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1. Introduction

Most nonlinear systems encountered in practice consist of
linear systems and static nonlinear elements. Physical quantities
such as speed, acceleration, pressure, flow, current, voltage,
and so on, are always limited to a finite range, and saturation
nonlinearities are therefore a ubiquitous feature of physical
systems. One class of such systems is the class of linear systems
subject to actuator saturation as depicted in Fig. 1 along with
a feedback controller, where u denotes the control input and d
is an external input or disturbance. Our interest in this paper is
on simultaneous external and internal stabilization of the type of
systems depicted in Fig. 1.

A brief survey helps to motivate our work. Early work
on internal stabilization of linear systems subject to actuator
saturation started with the seminal work of Fuller (1969) which
established that a chain of integrators with order higher than
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two cannot be globally asymptotically stabilized by any saturating
linear control law. Continuing the theme of Fuller, Sontag and
Sussmann (1990), Sussmann and Yang (1991), Yang (1993) and
Yang, Sontag, and Sussmann (1997) established that, in general,
global asymptotic stabilization of linear systems with bounded
inputs can only be achieved using nonlinear feedback laws.
Moreover, this stabilization can be achieved if and only if the
given system in the absence of saturation is stabilizable and
critically unstable (equivalently, asymptotically null controllable
with bounded control (ANCBC)). We note that critically unstable
systems are those systems that have all their open-loop poles
within the closed left half plane (continuous-time systems) or
within the closed unit disc (discrete-time systems). The works of
Sontag et al. unleashed a flurry of activity in internally stabilizing
linear systems subject to actuator saturation. Along one direction,
Teel (1992a,b) proposed certain design methodologies to design
appropriate controllers for global stabilization. Megretski (1996)
came up with a gain scheduling based nonlinear control law
utilizing Riccati equations. Along another direction, Saberi and his
students queried as to what can be achieved by utilizing only linear
feedback control laws. In this respect, Lin and Saberi (1993a,b,
1995) proposed and emphasized a semi-global rather than global
framework for stabilization using bounded controls. All this early
work of these authors and others is surveyed in Bernstein and
Michel (1995), Saberi and Stoorvogel (1999), Tarbouriech and
Garcia (1997), Saberi, Stoorvogel, and Sannuti (2000), Hu and Lin
(2001), Kapila and Grigoriadis (2002), and the references therein.
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Fig. 1. Alinear system subject to actuator saturation.

Following the early phase work outlined above, during the
last decade and a half, among others, our research team probed
intensely into a number of problems concerning the control of
linear systems subject to actuator saturation, and on linear systems
subject to input and state constraints, where the controller must
guarantee that the output which is a linear combination of inputs
and states of a linear system remains in a given set (see, e.g., Saberi,
Han, and Stoorvogel (2002) and references therein).

Once the issues related to internal stabilization were resolved,
the research was directed towards simultaneous external and
internal stabilization. Such simultaneous stabilization has also
a long history. A well-known result in linear system theory
states that asymptotically stable systems have very good external
stability properties. Thus, for linear systems the notions of internal
stability and external stability in any sense are highly coupled.
However, for general nonlinear systems and in particular for
linear systems subject to actuator saturation, these two notions
of stability are vastly different. For generic nonlinear systems this
was first looked at by Sontag, see for instance Sontag (1990).
For the class of linear systems subject to actuator saturations,
the concept of simultaneous external and internal stabilization
was first studied in Hou, Saberi, and Lin (1997), Hou, Saberi, Lin,
and Sannuti (1998) and Lin (1997), Bao, Lin, and Sontag (2000).
Subsequent to this work, there exist numerous other works on
simultaneous external and internal stabilization (see e.g. Saberi,
Hou, and Stoorvogel (2000), Chitour and Lin (2003)). The picture
that emerges from all these works is that, for the case when
external disturbance is additive to the control input, all the issues
associated with simultaneous external and internal stabilization
are more or less resolved, but only for continuous-time systems.

Our focus in this paper is on discrete-time linear systems
subject to actuator saturation. For continuous-time systems, a
key result is given in Saberi, Hou et al. (2000). This work,
while pointing out all the complexities involved in simultaneous
global external and global internal stabilization, resolves all such
issues and develops certain scheduled low-and-high gain design
methodologies to achieve the required simultaneous global-global
stabilization. Analogous results for discrete-time systems do not
exist so far in the literature. Discrete-time has its own peculiarities.
High-gain cannot be as freely used as in continuous-time but
also almost disturbance decoupling could always be achieved
in continuous-time case while in discrete-time case, this is not
possible in general. This paper can be thought of as a companion
paper to Saberi, Hou et al. (2000) as it resolves fully all the issues for
discrete-time systems. In particular, we develop here the necessary
and sufficient conditions for simultaneous global external and
global internal stabilization, and furthermore develop also the
required design methodologies to accomplish such a stabilization
whenever it is feasible.

We organize the paper as follows: In Section 2, we formulate
precisely two problems studied in this paper, namely (1) simul-
taneous global £, stabilization without finite gain and internal
global asymptotic stabilization (G, /G), and (2) simultaneous global
£, stabilization with finite gain and internal global asymptotic
stabilization (G,/G)g. In Section 3, we describe controller design

methodologies, and in Section 4, we establish the solvability con-
ditions for (G, /G) and (G, /G)y, and construct an adaptive-low-gain
and high-gain controller that solves the two problems by using a
parametric Lyapunov equation.

2. Preliminary notations and problem formulation

In this section, after stating certain standard notations, we
recall the notions of external stability for a general discrete-
time nonlinear system. Based on these notions, we formulate the
simultaneous stabilization problems which we study in this paper.

For x € R", ||x|| denotes its Euclidean norm and x’ denotes the
transpose of x. For X € R™™, ||X|| denotes its induced 2-norm and
X’ denotes the transpose of X. trace(X) denotes the trace of X. If X
is symmetric, Amin (X) and Apax(X) denote the smallest and largest
eigenvalues of X respectively. For a subset XX C R", X, denotes the
complement of X. For kq, k; € Z such that k; < ks, ky, k, denotes
the integer set {k1, k1 + 1, ..., k2}.

A continuous function ¢ : [0, c0) — [0, 00) is said to be a class
X function if

(1) ¢(0) =0;

(2) ¢ is strictly increasing.

The ¢, space withp € [1, 0o) consists of all vector-valued discrete-
time signals y from Z* U {0} to R" for which

> ly®IP < oc.
k=0

For a signal y € ¢, the £, norm of y is defined as

lyllp = (Z ||y(k)||">
k=0

The ¢, space consists of all vector-valued discrete-time signals y
from Z* U {0} to R" for which

1

sup [ly(k)|| < oo.
k>0

For a signal y € £, the £, norm of y is defined as
1¥lloo = sup llyk) .
k>0
The following relationship holds for all £, spaces: for 1 < p < ¢
< 00
01 Clp Cly Clo.

Moreover, forany y € £, withp € [1, 0o), the following properties
hold:

(1) Iylloe < 1¥llp:
(2) y(k) —> 0ask — oo.

Next we recall the definitions of external stability. Consider a
system

Jxk+1) = f(x(k), d(k)),
|yl = gx(k), d(k))

with x(k) € R" and d(k) € R™. The two classical £, stabilities are
defined as follows.

x(0) = xq

Definition 1. For any p € [1, oo], the system X is said to be
£, stable with fixed initial condition and without finite gain if for
x(0) =0andanyd € £,, we have y € £,.

