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Abstract

Cooperation logics have recently begun to attract attention within the multi-agent systems com-
munity. Using a cooperation logic, it is possible to represent and reason about the strategic powers
of agents and coalitions of agents in game-like multi-agent systems. These powers are generaly
assumed to be implicitly defined within the structure of the environment, and their origin is rarely
discussed. In this paper, we study a cooperation logic in which agents are each assumed to control a
set of propositional variables—the powers of agents and coalitions then derive from the allocation of
propositions to agents. The basic modal constructs in this Coalition Logic of Propositional Control
(cL-pPc) dlow us to express the fact that a group of agents can cooperate to bring about a certain
state of affairs. After motivating and introducing cL-pPc, we provide a complete axiom system for the
logic, investigate the issue of characterising control in cL-PC with respect to the underlying power
structures of the logic, and formally investigate the relationship between cL-Pc and Pauly’s Coali-
tion Logic. We then show that the model checking and satisfiability problems for cL-PC are both
PsPACE-complete, and conclude by discussing our results and how CL-PC sits in relation to other
logics of cooperation.
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1. Introduction

Cooperation logics are logics that are intended to enable reasoning about coalitions
in multi-agent systems, and in particular, the powers that such coalitions have. Probably
the two best known examples of cooperation logics are Pauly’s Coalition Logic [36-38],
and the Alternating-time Temporal Logic (ATL) of Alur, Henzinger, and Kupferman [5].
Both of these systems are based upon the notion of a cooperation modality: a unary modal
operator, indexed by aset of agents, which isused to represent the fact that this set of agents
can cooperate so as to make true the state of affairs given as an argument to the operator.
In Coalition Logic, for example, aformula[l, 2](p A g) is used to express the fact that the
coalition {1, 2} can cooperate in such away as to make the formula p A ¢ true. Although
they differ on technical details, the semantics of both logics are essentially equivalent [19]:
coalition C are able to achieve ¢ if there exists a collective strategy for C such that, by
following this strategy, C can enforce ¢ (that is, ¢ is true in every outcome that could
arise by following the strategy). In both logics, the strategies available to a coalition, and
the outcomes consistent with these strategies, are implicitly enumerated within the logic's
models; in the case of Coalition Logic, by means of effectivity functions (cf. [1]), and in
the case of ATL, by means of a system transition function.

In this paper, we study a variant of cooperation logic that we refer to as the Coalition
Logic of Propositional Control (cL-PC). The key ideain cL-PC is that each agent is as-
sumed to control a set of propositional variables. The strategies, or choices available to
an agent then correspond to the different possible assignments of truth or falsity to these
propositions. On top of that, the ability of a coalition to bring about some state of affairs
derives from the propositional variables that are under the overall control of the coalition.

There are at least two reasons why CL-PC is a system worthy of study in its own right:

e First, and perhaps most importantly, if we are interested in building software agents,
then it is extremely natural to think of the ability of these agents in terms of setting
and unsetting bits in some digital control system. Indeed, this is arguably the most
fundamental kind of control that can be imagined.

e Second, in implemented systems for reasoning about cooperation in game-like multi-
agent scenarios, the individual powers of agents are actually specified by allocating
agents propositions that lie under their control. For example, this is exactly the ap-
proach taken in the MoCcHA model checking system for ATL, where the keyword
control s is used to indicate the fact that an agent (or “module’, in the terminol-
ogy of MOCHA) is uniquely able to determine the value of a propositional variable
[3,6].

Against this background, the present paper makes four main contributions to the study of
cooperation logics.

First, although we have taken inspiration and some methodology from ATL and Coali-
tion Logic, we note that the basic cooperation modalities of these logics have a rather
unusual modal flavour, which is neither wholly universal nor wholly existential. This is
because these | ogics are intended to capture 3V-ability, or a-ability [1, pp. 11-12], theidea
being that a codlition C have the a-ability to achieve some state of affairs ¢ if C have
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a collective choice such that, no matter what the agents outside C do, ¢ will hold as a
conseguence of this choice. This type of ability is entirely natural when we wish to study
the circumstances under which a coalition can “reliably” bring about some state of affairs.
However, the 3V nature of cooperation modalitiesin these logics, and the fact that they are
neither conventionally existential nor conventionally universal, meansthat (i) they are hard
for “logic users’ to understand, as they have some counterintuitive properties (particularly
in their dual forms); and (ii) from atechnical standpoint, the fact that they are a combina-
tion of existential and universal modality makes them somewhat awvkward to work with,
at least compared with conventional “box” and “diamond” modalities. In cL-PC, however,
the basic cooperation modalities capture contingent ability—a weaker notion of ability
than the «-ability of Coalition Logic and ATL. Contingent ability is the ability to achieve
some state of affairs under the assumption that, apart from our actions, the world remains
static. Thisisthe type of ability that isimplemented in classic Al planning systems such as
STRIPS[17,28]. Although contingent ability is perhaps not of great interest initsown right,
it turns out that the contingent ability constructs of cL-pPc are sufficient to define a-ability
(aswell as arelated type of ability known as g-ability). Thus, although we appear to start
with aweaker notion of ability than those of Coalition Logic and ATL, it turns out that this
isin fact all we need to define these stronger types of ability. Moreover, the contingent
ability operators of CL-PC have the advantage of being “true modal diamonds’: they thus
have a much simpler semantics than «-ability operators, and are easier to work with from a
technical point of view (for example, when using such conventional modal logic constructs
such as canonical models to prove completeness[11, pp. 59-61]).

Second, although our basic cooperation modalities are conventional modal diamonds,
and hence we can give them a more-or-less conventional Kripke semantics [9, p. 42], we
are also able to give an alternative semantics to cL-PC, which is directly based on the
power structures that underpin the logic. We show that the two semantics are, in a precise
sense, equivalent, and that we can thus move between the two semantics as we see fit. The
advantage of thisisthat we can work with whichever semantics seems most appropriate to
the task at hand.

Third, although complete axiomatizations are known for both ATL [19] and Coadlition
Logic [36-38], we are able to provide an axiomatization for cL-PC that draws upon the
simple underlying power structures of the logic. As a consequence, our axiomatization of
CL-PC has arather different flavour to those of Coalition Logic and ATL.

Fourth, and finally, we present an analysis of control in cL-PC: when acoalition controls
some state of affairs. In particular, we show how the control that a coalition is able to exert
with respect to some state of affairsisrelated to the power structure underlying the logic.

The remainder of this paper is structured as follows. Following a formal definition of
CL-PC, in Section 3 we present a complete axiomatization for the logic. In Section 4.1,
we show how «- and B-ability modalities can be defined in terms of the basic constructs
of cL-PC, and in Section 4.2, we investigate the characterisation of control in cL-PC, with
particular reference to the underlying power structures. In Section 5, we investigate the
computational complexity of the model checking and satisfiability problems for the logic,
and show that both problems are PSPACE-complete. We conclude with a discussion on the
implications of our results, and how the logic stands in relation to other similar systems.
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2. Thecoalition logic of propositional control

In this section, we give a formal definition of cL-Pc. We begin with an informal in-
troduction to the main features of the logic (readers familiar with Coalition Logic or ATL
may wish to skip or skim through this section). We then formally define the syntax of
CL-PC, and give two alternative semantics. Thefirstisa“direct” or “propositional” seman-
tics, which has the advantages of being both simple and closely related to the intuitions
underpinning the language, but has the disadvantage of being rather unconventional in the
modal logic sense, and hence rather hard to work with from the point of view of prov-
ing properties such as completeness. In the second semantics, we employ the conventional
Kripke-style relational structures of modal logic [9,11], making it possible to represent
both the current situation and those that the agents can bring about in one and the same
model. In Section 2.5, we show that these two semantics are equivalent. The obvious ad-
vantage of having two equivalent semantics for our logic is that we can choose to work
with whichever semantics is most convenient for the problem at hand.

2.1. Informal introduction

The components of the systems of interest to us are as follows. First, we assume a
vocabulary At of propositional variables, which represent attributes of the systems that we
model. Next, we assume afinite, non-empty set Ag of agents; acoalition issimply a subset
of Ag. The only property that we assume of agents is that they are each able to control a
part of their environment. We capture this by assuming that every propositiona variable
is controlled by exactly one agent. Thus we associate with every agent i € Ag a (possibly
empty) subset At; of At, representing those propositional variables under its control. The

following exampleillustrates these ideas in more detail, and also informally introduces the
language of CL-PC.

S U
qk— - t
-

C2 2
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Fig. 1. In cL-Pc, each agent is assumed to have unique control over the value of a set of propositional variables.
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Table1
Comparing the notation of Coalition Logic, ATL, and cL-pPC for
different types of ability

Coadlition Logic ATL CL-PC
Contingent ability ()
o-ability [Cle (CHO ¢  (Chaw
B-ability (Chpe

Example 2.1. Fig. 1illustrates the kind of scenario that we have in mind for cL-PC. Here,
we have four agents, (named 1 through to 4), and eight propositional variables (p to w).
Agent 1 controls propositions p and ¢, agent 2 controls r, agent 3 controls s, ¢, and u, and
agent 4 controls v and w.

Agent 1 has assigned the value “1” to variables p and g—that is, both these variables
have the value “true” (hereafter denoted by “t t ”). Similarly, the variables s and w have
been settott by agents 3 and 4 respectively, while all remaining variables have been set
to0(i.e, “ff"). Now, given this scenario, we say that agent 1 has the contingent ability
for —=p A s. That is, assuming that all those propositions not under the control of agent 1
retain their current value, then agent 1 can choose values for its propositions so as to make
—p A s true. We express thisin cL-Pc by the following formula.

C1(=p As)

Thusthe cL-PC expression ¢¢¢ means“coalition C have the contingent ability to achieve
¢”. (Asan aside, we note that, unfortunately, there is no standard notation in the literature
of cooperation logics: in Table 1, we compare our notation to that of Coalition Logic and
ATL.)

Aswe noted above, contingent ability corresponds quite closely to “ STRIPS-styl€” plan-
ning ability [17,28], in the sense that agent 1 hasaplan to achieve —p A s from the scenario
in Fig. 1: the plan consists of one action, namely setting p to f f . However, the plan is
clearly contingent, in the sense that it depends upon the value of s remaining unchanged
by agent 3. If agent 3 chose to change this value, then the plan would fail.

Hereis another example of a contingent ability formulathat istrue of Fig. 1.

C13(—p At A—)

A “multi-agent plan” to achieve —=p A t A —r would involve two actions. agent 1 setting p
toff, and agent 3 setting ¢ to t t . The plan is contingent upon agent 2 leaving the value
of r unchanged, at f f .

Contingent ability, as captured in the coalitional ability operator of cL-PC is clearly
rather limited. It makes perfect sense however in truly turn-based systems, in which agents
perform their actions in an alternating fashion (most games have this nature). Moreover, as
we noted above, it isin fact sufficient to define «-and g-ability, both of which represent
stronger and arguably more useful strains of ability. Although we will not formally de-
fine and investigate these types of ability until Section 4.1, we nevertheless provide some
illustrative examples here.

In cL-PC, wewrite {((C))q ¢ to expressthe fact that coalition C are «-able to bring about
@. This means that codition C can choose to act in such a way that no matter what the
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agents outside C choose to do, ¢ will be true. With respect to the scenario of Fig. 1, the
following formulais thus not true.

(Da(=p As)
In contrast, the following formulais true in the Fig. 1 scenario.

(1, 3)a(=p As)

We represent g-ability in cL-PC by the cooperation modality ((...))s. The distinction be-
tween «-and B-ability may be understood through the following example. Suppose we
have agents 1 and 3 playing a game in which agent 1 wins if, after the game is over, the
variables p and s havethe opposite values—that is, if pist t ,thens isf f , and viceversa
The game itself simply involves the agents choosing values for their variables.

