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ON THE STRUCTURE OF BOREL IDEALS IN-BETWEEN THE
IDEALS £D AND Fin® Fin IN THE KATETOV ORDER

PRATULANANDA DAS, RAFAL FILIPOW, SZYMON GLAB, AND JACEK TRYBA

ABSTRACT. For a family F C w* we define the ideal Z(F) on w X w to be the
ideal generated by the family

{ACwxw:3f € FY°n(|{k: (n, k) € A}| < f(n))}.
Using ideals of the form Z(F), we show that the structure of Borel ideals
in-between two well known Borel ideals

ED={ACwxw:ImV°n({k: (n,k) € A} <m))}
and

Fin®Fin={A Cwxw:V°n(|{k: (n,k) € A} <No))}

in the Katétov order is fairly complicated. Namely, there is a copy of P(w)/Fin

in-between £D and Fin ® Fin, and consequently there are increasing and de-
creasing chains of length b and antichains of size c.
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1. INTRODUCTION

All the notions and notations used in the introduction are defined in Section 2.

Ideals (and the dual notion — filters) have traditionally been of much interest in
set theory and on the other hand had interesting applications and usages in various
parts of set theory, topology, real analysis and so on (see e.g. [1, 2, 4, 5, 9, 10, 12,
13, 18, 19, 23, 25, 26, 32, 36] to mention only a few recent publications).

Ideals can play an important role in characterizing other objects. For instance,
Laczkovich and Rectaw [25], and independently Debs and Saint Raymond [12],
used the ideal Fin ® Fin to characterize the family of all functions of Baire class 1,
whereas Hrusdk [18] used the ideal £D to characterize selective ultrafilters. These
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characterizations are expressed in terms of the Katétov order. Namely, in the first
case, Fin ® Fin € 7T <= Z-limits of sequences of continuous functions are of
the Baire class one, whereas, in the second case, ED £ U* <= U is a selective
ultrafilter.

Taking these into account, it should not come as a surprise that a lot of work
has been done to examine the structures of ideals in the Katétov order so far (see
e.g. [20, 29, 31, 16, 21, 15, 34]).

The purpose of this paper is to show that the structure of ideals in-between the
ideals £D and Fin®Fin in the Katétov order is quite complicated. Namely, we show
that there is a copy of P(w)/Fin in-between £D and Fin ® Fin, and consequently
there are increasing and decreasing chains of length b and antichains of size .

In order to obtain these results, we introduced a new class of ideals Z(F)
(parametrized by F C w*) generated by the family

{ACwxw:3f e FV*°n({k: (n, k) € A} < f(n))}.

Beside the main results about the Katétov order, we also check other properties of
the ideals of the form Z(F). For instance, we examine the so called additive proper-
ties which can be utilized in the study of ideal convergence of double sequences and
we also calculate the values of some well known cardinal characteristics for ideals
of the form Z(F).

2. PRELIMINARIES

In the sequel we use w to denote the set of all natural numbers, and we identify
n € w with the set {0,1,...,n — 1} (in particular, A\ n= A\ {0,1,...,n — 1}).

By 14 we denote the characteristic function of a set A. In the sequel we assume
that 2¢ = {0,1}* and w* are equipped with the product topology with the discrete
topology on {0, 1} and w, respectively. By identifying sets of natural numbers with
their characteristic functions, we equip P(w) with the topology of the space 2.

For a formula ¢(z) and a set X we write V>°z € X (¢(z)) (or simply V°z (¢(z)))
to abbreviate that ¢(z) holds for all but finitely many x € X, and 3%z € X (¢(x))
(or simply 3%°2 € X (¢(x))) to abbreviate that ¢(x) holds for infinitely many x € X.
For f,g € w¥, we write f <* g if V*°n (f(n) < g(n)). For F,G C w*, we say that
F is cofinal (o-cofinal, resp.) in G if for every g € G (for every go, g1, - € G, resp.)
there is f € F such that g <* f (g, <* f for each n, resp.). By b we denote the
bounding number i.e. the smallest cardinality of an unbounded subset in (w*, <*).
By 0 we denote the dominating number i.e. the smallest cardinality of a cofinal
subset in (w¥, <*). By non(M) we denote the smallest cardinality of non-meager
sets in w*, whereas cov(M) denotes the smallest cardinality of families F of meager
sets in w* such that | JF = w®.

We write A C* B if A\ B is finite. For a set A and n € w, we define [4]" =
{BCA:|Bl=n}, [A"* ={B C A:|B| <Ny} and [A]* ={B C A: |B| =Ng}.
For F C w*, we define FS(F) = {fo+ -+ fu : fo,.--sfn € FAn € w}. For
ACP(w), wedefine Fa={f-1a: A€ AN f € w*}.

2.1. Ideals. A family Z C P(X) is called an ideal on X if it satisfies the following
conditions:

(1) if A,B €T then AUB €T,

(2) if ACBand BeZthen A€Z,

(3) Z contains all finite subsets of X,
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4) X ¢7T.
For an ideal Z on X, we write Z* = {X \ A: A € T} and call it the filter dual to .
The ideal of all finite subsets of an infinite set X is denoted by Fin(X) (or Fin for
short).
For ideals Z, 7 on X and Y respectively, we write

(1) T = J if there is a bijection f : X — Y such that A € 7 if and only if
flA] € J for every A C X (we say that Z and J are isomorphic in this
case);

(2) T <gg J if there is a function f : X — Y such that A € 7 if and only if
flA] € J for every A C X (<gg is called the Rudin-Keisler order);

(3) Z <k J if there is a function f:Y — X such that f~1[A] € J for every
A €T (<k is called the Katétov order);

(4) T <gp J if there is a finite to one function f : Y — X such that f~1[A] €
J for every A € T (<kp is called the Katétov-Blass order);

(5) T C J if there is a bijection f : Y — X such that f~1[A] € J for every
A € T (in this case J contains an ideal isomorphic to 7).