Definition 2. For any p € [1, oo], the system X is said to be £,
stable with fixed initial condition and with finite gain if for x(0) = 0
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and any d € £,, we have y € £, and there exists a y, such that for
anyd € ¢,

I¥p < vplldllp

The infimum over all y, with this property is called the £, gain of
the system X.

As observed in Shi, Saberi, and Stoorvogel (2003), the initial
condition plays a dominant role in whether achieving ¢, stability is
possible or not. Hence any definition of external stability must take
into account the effect of initial condition. The notion of external
stability with arbitrary initial condition was introduced in Shi et al.
(2003). We recall these definitions below.

Definition 3. For any p € [1, oo], the system X' is said to be £,
stable with arbitrary initial condition and without finite gain if for
any xo € R"and any d € £,, we have y € £,

Definition 4. For any p € [1, oo], the system X is said to be £,
stable with arbitrary initial condition with finite gain and with bias if
forany xo € R" and any d € £,, we have y € £, and there exists a
yp and a class X function ¢ (-) such that forany d € ¢,

I¥llp < velldllp + & Ixol))-

The infimum over all y, with this property is called the £, gain of
the system X.

Now we are ready to formulate the control problems studied in this
paper. Consider a linear discrete-time system subject to actuator
saturation,

x(k+ 1) = Ax(k) 4 Bo (u(k) + d(k)), (2.1)

where state x € R", the output y = x, control input u € R™, and
external input d € R™. Here o (-) denotes the standard saturation
function defined as

o) = [o1(u), ..., o1(Un)]

where o1 (s) = sgn(s) min{|s|, A} for some A > 0.
The simultaneous global external and internal stabilization
problems studied in this paper are formulated as follows.

Problem 1. For any p € [1, oo], the system (2.1) is said to be
simultaneously globally £, stabilizable with fixed initial condition
and without finite gain and globally asymptotically stabilizable via
static time invariant state feedback, which we refer to as (G,/G),
if there exists a static state feedback controller u = f(x) such that
the following properties hold:

(1) the closed-loop system is £, stable with fixed initial condition
and without finite gain where the output y = x.

(2) In the absence of external input d, the equilibrium x = 0 is
globally asymptotically stable.

Problem 2. For any p € [1, oo], the system (2.1) is said to be
simultaneously globally ¢, stabilizable with fixed initial condition
with finite gain with zero bias and globally asymptotically
stabilizable via state feedback, which we refer to as (G,/G)g,
if there exists a static time invariant state feedback controller
u = f(x) such that the following properties hold:

(1) the closed-loop system is finite gain £, stable with fixed initial
condition with finite gain and with zero bias where the output
y =X

(2) In the absence of external input d, the equilibrium x = 0 is
globally asymptotically stable.

Note that the notion of global ¢, stability with arbitrary initial
condition embeds in it the internal stability in some sense. We also
formulate below additional external stabilization problems with
arbitrary initial conditions.

Problem 3. For any p € [1, oo], the system (2.1) is said to be
globally £, stabilizable with arbitrary initial condition and without
finite gain via static time invariant state feedback, if there exists
a static state feedback controller u = f(x) such that the closed-
loop system is £,, stable with arbitrary initial condition and without
finite gain where the output y = x.

Problem 4. For any p € [1, oo], the system (2.1) is said to be
globally ¢, stabilizable with arbitrary initial condition with finite
gain and with bias via state feedback, if there exists a static time
invariant state feedback controller u = f(x) such that the closed-
loop system is finite gain £, stable with arbitrary initial condition
with finite gain and with bias where the outputy = x.

Since global asymptotic stabilization is required in all the
problems, it is well-known that the following assumption is
necessary.

Assumption 1. (1) The pair (A, B) is stabilizable.
(2) A has all its eigenvalues in the closed unit disc.

In fact, as will become clear in the sequel, Assumption 1 is also
sufficient to solve Problems 1-4. To see this, we first note that
under Assumption 1, the system (2.1) can be transformed into the
form,

(8) = (3 2) () () aw
(2.2)

where A is Schur stable, A, has all its eigenvalues on the unit
circle and (A, B,) is controllable. Suppose (G,/G) and/or (G,/G)y.¢
of the x, dynamics can be achieved by a feedback controller
u = f(x,). If B, has full column rank, it is straightforward to show
that u = f(x,) also achieves (G,/G) and/or (G,/G)y.¢ of the overall
system. However, it takes some effort to reach the same conclusion
in the general case. We show this in the Appendix under a generic
assumption on controller structure.

Therefore, to solve Problems 1-4 for system (2.1), it is sufficient
to solve these problems only for the unstable sub-dynamics. In the
rest of the paper, we impose the following assumption

Assumption 2. (1) The pair (A, B) is controllable.
(2) Ahas all its eigenvalues on the unit circle.

3. Controller design

In this section, we would like to present the controller design
methodologies which we shall employ to solve the problems
formulated in Section 2. The controller design in this paper is based
on the classical low-gain and low-and-high-gain feedback design
methodologies. The low-gain feedback can be constructed using
different approaches such as direct eigenstructure assignment
(Lin & Saberi, 1993b), H, and H,, algebraic Riccati equation
based methods (Lin, Stoorvogel, & Saberi, 1996; Teel, 1995), and
parametric Lyapunov equation based methods (Zhou, Duan, & Lin,
2008; Zhou, Lin, & Duan, 2009). In this paper, we choose parametric
Lyapunov equation method to build the low-gain feedback because
of its special properties; as will become clear later on, it greatly
simplifies the expressions for our controllers and the subsequent
analysis.

Since the low-gain feedback, as indicated by its name, does not
allow complete utilization of control capacities, the low-and-high-
gain feedback was developed to rectify this drawback and was
intended to achieve control objectives beyond stability, such as
performance enhancement, robustness and disturbances rejection.
The low-and-high gain feedback is composed of a low-gain and a
high-gain feedback. As shown in Hou et al. (1998), the solvability
of simultaneous global external and internal stabilization problem
critically relies on a proper choice of high-gain. In this section, we
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shall first recall the low-gain feedback design and propose a new
high-gain design methodology.

3.1. Low gain state feedback

In this subsection, we review the low-gain feedback design
methodology recently introduced in Zhou et al. (2008, 2009)
which is based on the solution of a parametric Lyapunov equation.
Five key properties of the parametric Lyapunov equation are
summarized in the next lemma, where the first three properties
are adopted from Zhou et al. (2009).

Lemma 1. Assume that (A, B) is controllable and A has all its
eigenvalues on the unit circle. For any ¢ € (0, 1), the Parametric
Algebraic Riccati Equation,

(1 —¢&)P, = AP,A — AP.B(I + BP.B)'BP.A, (3.1)

has a unique positive definite solution P, = W_ 1 where W, is the
solution for W of

1 / /
W —- ——AWA = —BB'.
1—¢
Moreover, the following properties hold:
(1) Ac(¢) = A — B(I + B'P,B)"'B'P,A is Schur stable for any ¢ €

go, 1);
(2) % > 0forany ¢ € (0, 1);
(3) img o P, = 0.