Now, is agent 1 able to win this game? It depends upon whether we are talking about
a-ability or g-ability. Agent 1 clearly does not have the a-ability to win this game:

~{(Dalp < —s)

This is because, when considering «-ability, agent 1 must choose first: and after choosing
avaluefor p, agent 3 can then simply copy thisvaluein the choicefor s, thereby falsifying
p < s,

However, when considering 8-ability, the assumption isthat agent 1 carriesaresponsive
role, while agent 3 will choose first: agent 1 can then reliably win by choosing for p the
opposite of whatever agent 3 chooses for s. Thus, the following cL-pPcC formulais true of
Fig. 1.

(Dp(p < —s)

Notice that g-ability is strictly weaker than «-ability; we discuss this at more length in
Section 4.1.

2.2. Syntax

Formulae of cL-Pc are constructed from the set Ag of agents, the set At of propositional
atoms, the usual operators of classical propositional logic (we use negation and disjunction
as our atomic Boolean functions, together with alogical constant for truth), and the coop-
eration modality <.... More formally, the syntax of cL-PC is given by the following BNF
grammar:

p:=T|pl-pleVe|ocy

where p € At is a propositional variable, and C C Ag is a set of agents. Thus we use
T asalogical constant for truth, “—" for negation, and “v” for disunction. As usual, we
define the remaining connectives of classical propositional logic asabbreviations: 1 =—T,
p>YE=—pvyade oy =(@—Y) AW ).

We refer to an expression ¢ ¢ ¢ as a cooperation modality. Where thereis no possibility
of confusion, we will omit set brackets inside cooperation modalities, for example writing
©1,2 rather than ©12y. A CL-PC formula containing no cooperation modalities is said to
be an objective formula.
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If g isacL-Pc formula, then let At(¢) denote the set of propositional variablesoccurring
in ¢, and let Ag(¢) denote the set of all agents named in ¢ (i.e., Ag() is the union of all
the coalitions occurring in cooperation modalitiesin ¢).

2.3. Direct semantics

We now introduce the first of the two semantics for cL-Pc. We say a model for cL-PC
isastructure:

M = (Ag, At, At ..., At,, 0)

where:

Ag={1,...,n}isafinite, non-empty set of agents;

At={p.q, ...} isafinite, non-empty set of propositional variables;

Aty, ..., At, isapartition of At among the members of Ag, with the intended interpre-
tation that At; isthe subset of At representing those variables under the control of agent
i € Ag; and finaly,

0:At— {tt, ff}isapropositiona valuation function, which determines the initial
truth value of every propositional variable.

Noticethat since Aty ..., At, isapartition of At, we have:

1 At=At1U---UAL,, i.e, every variableis controlled by some agent, and
2. Ay NAt; =@ fori# jeAg,i.e, novariableiscontrolled by more than one agent.

Some additional notation is convenient in what follows. We say a coalition, C is simply
a subset of Ag, i.e., C € Ag. For any such C € Ag we denote the complement of C (i.e,
Ag\ C) by C. We will write Atc for ;. At;. For two valuations  and ¢’, and a set of
propositions ¥ C At, wewrite =6’ (mod ¥) if 6 and 8’ differ at most in the atomsin ¥,
and we then say that  and 9’ are the same modulo ¥ . We will sometimes understand the
model M = (F, ) to consist of avaluation 6 ontop of aframe F = (Ag, At, Aty, ..., At,).
Given amodel M = (Ag, At, Aty, ..., At,, 6) and a codlition C in M, a C-valuation is a
function:

Oc:Atc — {tt ff}.

Thus a C-valuation is afunction that assigns truth values to just the primitive propositions
controlled by the members of the coadlition C. If M = (Ag, At, Aty, ..., At,, 6) isamodel,
C isacodlition in M, and 6¢ is a C-vauation, then by M & 6. we mean the model
(Ag, At, Aty, ..., At,, 8"), where 0’ is the function defined as follows

/ ~ GC(P) iprAtC,
0 (p) = {G(p) otherwise
and al other element of the model are asin M. Thus M & 6 denotes the model that
isidentical to M except that the values assigned by its valuation function to propositions
controlled by members of C are as determined by 6¢: we have 8 =6’ (mod Atc). Notice
that the #-valuation 6 is the right identity under @, that is, M @ 65 = M, for all M.
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We define the size of amodel M = (Ag, At, Aty, ..., At,, 0) to be |Ag| + |At|; we denote
the size of M by size(M).
We interpret formulae of cL-PC with respect to models, as introduced above.

Definition 1. Given a model M = (Ag, At, Aty, ..., At,,0) and a formula ¢, we write
M =9 ¢ to mean that ¢ is satisfied (or, equivalently, true) in M, under the “direct” se-
mantics. The rules defining the satisfaction relation =9 are as follows:

- ME'T;

- MEYpiff 6(p) =tt (where p € At);

- ME =g iff M g;

- MEYovyiff MEYpor MEy;

— M 9 0¢g iff there exists a C-valuation 8¢ such that M @ 6¢c =9 ¢.

We assume the conventional definitions of satisfiability and validity: a cL-pC formula ¢
is d-satisfiable iff there exists a cL-PC model M such that M =9 ¢, and ¢ is %-valid
iff for every cL-Pc model M we have M =9 ¢. We write =9 ¢ to indicate that ¢ is 9-
valid. Moreover, if I isapartition {Aty, Aty, ..., At,} of the atoms At over the agents, and
M =9 ¢ for every model M = (Ag, At, Aty, ..., At,, 8) based on this partition, we write
= ¢

At this point, let usintroduce the natural box dual “[J...” of the ©... cooperation modal-
ity:
Ocp = —0c—g

The intuitive interpretation of aformula O¢g isthat C cannot avoid ¢: that is, for every
possible way that C choose to behave, ¢ “may” still become true. However it does not
mean that ¢ will inevitably be true, as the following example illustrates.

Example 2.2. Suppose we have amodel M = ({1, 2}, At, Aty, Atp, 0) suchthat At = {p, ¢},
At1 =0, At ={p,q}and 0(x) =tt for x € {p, q}. Now, thereis no 1-valuation 6; such
that M @ 61 =% —p. That is, M =% O1p. Similarly, agent 1 cannot avoid p A ¢, i.e.,
M =Y 0O1(p A g). But this does not mean p A ¢ is inevitable: it depends on the choice
that 2 makes. Since 2 controls both p and ¢, we have M =9 ©,—p, M =% ¢2—¢g, and
MELO=(p v g).

Before proceeding, we pause to consider the extent to which the number of agents
in a model affects whether or not a formula is satisfied. Let us say that a model
(Ag, At, Aty, ..., At,, 0) isak-agent model if |Ag| = k. In the same way, let us say afor-
mula ¢ isak-agent formulaif |Ag(¢)| = k. Now, consider the following example.

Example 2.3 (Individual versus multi-agent models). Consider the 1-agent formula
p A O1p. This formula is clearly satisfiable, as is witnessed by the 2-agent model
(Ag, At, Aty, Atp, 0) such that Ag = {1, 2}, At={p}, Aty =0, At, = {p},and O(p) =t t.
However, thisformulais clearly not satisfied in any 1-agent model, because the only agent
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in such amodel must (by virtue of the fact that the formulais well-formed) be 1; thus agent
1 must control p, and so can choose —p. Hence the formulais not satisfied by the model.

In this example, we have a 1-agent formulathat is satisfiable in a 2-agent model, but not
in any 1-agent model. This begs an obvious question: To what extent is the satisfiability
of aformula affected by the number of agents in the models we consider for this formula?
We have the following result, which says that any satisfiable k-agent formula is satisfied
ina (k + 1)-agent model. In other words, if aformulais satisfiable, then it is satisfied in a
model containing at most one agent in addition to those explicitly named in the formula.

Lemma 2.1. A cL-pCc formula ¢ is satisfiable iff it is satisfied in a model M =
(Ag, At, Aty, ..., At,, 0) such that |Ag| = |Ag(p)| + 1 and At = At(p).

Proof. The direction from right to left is obvious, so suppose ¢ is satisfiable, let Ag(p) =
{1,...,k} bethe agentsnamed in ¢, and let M = (Ag, At, Aty, ..., Aty, Atgy1, ..., Aty,, 0)
= (F, 6) beamodel based on F that satisfies ¢, thusAg={1, ...k, k+1,...,m}.Let S
denote the agents {k + 1, ..., m} in Ag that are not named in ¢. First, let ¢ denote a new
agent—one that is neither named in ¢ nor is a member of S. Now, consider the frame F’
= (A, At Aty, ..., At;, At.) such that:

Ag' = Ag(p) U {e};

At = At(p);

At = At; N At(g), foral i <k;
Ate = At(p) \ U, <1 AY.-

Obvioudly, |Ag| = |Ad(e)| + 1 and At = At(p). Finaly, on the level of models, given a
valuation 6 : At — {tt,ff}, let 6, A — {tt ff} betherestriction of 6 to At'. Now,
we claim:;

for all valuations ¢ and all subformulas y of ¢: (F, ) =% v iff (F',6ar) =9y,

The proof is by induction on the structure of v The inductive base is where v € At, and
is obvious since # is unchanged on the relevant atoms when going from F to F'. For the
inductive assumption, assume that the result holds for all sub-formulae v of ¢. For the
inductive step, the cases for propositional connectives are immediate. So consider the case
where x = ocvr. Now, (F, 6) =9 ocyr iff for some 67, with 7 = 6 (mod At;), we have
(F, 6"y =% . Theinduction hypothesis guarantees that thisis equivalent to (¥, 0! ) ¢

> AY
¥ and thisin turnis equivaent to (', 6;a¢) Elow. D

Pauly discusses somewhat related issues in the context of Coalition Logic [36, pp. 68—
71]. The significance of our result will become clear later, when we use the following
immediate corollary as a kind of polysize model property, of the kind that is frequently
used in establishing upper bounds in the complexity theory of modal logic [9, pp. 375~
381].
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Corollary 2.1. If a cL-Pc formula ¢ is satisfiable, then it is satisfied in a model M such
that size(M) = |At(p)| + |Ag(¢)| + 1.

2.4. Kripke semantics

The“direct” semantics presented above has the advantage of being closely related to our
intuitive understanding of the logic cL-PC: the semantic rule for ability is based directly
upon the way that propositional variables are partitioned among the agents in the system.
However, from atechnical point of view, the direct semantics has the disadvantage of be-
ing unusual and unfamiliar—and hence (arguably) hard to work with. In this section, we
therefore introduce a semantics for cL-PC based on the familiar and conventional Kripke
relational structures of modal logic [9,11]. Although readers may have a personal prefer-
ence for one semantics over the other, we show in Section 2.5 that the two semantics arein
fact equivalent, and that we can thus use whichever semantics seems most appropriate to
the task at hand.

Definition 2. Let W be the set of all valuations 6 over At. For every At; C At, we assume
abinary relation R; to be given, with R;ww’ iff w and w’ differ at most in the values that
they assign to the atoms in At;. Formally: R;ww’ & w = w’ (mod At;). Note that R; is
an equivalence relation. To lift the R; relations, (corresponding to the possible choices of
individual agents) to arbitrary coalitions, we need the notion of relational composition.
Given aset S, and binary relations Ry, R» C S x S over S, we denote the composition of
R1 and R by R1 o R, wherethisis defined as follows.

Rio Ry ={(s.1) | 3u: Risu & Rout}

We then define the Kripke model K = (W, Ry,...,R,, II), where ® W — At —
{tt,ff}issmply given by ®(w) = w. For any codition C = {ay,ap, ..., ar} (k < n),
wedefine Rc @ Ry, o Ry, o -+ - o Ry, . Thefollowing result tells us that the composition is
independent of the order.