For an ideal Z on w and A Cw we defineZ | A={BNA:BeZ}. Itiseasy to
see that Z | A is an ideal on A if and only if A ¢ 7.
An ideal 7 on X is

(1) tall if for every infinite A C X there is an infinite B € Z such that B C A
(some authors use the name dense ideal in this case);

(2) nowhere tall it T | A is not tall for every A ¢ T,

(3) a P-ideal (or satisfies the condition (AP)) if for every countable family
A C 7 there is B € Z such that A\ B is finite for every A € A;

(4) a Q-ideal if for every countable partition F of X into finite sets there is
S ¢ T such that |[FFN S| <1 for each F € F .

2.2. Ideals on w X w. As this paper is about ideals on w X w, before proceeding to
introduce our ideals, let us have a quick look into some examples already existing
in the literature.

For A C wxw and n € w, we write A(,,) = {k €w: (n,k) € A} and A" = {k €
w: (k,n) € A} ie. Ag,) and A™) are the vertical and horizontal (resp.) sections of
A at the point n.

Example 2.1 ([27]). The ideal
Ty = {A Cwxw:3IdkV™®n (A(n) u A - k)}
is called the Pringsheim’s ideal.

A double sequence x = (2, ») of real numbers is said to be convergent in Pring-
sheim’s sense to L € R if for any € > 0, there exists N € w such that |2, , — L| < ¢
whenever m,n > N ([33]). It is easy to see that the convergence in Pringsheim’s
sense is equivalent to Zy-convergence (i.e. ideal convergence with respect to the
ideal Zy) ([27]).

An ideal 7 on w x w satisfies the condition (AP2) if for every countable family
A C T there is B € Z such that A\ B € T, for each A € A ([11]).

It is known ([22]) that Z-convergence of a double sequence () can be reduced
to the ordinary convergence of a subsequence (Zn,m)(mn,m)er With some ' € T* if
and only if the ideal Z satisfies the condition (AP). Moreover, one can show ([11, 27])
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that Z-convergence of a double sequence (x,, ) can be reduced to the convergence
in Pringsheim’s sense of a subsequence (7 1m)(n,m)er With some F' € Z* if and only
if 7 satisfies the condition (AP2).

Example 2.2 ([30]). For a set A C w x w we write

AN
52(A) = lim 40 (m xn)|
m,n— 00 mn
if the considered limit exists in the Pringsheim’s sense, and then we say that 2 (A)
is the double natural density of A. The ideal Zs, = {A C w X w : 62(A) = 0} is
called the ideal of sets of the double natural density zero.

Example 2.3. The following families are ideals on w x w (see e.g. [18]).
(1) {0} @ Fin = {A Cw x w:Vn (|A@| < No)}.
(2) Fin®Fin = {A Cw x w: Vn (|An)| < No)}.
(3) Fin® {0} = {A Cwxw:Y°n(Ay) =0)}.
(4) ED ={ACwxw:IMmVn (|An)| <m)}.

It is easy to see that all but the last ideals from Example 2.3 can also be defined
using the following general notion. The Fubini product of families B,C C P(w) is
defined by BRC ={ACwxw:{necw: Ay ¢C}c B}

3. IDEALS DEFINED WITH THE AID OF INFINITE SEQUENCES OF INTEGERS

3.1. Definition and basic properties. We first introduce our main object for
investigation.

Definition 3.1. For a nonempty family 7 C w* we define the ideal Z(F) on w x w
to be the ideal generated by the family

A={ACwxw:3f € FYV°n(|Ay| < f(n)}
ie. A€ Z(F) < ACA;U...UA, for some 44,..., A, € A
It is easy to see that
Fin® {0} C Z(F) C Fin ® Fin

for every nonempty family F. Moreover, some well known ideals on w X w are of the
form Z(F), namely, Fin ® {0} = Z({(0,0,...)}), ED =Z({f € w¥ : f is constant})
and Fin ® Fin = Z(w®).

It is easy to see that the Pringsheim’s ideal Z» is not equal to any ideal of the
form Z(F), though there are some inclusions (for instance Fin @ {0} C Z, C D).

The ideal Zs, of sets of the double natural density zero is not equal to (even not
contained in) any ideal of the form Z(F) as it is not difficult to see that Zs, contains
a set having infinite number of infinite vertical sections (for instance A = {(m3,n) :
m,n € w} € Zs,). On the other hand, it happens that ideals of the form Z(F) are
contained in Zs, (for instance Fin ® {(}} C Zs,), but not all of them (for instance
Fin ® Fin € Zs, as B = {(m,n) : n <m} € Fin ® Fin but evidently d2(B) > 0).

Proposition 3.2. The following conditions are equivalent.
(1) The family A= {ACw xw:3f € FV°n(|Ay| < f(n))} is an ideal on
w X w (equivalently A =I(F)).
(2) Vf,ge FIhe F(f+g9<*h).
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Proof. (1) = (2) Let f,g € F. Let A ={(n,k): k< f(n)} and B = {(n, k) :
f(n) <k < f(n)+g(n)}. Since A, B € A, we get AUB € A. Hence there is h € F
such that |(A U B),| < h(n) for all but finitely many n. Since [(AU B)q)| =
|A(ny| + | B(ny| in this case, we obtain f + g <* h.

(2) = (1) First note that it is obvious that § € A, w x w ¢ A and A contains
all finite subsets of w x w.

Let Ac Aand B C A. Let f € F be such that |A,)| < f(n) for all but finitely
many n. Since |B(,)| < |A(,| for all n, we have B € A.

Let A,B € A. Let f,g € F be such that |An,)| < f(n) and |B(,| < g(n)
for all but finitely many n. Take h € F with f 4 g <* h. Then [(AU B),| <
|Any| + |Beny| < h(n) for all but finitely many n and h € F, so AU B € A. O

Proposition 3.3.
Z(F) =Z(FS(F)) = {A Cwxw:3f € FS(F)V°n (|Awm)| < f(n)},
where FS(F) ={fo+ -+ fun: fo,.-.-s fn € FAN EwW}.

