M" — M : (z,y) — y be the projection onto the last coordinate.
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We start by proving the existence of continuous definable sections for the pro-
jection of an open definable subset, over a finite cover by open definable subsets
(Theorem B4 below). But first we recall a few facts.

The following is obtained from the definition of cells ([I0, Chapter 3, §2]):

Remark 3.2. Let ¢ C M™ be a d-dimensional cell. Then by the definition of
cells, C is a (i1,...,1i,)-cell for some unique sequence (i1,...,i,) of 0’s and 1’s.
Moreover, if A(1) < --- < A(d) are the indices A € {1,...,n} for which iy =1 and

PA(1),...,A(d) * M" — Md : (xl,...,xn) ad (,T)\(l),...,lj\(d))

is the projection, then C’ := PA(L), ..., A(d)(C) is an open d-dimensional cell in M¢
and the restriction pc = pxq),..a@c : € — (' is a definable homeomorphism
([I0L Chapter 3, (2.7)]).

Let 7(1) < --- < 7(n — d) be the indices 7 € {1,...,n} for which i, = 0.
For each such 7, by the definition of cells, there is a definable continuous function
hy :7,—1(C) € M™! — M where, for each k = 1,...,n, 7, : M™ — MF is the
projection onto the first k-coordinates. Moreover we have 7,(C) = {(z, h,(z)) :
z€m—1(C)}.

Let f = (fi,..-,fnq) : C" — M™% be the definable continuous map where
for each [ = 1,...,n —d we set fi = hrqy o mr)—1 Opal. Let 0 : M™ — M™ :
(1,00 ) = (Ta1)s -+ s TA)s T7(1)s - - - » Lr(n—a)). Then we clearly have

a(C) ={(z, f(z)):z € C'}.

Recall also the following fact:

Fact 3.3. [I7, Theorem 2.2] Let U be an open definable subset of M™. Then U
is a finite union of open definable sets definably homeomorphic, by reordering of
coordinates, to open cells.

Theorem 3.4. Let O be an open definable subset of M"1. Then there is a finite
cover {U; : i = 1,...,m} of m(O) by open definable subsets such that for each i
there is a continuous definable section s; : U; — O of w (i.e. wos; =idy, ).

Proof. By definable Skolem functions, let s : 7(O) — O be a definable section,
possibly discontinuous, of 7. So s = id X ¢ for some definable map ¢ : 7(O) — M.

By the cell decomposition theorem ([10, Chapter 3, (2.11)]), let C be a cell
decomposition of 7(O) such that s/ is continuous for each cell C' € C. Thus it is
enough to show, by induction on d, that for any cell C' of dimension d there are
open definable subsets Uy, . .., Uy, of 7(O) such that C C | J{U;:i=1,...,m} and
for each ¢ there is a continuous definable map s; : U; — O such that 7o s; = idy, .

The result for a zero dimensional cell (d = 0) is immediate. For the inductive
step, by Remark B.2], after a reordering of coordinates, we may assume that our
cell C is of the form

C={(z, f(z)) : 2 €C'}
where C’ is a d-dimensional open cell in M?, and f = (f1,..., fn_a) : C' — M"¢
is continuous and definable.
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By definable Skolem functions and the fact that O is open, for eachi =1,..., n—
d, there are definable functions h;,g; : C' — M such that for all z € C’ and for all
y= (Y1, ,Yn—a) € M™% the following hold:

- for all ¢ we have h;(z) < fi(x) < gi(x);
- if for all 7 it holds that h;(z) < y; < g;(z), then (x,y,t(z, f(z))) € O.

Let p: M™ — M9 denote the projection onto the first d coordinates. By Remark
B2 the restriction p;c : C — C”" to C' is an homeomorphism onto C’ whose inverse
isidx f:C"— C.

Let

Ko ={(z,y) € M" : 2 € C" and for all 4, h;(z) <y; < g;(x)}.

Then
s':=id x (to(id x f) o p)

is a continuous definable section on K¢.

Let

S ={z e : foralli, both h; and g; are continuous at z}.

Then S is an open definable subset of C’ and C’\ S has dimension smaller than d.
Since (idx £)(S) C C, C\(idx £)(S) = (idx £)(C"\S) and dim C' = dim (C N 7(0)) ,
it follows that (C'N7(O)) \ (id x f)(S) has dimension smaller than d. (This follows
all from properties of o-minimal dimension, see [I0, Chapter 4, §1]).

By the induction hypothesis, (C N7 (0)) \ (id x f)(S) can be covered by finitely
many open definable subsets of 7(O) satisfying our requirements. Let W denote
the union of these open definable subsets.

We still have to cover C'\ W. If dim(C' \ W) < d then we apply the induction
hypothesis and we are done. So suppose that dim(C \ W) = d = dimC. Since
pic : C — C' is a definable bijection, we also have dim p(C'\ W) = dim C".

Observe that:

Claim 3.5. p(C\W) C 5.

Proof. Since (id x f)(C’\ S) € W N C, have that p(W N C) contains C’ \ S.
Since pj¢ is a bijection, p(C'\ W) = C"\ p(WNC) C S. O

Let

Kovw = {(z,y) e M" : x € p(C\ W) and for all i, hi(z) <y; < gi(z)}.
Let V' be the interior of p(C' \ W) and let
U={(z,y) € M" :x € V and for all i, h;(z) < y; < gi(z)}.