(4) There exists an ¢* such that for any ¢ € (0, £*],

11

IPZAP: || < V2.
(5) Let &* be given by property 4. There exists a M+ such that || i—f I <

M« forall e € (0, &*].
Proof. The existence of the positive definite solution P, = W'
and properties 1, 2 and 3 were shown in Zhou et al. (2009).
Regarding property 4, multiplying by P.'/? on both sides of (3.1)
gives

1 1
VI[I — P?B(I + BP.B)"'BP21V, = (1 — &)l

where V, = P;/ZAP;UZ. Since P, — 0 as & — 0, there exists an £*

such that for any ¢ € (0, ]
1 11
[ —P2B(I+BP.B)"'BP2 > 51.
Hence
VIV, < 2I,

or equivalently

IVell < V2.

It remains to show property 5. Note that W, is a rational matrix
in ¢ and thus P, _is a rational matrix in ¢. Property 3 implies that
P = &P, where P, is rational in ¢ and satisfies ||P;|| < M.+ for any
¢ € (0, £*]. Hence, property 5 holds. This concludes the proof of
Lemmal O

We define the low-gain state feedback which is a family of
parameterized state feedback laws given by

u (x) = Fx = —(I + B'P,B) " 'B'P,Ax, (3.2)

where P, is the solution of (3.1). Here, as usual, ¢ is called the
low-gain parameter. From the properties given by Lemma 1, it
can be seen that the magnitude of the control input can be made
arbitrarily small by choosing ¢ sufficiently small so that the input
never saturates for any, a priori given, set of initial conditions.

3.2. Low-and-high-gain feedback

The low-and-high-gain state feedback is composed of a low-
gain state feedback and a high-gain state feedback as

ULH(X) = Fiyx = Fix + Fyx (33)
where F;x is given by (3.2). The high-gain feedback is of the form,
FHX = ,OF]_X

where p is called the high-gain parameter.

For continuous-time systems, the high gain parameter p can be
any positive real number. However, this is not the case for discrete-
time systems. In order to preserve local asymptotic stability,
this high gain has to be bounded at least near the origin. The
existing results in literature on the choice of high-gain parameter
for discrete-time system are really sparse. To the best of our
knowledge, the only available result is in Lin, Saberi, Stoorvogel,
and Mantri (1996, 2000) where the high-gain parameter is a
nonlinear function of x as

k(x) = max{z € [0, 1] | ||[Fix + azKyX||so < A}

where Ky = —(B'P.B)"'B'P,(A + BF,) and « € [0, 2] (assume
without loss of generality that B has full rank). This high gain
always yields a controller smaller than A in magnitude, which
lacks the capability of dealing with disturbances. Furthermore,
to solve the global external and internal stabilization problem,
we need to schedule the high-gain parameter with respect
to x. However, this nonlinear high-gain parameter is also not
suitable for adaptation since it will make the analysis extremely
complicated. Instead, we need a constant high-gain parameter so
that the controller (3.3) remains linear. A suitable choice of such a
high-gain parameter satisfies

2
el|0, —— 34
P [ ||B'PSB||] G4

where P, is the solution of parametric Lyapunov equation (3.1).

Lemma 2. Consider system (2.1) satisfying Assumption 2. Let P, be
the solution of (3.1). For any a priori given compact set X, there exists
an &* such that for any ¢ € [0, ¢*] and p satisfying (3.4), the origin
of the interconnection of (2.1) with the low-and-high-gain feedback

uy = -1+ p)(I +BP,B)"'BP.Ax

is locally asymptotically stable with domain of attraction contain-
ing X.

Proof. Let c be such that

c= sup XPx.

£€(0,6%]
XeX

where ¢* is given by Property (4) and (5) in Lemma 1. Define
a Lyapunov function V(x) = x'P.x and a level set V(c) =
{x | V(x) < c}.Wehave X C V(c). From Lemma 1, there exists
an g1 < ¢* such that forany ¢ € (0, 1] and x € V(c),

| (I + BP.B)"'BP.Ax| < A.
Define © = ||B'P.B||. We evaluate V(k + 1) — V (k) along the
trajectories as
Vik+ 1) —V(k)
= —eV(k) — o (u) o () + [0 (uy) — u)’
x (I + B'PB)[o (ury) — uy]
< —eV(k) — o (u) o (uwy)
+ (1 + wlo (um) — ul'loum) — ]

1+u T+u |?

= —eV(k) — lugll® + p

o(uy) — ug
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where we abbreviated u;4 (k) and u; (k) by u;y and u; respectively.
Since ||u.|| < A and p satisfies (3.4), we have

2
lucll < llo(u) || < (1 + ;) lluel-

This implies that

+un 1
o (uy) — u| < —lucll,
m
and thus,
2
+u 1
u|ouwy) — u| — ;||UL||2 <0.

Combining the above, we get for any x(k) € V(c),
Vik+1) —V(k) < —eV(k).

We conclude local asymptotic stability of the origin with a domain
of attraction containing X. O

Remark 1. We would like to explain the role played by the
high-gain parameter p in the controller design. For semi-global
asymptotic stabilization, the domain of attraction is basically
determined by the low-gain parameter ¢ provided that p lies in a
proper range. When p is too large, stabilization is not possible. This
is different from continuous-time systems for which the high gain
parameter p does not have any impact on internal stability. But
like continuous-time systems, p plays a dominant role in issues
other than internal stability such as external stabilization, robust
stabilization and disturbance rejection.

3.3. Scheduling of low-gain parameter

In the semi-global framework, with controller (3.2), the domain
of attraction of the closed-loop system is determined by the low-
gain parameter &. In order to solve the global stabilization problem,
this & can be scheduled with respect to the state. This has been done
in the literature, see for instance Hou et al. (1998).

A family of scheduled low-gain feedback controllers for global
stabilization is given by

U (x) = FepoX = —(B'PegyB + 1) 'B'P, () Ax (3.5)

where P, is the solution of (3.1) with ¢ replaced by &(x). In
general, the scheduled parameter ¢(x) should satisfy the following
properties:

(1) e(x) : R" — (0, *] is continuous and piecewise continuously
differentiable where £* is a design parameter.

(2) There exists an open neighborhood © of the origin such that
e(x) =1forallx € O.

(3) For any x € R", we have ||F x|l < 8.

(4) e(x) — Oas ||x|]| = oo.

(5) {x € R" | X'Pyyx < ¢ } is a bounded set for all ¢ > 0.

Because of the specific problem facing us, we use the scheduling
given in Hou et al. (1998) which not only satisfies the above
conditions but also yields an adaptive low-gain parameter with
certain properties that are fundamental to our design,

AZ
&(x) = max {r € (0, ¢*] | (X'P,x) trace(P;) < T} (3.6)
where ¢* € (0, 1) is any a priori given constant and b = 2
trace(BB') while P, is the unique positive definite solution of
parametric Lyapunov equation (3.1) withe =r.

Note that the scheduled low-gain controller (3.5) with (3.6)
satisfies

|(BPeB + 1) 'BPeAx|| < A.
To see this, observe that
|(B'PeyB + 1)~ "B P Ax|?
< ”B/PE(X)AXHZ
1/2 —1/2
< 1B I211Peco Il 1P AP,
< 2|IBB'[| [|Psgo X PeryX
(where we use property 4 of Lemma 1)
< 2 trace(BB') trace(Py ) X' Pe (X

< A,

1/2
I121pY

2
s(x)x”

3.4. Scheduling of high-gain parameter

As emphasized earlier, the high gain parameter plays a crucial
role in dealing with external inputs/disturbances. In order to solve
the simultaneous external and internal stabilization problems for
continuous-time systems, different methods of schedulings of
high-gain parameter have been developed in the literature Hou
etal.(1998),Lin (1997)and Saberi, Hou et al. (2000). Unfortunately,
none of them carry over to discrete-time case because the high gain
has to be restricted near the origin. In this subsection, we introduce
a new scheduling of the high-gain parameter with which we shall
solve the (G,/G) and (G,/G)g, problems as formulated in Section 2.