Proof. The second equality follows from Proposition 3.2. The inclusion Z(F) C
Z(FS(F)) follows from F C FS(F). To show Z(F) 2O Z(FS(F)), we take A €
Z(FS(F)) and, using the second equality, choose f € FS(F) such that |A,)| < f(n)
for all but finitely many n. Let fi,...,fn € F be such that f = f1 + -+ + fi.
We partition the set A into sets Bi,..., By, such that [(B;)m)| < fi(n) for all but
finitely many n and all¢ = 1,...,m. Then By,..., B, € Z(F),s0 A = BiU---UB,,
belongs to the ideal Z(F). O

The following easy proposition provides a characterization (in terms of F) show-
ing when some well known ideals on w X w are of the form Z(F).

Proposition 3.4.
(1) Z(F) = Fin ® Fin <= FS(F) is cofinal in w®.
(2) Z(F) =Fin@ {0} < VfeFv>°n(f(n)=0).
(3) ED CI(F) «— 3If e FS(F)V>n(f(n) #0).
(4) Z(F) = €D —
(a) Vf € FIkVon(f(n) <k),
(b) 3f € FS(F)v>n (f(n) £ 0).

3.2. Additive properties.

Proposition 3.5. The ideal Z(F) is not a P-ideal (i.e. does not satisfy the condi-
tion (AP)).

Proof. Let A, = {n} x w and note that A, € Z(F) for every n. Let B C w X w
be such that A, \ B is finite for every n. Then B, is infinite for every n, hence
B ¢ I(F). O

Proposition 3.6. If FS(F) is o-cofinal in FS(F), then the ideal Z(F) satisfies the
condition (AP2).

Proof. Let Ao, Ay,--- € Z(F). Let f; € FS(F) and K; € w be such that [(A4;))| <
fi(n) for all n > K.

Since FS(F) is o-cofinal in FS(F), there is f € FS(F) such that for each i € w
there is L; € w with fo(n) +--- + fi(n) < f(n) for each n > L;.

Let M; € w be such that My < M; < ... and M; > max(K;, L;) for each i € w.
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Let
B=J A\ (M xw).
1€EW
Then B € Z(F) as |Byy| < fo(n) +--- + fi(n) < f(n) for each M; <n < My
and i € w. Moreover, A; \ B C M; x w € Z, for each i € w. O

The ideal Fin® Fin = Z(w*) satisfies the condition (AP2), as the family F = w¥
is o-cofinal in FS(w*). On the other hand, D is an ideal of the form Z(F) that
does not satisfy the condition (AP2). Indeed, for each n € w take A, = {(k,nk) :
k € w} € ED. Then for every B € ED, there exist M € w such that for all but
finitely many & we have |B()| < M. Now, one can notice that since A,, are pairwise
disjoint, there are at most M sets A,, such that A, \ B is finite, thus there exists n
such that A, \ B is infinite. However, any infinite subset of {(k,nk) : k € w} does
not belong to Z3, hence A,, \ B & Ts.

3.3. Tallness.

Proposition 3.7. The ideal Z(F) is tall <= VA € [w]¥3IB € [A|¥3If € FV¥n €
B(f(n) > 0).

Proof. (=) Let A € [w]¥. Since C' = A x {0} is infinite, there is an infinite set
D € Z(F) such that D C C. Let f € FS(F) and ng € w be such that [D,| < f(n)
for every n > ng. Then B = {n > ng : (n,0) € D} is infinite and B C A.
Moreover, f(n) > |D@)| = 1> 0 for every n € B. Since f = f1 +... 4 f for some
fis.--, fx € F, there is ¢ < k such that f;(n) > 1 for infinitely many n € B.
(=) Let C € w x w be infinite. If there is n such that C, is infinite then
D = {n} x C(,) € I(F) and D C C. Assume now that C, is finite for every n.
Since C is infinite, the set A = {n : C(,) # 0} is infinite. Let B € [A] and f € F
be such that f(n) > 0 for every n € B. Then for every n € B there is k, such that
(n,kyn) € C. Observe that D = {(n,k,) : n € B} is infinite, belongs to Z(F) and
DCC. (]

Corollary 3.8. If there exists f € FS(F) such that f(n) # 0 for all but finitely
many n, then the ideal Z(F) is tall.

Proposition 3.9. The following conditions are equivalent.

(1) Z(F) is nowhere tall (i.e. Z(F) | B is not a tall ideal for any B ¢ IZ(F)).
(2) Z(F) I (A x w) is not a tall ideal for any A € [w]”.
(3) Z(F) = Fin @ {0}.

Proof. (1) = (2) If A€ [w]¥, then B=A xw ¢ Z(F). Thus Z(F) | (A X w) is
not tall.

(2) = (3) By Proposition 3.4(2) it is enough to show that for every f € F we
have f(n) = 0 for all but finitely many n. Suppose, to the contrary, that C' = {n :
f(n) # 0} is infinite for some f € F. Then, by Proposition 3.7, Z(F) | (C x w) is
tall, a contradiction.

(3) = (1) Let B ¢ Z(F) = Fin ® {0}. Let A = {n: By # 0} and k, € B,
for every n € A. Let C = {(n,ky,) : n € A}. Then C C B and Z(F) | C = Fin.
Hence there is no infinite subset of C' that belongs to Z(F) | B. O
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4. TOPOLOGICAL COMPLEXITY

4.1. Baire property.
Proposition 4.1. The ideal Z(F) has the Baire property.

Proof. For every i € w we define F; = {(n, k) € wxw:n+k =1i}. Then {F; :i € w}
is a partition of w X w into finite sets. Moreover, it is not difficult to see that if
A C w X w contains infinitely many sets F; then all vertical sections of A are infinite,
so A ¢ Z(F). Thus, by Talagrand characterization [37, Théoréme 21] (see also [3,
Theorem 4.1.2]), the ideal Z(F) has the Baire property. O

Proposition 4.1 shows that even if F does not have the Baire property in w®,
the ideal Z(F) has the Baire property. A natural question arises whether there is a
set F without the Baire property such that F is cofinal in FS(F). Below we show
that the answer is positive.