Claim 3.6. Then V # 0, U is open and U C Keyw -

Proof. The fact that V' # () follows from the fact that C”’ is open and dim p(C'\
W) = dim C” (see [10, Chapter 4, (1.9)]). Since V' C p(C\W), we have U C Ky w -
Since p(C'\ W) C S (Claim B.Al), for all 4, h;,g; : V — M are continuous definable
maps. Therefore, U is open in p~!(V) and so it is open since V is open in C’ and
C’ is open in MY O

Since U € Ko\ € K¢, we have that s” is continuous on U. We still have to
cover (C'\ W)\ U. However since C’ is open and dim p(C \ W) = dim C’ it follows
that dim(p(C \ W)\ V) < d (see [10, Chapter 4, (1.9)]). So dim((C\ W)\ U) <d
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and we conclude by the induction hypothesis. O

Let Z C M"™*! be a definable set, X a definable space and let f : X — 7(2)
be a definable map. A lifting of f is a continuous map g : X — Z such that wog = f.

Lemma 3.7. Let Z C M"*! be a definable set. Let T = (I,(0z,17)) be a basic d-
interval, v : T — w(Z) be a definable path in w(Z) and let o, 8 : T — Z be definable
paths lifting . Suppose that for allt € I we have {((t),t) : min (Toa(t),70B(t)) <
t <max (Toalt),7oB(t)} C Z. Then a ~ . Moreover, if ag = By and oy = b1,
then the definable homotopy a ~ [ fixes the endpoints.

Proof. Let u:Z — C be the definable path given by

pu(t) = (y(t), min (7 0 a(t), 7 0 B(t))).
Let a = max{max (Toa(t), 7o 5(t)) : t € I'} and let b = min{min (Toa(t), 70 B(1)) :
t € I}. If a = b then a = 8, so we may assume that b < a. Consider the basic
d-interval IC = ([b,a], (a,b)). Let F': T x K — C be the continuous definable map
given by
F(t,r) = (v(t), max (7 o p(t), min (7 0 a(t), 7)))-
Then Fy = a and Fy} = p. Therefore, a ~ p. Similarly, 5 ~ p. Hence a ~ . O

We will want to show that a given definable path is definably homotopic to
a second definable path, but we cannot do it because their domains are not the
same. For this we will modify the first definable path by patching to it appropriate
constants that allow it to “wait” for the second definable path. That “waiting
period” can occur either before or after (or both) appropriate basic d-intervals that
composes the d-interval of the domain of the first path.

We say that a definable path v/ : 7/ — X is obtained from a definable path
v :Z — X by modifying with constants if there are 0z =t <z t1 <z --- <z t, =11
and there are d-intervals Jo, . . ., J, such that, if % := olli 1z fori=0,1,...r—1,
then one of the following three cases holds:

tistiva

(1) T' = JoAlto, blzA. - ATy 1 Albr_1, ]z and v = (€28 40)ee- oo (L),

(2) T = Jo N [to,tl]z Ao o NTr1 A [tr—lutr]Z A J, and ’7’ = (C}((i ")/O) Ceeee
()

(3) T' = [to, 1]z A i At talz Ao ATy 1 Altr—1, iz ATy and 7 = A0+ (19 -

r—1 r—1
'71) ceee (C:Yy(:‘71 . /yr_l) . C:YYIT .

Lemma 3.8. If a definable path ~' : T' — X is obtained from a definable path
~v:Z — X by modifying with constants, then v ~ ',
Proof. Consider the first case. By Fact 27,

G R R U i i
i . 0, — . e
[tistiya]z (C.Z' V) = Cltistirt]znTi "V 7 " Conltitis)z

and so (c}‘z %) =~ ~% Since v = 4% -4t - -+ 4"71 we conclude by Fact ZZI0 that
!
TR
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The third case is similar and the second case follows from the first two cases by
transitivity of ~ . O

Remark 3.9. Let I = II7"[t;—1,t;] € M™ be a product of intervals. By [32]
Theorem 2.1], I is a Hausdorff, definably compact definable space. Since M has
definable Skolem functions, it follows that I is definably normal (JI6, Theorem
2.11]).

Lemma 3.10. Let C C M™"! be an open cell. Then the following hold.

(1) Let v : T — 7w(C) be a definable path in w(C). Let (z,y) € C be such that
x = 79. Then there is a definable path v : ' — w(C) obtained from ~
by modifying with constants and there is a lifting 8 : ' — C of v with
ﬂO = (Ia y)

(2) Suppose that F : T x J — w(C) is a definable homotopy between the de-
finable paths v,0 : T — 7w(C) in w(C). Then there are definable paths
v o'+ ' = w(C) obtained by modifying with constants v and o respec-
tively, and there are liftings B,7 : T — C of v' and o’ respectively such
that B ~ T.

Proof. By Theorem B4] there is a finite cover {U; : i = 1,...,m} of n(C) by
open definable subsets such that for each i there is a continuous definable section
s; : Uy — C of the projection 7 (i.e. mwos; =idy;,).

(1) First we assume that Z is a basic d-interval ([a,b], (Oz,17)). We may also
assume that the definable total order <z on the domain [a,b] of Z is < . If not, the
argument is similar, one just has to construct the lifting from right to left instead
of from left to right.

Let L = {l : y([a,b]) NU; # 0}. Then [a,b] C U, v H(U1), with the v~ 1(U;)’s
open in [a,b]. So by Remark and the shrinking lemma ([16, Corollary 2.12],
[10, Chapter 6, (3.6)]), for each I € L there is W; C Ja,b], open in [a,b] such
that W; ¢ W, € v~ %(U;) and [a,b] C Uicr Wi. Therefore, there are a = to <
ty < --- < t. = b such that for each i = 0,...,7 — 1 we have ([t;,ti11]) C Uy
(and y(tiy1) € Uiy N Uyiyry)- For each i = 0,...,r — 1 let 4" := 14, 4,,,]- Then
51(i) o' : [ti,tix1] — C'is a definable path joining S1(i) (7) to S1(i) (7i). Now, observe
that the points s;(; (vi) and sl(iﬂ)(wéﬂ) differ just by the y coordinate, and the
same happens with the points (z,y) and s;() (79). Such pairs of points are clearly
connected by (definable) vertical paths. Let 1° : Jy — C be the vertical path with
vy = (z,y) and 1Y = sy0)(79) and fori = 1,...r—1let v : J; — C the vertical path
with 1§ = sl(i_l)(”yifl) and v = S1(i) (v8). Let T = JoAfto, ti] A ATr—1 Altr—1, ]
and let 8 =12 (sy0)07") -+ v (sip—1y 0" 1), Let o/ : I — 7(C) be given
by 7/ = (¥ 4%) - (X0 .47=1). Then the definable path 8:Z' — C'in C'is a
lifting of ~ such that 8y = (x,y).