Our scheduling depends on the specific control objective. If one
is not interested in finite gain, the following scheduled high gain
suffices to solve (G,/G) problem,

po(X) = m (3.7)
Clearly, this high gain satisfies the constraints that
po(X) = S -

~ ||B'Pey) Bl

We observe that this high-gain parameter is radially unbounded.
However, if we further pursue finite gain £, stabilization, the
rate of growth of p(x) with respect to ||x|| as given in (3.7) is
not sufficient for us. The scheduled high-gain parameter must
rise quickly enough to overwhelm any disturbances in £, before
the state is steered so large that it actually prevents finite gain.
Therefore, we shall introduce a different scheduling of high-gain
parameter. In order to do so, we need the following lemma.

Lemma 3. Assume that 2p > 1. Forany n > 1thereexistsa 8 > 0
such that

u+vP <uP +nu” + g’

forallu,v > 0.

(3.8)

Proof. The lemma is a knownresult forp > 1; see, forinstance, Shi
etal. (2003). Forp € [%, 1), we have 2p > 1 and then

WVu+v)? < (Vu+ Vo) <u® +nqu® + go¥

where we use the lemma with p replaced by 2p which is the known
case. O

Let £* and M.+ be given by Lemma 1 and let P* be the solution of
(3.1) with ¢ = &*. The scheduled high gain parameter is given by:

po(x) = XP(x)x <c

”B,PS(X)B” '
8p1(x)
S(X))Lminps(x) ’

pr(x) = (3.9)

otherwise
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with
max e(x)

X —=p(x 3.10
p1(x) = )\mmps](x) P2(x%) ( )
where

1 p =00
2/p
p2(x) = PpB(e(x))

72 » pell00)
1—(1- £1(%)
A +Ley 0)
where p,, is a positive constant to be determined later and c, &1(x)
and L; are given by

c = A% max{4M,+b, 4(1 + ||BP*B|))}, (3.11)

AZ
£1(x) = max {r € (0, &*] | 2x'P.x trace(P;) < b} ,

trace(P*)
t )&minPs ’

Finally, in order to define 8(¢) > 1 we first define 1 (¢) satisfying

e p/2 s p/2
[1_4(1+LE)} S(H"(”)[]_z(wm} =1

Next we choose () > 1 such that Lemma 3 holds for n = n(e).
In other words, B(¢) is such that for a givenp > 1/2, ¢ and n(¢)

(u+v) < (1 +nE)u’ + Be)v”

forallu > 0,v > 0.

4. Main results

In this section, we shall solve the simultaneous external and
internal stabilization problems as formulated in Section 2 using the
proposed low-and-high-gain controller in Section 3. We first study
the simultaneous stabilization without finite gain as formulated in
Problems 1 and 3. Then we will solve Problems 2 and 4.

The theorem given below solves the global £, stabilization with
arbitrary initial condition and without finite gain as formulated in
Problem 3.

Theorem 1. Consider the system (2.1) satisfying Assumption 2. For
any p € [1, o], the £, stabilization with arbitrary initial conditions
and without finite gain as formulated in Problem 3 can be solved by
the adaptive-low-gain and high-gain controller,

u=—(1+ po(®))(I + B'Pex)B) " 'B'P,(nAx, (4.1)

where Py is the solution of (3.1), e(x) is determined adaptively by
the scheduling (3.6) and pg(x) is determined by (3.7).

Theorem 1 immediately yields the following result.

Corollary 1. Consider the system (2.1) satisfying Assumption 2. For
any p € [1, oo], the (Gp/G) as formulated in Problem 1 can be solved
by the same adaptive-low-gain and high-gain controller (4.1).

Proof of Theorem 1. In this proof, we denote &(x(k)), po(x(k)),
and P, x)) by £(k), po(k), and P (k) respectively. This abbreviation
should not cause any notational confusions.

Define v(k) = —(I + B'P(k)B)~'B'P(k)Ax(k), u(k) = v(k) +
oo(k)v(k) and w(k) = |B'P(k)B||. We have shown that (3.6)
implies that |Jv (k)| < A.

We proceed now to show global asymptotic stability. In the
absence of d, we can evaluate the increment of V (k) along the

trajectory as:

Vik+ 1) —V(k)
=x(k+ 1)[P(k+ 1) — P(k)]x(k + 1)
—e(k)V (k) — llo k)| + [o k) — v(k)]
x (I +B'P(k)B)[o (u(k)) — v(k)]
< x(k+ 1'[P(k+ 1) — P(k)]x(k + 1)
—e(®V (k) — llo k)]
+ (14 pk)[o (uk)) — v(k)]'To (k) — v(k)]
=x(k+ 1)[P(k+1) —PK)Ix(k+ 1) — e(k)V (k)
1+ 1+ u(k)
p(k) w(k)
As noted before, ||v(k)|| < A for all k > 0, and therefore

———— > + 1K) |lo k) —

vl < llo kNIl < <1 + W) vl

This implies that

1+ (k)
o (u(k)) — W (I)H (k) lv(l,
and thus,
1 I 2 1
(k) a(u(k))—*—’“‘(‘) o = L2
(k) (k)
< =l

Finally, we get

Vk+1) —V(k) < —e(k)V (k) +x(k+ 1)
X [P(k+ 1) — P(k)]x(k + 1). (4.2)
Our scheduling (3.6) implies that V (k+1)—V (k) and x(k+1)'[P (k+

1) — P(k)]x(k + 1) cannot have the same sign. To see this, assume
that V(k+ 1) > V(k) and P(k + 1) > P(k). This implies that

e(k) < &*.

If V(k) trace(P(k)) < %2, then (3.6) implies that e(k) = &%,
which yields a contradiction. If V (k) trace(P(k)) = ATZ, then V (k +
1) trace(P(k+ 1)) > ATZ since by assumption V(k+ 1) > V (k) and
P(k + 1) > P(k). But this is impossible by our scheduling (3.6). A
similar argument can be used to establish that V(k+1) —V (k) < 0

and P(k + 1) — P(k) < 0 cannot happen simultaneously either.
Using this property, (4.2) then implies that for all x # 0,

Vk+1) —V(k) <O0.