Let X be a topological space. A set B C X is a Bernstein set if both B and
X \ B are totally imperfect (i.e. neither B nor X \ B contain a nonempty perfect
set). It is known that Bernstein sets exist in the space w* and they do not have
the Baire property (see e.g. [7, Theorem 7.20 and 7.22]).

Proposition 4.2. Fvery Bernstein set B C w® s cofinal in w*. In particular, B
is cofinal in FS(B).

Proof. Let f € w”. Let A, = {f(n)+1, f(n)+2} for every n. Since P =[], ., An
is a nonempty and perfect subset of w*, BN P # (. Moreover, f < g for any
geEBNP. O

Now a natural question arises whether there is a set F without the Baire property
such that F is cofinal in FS(F) but F is not cofinal in w*. Below we show that the
answer is positive.

Lemma 4.3. Let ¢ : w¥ x P(w) = w® be given by ¢(f, A) = (f +1)-14.

(1) Plw” x Al = Fa (recall that Fa={f -1a: A€ AN [ cew’}).

(2) ¢ is continuous.

(3) The inverse images under ¢ of nowhere dense sets are nowhere dense.

(4) The inverse images under ¢ of sets with the Baire property have the Baire

property.

Proof. (1) Let f € F4. Take A = w\ f710], g(n) = f(n) — 1 for n € A and
g(n) =0 otherwise. Then A € A and ¢(g,A) = f.

(2) Continuity of ¢ easily follows from the following simple observation. If
(f,A),(9,B) € w” x P(w) are such that f [ n =g | nand ANn = BNn for
some n € w, then ¢(f, A) [ n = é(g,B) | n.

(3) Let U C w® be open and dense. Then ¢~ ![U] is open as ¢ is continuous. If
we show that ¢~1[U] is also dense, the proof will be finished.

Let V={(f,A) € wW xPw):s=f [ nAt=ANn} with s € ", t € [W]"
and n € w be a basic open set. Take any (f, A) € V. Since U is dense, there is
geUn{hew’:((f+1)-14) I n="h|n}.

Let C={i>n:g(i) 20} and D ={i >n:g(i) =0}.

We define B = (ANn)UC and h = (f [n)U((g—1) [ C)U (g | D). Then
(h,B) €V and ¢(h,B) = (h+1)-15 =g € U. Thus VN ¢ U] # 0.

(4) It follows from (2) and (3) as every set with the Baire property is a symmetric
difference of an open set and a countable union of nowhere dense sets. (|
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Proposition 4.4. Let A C P(w) be an ideal on w.
(1) FS(Fa) = Fa. In particular, F is cofinal in FS(F.).
(2) Fa is not cofinal in w®.
(3) Z(F4) = (Fin® Fin) N (A @ {0}).
(4) If A is a nonmeager ideal, then F 4 does not have the Baire property.

Proof. (1) easily follows from the fact that A is closed under taking finite unions of
its elements. (2) easily follows from the fact that A does not contain any cofinite
subsets of w. (3) is straightforward. (Note that ideals defined as an intersection of
this form were used in [24].)

(4) Suppose, to the contrary, that F4 has the Baire property. Let ¢ : w® x
P(w) = w* be given by ¢(f, A) = (f + 1) - 14. Then, by Lemma 4.3, ¢~ 1[F4] has
the Baire property. Since ¢~1[F] = w* x A, by using Kuratowski-Ulam theorem
(a topological counterpart of Fubini’s theorem) we obtain that .4 has the Baire
property. But A is a nonmeager ideal, so it does not have the Baire property (see
e.g. [3, Theorem 4.1.1]), a contradiction. O

Corollary 4.5. There is a set F C w® without the Baire property such that F is
cofinal in FS(F), but F is not cofinal in w®.

4.2. Borel complexity.

Proposition 4.6.
(1) If F is o-compact, then Z(F) is a o-compact (hence, F, ) ideal.
(2) If F is countable, then Z(F) is an F, ideal.
(3) If F is bounded in (w*,<*), then Z(F) is contained in a o-compact (hence,
F,) ideal.
(4) If F is of cardinality less than b, then Z(F) is contained in an F, ideal.
(5) If F is a Borel (or even analytic) set, then Z(F) is an analytic ideal.

Proof. First observe that the set
B={(Af)ePlwxw)xw’:¥Vnecwl|Ap)| < f(n)}

is Iy, because B = U, ,c,, psm Bn, where B, = {(4, f) € P(wxw)xw" : |[Ay,| <
f(n)} are closed. Second observe that Z(F) is equal to the the projection of the
set X = (P(w x w) x FS(F)) N B onto the first coordinate.

(1) If F is o-compact, then X is o-compact (as the intersection of the o-compact
set P(w x w) x FS(F) and the F, set B). Consequently Z(F) is o-compact as a
continuous image of X.

(2) Tt follows from (1) because every countable family is o-compact.

(3) It follows from (1) as every bounded set in (w*,<*) is contained in a o-
compact set.

(4) It follows from (3) because every family of cardinality less than b is bounded

in (w¥, <*).
(5) If F is analytic, then X is analytic as the intersection of the analytic set
P(w x w) x FS(F) and the F, set B. O

Lemma 4.7. Let @ : P(w) — P(w x w) be given by ®(A) = A x {0}.

(1) @ is continuous.

(2) If AC P(w) is an ideal on w, then ®~1[I(F4)] = A.
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Proof. Since continuity of ® is straightforward, we only verify (2).