Now if Z =71 A.. . AZy, with each Z; a basic d-interval apply the previous process
to vz, to get B, 4"t with B*(0z,) = (x,y) and repeat the process for each N Zisr
with B%(1z,) instead of (x,y). Patch these together to obtain 3 and +'.

(2) Here we cannot just apply (1) to v and o since the liftings § and 7 of
the corresponding modifications by constants need not be definably homotopic.
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Instead we need to use the definable homotopy F' to build a sequence of definable
paths which are “close” enough to guarantee that the liftings of the corresponding
modifications by constants are definably homotopic. The sequence of definable
paths will be obtained from a cell decomposition of the domain of the definable
homotopy F compatible with the pull backs of the open definable subsets of 7 (C')
on which we have continuous definable sections (Theorem B4l and the liftings
of modifications by constants of these definable paths will be obtained using the
continuous definable sections.

First assume that J is a basic d-interval ([c,d], (07,17)). We may also assume
that the definable total order < 7 on the domain [c, d] of J is < . If not, the argument
is similar, one just has to construct the lifting from top to bottom instead of from
bottom to top.

To proceed we also assume that Z is a basic d-interval ([a, b], (07, 17)). We may
furthermore assume that the definable total order <z on the domain [a,b] of Z is
< . If not the argument is similar, one just has to construct the lifting from right
to left instead of from left to right.

Let L ={l: F([a,b] x [c,d]) N U; # 0}. Then [a,b] x [¢,d] C U,c, F~1(U), with
the F~1(U;)’s open in [a,b] x [c,d]. So by Remark and the shrinking lemma
(16} Corollary 2.12], [I0, Chapter 6, (3.6)]), we have that for each [ € L there
is W, C [a,b] x [c,d], open in [a,b] x [a,d] such that W; ¢ W, C F~1(U;) and
[a,b] x [c,d] € ;e Wi. Now take a cell decomposition of [a,b] x [c, d] compatible
with the W;’s. This cell decomposition is given by a decomposition a =ty < t; <
-+ <t = b of [a,]] together with definable continuous functions f; ; : [ti, tit1] —
[e,d] fori=0,...,7r—1and j =0,...,k; such that: (1) fio < fi1 <...< fi, for
i=0,...,7r=1;(ii) fio =cand f; y, = dfori =0,...,r—1; (iii) the two-dimensional
cells are of the form Cj j—(fij, fij+1)t t:s,)- For each two-dimensional cell Cj

and each [(4, j) such that C; ; C W), ;), we have F(C; ) C Ui(i,j) and for any two-
dimensional cells C; ; and Cy j in [a, b] X [¢, d], and for each (2, 7),1(i’, j'), such that
C@j C Wl(i,j) and Ci/J/ C Wl(i’,j’) we also have F(Ci)j n Ci/)j/) C Ul(i,j) N Ul(i’,j’)'

Fix a sequence j = (jo,J1,---5,Jr—1) with j; € {0,1,...,n;} for each i =
0,....,r—1. Foreachi=1,...,r let 7 : R;. — [a,b] x [c,d] be the vertical path

in [av b] X [Cv d] with Tgyi = (tia fiflyji—l(ti)) and T{ﬂ. = (tia fi—l,mirl (ji71+1,ni,1)(ti))-
This is the vertical path, going up on the right hand side of the “cell”

[fiflyji—l P fi—l,min (ji,1+1,ni,1)](ti,1,ti)-

For each i = 0,...,r — 1 let 17 : L5, — [a,b] x [c,d] be the vertical path in

[a,b] X [C, d] with lg’l = (ti7fi,ji (tl)) and l{’l = (tiufi,min (ji+17ni)(ti))- This is the
vertical path, going up on the left hand side of the “cell”

[figes Fismin Git1,m0)) tistisn) -
Fori=0,1,...r —1 let
0P [t tia] = [a,B] % [e,d]
be the definable path given by

(1) = (¢, fig,(1)).
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For each i = 1,...,r — 1 let wd" : Us ; — [a,b] x [c,d] be the vertical path in
[a,b] x [, d] with u§" = (t;, fio15, () = o' and ul" = (&, fi5,(t:) = af”
Let _
a :fto, i) AUy AUy Ntr—1, 8] = [a, b] X [e, d]
be the definable path given by

For k =0,1,...r — 1 let j[k] the sequence which is equal to j except in position
k where it is min (jx + 1, ng).

By Lemma [3.7] we have:

Remark 3.11. If y is a point on the right hand side of Cj, let y= : Y~ —
[a,b] x [c,d] be the vertical path such that y, = a{[k]’kiand y; =y and let y* :
Yt = [a,b] x [¢,d] be the vertical path such that yi = a}* and yi = y.

If x is a point on the left hand side of Cy j, let x+ : XT — [a,b] X [c,d] be the

vertical path such that x§ = x and x{ = ag[k}’k and let x= : X~ — [a,b] X [¢,d] be

the vertical path such that xy = x and x| = ag’k.
Then
() ,,
- 70, .0+
y ey ~ad?eyl -y

01,0
a N

and a1 = a7t for i # 0.
(if)
+ = -
+ .5 L GIRE ey z - g
Tyl a Y rcy ~Cycx sl

and allFli = gd+i fori#£k.
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(iii)
EE | | R R -
T'-Cp_ @ ~NCy+ T -G

and alr=1i = i+ fori#r—1.