This concludes the global asymptotic stability.
What remains is to show ¢, stability. Similar to our earlier
development, we have

Vk+1) — V(k) < —x(k+ 1)’[P(k) —Pk+ DIx(k+ 1)

_ b 2
e(k)V (k) (k) oGl
o (u(k) + d(k)) — Trul,
(k)
Let d;(k), vi(k) and u;(k) denote the ith element of d(k), v(k) and
u(k) respectively.
If |di (k)] <

+ u(k)

ﬁlvi(k)l. recalling that |v;(k)| < A, we have

)] < lov @) + ()] < (1 + %) o],
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Hence
1 I 2
mmUmmm+mw»——%%Qw® Uﬂmm
If |d; (k)| > ﬁh}i(k)l,we have
2
i (k) 1> + (k) |01 (ui(k) + di(k)) — 1+ p v;(k)
(I) (k)

< (L + wk)di(k) + di(k) + (1 + wk)di(k)]?
+ u(k)ldi(k)|?
< ap(k)|di(k)|?,

where a = 2u* +3)2 + 1, u* = ||B'P*B|| and P* is the solution of
(3.1) with ¢ = &*. Therefore, we conclude that

Vk+1) —V(k) < x(k+ 1)'[P(k+1) —P(R)]x(k+ 1)

—e()V (k) + an (k) || d(k)||%. (4.3)
Note that this implies that
Vk+ 1) — V(k) < max{—e(k)V (k) + au(k)||d(k)||*, 0} (4.4)

since V(k+ 1) — V(k) and x(k + 1)'[P(k + 1) — P(k)]x(k + 1) can
not have the same sign. Let us first address the case of p = co. We
will show that there exists a ¢; such that V(k) < ¢ forallk > 0

with V(0) = 0.
If
w(k) 2
Vk) > a—= =) lddo -, (4.5)
we have
Vik+1)—V(k) <O0. (4.6)

Property 5 of Lemma 1 yields that there exists a M+ independent of
k and d such that V (k) > abM,+ ||d||§O implies that (4.5) is satisfied
and therefore V(k + 1) — V(k) < 0, where, as defined earlier,
b = 2 trace(BB).

On the other hand, we have

Vik+1) = V(k) < apk)dk)|>?
We conclude that

< ap*|dIl%,

V(k) < V(0) + abMex [|dII2, + ap* (|||, (4.7)

Property 5 of our scheduling then implies that x(k) is bounded for
all k > 0. This shows £, stability of the closed-loop system with
arbitrary initial condition.

We proceed now with the case of p € [1, co). First of all, due
to the fact that ||d|loc < ||d|lp, (4.7) implies that V (k) is bounded

for all k > 0. Hence by our scheduling, there exists an gq such that
g(k) > go forall k > 0.
Next, we consider two possible cases:

Case 1.For V(k+ 1) — V (k) > 0, (4.4) implies that

Vik+1) = V(k) < —e(k)V (k) + au(l)||dk)]>. (4.8)
Case 2. For V(k + 1) — V(k) < 0, our scheduling implies that
x(k+ 1'[P(k+ 1) — P(k)]x(k + 1) > 0.

But this implies that e(k) < e(k+ 1) < &*, and thus

V(k + 1) trace(P(k + 1)) < V (k) trace(P(k)).

Hence

[V(k+ 1) — V(k)] trace(P(k + 1))
< —V(k) trace[P(k + 1) — P(k)].

Then we have

Ix(k + 1)'[P(k 4+ 1) — P(k)]x(k 4 1)|
< | trace(P(k + 1) — P(k))| - |x(k + 1)|?
- trace(P(k + 1))
- V (k)
- V(k+ 1) trace(P(k + 1))
- V(k))“minp(k + 1)
trace(P*)
< m Vk+1) = V(K|

<L) -V(k+1) —V(k)]

AVk+1) = V(R - lIxk + 1)

WVk+1) — V()

trace(P*)
T (PG - V€ have
—e(k)

14 L(k)
*] for all k > 0, (4.8) in case 1 and (4.9) in case

where L(k) =

Vik+1) —V(k) <

V(k) + ap(k)[ld(k) |1 (4.9)

Given e(k) € [&g, &
2 ensure that

Vk+1) —V(k) < —%V(k) +ap*|dk)||?, (4.10)
where L = and Py is the solution of (3.1) with ¢ = &g. Also,

g <1 1mp11es that g/(1+1L) <1
Applying Lemma 3 with 7 such that

trace(P )
Ami

&o
1 1— — )2 <1,
(1 +n)( ]+L) <

we find that there exists a 8 such that
p/2
€0
V (kP2
1+J (k)
+ B R |P.

Vik+1P? < (141 (1 -

This yields

p/2 | o0
_ _ /2
[1 (1+1n) (1 1H) } > vy

< Blaw*"?||d|)b + V(0)"2.
Since (k) > &g for all k,

o0 2

b - V (kP!
Xl <} ———~7

k=0 ()\minPO)

Blap*)"?
(AminPo)P/? [1 —(1+m(1- %)p/z]
v (0)P/2
(AminPo)P/? [1 —(1+n(1- ]sToL)IJ/Z]’

we conclude thatd € £, implies thatx € £, for any x(0) € R". This
concludes the proof of Theorem 1. O

IA

Id|1

+ (4.11)

We observe from (4.7) and (4.11) that as ||d||, and x(0) become
larger, the g9 becomes smaller and the £, gain becomes larger. In
order to pursue finite gain £, stabilization, it is necessary to modify
the high gain parameter. We first consider the case p = co

Theorem 2. Consider the system (2.1) satisfying Assumption 2. For
p = oo, £, stabilization with arbitrary initial condition with finite
gain and with bias, as formulated in Problem 4, can be achieved by
the adaptive-low-gain and high-gain controller,

= —(1+ pr(x))(I + B'Pex)B) "B P Ax, (4.12)
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where Py is the solution of (3.1) with ¢ = &(x), £(x) is determined
adaptively by (3.6) and ps (x) is determined by (3.9) and (3.10).

Theorem 2 readily yields the following corollary.

Corollary 2. Consider the system (2.1) satisfying Assumption 2. For
p = oo, the (G,/G)gy as formulated in Problem 2 can be solved by the
same adaptive-low-gain and high-gain controller as (4.12).

Proof of Theorem 2. For simplicity, we denote Py, P,
respectively by P(k) and P;(k) whenever this does not cause any
notational confusions.

Define v(k) = —(I + B'P(k)B)~'B'P(k)Ax(k) and u(k) = v(k) +
or (v (k). We have already shown that the controller (4.1) along
with (3.6) satisfies [|v]c < A.

Define the Lyapunov function V (k) = x(k)'P(k)x(k) and a set
V(c) = {V(x) < c}wherecisgivenby (3.11). Owing to property 5
of Lemma 1, it is easy to verify that for x(k) € V(c)¢, the following
inequality holds:

e(k)V (k) > 4e(k)M«bA? > 8||B'P(k)B| A%. (4.13)

In the absence of d, we can evaluate the increment of V along the
trajectory as

V(k+ 1) — V(k) = x(k+ 1)[P(k+ 1) — P()]x(k + 1)
— e(k)V (k) — 2v(k) [ (u(k)) — v(k)]
+[o(uk) — vk
x B'P(k)Bo (u(k)) — v(k)].

Also, |Jv(k)|| < A implies that —2v (k) [o (u(k)) — v(k)] < 0 for
any p(k) > 0. Using this property, we find that for x(k) € V(c)¢,

Vik+1) = V(k) < x(k+ 1)'[P(k+ 1) = P(k)]x(k + 1)
—e(k)V (k) — 2v(k)'[o (u(k)) — v(k)]
+4||B'P(k)B|| A*

x(k+ 1)[P(k + 1) — P(k)]x(k + 1)

- ?V(I{).