(C) Let B € ®71[Z(F4)]. Then ®(B) € Z(F4), so there is A € A and f € w®
such that [(®(B)))| < f - 1a(n) for all but finitely many n. On the other hand,
(®(B))(n)] = [(B x {0})(ny| = 1B(n) for every n. Thus, 15(n) < 14(n) for all but
finitely many n. Hence B C* A. Since A € A and A is an ideal, B € A.

(2) Let A € A. Then |(®(A))my| = [(A x {0})n)| = La(n) for every n and
14 € Fa. Thus ®(A) € T(F4). O

Proposition 4.8. Let A C P(w) be an ideal on w.

(1) If A is a Borel ideal, then Z(F.) is a Borel ideal.

(2) There are Borel ideals of the form Z(F) of arbitrarily high Borel complexity
i.e. for every o < wy there exists F C w* such that the ideal Z(F) is Borel
but not in X9 .

(3) There exists F C w® such that the ideal Z(F) is not Borel.

Proof. (1) Since A € 9, for some a < wy and {0} € II, we obtain A® {0} € XY __,
(see e.g. [28, Proposition 1.6.16]). Since Fin ® Fin € XY, we have Z(F4) = (Fin ®
Fin)N(A® {0}) € X9, where 3 = max{4,1+«}. All in all, Z(F4) is a Borel ideal.

(2) Let @ < wy. Let A be a Borel ideal on w such that A ¢ X9 (for the existence
of such ideals see e.g. [8], [39] or [38]). By (1), Z(F.4) is a Borel ideal, but Lemma 4.7
implies that Z(F4) ¢ 9.

(3) If A C P(w) is an ideal which is not Borel (for instance a maximal ideal),
then Z(F4) is not Borel by Lemma 4.7. O

5. HOW MANY IDEALS ARE THERE?

Lemma 5.1. Let A and B be ideals on w.
(1) IfI(]:B) <k Z(Fa), then B<gp A.
(2) If B<kp A, then Z(Fg) <k Z(F4).
(3) If B<kg A and A is a P-ideal, then T(Fg) <xp Z(F.a).
(4) Z(FB) <k Z(Fa) if and only if I(Fi) <k Z(Fa).

Proof. (1) Let @ : w X w — w X w be a function such that ®~1[B] € Z(F4) for every
B € Z(Fg). Below we define a function ¥ : w — w which will witness B <gp A.
Let ip = 0 and define mg = min{m € w : ®[{ip} x w] N ({m} x w) # B}. Since
O~ 1[{mo} x w] € Z(Fa), the set Fy = {io} U {i € w: ®[{i} x w] C {mo} x w} is
finite. For every i € Fp, we define U(i) = my.
We proceed inductively. Let 4, = min (w \ Uken Fk) and define

my, =min{m e w\ {my : k <n}:®[{in} xw]N({m} xw) #0}.
Since ®71[{G} x w] € Z(F4) for every finite set G C w, the set

Fnz{in}u{iEw\ U Fi : ®[{i} x w] g{mk:kgn}xw}
k<n

is finite. For every i € F),, we define ¥ (i) = m,,.

Clearly, ¥ is a finite-to-one function. Once we show that W=1[B] € A for every
B € B, the proof will be finished.

Take B € B. For every i € Fy,, n € w, we pick (mp,¢;) € ®[{i} xw]N({mn} xw).
Let C = {(mn,c;) :n €w,i € F,} N (B xw). Since C,y,) is finite for every m € B
and empty for each m € w \ B, there exists a function f € w* such that |C(,,)| <
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(f-1p)(m) for every m € w. Thus, C € Z(Fg), so ®~LC] € Z(F ). It follows that
there is a function g € w* and a set A € A such that [(®71[C]) ;)| < (g-1a)(4) for
all but finitely many ¢ € w. Then it is not difficult to see that

U'Bl= | Fo={icw: (@ '[C)u #0} <" A,
mn€B
so U71[B] € A.

(2) Let ¥ : w — w be a finite-to-one function such that ¥=[B] € A for every
B € B. Below we define a function ® : wxw — w xw which will witness Z(F) <kp
I(Fa).

Let ran(¥) = {m,, : n € w} and F,, = V"[{m,}] for n € w.

Let @ : w X w — w X w be a one-to-one function such that ®[F, x w] = {my} x w
for each n € w.

Let C € Z(Fp), and take B € B, f € w* and M € w such that |[(C) )| <
(f-1g)(m) for all m > M.

Let A =J{F, :m, € B\M} =V }B\M] € Aand F = [J{F, : m, €
BN M} € Fin.

Since (®71[C]) (4 is finite for all i € A and (®~1[C]); =0 for alli € w\ (AUF),
there is g € w* with [(®71[C])(;)| < (g-14) for all i € w\ F, and consequently
O~1[C] € Z(F ).

(3) It follows from (2) and the fact that if A is a P-ideal, then B < A implies
B <k A.

(4) Tt follows from (1) and (2). O

From the above lemma we easily obtain the following theorem which says, in
particular, that the structure of the Katétov-Blass order among the ideals of the
form Z(F) is as complicated as the structure of the Katétov-Blass order among all
ideals on w.

Theorem 5.2. If A and B are ideals on w, then
B<kxp A < I(Fp) <k I(Fa)

i.e. there is an order embedding of the family of all ideals, ordered by the Katétov-
Blass order, into the family of ideals of the form I(F), ordered by the Katétov-Blass
order.

Using the above theorem we prove the following theorem which says, among
others, that there are as many as possible pairwise nonisomorphic ideals of the
form Z(F).

Theorem 5.3. There are 2° pairwise <g-incomparable ideals of the form Z(F)
(i.e. there is <y -antichain of cardinality 2¢ of ideals of the form Z(F)). In partic-
ular, there are 2° pairwise nonisomorphic ideals of the form Z(F).

Proof. First, we notice that if A and B are <gg-incomparable mazimal ideals,
then Z(F4) and Z(Fp) are <g-incomparable. Indeed, suppose that Z(F4) and
I(Fg) are <g-comparable i.e. Z(F4) <g Z(Fp) or Z(Fp) <k Z(F.a). Then, by
Lemma 5.1, A <gp B or B <gp A. Now, using maximality of A and B, it is easy
to see that A <gpg B or B <gg A, so A and B are <gg-comparable.