7, r—1

On the other hand we also have, see the picture on page 14

Remark 3.12. We have:
(i) w0l = (3 1)=1 . i b op gt = pist g dl0LL o u{[o]’l = u{’l is on the right
hand side of Cy_j, -
Furthermore, ul0i = yJ-i for i #£ 1.
(ii) wilklk = gk ik op ik = ik ((3k)=1 op ug[k]’k = ug’k
hand side of Cy, j, .
WIkLE+T (Tj,k+1)f1 R R U S B 5 VS R uz[k],kﬂ _

is on the left

u{’kﬂ is on the right hand side of C ;..
Furthermore, wlkli = b fori £k k+ 1. -

(11) u;[rfl],rfl _ u;,rfl . l;,rfl or u;,rfl — u;[rfl],rfl . (lj,rfl)fl or ug)[r_l]ﬂ‘_l
= ug’T_l is on the left hand side of Cr_1j, .

Furthermore, wlr=1hi = g fori#£r—1.

Let /J’i — Foylt: Us ; — w(C), pii = Forii: R;,; — w(C), Mot = Folii:
L5, —m(C), ol = Foal: [t;,tiy1] — m(C) and

Oéj =Foad: [to, tl] /\Z/{il e /\uj,rfl AN [trfl, tr] — W(O)

F1 gt Jr=1, dr—1

ol =0 a 't

3

o = v and a™ = o where 0 = (0,0,...,0) and m = (no,n1,...,Nr_1).

Applying F' to Remarks B.11] and we obtain:

Claim 3.13. For every j and every k, after modifying with constants, that we
ignore for simplicity,

o o otk
Moreover, since for every j' there are ki,...,km such that j° = jlki]...[km] we
also have, by transitivity of ~ (Fact[277), ignoring modifications by constants,

= I
ol ~al .

Proof. Suppose that k = 0. Then o/ = a0 pd+1.o/ and il = @d101.0. 3011/,
By Remark (i) we have three cases. Suppose that w0} = (pi:1)=1. 41
Then 7001 = (pi1)=1 . 41 Therefore, ail0) = I010 . (pi1)=1. il . o/  Since
@00 (77 1) =1 70 by Remark BIT] we get a0 (p71)~1 ~ 070 and the result
follows. The other cases are similar.

Suppose that k =1,...,7 —2. Then o = o” - ,ug’k ok ;J”Hl o and odM =
o Rk iRk iR+ o/ By Remark B2 (i) we have several cases. Suppose
that u/* = u/ K1+ (179)=1 and u{[k}’kﬂ = u?"*! is on the right hand side of Cy., .



16 BRUNO DINIS, MARIO J. EDMUNDO, AND MARCELLO MAMINO

Then g+ = Ik - (AF)=1 and so of = o - pdlFk - (NBR)=1 . ik L k4l o,

Since by Remark BIT] (1K) =1 - a7k . ufh+1 ~ o] [k] kL ydkLR L we obtain (M)~

ok kL o galkLE LR and the result follows. The other cases are similar.
For k = r — 1 the argument is the same. ([

By Lemmas B77 and B8 and the transitivity of ~ (Fact Z7)), to finish the proof
it is enough to show that after modifying with constants, o/ and o/[¥ have liftings
57 and ¥ respectively such that

ﬁ; ~ Bﬂk]a

ignoring modifications by constants.

Suppose that & = 0. Then o = alh. /ﬁ L. o and il = H_O /H[O] L. o, By
Remark B2 (i) we have three cases. Suppose that w7191 = (73-1)=1. 431, Then
pdl0ht = (ph =1 7t Therefore, ol = 00 . (pil)=1. il o/

By (1) let u be a lifting of (a modification by constants of) 11 and let 8 be
a lifting of (a modification by constants of) o’ such that g = p1. Recall that

F(Cojy) € Uyo,j9)- Thus Pt = Foril R4 = Uigo,40) € m(C), a? =Foal®

[to,tl] — Ul(O o) - W(C) and ail0l0 = F o il01,0 [to,tl] — Ul(O o) - W(C) Let
B0 = = 81(0,jo) o a0, BiloL0 — = 81(0,jo) 0 adl010 and P = 81(0,jo) OpJ’l Let 0 : D — C
be the vertical path such that 6y = [3{ and 51 =

Let f7 = 39:0.§ - 8" and B0 = Bil0l.0 . = 5 w- /. Then A7 and 519 are

lifting of od and adl¥] respectively after bemg m0d1ﬁed by constants.

Since a?l90. (ri-1)~1 ~ 70 by RemarkBI1] applying F we get adl010.(pi-1)=1 ~
a0 and applying s;(0,5,) We get B71010 . pl~ 390 Therefore, 37 ~ 7101,

For all the other cases the argument is similar.

Now if Z =71 A.. . ALy, with each Z; a basic d-interval apply the previous process
to each Fiz, x[c.a), |z, and o)z, to get ~'% o', B% and 7 such that 8* ~ 7°. If needed
use (1) to replace the 3%’s so that they patch together and similarly for the 7¢’s
Patch all these to get 7/, ¢/, 8 and 7 and the result follows from transitivity and
compatibility with concatenation of ~ (Fact 2.7]).