Lemma 2.2. Let K = (W, Rq,..., R,, ®) be defined as in Definition 2. Then for every
i,jeAg,wehave: R;oR;=RjoR;.

Proof. Suppose w(R; o R;)v. Thenthereisau for which R;wu and R;uv. Thismeansthat
w =u (mod At;) and, similarly, u = v (mod At;). Note that hence w = v (mod At; U At;).
Let «’ be defined as follows. It is exactly like w, except for the atoms in At;, for which u’
isas v. Then, by definition of «’, we have R;wu’ (by definition, they at most differ in At;)
and R;u’v (w and u differ at most in At; U At;, hence u’ and v differ at most in At;). We
concludethat w(R; o R))v. O

We can now see the following.

Lemma23.Let £ = (W, Ry,..., R,, ®) bedefined as in Definition 2. Then for all C C
Ag, R¢ isan equivalencerelation.
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Proof. Reflexivity and symmetry for R¢ are immediately inherited from the same prop-
erties of R; (i € C). For transitivity, suppose that uRcv and vRcw. Let us assume that
C ={1,2,...,n}. Then, since the order is irrelevant (Lemma 2.2), we know that there

are paths u = u1,up,...,u, = v and v = v1,v2,...,v, = w such that R;u;u; 1 and
R;iv;v; 1. By applying Lemma 2.2 repeatedly we find u; and v/ (i < n) with a path
U= U, vy, U, Vo, ..,y vy = w sUch that R;ujv; and R;vju; . Now we can apply tran-

sitivity to the individual agent’s relations, giving us a path from u to w that isin Rc. O

Theinductive rules defining the truth of a cL-pc formula ¢ under aninterpretation C, w
are defined as follows:

- KwET

— K, wEXpiff @(w)(p) =w(p) =tt (where p € At);

— K, w =X —giff X g;

- KwEevyiff K,wE e or K, w =X y;

— K, wEKocpiff thereexistsaw’ € W such that Rcww’ and IC, w’ =X ¢.

Note that, given the partition 7 on At, thereis only one model K, which we sometimes also
will denote as K;.1 We write IC; =X ¢, but also =% ¢ as ashorthand for K, w =X ¢ for
every world w in K;. If moreover the latter holds for every K, more precisely for every
K1, wewrite =K ¢.

Since by Lemma 2.3 every accessibility relation R¢ in each model K is an equivalence
we immediately obtain the following properties (see, e.g., [11]).

EXg = ocy
EXOcocp < oce
EX oc—=0cp < —Oce
EXOcp— ¢
EXOcocy < ocp

f EXOcOce < Ocy

1)

LRSS

Property a is the dua of d which in turn is modal axiom T and is guaranteed by re-
flexivity of R¢ (cf. Lemma 2.3). Properties b and f are also each other duals: in f, the
—-direction is a specia case of d, the other direction (known in modal logic as axiom
4 [11]) is due to the transitivity of Rc. Of property ¢, the <-direction is an instance
of a, the other direction is equivalent to axiom 5, which is usualy given as —Oc¢cy —
Oc¢—Ocy. Thisisalso what the «<—-direction of e is expressing. Finally, the —-direction
of e isan instance of d.

1 Asan aside, we might generalize the notion of 7-validity to that in models K = (W', Ry, ..., Ry, ®), where
W’ C W is some subset of all the possible valuations, reflecting some background theory on the allowed propo-
sitional formulas.
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We note in passing that [ ag isa“universal” modality, and gives us a bridge to go from
“local” (i.e., truth at aworld in a Kripke structure) to “global” (i.e., truth at every world in
an I-Kripke structure):

Kieke & 3w K;,wEOage )

Example 2.4 (Bach or Stravinsky). Let us consider two agents, each having a choice to
go to either a concert by Bach or by Stravinsky. Let b1 be the atom denoting that agent 1
chooses for Bach, and similarly for b, and agent 2. Obviously, I is such that each agent
i has control over the atom b;. It is understood that agent i’s choice for Stravinsky is
represented as —b;. Assume that initially no agent is going to Bach (i.e., w and ® are
such that IC, w =X (—b1 A —by)), then we have in w that no agent can force them both
going to Bach (—<¢1(b1 A b2) A =O2(b1 A b2)), whereasin full cooperation they can share
a Bach evening (¢©1,2(b1 A b2)). On aglobal level, neither agent can establish an evening
out together (KC; B4 ©; (b1 A bp) and KC; KK ©;(=by A —b)), i < 2), but fortunately, they
can cooperate to have an evening out together (/C; =X O1.2(b1 A b2) A O1.2(=b1 A —b2)),
but this still involves achoice (KC; X ©1.2((b1 A b2) A (=b1 A =bp))).

2.5. Relating the different semantics
Our next task isto formally establish that the two semantics are equivalent.

Remark 2.1. From now on, given a propositiona model M = (Ag, At, Aty, ..., At,, 0)
such as defined in Definition 1, and aKripke model £ = (W, Ry, ..., R,, IT) asin Defini-
tion 2 we assume they are based on the same partition Aty, . . . At,. Moreover, we will write
wyg for that world in W for which ® (wg) = 6.

Lemma 2.4 (Equivalence of semantics). Let the model M = (Ag, At, Aty, ..., At,, 0) beas
in Definition 1, and let the Kripke model IC = (W, Rq, ..., Ry, IT) be as in Definition 2.
Then, for every cL-pPC formula ¢, we have:

MEYY iff K wsEXe

Proof. We prove the displayed equivalence for any M = (Ag, At, At1, ..., At,, 0), the
proof proceeding with induction on ¢. For ¢ being an atom p this follows from the de-
finition of # and wg. Let us look at the diamond formula ¢c¢. Suppose M =% ¢. This
means that there is some valuation 8’ and a model M’ = (Ag, At, Aty, ..., At,,0’) such
that M’ =9 . The induction hypothesis gives us K, wy =X ¢, and, since by definition, 6’
differs from 6 in at most the atoms occurring in ;. At;, we have IC, wy =X ©cp. The
other directionisproveninasimilar way. O

Corollary 2.2.
e iff K  ad g iff

How do the local, the semi-general I-based, and the global semantics compare? We
start by giving the obvious dependencies, and then discuss the differences between the se-
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mantics, on the fly arguing that, in general, none of the implications below can be reversed.
So, let K; be aKripke model with I a partition over At, and let w be aworld. Then it is
easy to see that we have the following chain of implications.

Eo = KiE¢ = KLwgE'e ©)

Thelast implication cannot be reversed, witnessed by ¢ = p and w(p) =t t . But objec-
tive formulas are not the only counterexamples:. take w as before and assume that p ¢ At;,
g € At;. Thenwe havethat IC;, w =X ©; (p A q), whereas, even under this fixed partition 1,
K1 X0 (p Aq). Thefirstimplication is also not an equivalence: take I suchthat ¢ € At;,
then K7 = ©iq, but obviously =X ©;¢. It seemsthat the notion K; =X ¢ isthe most inter-
esting for our current aims: the fact that i can bring about p A g in w istoo local aproperty,
he would not be able to bring it about when in a situation in which p would not have been
true.

3. Thedeductive system CL-PC

In this section, we present an axiom system for cL-pPcC, and show that this axiom sys-
tem is sound and complete with respect to our semantics. More precisely, we employ a
canonical model construction to show that the axiom system is complete with respect to
the Kripke semantics for cL-pPc introduced in Section 2.4. We then appeal to the fact that
the Kripke and direct semantics are equivalent (Lemma 2.4) to conclude that the axiomati-
zation is complete with respect to both.

Definition 3. By ¢, wedenotealiteral p or —p. If wewant to explicitly refer to the atom on
which the literal is based, wewrite ¢(p). Recall that an objective formulais one containing
no cooperation modalities. Then the axioms of our logic CL-PC are as shown in Fig. 2.
Given a partition 7, we will write -5-"7C ¢ to denote that formula ¢ is derivable from
these axioms and the following inference rules. We will often suppress the subscript 7,
though, and sometimes al so the superscript CL-PC.

MP Py A y) = FEFCy
Nec(i) F-Cyp = FOPCOyy

First, note that all the axioms apart from Comp-U are about individual agents. We will
see below how the axioms can be “lifted” to arbitrary coalitions.

With respect to the soundness of our axioms, we note that Prop is obvious, and K (i)
states that [J; is a normal modal operator. Axiom 7'(i) in contrapositive—note that the
axioms are schemes—reads (¢ — <©;¢): every agent has the possibility to not change
his atoms, leaving the state unchanged. B(i) follows from the symmetry of the R; rela-
tion [11, p. 80]: starting in an arbitrary state verifying ¢, any agent i cannot avoid to go
to a state in which he can return to the original state ((J;¢;¢). For @, note that Ry is
the identity: if nobody is alowed to change some atoms, we stay where we are. Axiom
at-least(control) states that every literal can be changed by at least one of the agents, and
axiom at-most(control) guarantees that no more than one agent can modify it.
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(Prop) o, where ¢ is any propositional tautology

(K@) Uie =) — Lip— Oiy)

(T()) Uig—¢

(B(D) ¢ — 0%

(empty) Upp < e

at-least(control) £(p) — V;cpq Ci—t(p)

at-most(control) £(p) — (O;—L(p) — O ;£(p)) wherei # j
p €AY,

(effect(i)) W AL(p)) = Qi (Y A=L(p)) where 1 p ¢ At(Y), and
¥ isobjective

(non-effect(i)) < e(p) — O, 4(p) where p ¢ At;

(Comp-U) O, Oeye < Ocyuc,e

Fig. 2. Axioms of CL-PC.

Axiom effect(i) states that agents can make local changes to formulas: if ¥ does not
involve a particular atom p that is under the control of agent i, then that agent can toggle p
without modifying v, for any objective formula . Although the soundness of this axiom
is obvious for propositional formulas v, it is not immediately clear for general formulas
. Aswe will see in Lemma 3.4, however, thisis derivable. The non-effect(i)-axiom says
that no agent i can change the literals based on atoms outside his control: if p ¢ At(i) and
<O L(p) istrue, then £(p) must be true no matter how i toggles his atoms, and in particular,
£(p) must already be true now (by virtue of 7 (i)).

Finally, observethat Axiom Comp-U isequivalentto ¢, ¢c,¢ <> ¢c,uc,9. Thisaxiom
is sound in the Kripke interpretation: if, given the interpretation 6, agent 1 can make a
transition to 61, from which agent 2 can choose the state to be 6, then, equivalently, from
0, agents 1 and 2 can choose values for their atoms so that we end up in 62. The converse
also holds: a change in valuation due to the coalition C1 U C» can aways be decomposed
in achange by C; and one by C». (Schema Comp-U is so named for its close relationship
to the axiom Comp from dynamic logic [18, p. 88].2)

Formally, we state without proof:

Lemma 3.1 (Soundness). The system CL-PC is sound with respect to both the cL-PC se-
mantics of Definition 1 and the Kripke semantics of Definition 2.

The following lemma shows a number of derivable formulas. It demonstrates that the
individual agent properties of the logic cL-PC can be lifted to the collective level, and,
moreover, property S’ shows when agents can concurrently exercise their powers.

Lemma 3.2 (Derived schemes). The schemes in Fig. 3 may be derived in the deductive
system cL-PC (C isan arbitrary set of agents).