IA

The last inequality is owing to (4.13). If
x(k+ 1D'[P(k+ 1) — P(k)]x(k+ 1) < 0,

the last inequality implies that V(k + 1) — V (k) < 0. But we have
argued earlier that (4.14) and V(k+ 1) — V (k) < 0 cannot happen
simultaneously by our scheduling (3.6). Therefore x(k + 1)'[P(k +
1) — P(k)]x(k + 1) > 0. From the proof of Theorem 1,

x(k+ '[Pk +1) — P(k)x(k + 1) < L(k)[V (k) — V(k + D].
Hence, for x(k) € V(c)°,
Vk+1) -V < —— %y,

2(1 + L(k))

The trajectory will enter V(c) within finite time. However, for
x(k) € V(c), we have already proved in the proof of Theorem 1
that

(4.14)

V(k+1) —V(k) <0

. . _ _ ‘l
since in ’.V(c), 'f).(k) = pogk? = FPwaE"
asymptotic stability of the origin.

We proceed to show /£, stability with arbitrary initial
conditions with finite gain with bias. In order to do so, we first find

an upper bound of 5 Y(l’?(k) in terms of ||d|| o and then conclude £,
min

This proves global

stability by observing that [|x[s < ./l ﬁ loo- To this end, we
note that the case V(k+ 1) — V (k) < 0is not interesting since it is
equivalent with

Vk+1) V (k)
AminP(k + 1) AminP(k) —
due to the fact that V(k + 1) < V(k) implies ApinP(k + 1) >
AminP (k). Therefore, it will not affect the upper bound of An:,fﬁ)(kV
In view of this, throughout the remainder of the proof, we only
consider V(k+ 1) — V(k) > 0.

Suppose V(k + 1) — V(k) > 0, scheduling (3.6) implies that
x(k+1)'[P(k+1)—P(k)]x(k+1) < 0.By construction, |Jv(k)|| < A.
We get
Vk+1) —V(k) < —e(k)V k) — 2vk) o k) +dk) — vk)]

+ 4|B'P*B|| A?
< 4(1+ ||B'P*B||) A%
Since ¢ > 4(1 + ||B'P*B||) A2, we have

Vk+1) = V(k <c.

(4.15)
The above inequality holds for any x(k) € R". Since different high-
gains are applied in different regions, we have two possible cases:

Case 1. x(k) € V(c)°. Then (4.15) implies that V(k + 1) < 2V (k).
But this implies that e1(k) < e(k 4+ 1) and P;(k) < P(k + 1). Let
vi(k) and d;(k) denote the ith element of v(k) and d(k).

If|di(k)| < pr (k) |vi(k)|, then
—vi(k)[o (vi(k) + pr (k)vi(k) + di(k)) — vi(k)] < 0.
If |d; (k)| < |pr(K)vi(k)|, we have
—vi(k)[o (vi(k) + pr (K)vi(k) + di(k)) — vi(k)]
= —vi(B)[o (vi(k) + pr (k)vi(k) + di(k)) — o (vi(k)]

|d;(K)|
- | 2d; (K

< o (k) |2d; (k)|

_ Zd,‘(k)z

G
In summary, we find that

200k 4|l d(k)|1?
=2v(k)'[o (uk) +dk) —v(k)] < ———

or (k)
This yields
Vk+1) —V(k) < —"S;ﬁV(k) —2v(k)[o (u(k) + d(k)) — v(k)]
(k) lld(k) ||
) 2
< _ &(K)AminP (k) <||x(k)||2 a0l )
2 p1(k)
Clearly, V(k + 1) — V (k) > 0 requires that
lld(k) |1?
ky|I? :

lx()1© < o1
Then

V(k+ 1) 2V (k) - 2 maxP (k) ()|

AminP(k+1) 7 AminP1(K) = AminP1(k)

2p1lIx(R) 1> < 2||d(k) |12

(4.16)

Case 2: x(k) € V(c). We have p(k) = po(k) and hence the same
controller as in Theorem 1 is used. In the proof of Theorem 1, the
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following two properties have already been shown:

(1) if V(k) > abM,«||d(k)|?>, we have V(k + 1) — V (k) < 0;
(2) V(k+1) = V(k) < au*(|d(R)]|>.

We canimmediately draw the conclusion that for V(k+1)—V (k) >
0 and x(k) € V(c),
V(k+ 1) < (abMe 4 ap®)||d(k) |1*.

On the other hand, (4.15) and the fact V(k) < c¢ imply that
V(k 4+ 1) < 2c. But this implies that there exists a A; independent
of d such that

Vik+1) - abMg+ + ap*
}\minp(k + 1) - )‘-1

ld|% . (4.17)
In summary, whenever V (k) or, equivalently, 5 Y(‘?(k) is increasing,
min

we have either (4.17) or (4.16) holds depending on x(k) € V(c) or
not. Therefore,

1% 14( abM,« + au*
< YO {2, “} ]l
)‘-minp 00 )‘-minP(O) )\1
Using the fact that [|x]|, < ||ﬁ||oo, we have

V(0)
xlleo < \/H)‘ P \/k b
min minP (0)

DMor +
4—nmx{v6, “£A+a“/}|wnm. (4.18)
1

Note that nY(O) is clearly a class X function of [|x(0)]|. The

JminP(0)
finite gain £, stability of closed-loop system with arbitrary initial
condition and bias follows. O

In Theorem 2, we only need to consider the case that V(x(k)) is
increasing. However, this does not work when the external input d
isin £, with p € [1, 00). The decay rate of V (x(k)) when V (x(k)) is
decreasing definitely has an impact on the £, norm of x. Therefore,
we have to consider both cases and obtain bounds on ||x||, in terms
of ||d||p. As will be seen in the next theorem, it requires even more
complicated high-gain design and involved analysis.

Theorem 3. Consider the system (2.1) satisfying Assumption 2. For
any p € [1, 00), the £, stabilization with arbitrary initial condition
with finite gain with bias problem as formulated in Problem 4 can be
solved by the adaptive-low-gain and high-gain controller,

u=—(14 pr(x)(I + B'Pe()B) " 'B Py ()Ax, (4.19)

where Pey is the solution of (3.1) with ¢ = &(x), e(x) is determined
adaptively by (3.6) and ps (x) is determined by (3.9), (3.10) with pp
sufficiently large.

Theorem 3 also produces as a special case the solution to (G,/G)g.
This is stated in the following corollary.

Corollary 3. Consider the system (2.1) satisfying Assumption 2. For
anyp € [1, 00), the (G, /G) as formulated in Problem 2 can be solved
by the adaptive-low-gain and high-gain controller (4.19).

Proof of Theorem 3. For simplicity, we denote e(x(k)), &1(x(k)),
B(e(x(k))), pr(x(k)) and p1(x(k)) by e(k), e1(k), B(k), or(k) and
p1(k) respectively and denote P (), Pe; x(k))» Le, x(ky) T€SPECtively
by P(k), Pi(k) and L;(k). This does not cause any notational
confusions.

Define v(k) = —({ + BP(k)B)"'B'P(k)Ax(k) and u(k) =
v(k)+ ps (k)v (k). We have already shown that v (k) along with (3.6)
satisfies ||v]|eo < A.

Define the Lyapunov function V (k) = x(k)'P(k)x(k) and a set
V(c) = {x | V(x) < c} with c given by (3.11). As in the proof of
Theorem 2, for x € V(c), the following inequality holds:

e(k)V (k) > 4e(k)M,+bA? > 8||B'P(k)B| A% (4.20)

Using exactly the same argument as used in Theorem 2, we
conclude the global asymptotic stability of the origin of the closed-
loop system.