Now if J = J1 A ... AN Ji with each J; a basic d-interval apply the previous
process to each Fizy 7, and conclude by the transitivity of ~ . (|

The main consequence of Lemma [3.10] is the following:

Lemma 3.14. Let C C M™ be a cell. Then:

(1) C is definably path connected. In fact there is a uniformly definable family
of definable paths connecting a given fized point in C to any other point in

C.
(2) C is definably simply connected, i.e m(C) = 1.

Proof. (1) The proof is by complete induction on the dimension n of the ambient
space. If n = 0, the space is reduced to a single point and the result follows trivially.
Assume that the result holds for every & < n. In order to show that it still holds for
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n we proceed by a new induction on the definition of cells. The zero-dimensional
case is immediate. If C = I'(f) € M™"! is the graph of a definable continuous
function f : B — M, where B C M™ is a cell, then the projection of C' onto B is
a definable homeomorphism and the result follows by the induction hypothesis. It
remains to be considered the following case

C={(z,y) € BxM: f(z) <y <g(z)}

where f,g: B — M are definable continuous maps, B C M"™ is a cell and f < g.

If C € M™*! is not open, then dimC < n + 1. By Remark B.2] C is definably
homeomorphic to an open cell D C MY™C and the result follows by the main
induction hypothesis.

Assume that C' is an open cell. By Theorem [B.4] there is a finite cover {U; : i =
1,...,m} of B by open definable subsets such that for each i there is a continuous
definable section s; : U; — C' of the projection 7 : M™+!1 — M™ onto the first n
coordinates (i.e. 7o s; = idy,). By Fact B3 after replacing the U;’s if needed,
we may assume that each U; is definably homeomorphic to an open cell in M™. So
by the induction hypothesis, each U; is definably path connected, in fact there is a
uniformly definable family of definable paths connecting a given fixed point in U;
to any other point in U;.

For each i fix u; € U;. Since B is definably path connected, for each i, j, let B
be a definable path in B such that 757 = u; and 777 = ;. If needed modify each
~%3 by constants and take by Lemma BI0 (1) a lifting 87 such that 857 = s;(u;)
and 897 = s;(u;). Then there is a uniformly definable family of definable paths
in C connecting any point of s;(U;) to any point of s;(U;). Since vertical paths
are uniformly definable, the same holds for (mc)~'(U;) and (m¢c)~!(U;). Since
C = (me) (U1) U...U(mc) " H(Un) the result follows.

(2) The proof is again by complete induction on the dimension n of the ambient
space. If n = 0, the space is reduced to a single point and the result follows trivially.
Assume that the result holds for every k < n. In order to show that it still holds
for n we proceed by a new induction on the definition of cells. The only case to be
examined is the case

C={(x,y) € Bx M : f(z) <y < g(x)},

where f,g : B — M are definable continuous maps, B C M™ is a cell and f < g.
(The zero-dimensional case is immediate; if C = ['(f) € M"™*! is the graph of
a definable continuous function f : B — M, where B C M™ is a cell, then the
projection of C' onto B is a definable homeomorphism and the result follows by the
induction hypothesis.)

If C € M™*! is not an open set, then dimC < n + 1. By Remark B2, we
have that C is definably homeomorphic to an open cell D C M4m¢ and the result
follows by the main induction hypothesis.

Assume that C is an open set. Let ao: Z — C be a definable loop at p € C.
We want to show that o ~ c7. By the induction hypothesis, m o a = c}(p ). After
modifying by constants, by Lemmas and (2) there are liftings 3 and 7 of

m o« and cf}(p ) such that  ~ 7. Since after modifying by constants, o and c% are

also liftings of m o & and c}(p ), by Lemmas 3.7 and B.8 and the transitivity of ~ we
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obtain o ~ c%. O

By Fact and Lemma [3.14] we have the following which shows (P1) (a) and
(P2). Compare with the corresponding results [I3, Lemma 2.9 and Proposition 3.1]
in o-minimal expansions of ordered groups.

Corollary 3.15. Let X be a definable manifold of dimension n. Then the following
hold:

(1) X is definably connected if and only if X is definably path connected. In
fact, for any definably connected definable subset D of X there is a uni-
formly definable family of definable paths in D connecting a given fized
point in D to any other point in D.

(2) X has an admissible cover {Os}ses by open definably connected definable
subsets such that:

o {Os}ses refines the definable charts of X;
e for each s € S, O is definably homeomorphic to a cell of dimension
n, in particular, the o-minimal fundamental group m (Os) is trivial.

Finally we show (P1) (b). For analogues compare with [I8, Section 2] in o-
minimal expansions of fields or with [I3, Lemma 2.13] in o-minimal expansions of
ordered groups. In all three cases the proofs are the same, they only use the fact
that the domains of the corresponding definable paths and definable homotopies
are definably normal.

Lemma 3.16. Let X and S be locally definable manifolds with definable charts.
Suppose that px : X — S is a locally definable covering map. Then the following
hold.

(1) Lety:Z — S be a definable path in S. Let x € X be such that px(x) = 7o.
Then there exists a unique definable path v : T — X in X lifting v such
that vy = x.

(2) Suppose that F :Z x J — S is a definable homotopy between the definable
paths v and o in S. Let ¥ be a definable path in X lifting v. Then there
exists a definable path o in X lifting o and there exists is a unique definable
lifting F:IxJ—X of F, which is a definable homotopy between ¥ and
.

Proof. Let U = {U, }aer be an admissible cover of S by open definable subsets
over which px : X — S is trivial. We may assume that U = {U, }acs refines the
definable charts of S witnessing the fact that S is a locally definable manifold with
definable charts.

(1) First we assume that Z is a basic d-interval ([a,b], (Oz,17)). We may also
assume that the definable total order <z on the domain [a, b] of Z is < . If not, the
argument is similar, one just has to construct the lifting from right to left instead
of from left to right.