2 The Comp axiom from dynamic logic axiom is (p1; p2)¢ <> (p1){p2)e (Where p1 and p are programs).
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(K(C)) Ocw— v)— (Oce— Ocy)
(T(C)) Oco—o
4(0)) Oco— OcOco
(5(C)) =Oce— Oc-0ce
, and

(effect(C)) (9 ALP)) = Ol A—E(p)) where { e
(non-effect(C)) (p — Lep) A (—=p— Lc—p) where p ¢ ;e Ati
(Sub) Ogyuce — e

, ) ) _ p €AY, and
Alt(7) (@ AL(P)) = Ci(p AL(P)) A (9 A—L(p)) where { ¢ Atg)
(") 019 AOCY = Ociuc, (@0 AY) where At(p) N At(¥) = ¥

Fig. 3. Some derived axiom schemes.

Proof. Follows from the semantics, once we have proven completeness. As an illustration
of aderivation, however, in Appendix A we prove (S') withincL-Pc. O

Schema (S) is the closest we have in CL-PC to Pauly’s schema (), which intuitively
said that digjoint coalitions could add abilities (i.e., for digoint C1 and C», if C1 canachieve
¢ and C; can achieve ¥, then C1 U C» can achieve ¢ A ). The direct cL-PC analogue of
Pauly’s (S), i.e., Oc @ A O, — Ocyuc, (@ A ) for disoint Cq, Co, isnot valid, as the
following example illustrates.

Example 3.1. Suppose that we have amodel M with Ag= {1, 2}, Aty = {p}, and 6(p) =
tt. Then clearly M =% (01—p) A (O2p). BUtif Oc,0 A O, — Ocyuc, (9 A ¥) were
valid, thenwewould have M = ¢4 2(p A—p), and so M =9 ©1 5 L and hence M =9 L.

Instead, we have the weaker scheme (S’): this scheme says that, if C1 can achieve ¢,
and C» can achieve v, and ¢ and v have no propositional variables in common, then
C1 U C> canachieve ¢ A 1. Notethat, in contrast to Pauly’s schema (S), while this schema
requiresthat the formulae ¢ and  are digoint with respect to their propositional variables,
the coalitions C1 and C2 are not required to be digjoint.

3.1. Completeness

We are now ready to prove that the axiom system cL-PC is complete with respect to the
two semantics presented earlier. We begin by fixing some notation.

Definition 4 (Notation). In thefollowing, we use ¢ asavariable both over individual agents
i € Ag and codlitions C C Ag. If such a c is fixed, we want to reason about what it can
achieve, and what not. For this, we partition a set of relevant atoms (which can be At, or
At. or At(p) for a specific ¢) in asubset X under control of ¢, say X = {x1,...,x;} and a
setY ={y1,..., yn} out of control of c. Notethat the x’sand y’s are variables over atoms:
when changing focus to another coalition ¢’ we will use the sets X and Y again, but of
course then X C At(c"). Note that in order to not obscure notation too much, we do not
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make ¢ explicit in this notation, nor do we say how k and m depend on ¢ or ¢. We aso
will write a propositional formula v in a specia Disjunctive Normal Form (DNF (v, ¢)),
where DNF(yr, ¢) =y v Vv - - - Vv g, €ach r; being aconjunction of literals over all the
atoms occurring in v, and ordered along the sets At(y) N At(c) and At(y) \ At(c). Then
we canwriteany ; as

T Eﬂf/\ﬂfE /\Zj(xg)/\ /\ £i(yn)

gk h<m

Given a conjunction 7, and a coalition or agent ¢, we will hence write 7 for the con-
junction of literals obtained from = by leaving out the x’s, and 7 for the conjunction of
7 without the y’s. Observe that hence we can interpret 7 as that part of 7 that is under
control of ¢, and 7! as the part out of ¢’s control. Sometimes, we will also use dnf (1),
which is also a disjunctive normal form, but not necessarily containing all of ¢’s atoms.
For instance, if ¢ istheformula (p1 A g) A (p2 vV —p2) (p1, p2 € At(C), g ¢ At(C)), then
DNF (¢, C) = (p1 A p2Aq) V (p1 A —p2 A q) Whilednf () = (p1 A q).

The first main component of our completeness proof is Theorem 3.1. This result
states that every cL-Pc formula is equivalent to a formula of propositional logic. (As
an aside, note that this result does not imply that the modal language of CL-PC is re-
dundant, since the trandation from cL-PC involves an exponential blow-up in the size
of the formula.) We prove Theorem 3.1 by way of two lemmas, which essentially show
us how cooperation modalities can be eliminated from formulae, while preserving their
truth.

L emma 3.3. Using the notation asintroduced in Definition 4, et ¢ be an agent or coalition,
andlet 7 =7¢ A ¢ also as specified there. Then:

FCLPC 76 o <>C(715 A 715)

At first sight, it might seem strange that the equivalencein Lemma 3.3 has atoms on the
right hand side which do not occur in the left hand side. The idea is simple though, and
will be used in many proof-steps that are to follow. Let us, given agent i, loosely refer to
7' and ' asliteralsin 7 that are out, or in the agent’s control, respectively. Then, i can
achieve any combination of literals, as long as those out his control are already set in the
right way. In an example: if i controls p; and p2 but not p or ¢, then i can bring about
(p1 A —p2 A p A —q) in exactly those situations in which (p A —q) is aready true. For
coalitions C, thisworks similarly.

Proof. We first prove the displayed formulafor the case that ¢ is an agent i. For the right
to | eft direction, note that for any atom y ¢ At;, we have

FEPCo(y) - €y y¢Ay (4)
One uses first non-effect(i) and then 7 (i) to see this. Then we derive (a)—c):

(8 :<>,-(71i /\nlv) — <>,-7r7
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(b):oin’ — o; /\ £(yn)

h<m

©:0i N\ Lo — N €ow)

h<m h<m

Implication (a) is a property of any modal diamond, (b) uses the definition of 7' and (©
applies (4). Since /\hgm £(yy) is by definition z*, this proves the derivability of ©; (' A
T[lv) — .
For the other direction, first note that for any y not in At;, we have

FEPC L) — Dty 5)
which follows immediately from (4) and the fact that we are dealing with literals. By using
modal logical laws, we then derive =<-"PC A\, . £(y1) — Oi A<, £(v) and hence

FCL-PC ol O; 7l (6)

Now let uswrite 7 as ' Aw’ = 7' A ((x1) A €(x2) A -+ A €(xp)). By definition of 7/
and r', we have x1 ¢ At(r"). Also, by axiom T (i),

|-CL-PC (ni AL(x1)) = ©; (nf A L(x1)) ¥
and, by effect(i),
|-CL-PC (T[T A=L(x1)) = O; (nlv A L(x1)) (8

Since ¥ isequivaentto (7' A £(x1)) V (' A —£(x1)), we obtain from (7) and (8):
FOLPC 2l o (' A L(x1) )
Repeating the argument (7)—9) we also obtain
FELPC (7 A £(x1)) — i (7 A L(x1) A £(x2)) (10)

Now note that (9) and (10) are of the form -, =’ — Op1 and -, g1 — Og2, respectively,
inwhich in any modal logic m one concludest,, 7! — &<Cgo. But in cL-PC we also have
000 — O, so that we conclude, from (9) and (10),

FOLPC 2T s o (n’v A L(x1) A L(x2)) (11)

Repeatl ng the argument from (7)—(11) sufficiently many times, we conclude that ---"¢
m = 0 (£(x1) A L(x2) A+ AL(xp)), or, equivalently, —S-PC 7T — o7, We combine
thiswith (6) to finally obtaln FOLPC 7l 5 (! A Th).

Given that we now have proven what we want for ¢ being an agent i, let us now
assume that ¢ is a coalition C. Choose an arbitrary order of the members of C, say
iy, ly—1,...,12,i1. Let theinitial conjunction be 7. Axiom Comp-U tells us that

FCL_PC O < 0,04y

<O OnT (12)

We now iteratively do the following. We construct a sequence of conjunctions
71, ..., T, such that every ;1 isw; with theliterals over atoms from At; left out. Let 71
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be . The result for the single agent case tells us that -7 7t < o ()t A7), e,
FCLPC 1t < 04,1 Using this equivalence in (12), we obtain

FCL_PC O <> 0, Oy <>,‘27T]l_vl (13)

Note that in (13), the formula nfl is the conjunction s; with all the literals over atoms
from At;, left out. Let > be the formula 7r;*. The single agent case again tells us that
FCLPC 222 o5 04,75 giving

FOLPC oo < 0,01y -+ Oig T2 (14)

where ;2 isthe conjunction ; with theliteralsfor agentsi; and i» left out. We repeat this
argument v times to eventually conclude

FCLPCoecm < ml (15)

where rrl’;” is the formula 1 with al thevliterals involving any of C’s atoms, left out. In
order words, (15) says-L"PC oo < 7€, O

Lemma 3.4. Let C be a coalition of agents, and v a propositional formula. Then there
exist a propositional formula « such that

Proof. We know that v is propositional, so let us use the notation introduced in Defi-
nition 4, and assume that DNF (¢, C) =1 Vv --- vV 1z and that X = At(y) N Ate, and
Y = At(y) \ X. Asinany modal logic, we have

FcL-pc ©c \/ T <> \/ Ocmj (%)
Jj<d Jj<d

By Lemma 3.3, we moreover have

p-CL-PC Ocmj < njé (%)
Note that the right hand side of (xx) is purely propositional. Combining (x) and (xx), we
have F-"PC o < oy where o is the formula \/; njc. Clearly, by definition of njc,
Atla) NAtc =0. O

Example 3.2. Let us consider the formula ¢; ¢ being ©; (p1 A (p2 — pa)). Bringing ¥ in
dnf gives ©;((p1 A —=p2 A =pa) V (p1 A =p2 A pa) V (p1 A p2 A pa)). We consider the
following cases:

(1) At; ={p1, p2, p3, pa}. Thereare no atomsoccurringin v that are not under the control
of agent i, so we get for « adigunction of three occurrences of T, which equals T, so
that our agent can always bring about .

(2) At; ={p1, p2}. Agent i can only toggle the atoms p1 and p», so the statesin which he
can bring about  are represented by —p4 Vv pa Vv p4 which isequivalent to true: agent
i can aways bring about /!
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(3) At; = {p>}. Then he can bring about v in those worlds satisfying (p1 A —=pa) V (p1 A
p4) V (p1 A pa), whichisequivalent to ps.

(4) At; ={ps3}. Then i can bring about v only in those situations in which v is already
true (i.e., « = v), which is as expected.

Note that Lemma 3.4 implies that every formula O¢ v is also equivalent to a proposi-
tional formula. Let X and Y again be the atoms in and out of control of C, respectively.
Thistime, write ¢ in Conjunctive Normal Form CNF(y, C) =81 A --- Ad4, €ach §; of the

form s¢ vac =V, L) V Vg £ (n). Werthen get that Oy = /\,<dac Asan
exampfe suppose that CNF(y, C) = (p1V —paV g1V —q2) A (p1V p2 V =q1 V g2), and
that p1, p2 € At(C), but g1, g2 ¢ At(C). Then C cannot avoid that v istrue in those cases
where both (¢1 vV —¢2) and (—q1 Vv ¢2) aretrue.

In fact, Lemma 3.4 gives us a constructive way to find the propositional formula «,
given the coalition C and DNF(y, C) =m; v --- v 7y for . Let us, for future reference,
definethisa as F(C, v).

Theorem 3.1 (Normal forms). Every formula ¢ is equivalent in CL-PC to a propositional
formula.

Proof. Consider the following translation 7.

T(M=T

T(p)=

T(—¢)=—T(p)
T@eAy)=T(p) NT(¥)
T (0ce) =F(C.T(p))

From the definition of 7 and Lemma 3.4, it isclear that ¢ isequivalent to 7 (¢). Moreover,
itiseasy to seethat 7 (¢) isapropositiona formula. O

Example 3.3. Again, we consider theformulag whichindnf is ((p1 A—p2A=pa) vV (p1A
—p2 A pa) V (p1 A p2 A pa)). We are interested in finding the propositional equivalent of
©1<02¢0. We consider the following cases:

(1) At2 = {p1. p2, pa}, At1 = {p3}. There are no atoms occurring in ¢ that are not under
control of agent 2, so we get asthetrandation of ©2¢ theformula T, and thetranslation
of 01T isT.

