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Abstract

This paper presents a numerical method to calculate the value function for a general
discounted impulse control problem for piecewise deterministic Markov processes. Our
approach is based on a quantization technique for the underlying Markov chain defined
by the post jump location and inter-arrival time. Convergence results are obtained
and more importantly we are able to give a convergence rate of the algorithm. The
paper is illustrated by a numerical example.
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1 Introduction

We present here a numerical method to compute the value function of an impulse control
problem for a piecewise deterministic Markov process. Our approach is based on the
quantization of an underlying discrete-time Markov chain related to the continuous-time
process and path-adapted time discretization grids.

Piecewise-deterministic Markov processes (PDMP’s) have been introduced in the lit-
erature by M. Davis [0] as a general class of stochastic hybrid models. PDMP’s are a
family of Markov processes involving deterministic motion punctuated by random jumps.
The motion of the PDMP includes both continuous and discrete variables {(X (), Y(¢))}.
The hybrid state space (continuous/discrete) is defined as R% x M where M is a countable
set. The process depends on three local characteristics, namely the flow ¢, the jump rate
A and the transition measure (), which specifies the post-jump location. Starting from
(z,v) € R? x M the motion of the process follows the trajectory (¢, (z,t),v) until the
first jump time 77 which occurs either spontaneously in a Poisson-like fashion with rate
Av(py(x,t)) or when the flow ¢, (x,t) hits the boundary of the state-space. In either case
the location of the process at the jump time T7i: (X(Tl), T(Tl)) = (Zl,yl) is selected
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by the transition measure Q, (¢, (x,T1),-). Starting from (Zl, yl), we now select the next
inter-jump time T5 — T} and postjump location (X(TQ), T(Tg)) = (Zg, yg). This gives a
piecewise deterministic trajectory for {(X(¢), Y(¢))} with jump times {T}} and post jump
locations {(Z, yx)} which follows the flow ¢ between two jumps. A suitable choice of the
state space and the local characteristics ¢, A, and @ provides stochastic models covering
a great number of problems of operations research, see [6]. To simplify notation, there is
no loss of generality in considering that the state space of the PDMP is taken simply as a
subset of R? rather than a product space R% x M as described above, see Remark 24.9 in
[6] for details.

An impulse control strategy consists in a sequence of single interventions introducing a
jump of the process at some controller-specified stopping time and moving the process at
that time to some new point in the state space. Our impulse control problem consists in
choosing a strategy (if it exists) that minimizes the expected sum of discounted running
and intervention costs up to infinity, and computing the optimal cost thus achieved. Many
applied problems fall into this class, such as inventory problems in which a sequence of
restocking decisions is made, or optimal maintenance of complex systems with components
subject to failure and repair.

Impulse control problems of PDMP’s in the context of an expected discounted cost have
been considered in [5] 8,9, 10, 13]. Roughly speaking, in [5] the authors study this impulse
control problem by using the value improvement approach while in [8 9, 10, [13] the authors
choose to analyze it by using the variational inequality approach. In [5], the authors
also consider a numerical procedure. By showing that iteration of the single-jump-or-
intervention operator generates a sequence of functions converging to the value function of
the problem, they derive an algorithm to compute an approximation of that value function.
Their approach is also based on a uniform discretization of the state space similar to the
one proposed by H. J. Kushner in [I2]. In particular, they derive a convergence result for
the approximation scheme but no estimation of the rate of convergence is given. To the
best of our knowledge, it is the only paper presenting a computational method for solving
the impulse control problem for a PDMP in the context of discounted cost. Remark that
a similar procedure has been applied by O. Costa in [3] to derive a numerical scheme for
the impulse control problem with a long run average cost.

Our approach is also based on the iteration of the single-jump-or-intervention operator,
but we want to derive a convergence rate for our approximation. Our method does not
rely on a blind discretization of the state space, but on a discretization that depends on
time and takes into account the random nature of the process. Our approach involves a
quantization procedure. Roughly speaking, quantization is a technique that approximates
a continuous state space random variable X by a a random variable X taking only finitely
many values and such that the difference between X and X is minimal for the L, norm.
Quantization methods have been developed recently in numerical probability, nonlinear
filtering or optimal stochastic control with applications in finance, see e.g. [1I, 2] 14} 15} 16
17] and references therein. It has also been successfully used by the authors to compute
an approximation of the value function and optimal strategy for the optimal stopping
problem for PDMP’s [7].