Let L C I be a finite subset such that y([a,b]) € ;e ,Ui. Then [a,b] C
Uier v~ (U1), with the v~1(U;)’s open in [a,b]. So by Remark 3.9 and the shrink-
ing lemma ([I6, Corollary 2.12], [10, Chapter 6, (3.6)]), for each | € L there is
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Wi C [a,b], open in [a,b] such that W; € W; € v~ 1(U1) and [a,b] C U,c; Wi
Therefore, there are a =ty < t; < --- < t,, = b such that for each i =0,...,7—1
we have ¥([ti, ti+1]) C Uy (and ¥(tit1) € Uiy N Usgita))-
Lift v1 = Y|[a,1,] to N1 = (p‘Uio )lo Y|{a,t]» With 719 = z, using the definable
1(0)

homeomorphism plUf(“O) : Uli("o) — Uj(0), where Uli("o) is the definable connected com-

ponent of p_l(Ul(O)) in which x lays. Repeat the process for each viy1 = [z, ¢
with 7;(¢;) instead of . Patch the liftings together to obtain 7.

Now if Z =77 A...AZj, with each Z; a basic d-interval apply the previous process
to lift v1 = 7|z, to 71, with 717 = = and repeat the process for each v;11 = vz,,,
with 7;(1z,) instead of z. Patch the liftings together to obtain 7.

Uniqueness follows (in each step) from [13, Lemma 2.8].

i+1]

(2) First assume that 7 is a basic d-interval ([c, d], (07, 17)). We may also assume
that the definable total order < 7 on the domain [¢, d] of J is <. If not, the argument
is similar, one just has to construct the lifting from top to bottom instead of from
bottom to top.

To proceed we also assume that Z is a basic d-interval ([a, b], (07, 17)). We may
furthermore assume that the definable total order <z on the domain [a,b] of Z is
< . If not the argument is similar, one just has to construct the lifting from right
to left instead of from left to right.

Let L C I be a finite subset such that F'([a,b] x [c,d]) € ;e Ui. Then [a,b] x
[e,d] € Ujer, F1(Uh), with the F~1(U;)’s open in [a,b] x [¢,d]. So by Remark
and the shrinking lemma ([16, Corollary 2.12], [10, Chapter 6, (3.6)]), we have
that for each I € L there is W; C [a,b] x [c,d], open in [a,b] X [a,d] such that
W, Cc W, € F7Y(Uh) and [a,b] x [c,d] € U;c;, Wi Now take a cell decomposition
of [a,b] X [¢,d] compatible with the W;’s. This cell decomposition is given by

a decomposition a = ty < ¢t < --- < &, = b of [a,b] together with definable
continuous functions f; ; : [ti, tix1] — [e,d] for i = 0,...,r—1land j =0,...,k;
such that: (1) fi,O < fi,l <... < fi,ki fori = 0,...,7—1; (11) F(fl70) = [ti,t“_l] X {C}
and T'(fi k) = [tis tig1] x {d} for i = 0,...,r —1; (iii) the two-dimensional cells are

of form C; j—(fi j, fi.j+1)(ti,t:41)- For each two-dimensional cell C; ; and each I(i, j)

such that C; ; C Wy(; j), we have F' (m) C Uyi,j) and for any two-dimensional cells
Ci; and Cy j in [a,b] x [c,d], and for each (4, 7),l(i’, j'), such that C; ; C W 5
and Cy j» C W[(i/Jv) we also have F(Ciyj N Ci/ﬁj/) C Ul(i,j) N Ul(i/,j’)-

Lift Fp1 = Flﬁ to Fp1 = (p‘Uio,1 )"lo FIW’ using the definable homeomor-

1(0,1)

phism Pyion Uli("éll) — Uj0,1), Where Uzi(odll) is the definable connected compo-
1(0,1) ’ ’

nent of p~*(Uy(o,1y) in which F([to, t1]) lays. Repeat the process for each Fyy ;11 =
Fas— with F/bVJ(l"(fo,j)) instead of ¥([to, t1]). Patch the liftings together to ob-

Co,j+1

tain %‘vo : [to, t1] X [e,d] — X a definable lifting of Fjf, +,]x[c,q Which is a definable
homotopy between 7, ;] and 7|, +,]- Repeat the above process again but now for
each i = 1,...,7 — 1, starting in each case with J([t;, t;+1]) and obtain the liftings
F; [ti,tit1] % [c,d] = X a definable lifting of Fj, +,,,]x[c,q) Which is a definable
homotopy between 71, 4., and o, +,,,)- These liftings patch together to give a
definable lifting F : [a,b] x [¢,d] — X of F which is a definable homotopy between
~ and 0.
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Now if Z =71 A...AZy, with each Z; a basic d-interval apply the previous process
to lift F1 = Fiz, x[c,q) tO I?'I, with E(Il, ¢) = ¥(Z1) and repeat the process for each
Fiy1 = Fiz,,, x[c,q) With 5(Zi; 1) instead of 7(Z1). Then patch these liftings together
to obtain a definable lifting F:TxJ — X of F which is a definable homotopy
between ¥ and .

Now if J = J1 A ... AN Ji with each J; a basic d-interval apply the previous

process to lift F1 = Fizx 7 to Fy, with Z?'I(I, 07) = 7(Z) and repeat the process
for each Fjy1 = Flzy7,,, with I?';(I, 17,) instead of I?'I(I, 07,). To finish patch
these liftings together to obtain a definable lifting F : T x [c,d] = X of F which is

a definable homotopy between 7 and &.
As above, uniqueness follows from [13, Lemma 2.8]. O

3.2. Universal covering maps and fundamental groups. As explained in Sub-
section [B.I] from the main properties of definable paths and definable homotopies
(Properties[B]) we obtain, in arbitrary o-minimal structures with definable Skolem
functions, in exactly the same way as in [I3] for o-minimal expansions of ordered
groups, all of the results stated below.

Theorem 3.17. Let X be a definably connected locally definable manifold. Then:

(1) there exists a universal locally definable covering map u : U — X. More-
over, if X is Lindeldf (resp. paracompact), then U is also Lindelof (resp.
paracompact).