(2) Atz = {p1, p2}. We know from Example 3.2 that 7 (02¢) = T, giving adso T for
T (01020).

(3) Ato ={p>}. Then 2 can bring about ¢ in those worlds satisfying p1 (see Example 3.2).
S0, in case p; € Atg, we have that ©102¢ = T, saying that the coalition {1, 2} can
awayshbring about ¢, but if p1 ¢ Atg, theformula <1029 isequivalent to p;, indicating
all situationsin which {1, 2} can bring about ¢.
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(4) Atp = {ps}. Theni can bring about ¢ only in those situations in which ¢ is aready
true, and we can use the analysis of Example 3.2 to reason about ©1<¢2¢, sinceit is
equal to ¢1¢.

Corollary 3.1. Let ¢ be an arbitrary formula, and M a propositional model based on a
partition 7. Then: M; =9 Oagy iff thereis a propositional formula - for which |:‘} © <
Y and y being a propositional tautology.

We can now move on to the main stage of our proof. We employ a canonical model
construction, and assume some familiarity with this approach in what follows:® in par-
ticular, we assume some understanding of the standard definition of maximal consistent
sets, Lindenbaum’s lemma [18, pp. 18-20], and the use of these in the canonical model
construction [18, pp. 22-23].

Definition 5 (Canonical model). We define the canonical model X" for cL-pPC as K" =
(W RPN .., RE", ©"), where:

o W@ jsthe set of cL-PC maximal consistent sets;
o RAIAliffforal p:pe A= 0jpel.
e O (p)=ttiff perl.

L emma 3.5. The canonical model X" defined in Definition 5 isisomorphic to the Kripke
model K of Definition 2. More precisely, there exists a bijective function f: W — W
such that:

(1) forall ' e W and p € At: @ (M) (p) =t t iff O(F(I))(p)=tt,
(2) RACAff R f(I') f(A).

Proof. Theorem 3.1 tells us that any cL-Pc formulais equivalent to a propositiona for-
mula. Since we assumed a finite number of propositional atoms, there are finitely many
propositional formulas. It follows that for world I € W™ there is a corresponding world
wp inthe Kripke model K which exactly satisfies the literalsin I". It is also the case that
for every valuation wy in K, there is a corresponding world I" in W, Let us call this
isomorphism f: W — W, where W" is the domain of the canonical model, and W is
the domain of the Kripke model C, as defined in Definition 2. Define f formally as

fr)=wpr, fortheuniquew, suchthatforal p (pel”’ < wr(p)=tt)

Thisis a bijection: first of al, every world w is the image of some I" € W, More-
over, suppose that I # A. To show that f(I") # f(A), suppose the latter is not the case:
f(IM) and f(A) coincide. Thismeansthat I" and A contain exactly the same literals, and,
since they are maximal consistent sets, also the same objective formulas. But, by Theo-
rem 3.1 then, they contain the same Lc-Pc formulas, i.e., I' = A, contradicting our initial
assumption, hence f(I") # f(A).

3 See[11, pp. 59-61], [9, pp. 196-201], or [18, pp. 22—25] for introductions.
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It isobvious, by construction of £, that ®@"(I") and ® (£ (I")) agree on all atoms. This
provesitem 1.

Now we have to show that the definition of RF" in the canonical model corresponds to
that of R; inthe Kripke model /C, or, more precisely, that

RE'rA iff [f(I')= f(A) (modA)]

To prove the displayed equivalence, suppose first that Rf*"I" A, and, to derive a contra-
diction, that f(I") # f(A) (mod At;). The latter meansthat thereisan atom p € (At\ At;),
such that for some literal ¢(p), we have £(p) being false under the valuation f(I),
but ¢(p) being true under f(A). By the first item of this lemma, we know that then
L(p) ¢ I, L(p) € A. The definition of Rfa” thenyieldsthat ©;¢(p) € I". But thisisimpos-
sible, since ¢;¢(p) € I implies (use non-effect(i)) O;£(p) € I', which, by T'(i), implies
£(p) € I', in contradiction with what was derived earlier.

For the other direction, assume that [ f(I") = f(A) (mod At;)]. Let ¢ be an arbitrary
formulain A: we have to show that ¢;¢ in I". Let = be the conjunction of al the literals
in A. Thisisthe strongest propositional formulain A, and, by Theorem 3.1, the strongest
formulain it. Hence we have -¢-pc m — ¢. We can write r as aconjunction (' Axh),in
which 7’ isthe conjunction over all £(p) with p € At;, and 7l aconjunction of £(p;), with
pi ¢ At;. Smce F) =14 (mod At;), we havethat 7' € I'. By Lemma 3.3, we know
that Fgj-pc 71 — <; (z! A x?), and hence ©;(z! A ') € I'. But then, by definition of
wehave ¢;r € I and hence ¢, € I'.

This completes the proof that the models K and X" are isomorphic, and hence verify
the sameformulas. O

We now come to our main completeness result. (For readability, we suppress the set of
agents Ag, the set of atoms At and the partition I of At over Ag, which should be the same
inall cases.)

Theorem 3.2 (Completeness). The following are equivalent, for any formula ¢.

(i) ¢ iscL-PC-consistent;

(ii) ¢ istruein one of the worlds of the canonical model X" (see Definition 5);
(iii) ¢ istruein one of the worlds of X (see Definition 2);
(iv) ¢ istruein some propositional model M (see Definition 1).

Proof. Let ¢ be consistent. Then it is contained in a maximal consistent set I". The
construction of the canonical modd is standard, as is the proof of its coincidence prop-
erty: K@ A = iff ¥ € A (see, eg., [9, pp. 196-201]). From this, it follows that
K, I' = ¢, and hence this proves (i) implies (ii). The other direction follows from
Lemma 3.1. Lemma 3.5 states that items (ii) and (iii) are equivalent, and the equivalence
of (iii) and (iv) isguaranteed by Lemma2.4. O
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4. Varieties of ability and control

In the introduction to this paper, we claimed that contingent ability, as captured in our
“$..." cooperation modalities, was sufficient to define other, richer (and arguably more
realistic) types of ability and control. Our aim in this section is to justify this claim. We
begin by showing how contingent ability may be used to define «- and g-ability modalities.
In Section 4.2, we go on to show how the notion of control may be characterisedin cL-PC.

4.1. Characterising alpha and beta ability

As we noted above, the cooperation modality <... is not strategic. That is, a formula
Sce simply means that the coalition C have some choice available to them, such that
if they make this choice and nothing else changes, then ¢ will be true. But of course,
multiagent encounters are typically strategic in nature, where the decision that one agent
should make depends on the decisions that other agents may make. In this section, we show
how it is possible to define strategic cooperation modalities in terms of CL-PC constructs.

In the study of coalitional ability, the most common form of strategic capability stud-
ied is known as «-ability, or “ 3V "-capability (see, e.g., [37, pp. 311-312]). Intuitively, a
coalition C is said to have «-ability for some proposition ¢ if there exists a choice o¢ for
C such that, for all choices o for C, if C make choice o¢ and C make choice o, then
o will be true. (Note the “ 3v” pattern of quantifiersin this definition.) In other words, C
having the «-ability to bring about ¢ meansthat C have a choice such that, no matter what
the other agentsdo, if they make this choice, then ¢ will betrue. Thisnotion of cooperative
ability typically forms the semantic basis of cooperation modalities [36].

Implicit within the notion of «-ability isthefact that C have no knowledge of the choice
that the other agents make; they are not allowed to see the choice of C and then decide what
to do, but rather they must make their decision first. This motivates the notion of g-ability
(i.e., " v3”-ability): coalition C is said to have the g-ability for ¢ if for every choice oz
availableto C, there exists a choice o¢ for C such that if C choose o and C choose oc,
then ¢ will result. Thus C being B-able to ¢ means that no matter what the other agents
do, C have achoice such that, if they make this choice, then ¢ will be true. Note the  v3”
pattern of quantifiers: C are implicitly alowed to make their choice while being aware of
the choice made by C.

It is easy to see that both - and B-ability represent stronger notions of ability than
that in the basic cooperation modalities of cL-PC. But using the cooperation modalities of
CL-Pc, we can in fact define coalition modalities* ((- - )" and “ (- - -)) g” capturing « and
B-ability respectively, and of course their duals, “[- - -[,” and “[---]g".

(Chap=0cOze
(Chpe=0Og<cy
[Clag =—(Cha—e

I
[[Cﬂw—ﬂ Np—o
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As an aside, the double bracket notation, “{(---))" it motivated by its use in ATL [5]:
the derived modality (- - -)), isvery closeto the ATL “next” cooperation modality, written
{(--n0O.

One may wonder whether definitions like those given above cannot be used in arbitrary
coalition logics, such as ATL. However, the fact that we can “reduce” «- and g-ability to
the contingent ability is due to the fact that our system is basically asynchronous. That
is, the effect of the agents' choices are independent of each other—the effect of agroup’s
decision is exactly the sum of the effects of its individuals. Expressed more precisely:
for any coalition C = {c1, ..., ¢}, any ability formula ¢¢c¢ can always be rewritten as
O Ocp -+ O 0, EXpPressing that the actions of the agents do not interfere with each other,
and group actions can always be unravelled as a sequence of individual actions.

Let us consider the relationships between the various types of ability introduced in this
paper. First, note that we have the following equivalence.

(Chpe = Ogocy
< Og0cocy
<> DAgQCQD

Secondly, (cf. T(C)), we have both =% (C))g9 — Ocp and =2 (Chpp — ©co.

At the global level, g-ability and contingent ability collapse: saying that, for a given
partition of atoms among agents, the coalition C have the -ability to achieve ¢ is the
same as saying that they have the contingent ability to achieve ¢ in every situation based
on this partition. More formally, we have the following equivalence.

E9(Chpe & ESocy (16)

However, note that «- and g-ability are distinct at the global level. Formally, we have the
following.

ES (Chap & EJ(C)pe
To see this, let {p} = Atc. Then we have |=‘} {(Chp(p < g), but obviously not
ES (C)a(p <> ). Instead, we get the following implications between the different types
of ability.

=S (Chap — (C)pe (17)

=S (Chpp > Oco (18)

Given that the definition of the o cooperation modalities more closely resembles those
of Pauly’s codlition logic, the following question arises. To what extent does Pauly’s
axiomatization of Coalition Logic carry over to CL-PC with « cooperation modalities?
Consider the following axioms, which are just Pauly’s axioms for Coalition Logic trans-
lated directly into cL-PC (see [36, pp. 54-56]).

(@-N1)  —(AghoL
(@-T) (Dl
(a-L)  (Chal

{(Cha'T
{(CNal (C'CO)

—
—
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(@-N)  =(Da—¢ = (AQ)ayp
(a-S) ((Cap A (C2Nay) = (CLUC2Nalp AY)  (C1N C2=0)

We have the following.

Theorem 4.1. Axiom schemes («-N_1), (a-T), (x-1), (@-N), and («¢-S) may all be de-
rived within the axiom system cL-pPC.

Proof. See Appendix B. O
4.2. Characterising control

In this section, we address oursel ves to the problem of characterising the circumstances
under which a coalition controls some state of affairs. We begin with the following obser-
vation: Control is closely related to ability, but it is not the same thing. For, consider any
propositional tautology T. According to all of the definitions of ability we have considered
thus far, any coalition (even ¥) can achieve T. But we would not be inclined to take seri-
ously any coalition that claimed to control T—thiswould be rather like claiming to control
the heavens just because the sun happened to rise every morning. So, being able to control
some state of affairs ¢ means not just being able to achieve ¢, it also means being able to
achieve —¢. This motivates the following.