It remains to prove global £, stability with finite gain. The proof
proceeds in several steps:

Step 1. Define a function

sP/2

hminPs)P/2 [1 . (1 - 675>p/z]
mints TSN

where ¢; is a function of s as given by

a(s) =

AZ
& = max {r € [0, £*] | s trace(P,;) < b} ,

and P; is the solution of (3.1) with & = &, L; = ";ce(')s ). Note that

if s is strictly increasing, by the property of our scheduling, &; is

decreasing and hence A, Ps is decreasing and L is increasing. This

implies that «(s) is strictly increasing and is a class X function.
Define

rmnP 2 (1= (1= )
(mm) - _m

AminP2)P? [1— (1= 52 o
mint2¢ 4(1+1Ly)
trace(P*)

where P* is the solution of (3.1) with ¢ = ¢* and L* = R P
Since c is given, &5c, Py, L. and « are fixed constants. Choose
op > max{1+ «, (kminP*)?/?}. We have py (k) > 1 for any x(k).

We can always divide the whole time horizon into a sequence
of successive intervals {I;};>1 with I; = k;, ki1 — 1 such that for
each I;, one of the following cases holds:

(1) Forany k € I;, x(k) € V(2c)*and V(k+ 1) — V (k) > 0.
(2) Forany k € I;, x(k) € V(2c)*and V(k+ 1) — V(k) < 0.
)
)

K =

(3) Forany k € I;, x(k) € V(2c) with ki1 < oo.
(4) Forany k € I;, x(k) € V(2c) with ki1 = oo.
Step 2. For case 1, since V(k + 1) — V (k) > 0, the adaptation (3.6)

implies that x(k+ 1)'[P(k+ 1) — P(k)]x(k+ 1) < 0. As in the proof
of Theorem 2, we find

f 2
V(k =+ 1) — V(k) < _w |:||X(k)||2 _ ”d(k)”] )
2 p1(k)
Then, V(k + 1) — V(k) > 0 implies that

AN = pr (R XN = llx () |12

since p;(k) > 1 by construction.
Furthermore, we have already shown that for all x(k), V (k+1) —
V (k) < c.Hence

(4.21)

Vk+1) <2V(k).
From the definition of (k) and L, (k), this implies that

e1(k) <ek+1), Li(k) > L(k+ 1), and

AminP1(K) < AminP(k + 1). (4.22)
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Consider specifically k = k;;1 — 1. We have

(ki1 — DI — lIx(kirr — DIP
> (p1(kiz1 — DP? = D[[x (ki1 — D1P
ppkmaxp(’<i+l - 1)p/2||x(ki+1 - DIP
e1(kipy1—1)

S p/2
P = 17 [1 - (1- wsty) }
opV (kip1 — 1)P/?
AminP1 (ki+1 — ])P/Z [] _ (1 _
(1 + )V (kip1)P/?

hmminP (ki )P/ [1 -(1-

=

v

elkip1—1) b2
4(1+L(kip1—1))
&(kit1)

) p/2
4(1+L(ki1)) )

where we use (4.22), pp > 1+« and V (ki1 — 1) > V (ki) inthe
derivation of the last inequality. We get

ld(kiv1 — DIP > llx(kizas — DIP + (1 + 1) (V(kiy1))
then (4.21) and (4.23) yield

(4.23)

kip1—1 kip1—1

Z IxGo 1P < D~ NP — (1 + )V (kis1)).

k=k; k=k;

Step 3. For case 2, the following relationship has been established
in the proof of Theorem 1,

0 < x(k+ 1D'[P(k + 1) — P(k)x(k + 1)]

< Lk)y(V(k) —V(k+ 1))
where L(k) = “acelﬂ’(),j)) Therefore,
e(k)
Vik+1) —V(k) < —mv(k)
k) XminP (K
MHCI(I{)HZ
p1(k) (1 + L(k))
e(k) AminP (k) )
- V(I l
< 20 +L(k))V(<)+ (k) ld®)|1,
and hence
E(k) )\minP(k) 2
Vk+1 1———|V(k dk)||c.
(et )= [ 2<1+L<k))] Ot 140

Since V (k) is decreasing, we have ApinP(k + 1) > AminP (k) and

kv(ll)<+1) 5[1— e(k) ] V (k) N (2.
minP(k + 1) 2(14 LK) | AminP (k) p(k)
By definition of 8 (k),
Vk+ 1) )”/2< el TR v\
(AmmP(kH) - [ B 4(1+L(k))] (kmmP(k))
ldck) (1P
Al p1(k)p/2”

Using standard comparison principle, we get for k > k;,

v\ e) (v \?
(xmmpuo) 51__[[1_40“@)] (xminp(k,-)>

Jj=ki
k—1 — 8(5) p/2
. ;,(m i)

BG)
PGP

Id@) 1P

Since V (k) is decreasing, [1 — P/2 is decreasing. Hence,

4(1+L(k)) ]

(e )”/2< R (O N """'( V() )‘”2
AminP (k) B 4(1 + L(k;)) AminP (ki)

e 12
+Z{[ 1) }

Jj=ki
BG)
PO ld@ P
We have
b1t ( Vo )p/z 3 1 ( V (k) )‘”2
AminP (k - st TP \AminP (ki
k=ki (k) 1- [1 - 4(1+(lz()ki))] )
kip1—-2 i Nk
N BG) Id@) i

P— £()
j=ki 1 — [1 = 304LG)

]P/Z PGP
By definition, for any x(k)
e1(k) <e(k) and Li(k) > L(k),

and from (3.10)

p](i)P/Z > ﬁ(’z - — > :3(1) - .
1- [] - m] 1- [1 4(134(1))]
We conclude that
kip1—1 kiy1—2
DT xGIT < D 1@ + eV (k)
k=k; k=k;
kit1—1
< D0 1dDIP + eV (k).
k=k;

Note that «(V (k;)) is increasing. Therefore o (V (k;)) > a(V (kiy1)).
We can rewrite the above inequality as

kip1—1 kip1—1

D lx@IP < Y IdGIP + (1 + eV (k) — ca(V(kip1)).

k=k; k=k;
Step 4. For case 3 and 4, if x(k) € V(c), from (4.8) and (4.9), we
have
e (k)
1+ L(k)

If x(ky € V() N VQc) and V(k + 1) — V(k) > 0, then
x(k+ 1)[P(k+ 1) — P(k)]x(k + 1) < 0, we have

Vik+1) —V(k) < — V(k) + ap* (| d(R)]|.

Vk+1) — VK < QV(k) — 20(k) [0 (k) + d(K)) — v(0)]
(0, I
< -Vl
- —Qvu)+4nd<k>n .

If x(ky € V() N VQc) and V(k + 1) — V(k) < 0, then
x(k+ D[Pk + 1) — P(k)Ix(k + 1) < Lk)(V(k) — V(k + 1)).
We have

e(k) lld(k)1?
Vk 4
)+ pr () (1 + L(k))

V(k) + 4lld(0) |12,

Vik+1)—V(k) < —m

e(k)
< - 7
= 201+ L(k)
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Hence there exists a ¢ = max{4, au*} such that for all x(k) €
V(2c), we have
e (k)
2(1+L(k))
Note that our adaptation (3.6) and the fact that V(x) < 2c for
k=ki, ..., kip; —1imply thatfork =ki, ..., kis1—1,e(k) > e
and hence
_ S(k) < _ E2c
20+ LK) — 200+ 1Ly)’

Choose 1. such that

& p/2 p/2

2c €2c

P—] §U+m0P—] <1
4(1+ Ly) 2(1+ Lyo)

Applying Lemma 3, there exists a 85 independent of d and k such
that

Vk+1)—V(k) < Vk) + ¢lldk) 1>

)‘-minp(k) = )‘-minPZO

€2

p/2
_ p/2 p/2 p
A HZC)} V(K2 + Bact" )P

Vk+ 1)P? < [1 —
Using the same comparison principle as used in case 2, we can find
a constant y; dependent on &5, Ly¢, B, and ¢ such that

kip1—1 kip1—1

3 Ixdol? Vi

k=ki k=k; (}‘minPZc)p/2

IA

kiy1—2

vy llddolP

k=k;

IA

V (k)2

p/2
()‘-minPZC)p/z {1 - [1 - 4(%;-2(‘)] }
kiy1—2

v Y llddo]”

k=k;

+

IA

KV (ki)P/?