Although the value function of the impulse control problem can be computed by iter-
ating implicit optimal stopping problems, see [5] Proposition 2 or [6] Proposition 54.18,
from a numerical point of view the impulse control is much more difficult to handle than



the optimal stopping problem. Indeed, for the optimal stopping problem, the value func-
tion is computed as the limit of a sequence (v,) constructed by iterating an operator L.
This iteration procedure yields an iterative construction of a sequence of random variables
vn(Zy) (where (Z,) is an embedded discrete-time process). This was the keystone of our
approximation procedure. As regards impulse control, the iterative construction for the
corresponding random variables does not hold anymore, see Section [4| for details. This
is mostly due to the fact that not only does the controller choose times to stop the pro-
cess, but they also choose a new starting point for the process to restart from after each
intervention. This makes the single-jump-or-intervention operator significantly more com-
plicated to iterate that the single-jump-or-stop operator used for optimal stopping. We
manage to overcome this extra difficulty by using two series of quantization grids instead
of just the one we used for optimal stopping.

The paper is organized as follows. In Section [2| we give a precise definition of a PDMP
and state our notation and assumptions. In Section 4] we present the impulse control
problem and recall the iterative construction of the value function presented in [5]. In
Section [5] we explain our approximation procedure and prove its convergence with error
bounds. Finally in Section [6] we present a numerical example. Some technical results are
postponed to the Appendix.

2 Definitions and assumptions

We first give a precise definition of a piecewise deterministic Markov process (PDMP).
Some general assumptions are presented in the end of this section. Let us introduce
first some standard notation. Let M be a metric space. B(M) is the set of real-valued,
bounded, measurable functions defined on M. The Borel o-field of M is denoted by B(M).

Let @ be a Markov kernel on (M, B(M)) and w € B(M), Qu(z) = /Mw(y)Q(:c,dy) for

x € M. For (a,b) € R a Ab=min(a,b) and a V b = max(a,b).

Let E be an open subset of R? OF its boundary and E its closure. A PDMP is
determined by its local characteristics (¢, A, Q) where:
o the flow ¢ : R? x R — R? is a one-parameter group of homeomorphisms: ¢ is continuous,
¢(-,t) is an homeomorphism for each ¢ € R satisfying ¢(-,t + s) = ¢(o(-, s), 1).
For all z in F, let us denote

t*(z) =inf{t > 0: ¢(x,t) € OF},

with the convention inf () = co.
e the jump rate A : E — R, is assumed to be a measurable function.
e () is a Markov kernel on (F, B(E)) satisfying the following property:

(Vr e E), Q(z,E—{z})=1.

From these characteristics, it can be shown [6, p. 62-66] that there exists a filtered prob-
ability space (0, F,{F:},{Ps}zer) such that the motion of the process {X(t)} starting
from a point x € F may be constructed as follows. Take a random variable 77 such that

e AM@D - for t < t*(z),
0 for t > t*(z),

Px(Tl > t) = {



where for z € F and t € [0,t*(z)]

t
A($,t)i/0 Ao(x, s))ds.

If 71 generated according to the above probability is equal to infinity, then for t € R,
X(t) = ¢(x,t). Otherwise select independently an E-valued random variable (labelled Z;)

having distribution Q(¢(z,T1), ), namely P,(Z; € A) = Q(¢(x,T1), A) for any A € B(E).
The trajectory of {X(¢)} starting at z, for t < T} , is given by

t) fort<T
X() = o(x,t) for t < Ty,
Zl for t = Tl.

Starting from X (71) = Z1, we now select the next inter-jump time 75 — T} and post-jump
location X (1) = Z» is a similar way.

This gives a strong Markov process {X ()} with jump times {T} } ey (where Ty = 0).
Associated to {X(t)}, there exists a discrete time process (Gn)neN defined by O, =
(Zn, Sp) with Z,, = X(T,) and S,, = T,, — T,—1 for n > 1 and Sy = 0. Clearly, the process
(©n)nen is a Markov chain, and it is the only source of randomness of the process.