Definition 6 (Contingent control). Where C isacoalition and ¢ isaformulaof cL-PC, we
write controls(C, ¢) to mean that C can choose ¢ to be either true or false:

controls(C, @) = Ocp A Oc—g

The following result suggests that this definition seems to be operating at least partly in
the way intended: by using the controls(. . .) connective, we can capture the distribution of
propositions among agentsin a model.

Lemma4.l. Let M = (Ag, At, Aty, ..., At,, ) be a model for cL-PcC, i € Ag be an agent,
and p € At be a propositional variablein M. Then:

M Y controls(i, p) iff peAt

Proof. For the left-to-right implication, assume M [=¢ controls(i, p). Then there are two
cases to consider: where 9 (p) =f f and 0(p) =t t . Consider the first case. Since M |=¢
controls(i, p), there exists an i-valuation 6; such that M & 6; =% p. Since M differs
from M @ 0; only in the values it assigns to variables in the domain of 6;, it follows
that p € domé;, and hence p € At;. The second case is essentially identical. For the right-
to-left implication, assume p € At;, and consider any two i-valuations 6, and 9i+ such that
6" (p)=tt and 6 (p) =ff, butonal atomsq # p, 6, (q) = 6i(q) = 0~ (q). Clearly,
M6 EYpand M@ 6 =4 —p, 0 M EY0;p A ©;—p, and hence by definition
M =9 controls(i, p). O
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In other cooperation logics, there is not much we can really say about when a coalition
controls some state of affairs: either it controlsit, or it does not control it. However, with
CL-PC, we have more information to go on: we know that propositional variables are con-
trolled by agents. We can use this structure to extract some general rules with respect to
when a coalition controls a formula, in terms of the logical structure of that formula, the
propositional variables that make up the formula, and the variables that are controlled by
the coalition in question. So, we will now consider the issue of how we might generalise
Lemmad4.1 to arbitrary formulas ¢.

First of al, note that the fact that controls(i, ¢) is true, does not mean that At(¢) C At;.
Asacounterexample, supposethat p istrue, and At; = {¢}. Then obvioudly controls(i, p A
q),but At(p Aq) ={p, q} € {q} = At;. Thisexample a so showsthat although the set At; is
defined independently of the actual valuation 6 in M, whether i controls ¢ may depend on
the specific 0, since in the above example controls(i, p A ¢) would not have been truein a
model M’ inwhich p wasfalse. Secondly, the fact that At(¢) C At; does not guarantee that
i controls ¢, for which (p v —p) for agent i with At; = {p} isawitness. In order for any
coalition C to control ¢, the formula ¢ must be a contingency, i.e., neither a contradiction
nor atautology. Conversely, if ¢ isacontingent formula, the grand coalition Ag controlsit:

Observation 4.1. Let I be a partition Aty, ..., At, of the atoms At. Then, for every for-
mula ¢:

=9 controls(Ag, ) iff (19 ¢ and Y —p)

Proof. From left to right is obvious, so assume ¢ is contingent and let the model M
be (Ag, At, Aty, ..., At,, 0). Then, for some M, = (Ag, At, Aty, ..., At,, 8’) and for some
M = (Ag, At, Aty, ..., At,, 0”) we have M’ =9 ¢ and M” =9 —¢. Note that we have
0 =6’ (mod At) and & = 6" (mod At), which finishesthe proof. O

To appreciate the relevance of a fixed partition I in Observation 4.1, note that in the
proof, the two obtained models M/, and M7 are based on the same partition /. Indeed, we
have the following non-equivalence:

=9 controls(Ag, ¢) & (B¢ and 9 —p) (19

Although from left to right isavalid implication, here is a witness that refutes the right to
left direction: take for ¢ the formula controls(i, p). From Lemma 4.1, we know that this
formulaistruein amodel M iff p € At;. Obviously, there are partitions I for which thisis
the case, and others, for which it is not, from which we see that the right hand side of (19)
istrue. However, at the sametime, =9 controls(Ag, controls(i, p)), because, in an arbitrary
model M based on apartition I, we either have p € At; (in which case |=‘} controls(i, p))
or p ¢ At; (giving |=‘} —controls(i, p)). In both cases, by Observation 4.1, we have
l;é‘} controls(Ag, controls(i, p)) and hence, by the counterpart in the direct semantics of
(3) and Corollary 2.2, =9 controls(Ag, controls(i, p)).

We now consider the more general question of when acoalition C controlsaformula¢.
We settleit first for the case with afixed partition (in what follows, we use some notation
and terminology that was introduced in Section 3).
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Let us begin with an attempt that does not work. We cannot generalise Observation 4.1
to the following:

Let I be apartition Aty, .. ., At, of the atoms At. Then, for every formula ¢ and every
coalition C, =9 controls(C, g) iff:

(S ¢ and 19 —p and 3¢’ =9 (¢ < ¢) and At(g') C AL(C))

Although the only if direction holds, acounterexamplefor theif directionisthe formula
controls(i, (p; <> q)), At(i) = {p; }. We do have the following, however.

Theorem 4.2. Let C be a coalition, ¢ a formula, and M; = (Ag, At, Atq, ..., At,,0) a
propositional model. Then: M =9 controls(C, ) iff there exists a propositional formula
¥ with the following properties:

@ =y <o
(b) Let DNF(y, C) equal (nl /\nl)v \/(nd /\nd)WIthAt(nC)—X At(Y) NAL(C).
Then, for some j < d:

(b1) M, =9 7€

(b2) Thereissome £(X) = £(x1) A --- A £(xy) suchthat £(X) A njé does not occur in
DNF (¢, C).

Proof. Suppose that (a) and (b) are true, then we have that M; =9 nJC By soundness,
and Lemma 3.3, we have M, =4 <>C(7er A njC), and hence M; =9 ©cp. We aso have
FCLPC (0(X) A n].C) — =g and thus =9 (£(X) A njC) — —g. But since njC is already
true in My, and all the atoms in £(X) belong to C, we have M; =% ¢c((X) A njc),

and hence M; =9 ©¢—¢. Conversely, suppose M; =9 controls(C, ¢), i.e., M; =% Oco
and M; =% 0c—¢. By Lemma 3.3, we find a v such that EY¢ < ¢, and X and Y as

usual, with DNF (v, C) = \/l<d ;, each 1r; of typen€ A €. Themodel M; must decide
on one of the digunctions, i.e., for some ; (j < d), we have M; = T, i.e, M;Ed

nC /\nC Now, suppose that every combination £(X) occursas £(X) AJ‘(C in DNF (v, C).
By propositional reasonlng, we then obtain that -C--PC nC — ¢, and, by nectanon
and soundness, =4 Dc(n — ). Since C has no control over the atomsin n ,and n

is already truein M, we have M; =1 Dcnf. All in all, we see that M; |=d Oce. But

thisisin congradiction with M =9 =g, and hence not every combination £(X) occurs
asl(X) A njc inDNF(y, C). O

This notion of control still has a local flavour: if an atom p € At; and g ¢ At;, for in-
stance, then controls(i, p A ¢) would be true in amodel M for which M =% ¢, but not in
models M’ for which M’ =9 —¢. In fact, the formulas that are globally under control of a
coalition C have avery natural determination, for afixed interpretation 7:
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Theorem 4.3. Let C be a coalition, ¢ a formula, and I a fixed partition of At. Then:
|=‘} controls(C, ¢) iff there exists a propositional formula v with the following properties:

@ =y <o S . )

(b) Let DNF(y, C) be \/jgd(njc A njc). Then ¢ \/jgdnjc and for every njc irv1
DNF(y, C), there is an conjunction £(X) over literals in X such that £(X) A ”/‘C
does not occur in DNF (v, C). '

Proof. Immediately from Theorem4.2. O

Corollary 4.1. =9 controls(C, ¢) iff for every partition I of At, the conditions (&) and (b)
of Theorem 4.3 are met.

Note that two formulas ¢c¢ and ¢¢/¢’ can be equivalent, while on the one hand C
controls ¢, but C" need not control ¢’: we have for instance controls(Ag, p), for any p, but
not controls(C, ¢z p), even though ©agp and OO p are equivalent.

It seems that rather than the local notion of control, the notion of Theorem 4.3 is the
more interesting one. It has alocal counterpart, though, inspired by (2). Let us say that a
coalition C fully controls a property ¢ in M, notation M =9 Controls(C, ¢), if M [=¢
Oagcontrols(C, ¢). We then obtain (where M is based on partition I):

M =9 Controls(C, ¢) iff =Y controls(C, ¢) (20)

5. Model checking and satisfiability

Whenever one considers reasoning within some logic, there are two basic problemsthat
one must address: model checking and satisfiability checking. Model checking is the prob-
lem of determining, for any given model and formula, whether the formulais satisfied by
the model; the satisfiability problem, in contrast, asks whether there is any way a given
formula could be satisfied. For many modal and temporal logics, the model checking prob-
lem is computationally easy when compared to the satisfiability checking problem, and for
this reason there is currently much interest in reasoning via model checking, rather than
satisfiability checking (seeg, e.g., [12,15,20] for discussions).

In this section, we characterise the complexity of these two problemswith respect to CL -
PC. We show that, in fact, their complexity coincides: both problems are PSPACE-compl ete.
Note that in the remainder of this section, we are assuming the use of the direct semantics.

5.1. Model checking

We begin by considering model checking for cL-pPc. Formally, the decision problem is
asfollows.
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1. function eval(p, (Ag, At, Aty, ..., At,,0)) returnstt orf f
2 if ¢ € At then

3 return 6 (¢)

4. elsif ¢ = = then

5 return not eval (v, (Ag, At, Aty, ..., At,, 0))

6 esif o =1 v o then

7 return eval (Y1, (Ag, At, At ..., At,, 0))

8. or eval (Y, (Ag, At, Atq, . .., Aty,, 0))

9. elsif g = Oy then

10. for each C-valuation 6¢

11. if eval (v, (Ag, At, Aty ..., At,,0) ®6c) thenreturnt t
12. end-for

13. return f f

14.  endif

15. end-function

Fig. 4. A polynomia space model checking algorithm for cL-pcC.

CL-PC MODEL CHECKING:
Instance: cL-PC model M and formula ¢.
Answer: “Yes’ if M =9¢, “no” otherwise.

Theorem 5.1. The CL-PC MODEL CHECKING problemis PSPACE-complete.

Proof. For membership of PSPACE, consider the algorithm presented in Fig. 4.% Par-
tial correctness—that is, eval(p, M) =t t iff M =9 p—is by an easy induction on the
structure of formulae. Termination follows from the fact that the algorithm is recursively
analytic (i.e., the only recursive calls are on strict sub-formulae) with atomic propositions
being the recursive base. The loop in lines 10-12 clearly terminates as there are finitely
many C-valuations. With respect to the space requirements of the algorithm, for an input
formula ¢, the algorithm will require at most || recursive calls. A recursive call requires
no more space than the original input instance, and since there are at most || recursive
steps, the recursion stack will require space at most polynomial in the size of the original
input instance. Note that the loop in lines 10-12 merely involves binary counting using the
propositional variables Atc. Thus, the algorithm requires only space polynomiad in |g|.