Second, we take 2¢ pairwise <pg-incomparable maximal ideals (see [35]) and
obtain 2¢ pairwise < g-incomparable ideals of the form Z(F4). O
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5.1. Borel ideals.

Lemma 5.4. If A is an ideal on w which is not a Q-ideal, then ED T I(F4) (in
particular, ED <gp IT(Fa)).

Proof. Since A is not a Q-ideal, there is a partition {F, : n € w} of w into finite
sets such that for every S ¢ A there is n € w with |F, N S| > 2.

Let G : w X w — w X w be a bijection such that G[F,, x w] = {n} x w for each n.

We claim that G witnesses ED C Z(F4) i.e. G~1[B] € Z(F ) for every B € ED.

Since the ideal £D is generated by vertical lines {n} x w and functions f € w*
it is enough to check that G=1[{n} x w| € Z(F.4) and G~1[f] € Z(F,) for every
n €w and f € w”.

For any n € w, we have G 1[{n} x w] = F,, x w € Z(F4).

Take any f € w”. Let A be the projection of the set G~![f] onto the first
coordinate. Then it is not difficult to see that |AN F,,| = 1 for each n € w, so
A € A. Since (G f])(m)| < 1a(n) for each n, we get G~1[f] € Z(F.a) O

Theorem 5.5. There is an order embedding of P(w)/Fin, ordered by C*, into the
family of Borel (in fact £3) ideals of the form Z(F) which are in-between the ideals
ED and Fin®@Fin, ordered by the Katétov (or equivalently Katétov-Blass) order. In
particular,

(1) there is a <g-antichain of cardinality ¢ of Borel ideals of the form I(F)
(in particular, there are ¢ pairwise nonisomorphic Borel ideals of the form
I(F));

(2) there are increasing and decreasing <y p-chains of length b of Borel ideals
of the form I(F).

Proof. In [16, 31], the authors proved that there is an order embedding of P(w)/Fin,
ordered by C*, into the family of tall F,, P-ideals, ordered by the Katétov order.
Since T <g J <= I <gp J for P-ideals, we see that there is also an order
embedding of P(w)/Fin, ordered by C*, into the family of tall F,, P-ideals, ordered
by the Katétov-Blass order. Now using Theorem 5.2, we obtain an order embedding
of P(w)/Fin, ordered by C*, into the family of ideals of the form Z(F), ordered by
the Katétov-Blass order. Since the Katétov order is equivalent to the Katétov-Blass
order in the realm of ideals of the form Z(F) (see Lemma 5.1(4)), we also obtain
an order embedding of P(w)/Fin, ordered by C*, into the family of ideals of the
form Z(F), ordered by the Katétov order.

If A is an F,-ideal, then by Proposition 4.8 the ideal Z(F.4) is Borel (from the
proof of Proposition 4.8 it follows that the ideal Z(F4) is in fact X9).

All ideals of the form Z(F) are contained in Fin ® Fin, so they are <y p-below
Fin ® Fin.

In [14], the authors proved that if A is a tall F,-ideal, then A is not a Q-ideal,
so Lemma 5.4 gives ED <gp Z(Fa).

(1) Tt follows from the fact that there are C*-antichains of cardinality ¢ in

P(w)/Fin.
(2) Tt follows from the fact that there are increasing and decreasing C*-chains
of length b in P(w)/Fin. O

5.2. F,-ideals. For f € w® we write Fy = {k - f : k € w}. By Proposition 4.6(2),
the ideal Z(Fy) is F, for any f € w*.
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Lemma 5.6. Let f,g € w¥. If g #* 0 and

f(n) 9(k)
YM3NVn, k>N (g(k) > MV o) >M),

then Z(F,) and Z(Fy) are not isomorphic.

Proof. Suppose for the sake of contradiction that Z(F,) and Z(F) are isomorphic.
Let ® : w X w — w X w be a bijection such that B € Z(F,) <= ®![B] € Z(Fy).

Claim. ®[{i} X w] € Fin ® {(} for all but finitely many i € w.

Proof of Claim. Suppose for the sake of contradiction that ®[{i} x w] ¢ Fin @ {0}
for infinitely many 4. Let iy < i2 < ... be such that ®[{i,} X w] ¢ Fin® {0} for
each n. Now, we inductively pick, using the diagonal argument, pairwise distinct
elements aj and some b} for n,k € w such that (af, b)) € ®[{in} X w].

If B = {(a},b}) : n,k € w}, then |B;| < 1 < g(i) for all but finitely many 1.
Thus B € Z(F,), and consequently ®~1[B] € Z(Fy).

On the other hand, ®~![{(a}, b)) : k € w}] C {in} xw for each n, so (~*[B]),)
is infinite for each n. This means that ®~'[B] ¢ Z(Fy), a contradiction. O

Claim. There are ag < a3 < ... and by < by < ... such that (®[{a,} x w])@,) is
infinite for each n € w.

Proof of Claim. By the previous Claim, there is ag such that ®[{a} xw] € Fin® {0}
for each a > ap. Take by such that (®[{ao} x w]),) is infinite.

There is a1 > ag such that ®[{a} x w] \ {0,1,...,b0} X w is infinite for each
a > ay (otherwise the set (®1[{0,1,...,bo} X w])(4) would be cofinite for infinitely
many a > ag, and consequently ®~1[{0,1,...,bo} x w] & Z(Fy), a contradiction).
Take by > bo such that (®[{a1} x w])@,) is infinite.