(2) If X is Lindeldf, then the o-minimal fundamental group m(X) of X is
countable. In fact, if X is definable, then m1(X) is finitely generated.

For similar previously known results in special cases see [3], [2], [7], [12], [21] and
[22].

Theorem 3.18. Let J be an elementary extension of M or an o-minimal expansion
of M. Let X be a definably connected locally definable manifold. Then the following
hold:

(1) A universal locally J-definable covering map of X is J-definably homeomor-
phic to a universal locally definable covering map of X.

(2) The o-minimal fundamental group of X in J is isomorphic to the o-minimal
fundamental group of X in M.

Similarly, we have:

Theorem 3.19. Suppose that M is an o-minimal expansion of the ordered set of
real numbers. Let X be a definably connected locally definable manifold. Then the
following hold:

(1) A topological universal covering map of X is topologically homeomorphic to
the o-minimal universal locally definable covering map of X.

(2) The topological fundamental group of X is isomorphic to the o-minimal
fundamental group of X.

For previously known analogues of these invariance results in special cases see
31, [, 2), [13], [7] and [8].
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Remark 3.20. By Theorem [3.19 when M is an o-minimal expansion of the ordered
set of real numbers, for definably connected locally definable manifolds, the theory
developed in this paper coincides with the classical theory of topological covering
maps ([24]). However, one should point out that, in an arbitrary o-minimal struc-
tures M, the theory of topological covering maps is in some sense useless. In fact in
that situation, if M is non-archimedean, then all definably connected locally defin-
able manifolds are, with their natural topology, totally disconnected spaces and so
have no non-trivial covering spaces. Our Theorem B.17 shows that it is possible to
find a suitable replacement of the theory of topological covering maps which in the
archimedean case coincides with the classical theory and moreover it is preserved
under elementary extensions (Theorem BIT).

In the paper [I7] it was convenient to introduced the o-minimal J-fundamental
group which is the relativization of the general o-minimal fundamental group to a
product of definable group-intervals. Our next goal is to show that these two kinds
of o-minimal fundamental groups are isomorphic.

First we recall a couple of definitions. See [I7, Definition 3.1, 3.7, 3.18 and 3.19]
(see also [23, Definition 3.1]).

Definition 3.21. A definable group-interval J = {(—b,b),0,+, <) is an open inter-
val (=b,0) C M, with —b < b in M U {—00, 400}, together with a binary partial
continuous definable operation + : J? — J and an element 0 € J, such that:
(i) 4y = y+x when defined; (z+y)+ 2z = 4 (y + z) when defined; if z < y
and x + z and y + z are defined then x + z < y + 2;
(ii) for every x € J, if x > 0, then the set {y € J : = + y is defined} is an
interval of the form (—b,r(z));
(iii) for every z € J, we have lim,_,o(z + ) = = and if z > 0 we have also
hmz—)r(w)’ ((E + Z) = b;
(iv) for every = € J there exists —x € J such that z + (—z) = 0.

For the rest of this subsection let J = II}",J; be a fixed cartesian product of
definable group-intervals J; = ((—;b;, b;), 0, +i, —4, <).

Definition 3.22.

e We say that a set X is a J-set if X C J; in particular, a J-cell is a cell
which is a J-set.

e We say that X is a (locally) definable manifold with definable J-charts if
X has definable charts {(U;, ¢1) }1<, with each ¢;(U;) a definable J-set.

e We say that a set X is a J-bounded setif X C II",[—;c¢;, ¢;] for some ¢; > 0;
in J;; in particular, a J-bounded cell is a cell which is a J-bounded set.

e We say that X is a (locally) definable manifold with definable J-bounded
charts if X has definable charts {(U;, ¢1) }1<x with each ¢;(U;) a definable
J-bounded set.

Definition 3.23.
e A basic d-J-interval is a basic d-interval Z = ([a, b], (0z, 17)) with [a,b] C J,
for some ! € {1,...,m}; a d-J-interval is a d-interval Z = 71 A - - - AZ,, with
each Z; a basic d-J-interval. Note that the Z;’s can be in different J;’s.
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e If X is a locally definable manifold with definable J-charts, then a definable
J-path (resp. constant definable J-path, or definable J-loop) is a definable
path (resp. constant definable path or definable loop) a: Z — X with Z a
d-J-interval; X is definably J-path connected if for every u,v in X there is
a definable J-path « : Z — X such that g = u and a; = v.

e If X and Y are locally definable manifolds with definable J-charts, then
two definable continuous maps f,g : ¥ — X are definably J-homotopic,
denoted f ~j g, if there is a definable homotopy F(t,s) : ¥ x J — X
between f and g with J a d-J-interval; two definable J-paths v :Z — X,
0:J — X, with v9 = §p and 1 = §1, are definably J-homotopic, denoted
~ ~j 0, if there are d-J-intervals Z' and J’ such that J' AZ = J AZ’, and
there is a definable J-homotopy

c}),-ww,]é-c%
fixing the end points.

The results mentioned in Subsection for the relations ~ and ~ hold also for
~3 and &y respectively.

Definition 3.24. Let X be a locally definable manifolds with definable J-charts,
ex € X and z9,71 € X. Let PY(X, 20, 21) denote the set of all definable J-paths
in X that start at ¢ and end at z; and let LJ(X, ex) denotes the set of all
definable J-loops that start and end at a fixed element ex of X (i.e. LY(X,ex) =
PY(X,ex,ex)). Then the restriction of ~y to PY(X,x,x1) x PI(X,z0,21) is an
equivalence relation on PY(X, 2o, z;) and

J
7T'1](X,6X) = L (XveX)/%J

is a group, the o-minimal J-fundamental group 73 (X, ex) of X, with group oper-
ation given by [y][0] = [y - 0] and identity the class a of constant J-loop at ex.
Moreover, if f: X — Y is a locally definable continuous map between two locally
definable manifolds with definable J-charts with ex € X and ey € Y such that
f(ex) = ey, then we have an induced homomorphism f, : 7 (X, ex) — 77 (Y, ey) :
[0] = [f o o] with the usual functorial properties.