We define the following space of functions continuous along the flow with limit towards
the boundary:

C={weB(E) : w(¢(z,)):[0,t*(z)) — R is continuous for each z € E
and whenever t*(z) < oo the limit liIT(l )w(qﬁ(az,t)) exists}.
t—t*(z
For w € C, we define w(¢(x,t*(x))) by the limit hH(l )w(gb(x,t)) (note that the limit
t—t*(x

exists by assumption). Let us introduce L as the set of functions w € C satisfying the
following properties:

1. there exists [w], € Ry such that for any (z,y) € E?, u € [0,¢*(x) A t*(y)], one has
[w((z, u) — w(d(y, v))| < [w] |z —yl,
2. there exists [w], € Ry such that for any z € E, and (t,s) € [0,¢*(x)]?, one has
|w(e(z,t)) — w(e(z,s))| < [w],]t - s,
3. there exists [w]* € R, such that for any (z,y) € E?, one has
|w(@(z, t*(2))) — w(@d(y, " ()] < [w] |z —yl.
In the sequel, for any function w in C, we denote by C,, its bound:

Cw = sup \w(x)\
zeE

The following assumptions will be in force throughout.



Assumption 2.1 The jump rate A is bounded and there exists [)\]1 € Ry such that for
any (z,y) € E?, u € [0,¢*(x) At*(y)[,

IA(d(z,u) = Moy, u)| < [A], ]z —yl.
Assumption 2.2 The exit time t* is bounded and Lipschitz-continuous on E.

Assumption 2.3 The Markov kernel (Q is Lipschitz in the following sense: there exists
[Q] € Ry such that for any function w € L the following two conditions are satisfied:

1. for any (x,y) € E%, u € [0,t*(z) At*(y)], one has
|Qu(d(z,u)) — Qu(d(y, w)| < [Q] [w] |z —yl,
2. for any (z,y) € E?, one has
|Qu(e(z, t*(2))) — Qu(d(y, " ()] < [Q] [w], |z —yl.

3 Quantization

The aim of this section is to describe the quantization procedure for a random variable
and to recall some important properties that will be used in the sequel. There exists
an extensive literature on quantization methods for random variables and processes. We
do not pretend to present here an exhaustive panorama of these methods. However, the
interested reader may for instance, consult the following works [11], [14] [I7] and references
therein. Consider X an R%-valued random variable such that HX Hp < oo where HX Hp

denotes the L,-nom of X: HXH = (E[| X]P] l/p.
p P

Let K be a fixed integer, the optimal L,-quantization of the random variable X consists
in finding the best possible L,-approximation of X by a random vector X taking at most
N values: X € {x!,..., 2%}, This procedure consists in the following two steps:

1. Find a finite weighted grid I' ¢ R? with I' = {!, ..., 2K}

2. Set X = XT where X = pr(X) with pr denotes the closest neighbour projection
on I'.

The asymptotic properties of the L,-quantization are given by the following result, see
e.g. [14].

Theorem 3.1 IfE[|X[P*"] < 400 for some n > 0 then one has

; /4 i _xTyp — q/(q+p)
Aim K nin X = X7 Jp,q/ A (u)du,
where the law of X is Px(du) = h(u)\g(du) + v with v L \g, Jpq a constant and N\, the
Lebesgue measure in RY.

Remark that X needs to have finite moments up to the order p+n to ensure the above con-
vergence. There exists a similar procedure for the optimal quantization of a Markov chain
{Xk}ren. There are two approaches to provide the quantized approximation of a Markov
chain. The first one, based on the quantization at each time k of the random variable
Xy is called the marginal quantization. The second one that enhances the preservation of
the Markov property is called Markovian quantization. Remark that for the latter, the
quantized Markov process is not homogeneous. These two methods are described in details
in [I7, section 3|. In this work, we used the marginal quantization approach for simplicity
reasons.



4 Impulse control problem

The formal probabilistic apparatus necessary to precisely define the impulse control prob-
lem is rather cumbersome, and will not be used in the sequel, therefore, for the sake of
simplicity, we only present a rough description of the problem. The interested reader is
referred to [5] for a rigorous definition.

A strategy S = (7, Rn)n>1 is a sequence of non-anticipative intervention times (7,)p>1
and non-anticipative E-valued random variables (R,),>1 on a measurable space (2, F).
Between the intervention times 7; and 7;41, the motion of the system is determined by the
PDMP {X(t)} starting from R;. If an intervention takes place at = € E, then the set of
admissible points where the decision-maker can send the system to is denoted by U C F.
We suppose that the control set U is finite and does not depend on z. The cardinal of the
set U is denoted by u:

U:{yizlgigu}.
The strategy S induces a family of probability measures Pf ,x € E,on (Q,F). We define

the class S of admissible strategies as the strategies S which satisfy 7., = co PS-a.s. for
allz € E.