+ p/2
(ki)
(AminP (ki))?/2 {1 - [1- ] }

kip1—2

yi Y 10N + ca(V (k).

k=k;

IA

For case 3where ki1 < oo, consider specifically k = k;1—1.Since
the states are leaving V(2c), we have V (ki11) — V(kiz1 — 1) > 0.
Moreover, we have argued that the increment of V (k) for any x(k) is
at most c. This implies that x(kir 1 — 1) € V(c)* NV (2c). Following
the same argument as used in case 1, we have

ld(kic1 — DI = lIx(kizs = DIP + (1 + ©)or(V (kir1)).

Finally, we conclude for k € k;, ki1 — 1,

kip1—1 kiy1—1
D IxMIP <y Y ldckol?
k=ki k=ki

+raVk)) — (14 )V (ki1)).

For case 4 where k;; = 0o, we only have

kit ki1
D IxIP < v > Id®P + ko (V (ki)
k=k; k=k;

Step 5. In summary of previous steps, we find the following results:

o if I; belongs to case 1,

kip1—1 kiy1—1

D lx@IP < Y IdRIP = (1 + KV (kigr)).

ki k=k;

o if I; belongs to case 2,

kip1—1 kip1—-1
T lx@IP < > NP
k:ki k:kf

+ (1 + )V k) — kaV (k).

e if I; belongs to case 3,

kip1—1 kit1—1
D IxMIP <y Y lddR]P
k=k; k=k;

+rea(Vk)) — (1 + )V (kip1)).
o if [; belongs to case 4,

ki1 kitq
D IxIP < v > Id®P + ko (V (ko).
k=k; k=ki

Note that if I; belongs to cases 1, 3 and 4, we have eitheri = 1 or
I;_1 belongs to cases 1, 2 or 3. Then the positive term ke (V (k;)) of I;
can always be canceled by the corresponding negative term of I;_;
fori > 1.

Similarly, if I; belongs to case 2, we have eitheri = 1 or [;_
belongs to case 1 or 3. The positive term (1 + «)a(V (k;)) can also
be canceled by the negative term of I;_; fori > 1.

In conclusion, we find that for any x(0) and k,

k k
D lx( 1P < max{1, 1} Y [1dR) 7 + (1+ ©)er(V(0)).
k=0 k=0
This completes the proof. O

5. Conclusions

It is shown in this paper that (G,/G) and (G,/G)s problems
for discrete-time linear systems subject to actuator saturation are
solvable if and only if the given linear system is stabilizable and
it has all its poles within the unit disc, i.e. if it is ANCBC. We
also develop here an adaptive-low-gain and high-gain controller
design methodology by using a parametric Lyapunov equation. By
utilizing the developed methodology, one can explicitly construct
the required state feedback controllers that solve the (G,/G) and
(Gp/G)ge problems whenever they are solvable.

Appendix

We show in this section that for system (2.2) if a feedback
controller of the form u = Bf(x,) achieves (G/G,) and/or
(G/Gp)f.g for the unstable dynamics x,, it also achieves (G/Gp)
and/or (G/G,)y.¢ for the overall system.

Let us consider the unstable part of the input-additive case.

X" = Ax, + Byo (u + d).

Assume we have a feedback u = B f(x,) such that x, € £, and, if
possible, with finite gain:

xulle, < calidlle,-

Note that we impose a bit of special structure on the feedback.
Namely u = B,f(x,) instead of u = f(x,) but all our standard
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controllers satisfy this property which is easily seen if we recall
that:

—( +BP.B)"'BP,A=BP.(I +BBP,) 'A.

If we achieve (G/Gp) for the unstable dynamics then it is easily
verified that we must have that

B,o (B.f (x,) +d) € £,

while achieving (G/G,)y.¢ for the unstable dynamics implies:

1Buo (Bf (%) + D, < c2ldlly- (A1)

Now in order to incorporate the stable dynamics we want to
establish that:

o (B,f(xy) +d) € ¢

and ideally with a finite gain:

llo (Blf (%) + d)lle, < cslidlle,-

This implies that for stable dynamics, we shall have
[%lle, < ¥lloByf (%) +Dlle, < csylldlle,

where y is £, gain of the pair (A, B;).
We first note that

B,o (B:,f(xu) +d) = BuU(B,;f(Xu)) + Byd;
with [|dq]le, < lld]l¢,- But this implies that

IBuo (B,f (xu)lle, < [1Buo (Bf (xu) + d)llg, + lIBull lldlle, -

In other words it is sufficient to prove that

llo Bof %)) lle, < CallBuo (Byf (xu))lle, (A2)
to obtain that:

lloB,f (xu) + Dlle, < lloBf x))lle, + ldlle,
callBuo (B,f (%)) lle, + lidlle,
callByo (B,f (xu) + d)lg,

+ (1 +cliBulDlldlle,

(cac2 + 1+ callBulDlIdlle,

IATA

IA

IA

where we used (A.1).
Remains to verify (A.2) which is implied by the following static
inequality:

llo (B, v)llp < callBuo (B, v)lp. (A3)

Since this is a static finite-dimensional problem and all finite-
dimensional norms are equivalent, it suffices to prove (A.3) for
p=2.

Note that we can find a matrix S such that:

B
=3 (%)

with B, surjective. Next, we note that it is sufficient to prove that:
llo(Byyw)ll2 < ¢5|Buro (Byw) 12 (A4)
for some suitably chosen cs since for w = Sv we get:

llo (Byv)ll2 < ¢slIBuro (Byv) |2

Cs Bu] /
%mGA%<O>UwW)

S |Byo (B
————||Byo (B, v)||»
Gmin(s) ! !

2

which yields (A.3) for suitable chosen c4. It remains to show (A.4).
We consider two cases. If B,; w saturates at least one channel then

”BulU(B,,nw)”Z > (B;,J]wns U(B:nw))

”B;]wn”oo

v

> iamin(B/ )
= \/m ul
where w, = ”’5—” is the normalized vector of w.
In that case:

lo(Byw)ll2 < v/mllo(By;w)llso
= Jm

< — " BuoB,w)]
= 1 2.
Umin(B:n) ! ul

On the other hand without saturation:
-1
||B;1w||2 = ”3;1(3;13;1) BLHBQHU}HZ
-1
=< ”Bin(BinB:,l) Il2 ”BulB{l]w”Z'

Combining the two cases with and without saturation yields (A.4)
for suitable chosen cs, i.e.

Cs > maX{ , IIB{,l(B{,lBi,l)lllz} .

Omin (B;] )
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