It is not difficult to see that proceeding by induction we obtain the required
sequences (ay) and (by) O

Now, we are ready to finish the proof of the lemma. Let (a,) and (b,) be as in
the last Claim, and take a sequence k; < ko < ... such that either

im f(ax, ) =o00 or lim =
n—oo g(by,, ) n—oo f(ag,)

In the former case, we pick a set A C {ay, : n € w} X w such that [A,, )| =
|(®[A]) v, )| = flak,) for each n. Then A € I(Fy) and consequently ®[A] €
I(Fy), so there is k with [(®[A]);)| < k- g(i) for all but finitely many i. It
means that f(ag,) < k- g(bg,) for all but finitely many n, a contradiction with

lim,, f(ag,)/g(bk,) = oco.
In the latter case, we pick a set B C {by, : n € w} x w such that |Bg, )| =

(@ [B])(ay, )| = 9(br,) for each n. Then B € Z(F,) and consequently ®~'[B] €
I(Fy), so there is k with [(®[B])¢;)| < k- f(i) for all but finitely many i. It
means that g(bx,) < k- f(ag,) for all but finitely many n, a contradiction with
lim,, g(bg,,)/ f (ak,) = oo. O

Theorem 5.7. There are ¢ pairwise nonisomorphic Fy ideals of the form Z(F).

Proof. Let A be a family of ¢ pairwise almost disjoint infinite subsets of w. Let
cft < ¢t < ... be the increasing enumeration of A € A.
For each A € A we define fa :w — w by fa(n) = (¢})! for each n.
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If we show that for distinct A, B € A the functions f = f4 and g = fp satisfy
the assumption from Lemma 5.6, the proof of the theorem will be finished.

Let M be fixed. Since AN B is finite, there is N > M such that ¢ # c? for
each n,k > N. Taking n,k > N we have either c;;‘ < ckB or c;i1 > cf, so either

fo(k) _ (c})! fan) _ (cp)!

>ck32k>N>M or = Zcﬁ2n>N>M.

fa(n) — (et = fe(k) ()

O

Question 1. Is there an order embedding of P(w)/Fin, ordered by C*, into the
family of F, ideals of the form Z(F), ordered by the Katétov order? Are there
uncountable increasing (decreasing, resp.) <g-chains of F, ideals of the form
Z(F)? Are there uncountable <g-antichains of F,, ideals of the form Z(F)?

6. CARDINAL CHARACTERISTICS OF IDEALS

Some properties of ideals can be described by cardinal characteristics associ-
ated with them. There are four well known cardinal characteristics called ad-
ditivity, covering, uniformity and cofinality defined in the following way for an
ideal Z on X (see e.g. [3]): add(Z) = min{|A|: ACZAJAET}, cov(Z) =
min{|A|: ACZA|JA= X}, non(Z) = min{|A| : A ¢ I}, cof(Z) = min{|A] :
ACIANVBeTIJAe A(BC A)}. These characteristics are useful in the case of
ideals on an uncountable set X (for instance in the case of the o-ideal of all meager
sets and the o-ideal of all Lebesgue null sets). However, they are (but cof) useless
in the case of ideals on w, since add(Z) = cov(Z) = non(Z) = Ny for every ideal T
on w. Fortunately, Herndndez and Hrusék introduced in [17] (see also [18]) certain
versions of these characteristics more suitable for tall ideals on w. Namely, for each
tall ideal Z they define:

add"(Z) = min{|A| : ACZA—-IB € IVA € A(A C* B)},

(T
cov (Z) =min{|A|: ACZA-3IB € P(w) \ Fin*VA € A(A C* B)},
non” (Z) = min{|A| : A C P(w) \ Fin* AVBeZ3A e A(B C* A)},
cof (Z) = min{|A| : ACTAVB €Z3A e A(BC* A)}.

If U is a free ultrafilter on w and Z = U™ is the dual ideal, the above mentioned
characteristics were earlier introduced by Brendle and Shelah in [6] were the authors
used the notations p(Z), 7p(Z), mx(Z) and x(Z) for add” (Z), cov*(Z), non*(Z) and
cof ' (I) respectively.

If an ideal Z is not tall then cov'(Z) is not well-defined (as the min would be
taken from the empty set) and non”(Z) = 1.

There are some inequalities holding among these characteristics for all tall ideals
(see e.g. [18, p. 578]), namely: Ry < add’ (Z) < cov’(Z) < cof (I) < ¢ and Ry <
add”(Z) < non™(Z) < cof (T) < c.

It is easy to check (see [28, Theorems 1.6.4 and 1.6.19]) that add (£D) =
add” (Fin ® Fin) = Ry, non"(£D) = non”(Fin ® Fin) = Xy. Using almost the
same argument one can easily show the following.

Proposition 6.1. add’ (Z(F)) = Ry and non"(Z(F)) = No for all tall ideals I(F).
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6.1. Cofinality. It is known that cof (Fin ® Fin) = 0 (see [28, Theorem 1.6.19]).

Below we show that 9 is a lower bound of the cardinal cof  for every ideal of the
form Z(F) but Fin ® {0}.

Proposition 6.2. cof (Z(F)) >0 if and only if Z(F) # Fin @ {0}.

Proof. (=) It follows from the easy fact that cof (Fin @ {0}) = Ro < 0.

( <= ) By Proposition 3.4(2) there is f € F such that the set A = {n € w:
f(n) # 0} is infinite. Suppose, to the contrary, that there is B C Z(F) such that
|B| < 0 and for each A € Z(F) there is B € B with A C* B. Let D C w* be cofinal
in w¥ and |D| = 0.

For each g € D we put A% = {(n,g(n)) : n € A}. Since [(A9),| < f(n) for
every n € w, A9 € Z(F). Hence there is BY € B with A9 C BY. Let ny € w be such
that (BY)(,,) is finite for all n > n,. We define hy : A — w by hy(n) = max((B9)))
for n > n, and hy(n) = 0 otherwise.

Let H = {hy : g € D}. Since H is cofinalin D | A={g [ A:g € D} and
D | A is cofinal in w?, H is cofinal in w?. Thus, || > 0. On the other hand,
|H| < |B| <0, a contradiction. O

It is known (see e.g. [18, Proposition 6.13]) that cof (Z) > cov(M) for analytic
ideals Z that are not countably generated. Since cov(M) < 0, Proposition 6.2 gives
a better bound for cof (Z(F)) in the case of analytic ideals of the form Z(F).