To show PSPACE hardness, we reduce QSAT [35, p. 456] to the cL-PC model checking
problem. An instance of QSAT is given by a quantified Boolean formulain prenex normal
form:

Hxla V-XZ? 3x33 s mem : (p('xla X2, X35 -4, -xm) (21)

where x1, x2, x3, ..., x;,, ae propositional variables, the quantifier Q,, is“3” if m isodd
and “V” otherwise, and ¢(x1, x2, x3,...,x,) IS a propositiona logic formula (the ma-
trix) over x1, x2, x3, ..., x,,. The goal is to determine whether this formula is true: that
is, whether there is some value for x1 such that for al values of x», there is some value for

4 Note that we are not presenting this as a practical agorithm for model checking—its purpose is merely to
establish membership in PSPACE.
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x3 suchthat, ..., such that the matrix ¢(x1, x2, x3, . .., x;,) istrue under this valuation. We
can create an instance of the cL-Pc model checking problem from an instance (21) asfol-
lows. To create the model M = (Ag, At, Aty, ..., At,, ), set At = {x1, ..., x,}, and create
an agent a; for each quantifier Q;. Then set At; = {x;}. Finally, define 6 by 6 (x;) =f f for
al x; € At. (Infact, the valuation 6 could be set to anything—it makes no difference.) Then
define the input formulato the model checking problem to be

Car0apOag - {am}  @(x1,x2,%3,...,%m) (22)

where the final cooperation modality, (i.e., {au}), is ¢4, if m isodd and O, if m is
even. We claim that this formula is satisfied in the model we have created iff the input
formula (21) is true: the result follows immediately from the semantics of ©... and OJ...
and the allocation of variables to agents. Hence the model checking problem for cL-PC is
PSPACE-hard, and we conclude that it is PSPACE-complete. O

For readers familiar with the literature on model checking for cooperation logics, this
result may seem surprisingly negative. After al, the two closest relatives to cL-pPcC (i.e.,
Pauly’s coalition logic [36—38] and ATL [5]) both have tractable (polynomial time) model
checking problems. Closer examination gives an explanation. The ATL model checking
problem may be solved intime O(|M| - |¢]), where | M| isthe size of the model M against
which the formulaisto be checked, and |¢| isthe size of the formulathat isto be checked.
However, models for ATL (and Coalition Logic) are more like our Kripke structures for
CL-PC than the direct semantic models we use. That is, they are assumed to contain an
explicitly enumerated set of states corresponding to the possible situations that agents may
cooperate to bring about—and in general, this set of stateswill be exponentially largein the
number of agents and the number of propositional atoms. In contrast, our (direct) models
for cL-pc are exponentially more succinct—the fact that the model checking problem for
ATL and Coalition Logic appear to be tractable is thus only part of the story.

The distinction between succinct specification and explicit enumeration of states of
modelsin model checking, and the effect that this has on the apparent complexity of model
checking, has been noted elsewhere—see [41] for a detailed discussion. Donini and col-
leagues show how smv, the well-known symbolic model checker for cTL, can be used to
efficiently solve quantified boolean formulae (QBF), awell-known PSPACE-compl ete prob-
lem [13]. Thisis despite the fact that cTL model checking, like ATL and Coalition Logic
model checking, can ostensibly be done in polynomial time [12,15]. The explanation for
the fact that an apparently polynomial time algorithm for cTL model checking can be used
to efficiently solve PsPACE-complete problemsis exactly the same as that of the PSPACE-
completeness of cL-PCc model checking: the cTL model checking agorithm worksin time
polynomial in the number of states, but the model specification language used in sMv
allows an extremely succinct description of this state set.

It is worth noting that our result suggests that the actual complexity of ATL model
checking (i.e., the complexity of the problem that the MOCHA model checker solves) is
much higher than the apparent complexity of the explicit state model checking problem.
Our result suggestsit is at least PSPACE-hard, and may be worse.



110 W. van der Hoek, M. Wooldridge / Artificial Intelligence 164 (2005) 81-119

5.2. Satisfiability checking

The next problem we consider is that of satisfiability checking: the problem of deter-
mining whether or not there is any way agiven cL-pPcC formulacould be true. Note that, for
ATL, the satifiability problem is EXPTIME-complete[14], whereasfor Coalition Logic, the
complexity of the satisfiability problem varies from NP-complete up to PSPACE-complete,
depending on the variation considered [36, pp. 73—75].

CL-PC SATISFIABILITY CHECKING:
Instance: cL-PC formula ¢.
Answer: “Yes' if ¢ issatisfiable, “no” otherwise.

Theorem 5.2. The CL-PC SATISFIABILITY problemis PSPACE-complete.

Proof. Given a formula ¢ of cL-Pc, the following non-deterministic algorithm decides
whether it is satisfiable:

(1) Guessamodel M such that size(M) = |[Ag(¢)| + |At(p)| + 1.
(2) Verify that M =9 ¢.

Step (1) can be donein (hon-deterministic) polynomial space, and by Theorem 5.1, step (2)
can be done in polynomial space. Moreover, by Corollary 2.1, if ¢ is satisfiable, theniit is
satisfiable in a model of the type guessed in step (1). Hence the problem is in NPSPACE,
and since NPSPACE = PSPACE, the problem isin PSPACE.

To establish PSPACE hardness, we will reduce QSAT to CL-PC SATISFIABILITY (recall
the definition of QsAT from Theorem 5.1). The idea of the reduction is basically the same
as that of Theorem 5.1, but as we have no model to check against, we must add a side
condition to the formula (22) that we create to ensure the correct distribution of controlled
propositions amongst agents. Thus, given an instance (21) of QsAT, the instance of cL-PC
SATISFIABILITY that we create is as follows.

m
(22) A /\ controls(a;, x;) (23)
i=1
Now, by Lemma 4.1, in any model that satisfies (23), proposition x; will be under the
control of agent ;. We now claim that (23) is satisfiable iff the QSAT instance (21) is
true. The result again follows immediately from the semantics of ¢... and [J.... The CL-
PC SATISFIABILITY problem is thus PsPACE-hard, and as we proved above that it isin
PSPACE, we concludeit is PSPACE-complete. O

6. Related work
Over the past three decades, researchers from many disciplines have attempted to de-

velop a genera purpose logic of ability. Within the artificial intelligence (A1) community,
it was understood that such alogic could be used in order to gain a better understanding of
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STRIPS-style Al planning systems[2,17,28]. The most notable early effort in this direction
was Moore’s dynamic epistemic logic [29,30]. Moore was particularly interested in captur-
ing some of the interactions between knowledge, action, and ability. For example, he was
the first to formalise the idea of “knowledge pre-conditions’: what an agent must know in
order to achieve some goal, or carry out some action. To use an overworked example, con-
sider agent A that must speak to agent B viatelephone. In order to accomplish thisgoal, A
needsto know B’stelephone number—thisisthus a knowledge pre-condition. However, as
Moore noted, not having immediate access to B’s telephone number does not preclude the
goa from being accomplished—because A has an action available (looking up B’s number
in the telephone directory) that will furnish it with this knowledge. Moore aso made the
important distinction between an agent knowing a plan that will achieve some goal, and
the knowledge that there exists a plan that will achieve a goal. Using the terminology of
quantified modal logic [27, pp. 183-188], in the former case, the agent has de re knowl-
edge of the plan (in the sense that not only does the agent know that there is a plan that
will achieve the goal, it knows what the plan is—it knows the identity of the plan), while
in the latter case, the agent has de dicto knowledge of the plan (the agent may be ignorant
about the identity of the plan). Moore's formalism was able to capture these distinctions.
Moore's work was subsequently enhanced by many other researchers, perhaps most no-
tably, Morgenstern [31,32]. These distinctions also informed later attempts to integrate a
logic of ability into more general logics of rational action in autonomous agents [45,47]
(see[46] for asurvey of such logics).

In a somewhat parallel thread of research, researchers in the philosophy of action
have developed a range of logics underpinned by rather similar ideas and motivations.
A typical exampleisthat of Brown, who developed alogic of individual ability in the mid-
1980s[10]. Brown's main claim was that modal logic was a useful tool for the analysis of
ability, and that previous—unsuccessful—attempts to characterise ability in modal logic
were based on an over-simple semantics. Brown’s account of the semantics of ability was
asfollows[10, p. 5]:

(An agent can achieve A) at agiven world iff there exists arelevant cluster of worlds, at
every world of which A istrue.

Notice the 3V pattern of quantifiers in this account. Brown immediately noted that this
gave the resulting logic a rather unusual flavour, neither properly existential nor properly
universal [10, p. 5]:

Cast in thisform, the truth condition (for ability) involves two metalinguistic quantifiers
(one existential and one universal). In fact, (the character of the ability operator) should
be alittle like each.

As we noted in the introduction, contemporary logics of ability—Coalition Logic and
ATL—are based on exactly the sameidea. It is worth noting that many similar approaches
have been developed in the logica theory of action: examples include the “seeing to it
that” logic of Belnap and Perloff [7,8,26], Segerberg’s logic of “bringing it about” [42],



112 W. van der Hoek, M. Wooldridge / Artificial Intelligence 164 (2005) 81-119

and of course program logics such as dynamic logic [21]. A useful survey of such work
was published in 1992 [43].

The recent surge of interest in logics of strategic ability was sparked by two largely
independent developments: Pauly’s development of Coalition Logic [36-39], and the de-
velopment of ATL by Alur, Henzinger, and Kupferman [5,14,19]. Although these logics are
very closely related (indeed, Coalition Logic can be formally understood asthe “ next-time”
fragment of ATL [19]), the motivation and background to the two systemsis strikingly dif-
ferent.

Pauly’s Coalition Logic was developed in an attempt to shed some light on the links be-
tween logic—and in particular, modal logic—and the mathematical theory of games [33].
Pauly showed how the semantic structures underpinning a family of logics of cooperative
ability could be formally understood as games of various types; he gave correspondence
results between properties of the games and axioms of the logic, gave complete axioma-
tizations of the various resulting logics, determined the computational complexity of the
satisfiability and model checking problems for his logics, and in addition, demonstrated
how these logics could be applied to the formal specification and verification of social
choice procedures.

ATL, however, emerged from arather different research community, and was devel oped
with an entirely different set of motivations in mind. The development of ATL is closely
linked with the development of branching-time temporal logics for the specification and
verification of reactive systems[15,16,44]. Perhaps the best known branching-time tempo-
ral logic is Computation Tree Logic (CTL) [15]. cTL isatemporal logic that isinterpreted
over tree-like structures, in which nodes represent time points and arcs represent transitions
between time points. In distributed systems applications, the set of all paths through atree
structure is assumed to correspond to the set of all possible computations of a system. CTL
combines path quantifiers “A” and “E” for expressing that a certain series of events will
happen on al paths and on some path respectively, with tense modalities for expressing
that something will happen eventually on some path (<>), always on some path ([_]) and
so on. Thus, for example, by using cTL-like logics, one may express properties such as
“on al possible computations, the system never enters a fail state”, which is represented
by the cTL formula A[_]—fail. Although they have proved to be enormously useful in the
specification and verification of reactive systems, logics such as cTL are of limited value
for reasoning about multi-agent systems, in which system components (agents) cannot be
assumed to be benevolent, but may have competing or conflicting goals. The kinds of prop-
ertieswe wish to express of such systems are the powers that the system components have.
For example, we might wish to expressthe fact that “ agents 1 and 2 can cooperate to ensure
that the system never enters afail state”. It is not possible to capture such statements using
cTL-like logics. The best one can do is either state that something will inevitably happen,
or elsethat it may possibly happen: cTL-like logics have no notion of agency.

Alur, Henzinger, and Kupferman devel oped ATL in an attempt to remedy this deficiency.
The key insight in ATL is that path quantifiers can be replaced by cooperation modalities:
the ATL expression {(C))¢, where C isagroup of agents, expresses the fact that the group
C can cooperate to ensure that . Thus, for example, the fact that agents 1 and 2 can ensure
that the system never enters afail state may be captured in ATL by the following formula:
(1, 2)) [ ]1—fail. ATL generalises CTL because the path quantifiers A (“on al paths...”) and
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E (“on some paths...”) can be simulated in ATL by the cooperation modalities (7)) (“the
empty set of agents can cooperateto...”) and (X)) (“the grand coalition of all agents can
cooperateto...”).