Associated to the strategy S, we define the following discounted cost for a process
starting at r € F

T3 =B | [ e fds + 3o e el Y, |
0 1

=1

where ES is the expectation with respect to PS and {Y;} is the process with interven-
tions. The function f then corresponds to the running cost and ¢(z,y) corresponds to the
intervention cost of moving the process from x to y, « is a positive discount factor. We
make the following assumption on the cost functions.

Assumption 4.1 f is a positive function in L.

Assumption 4.2 The function c is continuous on E x U and there exist [c]
[0]2 € Ry and [c]* € Ry such that

16R+7

1. for any (x,y) € E?, u € [0,t*(x) At*(y)],

max ({2, 1), 2) — e(6(y,w),2)] < [,z — ul,

2. for any x € E, and (t,s) € [0,t*(x)]?,

max c(p(x,t),2) — c(d(x, 5), 2)| < [e] It — s,

3. for any (z,y) € E?,

ma e((z, 1" (2)), 2) — (8, ¢ (), 2)| <[]}~ ul,

4. for any (z,y) € Ex U, 0< ¢ < c(m,y) < C.,



5. for any (x,y,2) € Ex U x U,
() + c(y,2) > ez, 2).

The last assumption implies that the cost of taking two or more interventions instanta-
neously will not be lower than taking a single intervention. Finally, the value function for
the discounted infinite horizon impulse control problem is defined for all z in FE by

V(z) = é‘léfS TS (z).

Associated to this impulse control problem, we define the following operators. For x € E,
t>0, (v,w) € C? set
tAL* ()
F(z,t) = / e_O‘S_A(””’S)f(qzﬁ(x, s))ds,
0
H’U(x, t) = eiat/\t* ("L‘)*A(wvt/\t*(w)),v(gb(x’ tA t* ($)))
= K [eia(t/\t*(ZO))’U((b(Zo, tA t*(ZO))) l{Slzt/\t*(ZO)} ‘ZO = m:| s

tAL* ()
Tw(x,t) = / e_O‘S_A(z’S))\Qw@(x, s))ds,
0

Finally for notational convenience, let us introduce for (v,w) € C% z € E and t > 0.

J,w)(z,t) = F(z,t)+ Hv(x,t) + Tw(x,t),
Kw(z) = F(z,t"(x))+ HQuw(z,t"(z)) + Tw(z, t*(x)),

It is easy to show that for all n € N
Ku(z) = E[F(zn,t*(zn)) + e Sy (2, 11)| 2, = x} (4.1)
J(o,w)(@,t) = E[F(Zn,t) + e 5 w0(Zns1) s, . conte (z0))
e I (G Zs t A (Za) s amtnie (2| Zn = @] (4.2)

Note that these operators involve the original non controlled process {X(t)} and only
depend on the underlying Markov chain (0,,) = (Z,, S,). The equalities above are valid
for all n because (6,,) is an homogeneous Markov chain. Finally, for (v, w) € C?, ¢ defined
on U and z € F, set

Me(z) = iof {c(@,y) +o)},
L(v,w)(z) = tierﬂlai J(v,w)(x,t) N Kw(z),
Lw(z) = L(Mw,w)(z).

As explained in [5], operator £ applied to w is the value function of the single-jump-or-
intervention problem with cost function w and the value function ¥V can be computed by
iterating £. More precisely, let A be the cost associated to the no-impulse strategy:

hz) = E, [ /0 h e_asf(Xs)dS] ,

for all z € E. Then we recall proposition 4 of [5].



Proposition 4.3 Assume that g is in L and g > h. Define V§ = g and V7, | = L(V}),
for allm > 0. Then for allx € E

V(z) = lim VI(z).

As pointed out in [5], if one chooses exactly g = h, then Vf{ corresponds to the value
function of the impulse problem where only n jumps plus interventions are allowed, and
after that, there are no further interventions.

Remark 4.4 Note that operator L is quite similar to the operator used in optimal stop-
ping, see e.g. [4, [1]. However, the iteration procedure here does not rely on L but on
L. The difference between operators L and L comes from the operator M that chooses
optimally the next starting point. This is one of the main technical differences between ap-
proximating the value functions of an optimal stopping and impulse problems, and it makes
the approximation scheme significantly more difficult, as explained in the next section.