It is known that cof (£D) = ¢ (see [28, Theorem 1.6.4]). Below we show that

the same holds for ideals “generated” by one essentially nonzero function.
Recall that Fy ={k- f: k € w} for f € w®.

Theorem 6.3. cof (Z(F;)) = ¢ for each f € w* such that f #* 0.

Proof. Suppose, to the contrary, that cof (Z(Fy)) < c¢. Then there is B C Z(Fy)
such that |B| < ¢ and for every A € Z(Fy) there is B € B with A C B.

We define I,g ={kew:0< k< f(n)land I,,; = {kcw: f(n)-i <k<
f(n)-(i+1)} for every n,i € w, i > 1.

Let A ={A, : @ < ¢} be an almost disjoint family on w (i.e. Ay N Ag is finite
for a # B and A, € [W]¥).

By ¢o : w — A, we denote the increasing enumeration of the set A,.

For every a < ¢, we define

Oa = U {n} X In,qﬁa(n)
new
and note that C, € Z(Fy) for every a < c.

Now for every B € B let Cp = {a < ¢ : Cy € B}. Since Cy € I(Fy),
Upes O = ¢

If we show that Cp is finite for every B € B then ||JgcpCp| < w - |B| < ¢ and
we obtain a contradiction that finishes the proof.

Let B € B and k € w be such that |B,)| < kf(n) for all but finitely many
n. Then |Cg| < k. Indeed, if |Cp| > k then there is D € [c]**! such that
Co C B for every a € D. Since {Ay : a € D} is almost disjoint, the elements
o (n), where a € D, are pairwise distinct for all but finitely many n. Then the
sets (Cu)n where a € D are pairwise disjoint for all but finitely many n. Hence
|Bny| = |D] - [(Ca)myl = (k+1) - f(n) for all but finitely many n.
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Since f(n) # 0 for infinitely many n, there are infinitely many n with [B,)| >
kf(n), a contradiction. O

Question 2. Does cof (Z(F)) = ¢ for each countable family F such that Z(F) #
Fin ® {0}?

6.2. Covering. It is known that cov’ (Fin ® Fin) = b and cov’ (£D) = non(M)
(see [28, Theorems 1.6.19 and 1.6.4]). Below we observe that b is a lower bound
and non(M) is an upper bound of the cardinal cov” for every tall ideal of the form
Z(F). In the proofs we will use the following lemma.

Lemma 6.4 ([17, Proposition 3.1)). Let Z, J be tall ideals on w.
(1) If T <x J then cov (T) > cov' (J).
(2) If T C J then cov (I) > cov' (J).
(3) If X ¢ T then cov' (Z) > cov' (T | X).

Proposition 6.5. b < cov (Z(F)) < non(M) for each tall ideal Z(F).

Proof. Using the inclusion Z(F) C Fin ® Fin and Proposition 6.4(2) we obtain
cov' (Z(F)) > cov” (Fin ® Fin) = b.

Since Z(F) is tall, there is B € [w]¥ and f € F such that f(n) # 0 for every
n € B (see Proposition 3.7). Then X = B x w ¢ Z(F) and by Proposition 3.4(3)
we have D | X C Z(F) | X.

Since ED | X and £D are isomorphic, cov (D | X) = cov” (ED) = non(M).

By Lemma 6.4(2) we have non(M) = cov' (D | X) > cov (Z(F) | X) and
by Lemma 6.4(3) we have cov' (Z(F) | X) > cov (Z(F)). Thus, cov (Z(F)) <
non(M). O

It is easy to see that cov' (Z) > p for every tall ideal Z, where p is the pseudo-
intersection number. Since p < b, Proposition 6.5 gives a better lower bound for
cov' (Z(F)) in the case of tall ideals of the form Z(F).

In the sequel we will use the following characterization of the cardinal non(M).

Lemma 6.6 (see e.g. [3, Lemma 2.4.8]).
non(M) = min{|S|: SCCAVfew’3S € SI*n cw(f(n) € S(n))},

where
C= {S’ € ([w]=)*: Z (LS—I(—nl))'Q < oo}.

new

Proposition 6.7. Let Z(F) be a tall ideal. If there is an increasing sequence

ng < ny < ... such that
f(@)
2 Gorip <

for every f € F then cov” (Z(F)) = non(M).
Proof. (<) Tt follows from Proposition 6.5.

(>) Let A C Z(F) be a family of cardinality less than non(M). For every A € A
there is a function fa € F and na € w such that [Aq,)| < fa(n) for every n > na.
For every A € A we define the function S4 : w — [w]<“ by

Ay form=n;Ni>na
S _ (2) 0 = )
aln) {@ otherwise.
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Note that
S| _ |S(n)| |Agl fali)
,; (n+1)2 _i;:A (n; +1)2 _i; (n; +1)2 SDZ;A (ni + 1)2 <

and [{S4: A € A}| <|A| < non(M). By Lemma 6.6 there is g € w* such that for
every A € A and almost all n € w we have g(n) € Sa(n).

Let h : w — w be given by h(k) = g(ny) for every k € w.

Then B = (wxw)\h € P(wxw)\Fin* and for every A € Awe have A C* B. [

Proposition 6.8. Let Z(F) be a tall ideal. If |F| < b, then cov™ (Z(F)) = non(M).

Proof. 1t is not difficult to see that for every f € F there is an increasing sequence
(nf) such that Y icw f(i)/(nf +1)? < co. Since |F| < b, there is an increasing
sequence (n;) such that <an> <* (n;) for every f € F. Let n/ € w be such that
n{ < n; for every ¢ > nf. Then

£() £G) £()
2 1P SZZ OESVRPS ST

1EW <nf i>nf

so Proposition 6.7 finishes the proof. O
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