As usual for a definably J-path connected locally definable manifold X with de-
finable J-charts if there is no need to mention a base point ex € X, then by Fact
(1), we may denote 7§ (X, ex) by 3 (X).

For J-definable paths and the o-minimal J-fundamental group we also have the
corresponding properties (P1) and (P2). See [IT, Corollary 3.21] for (P1) (a) and
(P2) and see [I7, Lemma 3.23] for (P1) (b). Thus, just like in Theorems B.I8 and
319 we can use these properties in the two setting to prove the following, which
was conjectured in the paper [17]:

Theorem 3.25. Let J = 117", J; be a cartesian product of definable group-intervals.
Let X be a definably connected locally definable manifold with definable J-charts.
Then the following hold:
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(1) there exists a universal locally definable covering map w : W — X where
W is a locally definable manifold with definable J-charts. Moreover this
locally definable covering is definably homeomorphic to a universal locally
definable covering map of X.

(2) The o-minimal J-fundamental group of X 1is isomorphic to the o-minimal
fundamental group of X in M.

Proof. By properties (P1) and (P2) in J and the proof of [I3, Theorem 1.2],
X has a universal locally definable covering map w : W — X where W is a
definably connected, locally definable manifold with definable J-charts, eyy € W
and w(ew) = ex. In particular, by [I3, Remark 3.8], we have 7y (W, ep) = 1.

By Theorem BI7T, let w : U — X be a universal locally definable map with U
definably connected, ey € U and u(ey) = ex. By [13l Remark 3.8], 71 (U, ey) = 1.
Also there exists a locally definable covering map g : U — W such that

q

U — W
X

is a commutative diagram and ¢(ey) = ew .

Since X has definable J-charts, the same holds for U (we can refine the charts of
U using the admissible cover given by (P2) in J). Therefore,w: U — X and ¢ : U —
W are also locally definable covering maps in J. Since 77 (U, ery) =~ q. (73 (U, er)) <
73 (W, ew) = 1 ([13, Corollary 2.17]), by [13, Remark 3.8], v : U — X is a universal
locally definable covering map in J. Therefore, v : U — X and w : W — X are
locally definably homeomorphic (actually in J) as required.

Now note that the group Aut(U/X) of locally definable homeomorphisms ¢ :
U — U such that u = uo ¢, is the same in M and in J. By [13] Theorem 3.9] in M
and in J respectively, we have 71 (X, ex) ~ Aut(U/X) and 7} (X, ex) ~ Aut(U/X).
Therefore, m (X, ex) ~ 7 (X, ex). O

3.3. The monodromy. Recall that if X is a locally definable manifold, then X
is equipped with the o-minimal site Xger given by: (i) the category Op(Xger) of
open definable subsets of X with morphisms being inclusions; (ii) the Grothendieck
topology such that for U € Op(Xqef), a collection {U,} e of objects of Op(Xger)
is an admissible cover of U if it admits a finite subcover.

If C is any category admitting projective and inductive limits and satisfying
the IPC property (see [30, Definition 3.1.10] for more details), then the category
of C-pre-sheaves on the o-minimal site Xgef, denoted Pshe(Xger), is the category
Fct(Op(Xaer)°P, C) of contravariant functors

F : Op(Xaer) = C
U~ FU)
(VcU)— (FU)—= F(V))
S S|y
from Op(Xgqef) to C with morphisms being natural transformations of such functors.
The category of C-sheaves on the o-minimal site Xgef, denote She(Xqer), is the full

subcategory of Pshc(Xger) whose objects satisfy the following gluing conditions:
for every U € Op(Xaer) and every admissible cover {U;};ecs of U we have:
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e if s,t € F(U) and sy, = t|y, for each j, then s =t;
o if s; € F(Uj) are such that s; = s on U; N Uy, then they glue to s € F(U)
(i.e. Sy, = 55).

If V€ Op(Xaef), a C-sheaf F on Vger is constant if it is isomorphic to the C-
sheaf Cy on Vger associated to the C-pre-sheaf sending every W € Op(Vger) to a
fixed C' € ObC. We denote by CShc(Xqer) the category of constant C-sheaves on
the o-minimal site Xger on X. We denote by LCShc(Xger) the category of locally
constant C-sheaves on the o-minimal site Xqof on X. By definition, this means
that, 7 € ObLCShc(Xqef) if there exists an admissible cover {U,};c; of X by
open definable subsets such that the restriction F |u; 1s a constant C-sheaf on Uj gef
for each j € J. (For further details on the theory of o-minimal sheaves we refer to,
for example, [14] and [19]).

Just like in [I3], from Properties B.I] we obtain the monodromy equivalence for
locally constant o-minimal sheaves:

Theorem 3.26. Then the monodromy functor
i : LCShe (Xger) — Fet (T4 (X), )

s an equivalence between the category of locally constant C-sheaves on the o-minimal
site Xget on X and the category of representations of the o-minimal fundamental
groupoid T1; (X) of X in C.

Note that when X is definably connected and = € X, then Fet(II; (X), C) is the
category of representations of the o-minimal fundamental group m (X, ) of X in
C.

Taking for C the category of 71 (X, x)—sets or of G-torsors, we obtain from The-
orem classification results for locally definable covering maps, the o-minimal
Hurewicz and Seifert - van Kampen theorems just like in the case of o-minimal
expansions of ordered groups in [I3] Subsection 4.3]. Analogues of the o-minimal
Hurewicz and Seifert - van Kampen theorems for definable sets in o-minimal ex-
pansions of fields were proved before in [18] and [3] respectively.
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