One reason for the interest in ATL is that it shares with it ancestor CcTL the computa-
tional tractability of its model checking problem [12].° This led to the development of an
ATL model checking system called MmocHA [3,6]. With MOCHA, one specifies a model
against which aformulais to be checked using a model specification language called Re-
ACTIVE MODULES [4]. REACTIVE MODULES is a guarded command language, which
provides a number of mechanisms for the structured specification of models, based upon
the notion of a“module’, which is basically the REACTIVE SySTEMS terminology for an
agent. Interestingly, however, it is ultimately necessary to define for every variable in a
REACTIVE MODULES system which module (i.e., agent) controlsit. The powers of agents
and coalitions then derive from the ability to control these variables: and as we noted in
the introduction, this observation was one of the motivations for considering CL-PC as a
system in its own right.

ATL has begun to attract increasing attention asaformal system for the specification and
verification of multi-agent systems. Examples of such work include formalising the notion
of role using ATL [40], the development of epistemic extensions to ATL [23-25], and the
use of ATL for specifying and verifying cooperative mechanisms [39].

It is worth noting that CL-PC is closely related to the formalism of quantified Boolean
formulae. The logic of quantified Boolean formulae is an extension of propositional logic
which permits quantification over propositional variables. Although perhaps not widely
studied as an independent formalism, quantified Boolean formulae play an important role
in the theory of computational complexity [35, p. 455] (indeed, we used them when prov-
ing the complexity of cL-PC model checking and satisfiability); in addition, they are used
in symbolic model checking algorithms [12, pp. 66-67]. Readers may wonder whether
quantified Boolean formulae might therefore be used directly to reason about the kinds
of scenarios that we represent using the modal language of cL-PC. We believe that there
is considerable value in the modal language of cL-Pc. The family relationship that the
calculus of quantified Boolean formulae bears to cL-PC is roughly that which the first-
order relational calculus bears to conventional modal logic. Thus, cL-PC can be reduced
to quantified Boolean formulag, in much the same way that conventional modal logic can
be reduced to first-order relational calculus [11, pp. 12-14]. But, just as the modal logic
community believes that the language of modal logic is preferable to that of the first-order
relational calculus for many situations[9, pp. xii—xiii], so we believe that cL-PC is prefer-
able to that of quantified Boolean formulae for the scenarios we are interested in. Perhaps
most importantly, cL-PC provides us with a language in which agency and ability are
first-class components—and these notions are not present in quantified Boolean formu-
lae. Attempting to represent our cooperation scenarios using quantified Boolean formulae,
while arguably possible, would thus lose or obscure these aspects, which are explicitly
present in CL-PC.

5 |t also shareswith cTL the intractability of its satisfiability problem [14].
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We finally mention related work of Harrenstein et al., which studies distribution of de-
cision variables over agents in a game theoretic setting. In their so-called Boolean Games
[34], two players partition the set of propositional atoms, which then represent moves in
an extensive game form. Such games allow for operations that yield a Boolean algebra,
and [34] defines winning strategies and determinacy on them. One of the main themesin
Harrenstein's thesis is to describe ways that relate logical concepts to game theoretical
ones [22]. Boolean Games inspire him to define a notion of generalized logical conse-
guence, in which one does not quantify over arbitrary valuations, but rather those that are
equivalent modulo a given set of variables. This, again, is then linked to game theoretical
notions, like the existence of awinning strategy for one of the two players.

7. Conclusion

In this paper, we have introduced a logic of strategic cooperative ability in which the
powers of individual agents within the system are defined by associating a set of propo-
sitional variables with each agent, the idea being that a set of propositional variables
represents exactly the part of the environment under the corresponding agent’s control.
The choices available to an agent in this case correspond to the different assignments of
truth or falsity that the agent can give to the variables under its control, and the pow-
ers of a coalition derive from the propositions under the control of its members. We then
argued that there are several good, natural reasons why CL-PC is worth studying as a sys-
tem in its own right. As well as giving two alternative, but provably equivalent semantics
for cL-PC, we gave a complete axiomatization for the logic, established the complex-
ity of its model checking and satisfiability problems, and investigated how a variety of
different notions of ability and control could be captured in the logic, including «- and
B-ability.

There remain a number of obvious challenges for future research. For example, in this
analysis we have assumed a static power structure: the assignment of propositional atoms
to agents is assumed to be fixed throughout the evaluation of aformula. We believe it will
be interesting to investigate dynamic power structures, where agents are permitted to pass
the control of their propositional atoms to other agents. Another possibility is to consider
dynamic logic-style extensions, in which atomic programs in the dynamic component of
the logic correspond to assignments of truth or falsity that agents make to their variables.
Finally, yet another interesting issue is the axioms that may arise by including ATL-style
temporal operators into the logic.
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Appendix A. A derivation in the CL-PC deductive system

We now give the proof of property S’ of Fig. 3. In order to circumvent too much clutter
in notation, we can get rid of some subscripts by formulating S’ as under the assumption
that (At(y) NAt(y') = @), wehave FCLPC o A Op Y’ — Ocup (W A YY),

Proof. By virtue of Theorem 3.1, we may assume that v+ and v are purely propositional.
Let 7 =71 Vv --- Vv 7y be the digunctive normal form for ¢, and n’ =y v --- v 1),
that of v/’. Since the assumption states that ¥+ and ' have no atoms in common, let X =
{x1,...,xx} and Y = {y1...y,} be al the atoms in At(y), al the x’s under control of
C, and none of the y’s controlled by C. Similarly, define X’ = {x3,...,x;,} and Y’ =
{y1...y,,} for ¢ and D. Wethen know that (X UY) N (X' UY") =@, and (X UY UX'U
Y') = (At(yy) UAt(y")). Assumethat every mr; (i <d)isof theform¢;(xy) A--- Al (xg) A
Ci(y1) A+ ALi(ym), and similarly for every ] withi <d': ] = £;(x7) A -+ AL (x;,) A
() A= ALy First of al, we observe, by Prop:

Fe-ee W AY) o\ (maT)) (A1)
i<d,j<d’
We obtain, by Prop, and the fact that ©¢¢ and ¢p are diamonds:
p-CL-PC ©Ocy A ODI/I/) <~ <\/ Semi A \/ <>D7TJ/~> (A.2)
i<d j<d

By Lemma 3.3, every ¢¢m; is equivalent to n,.é, and every <>D7r;. is equivalent to n}b.
Hence, we have ' '

FAEPE (0cy nopy) © (\/ & A \/ n;-f’> (A3)

i<d j<ad’
by Prop we have

|-CL-PC (\/”ic A \/ n}/p) o \/ (niC MT}/,D) (A.9)
i<d Jj<d' i<d,j<d
Let IT beaconjunctinthe DNF(y Ay, C), say IT = £(x1) A+ AL(xg) AL(XD A=+ A
L) ALY A ALY A ALY A== AL(y! ). Inan obvious way, we can write
sucha Il as (7; A7), for somei <d, j <d’, and, conversely, for every such (m; A n;)
thereis acorresponding I7. Let us write I7;; for it. From (A.1) we know that '

FEPC WAy o\ (A.5)
i<d,j<d

Note that we also have -C-PC (7€ A n}b) - I'ISOD: if any atom p isnot under control
of CUD, itisneither under control of C, nor of D, and henpesuch peu Y’). Moreover,
from Lemma 3.3, we know +CL-PC I‘ISOD — OCUD(HSUD A I‘ISUD). Combining those
two observations gives

|-CL-PC (nic /\n}b) = Scub (HSQD A HSOD) (A.6)
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We put the disiunction in place again, and push it through the diamond operator:

FcL-pPc \/ 71 /\n —><>CUD \/ (HEUD/\HSUD) (A.7)
i<d, j<d’ i<d,j<d’

Now we are done: observe that by (A.5), the right hand side of (A.7) is equal to
Scup (W AY'), and use (A.3), (A4)and (A.7). O

Appendix B. Deriving Pauly’saxiomsin CL-PC

In this appendix, we show that analogues of Pauly’s axioms for Coalition Logic can be
proved within the proof system cL-PC (see Section 4.1). Note that since we have estab-
lished that the axiom system cL-PC is complete, it sufficesto show that these schemes are
valid within cL-Pc. Also note that in the proofs that follow, we use whichever semantics
seems appropriate to the task at hand.

LemmaB.1 (a-N1). Fg-pc ~(AQ) oL

Proof. Expanding out the definition of (---)), gives the following as our goal: —<ag
Oag\ag-L, which in turn is equivalent to: —oag—<4T. By (empty), this is equivalent to
—Opg— T, 0r Oag T, aderivable formula (use Necessitation). O

Proof. Expanding out the definition of ((---)), tells us that our god is to prove the fol-
lowing: =04 0; L — ©cOgT. Rewriting the expressions and expanding the definition of
O..., we derive the following as our goal: —=0y—=0agT — Oc—OFL. We show that the
right hand side of thisis in fact derivable in cL-Pc, and then we are done. This RHS is
equivaent to oc O T; derivable since O T is derivable (by Necessitation) and to that,
we can apply thedual of T(C). O

LemmaB.3 (a-L). Fa-pc (ChaL — (C")aL (Where C’ € C).

Proof. Expanding out, we get thefollowing asour goal: =X ocOgl — ¢cOgL (where
C’ C C). Further expansion yields 0c =0T — Oc—05T. It is easy to see (by argu-
ments similar to the preceding lemma) that LHS isequivalent to L, which issufficient. O

Proof. Expanding out gives the following as our goal: =X —0gp—¢ — Oaghage-
This in turn reduces to the following: =X —0g—=0agp — ©aglpe. SO, assume K, w =X
—0Oy—Oagy for arbitrary C, w. By the definition of OJ..., we thus have K, w =X Oyoage.
Since =X ¢ <> Ogyr, we thus have K, w =X oagp, and by deploying this equivalence
again, we obtain KC, w =X ©ag0ye, and we aredone. O
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Lemma B.5 (¢-5). Fa-pc ({C1)ap A (C2)a¥) = (C1U C2)a(p A ¥) (Where C1 N
Cr=1).

Proof. Suppose the antecedent is true in w, i.e., suppose that /C, w =X O U A
AL then our goal isto show

K, w =X ocue, 006,60 A ) (B.2)
Our assumption gives us worlds wy and w» such that

Rc,wwi & Yu(Rgvw1 = K, w1 EX ) (B.2)
and

Re,wwz & Yu(Rgvwa = K, w2 =) (B.3)

To prove our goal (B.1), wefirst construct aworld w1z asfollows: it is as the valuation w,
but as for the atomsin At(C;), welet w1 2(p) = w;(p) (i < 2). Thisiswell-defined, since
C1N Ca2=0. We have Rc,uc,wwi12, S0 if we can prove

K, wiz B Ogoe; (@ A Y) (B.4)

we are done. To this end, choose an arbitrary v for which Rege;wizv. We argue that we
must have Rz wiv, that is, w1 = v (mod C1). Since wy and w1o differ at most in At(C2),
and w12 and v differ at most in At(C1 U C»), we know mat wi and v differ at most_in
At(C2U (C1 U Cg), fromwhich followsthat wi = v (mod C1) (since C2U (C1 U C2) C C1;
herewe use again that C1 N C2 = @). But thisyieldsindeed Re;wiv, and hence K, v =K ¢.
In the same way, we obtain that R wav, from which /C, v = ¢ follows. Since we now

have for an arbitrary v with Ry wazv that K, v =X (¢ A ), we have proven (B.4), and
thereby (B.1). O
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