5 Approximation of the value function

From now on, we assume that the distribution of X (0) is given by 0, for some fixed
point x( in the state space E. We also choose a function ¢ in L satisfying g > h. Our
approximation of the value function at xg is based on Proposition [4.3] Following the
approach proposed by M. Davis and O. Costa in [5], we suppose now that we have selected
a suitable index N such that V(zo) — VX (z0) is small enough see the example in section
@ We turn to the approximation of V¥ (z¢) which is the main object of this paper. In
all generality, finding an index N such that V(zo) — V% (o) is below a prescribed level is
a very difficult problem to solve. However, in particular cases one can hope to be able
to evaluate the distance between V(z¢) and V{ (zo). As suggested by M. Davis and O.
Costa in [5], a value of N can be chosen by calculating Vi, (x¢) for different values of n and
stopping when the difference between two consecutive values is small enough. Our results
of convergence are derived for a fixed but arbitrary N.

Recall that if Vy = h, then V]}\L, corresponds to the value function of the impulse problem
where only N jumps plus interventions are allowed. This is an interesting problem to be
solved in itself. For notational convenience, we will change our notation in the sequel and
reverse the indices for the sequence (V5)o<n<n. Set

oy = g =V,
vy = Lupp = V]gv_n, forall 0 <n < N.

As explained in the introduction, the keystone of the approximation procedure for op-
timal stopping in [7] is that the analogue of Proposition yields a recursive construction
of the random variables v, (Z,). Unfortunately, this key and important property does not
hold anymore here. Indeed, one has:

n(Zn) = Lopi1(Zn)

= (tigﬁﬂE[F(Znat) +e_aSnJrlanrl(Zn+1)1{Sn+1<t/\t*(Zn)}

_}_efat/\t*(Zn)Mvn_;,_l((;S(Zn, t A t*(Zn))l{S,L.,_th/\t*(Zn)} ‘Zn} >

AE [F(Zn, (Zn)) + e S0, 1 (Zns1) \Zn} .



And Mvpi1(¢(Zn,t At*(Zy)) cannot be written as a function of vy41(Zp41). Hence, we
have no recursive construction of the random variables v,(Z,) and we cannot apply the
same procedure that we used for optimal stopping. Thus, we propose a new procedure
to evaluate Mvy41(d(Zn,t At*(Z,)) separately from the main computation of the value
function.

Note that for all 0 < n < N, to compute Mv,1 at any point, one actually only needs
to evaluate the value functions v,41 at the points of the control grid U. We propose again
a recursive computation based on the Markov chain (Z,, S,) but with a different starting
point. Set Z§ =y € U and S§ = 0. We denote by (Z7,S}) the Markov chain starting
from this point (y,0). One clearly knows vy = g on U. Now suppose we have computed
all the v,, on U for £+ 1 < n < N. Therefore, all functions Mwv,, are known everywhere.
We can then propose the following recursive computation to evaluate vy at y € U:

N (ZN_y) = 9(Zy_y) (5.1)
vk+n(Zq?’JL> = C(ka+n+1,vk+n+1)(Z${), for all 0 S n S N -k —1. '

This way, one obtains vi(Z§) that exactly equals vi(y). Note that, since the functions
Muyy, are known, this provides a tractable recurrence relation on the random variables

Uk+n(Z]g)'

Remark 5.1 Note that this procedure requires the knowledge of function g for all the
random variables (Zy)n<n—1 defined for the different starting points y € U. This is why,
in general, we are not able to use the no-impulse cost function h. Indeed, it is hard to
compute this function, especially if we need to know it everywhere on the state space. The
most practical solution is to take g equal to a upper bound of h, and therefore constant.

There is yet another new difficulty hidden in the recurrence relation above as
regards its discretization. Indeed, to compute v,(y), one needs first to compute all the
Vpan(Zy) with 1 < n < N — k, and to compute vy1(y) for instance, one has already
computed all the vk+n(Zg_1) for 2 < n < N — k. Unfortunately, one cannot re-use the
values of v, (ZY_,) to compute that of vi1,(Z3), so the computation has to be started
all over again each time, and one has to be very careful in the design of the approximation
scheme. However, all these computations can be done with the same discretization grids
for (Z},S4), so that our procedure is still reasonably fast, see section for details, and
figure for a graphical illustration of our procedure.

Remark 5.2 The recursive procedure 1s triangular in the sense that one needs to
compute all the vy, (Z3) for 0 <k <N and 0<n < N — k.

Our approximation procedure is in three steps, as explained in the following sections.
The first step consists in replacing the continuous minimization in the definition of operator
L by a discrete-time minimization, on path adapted grids. The second step is specific to the
impulse problem, and is due to the operator M as explained in details above. The second
step hence consists in carefully approximating the value functions v, on the control grid U.
The last step will then be similar to the approximation of the optimal stopping problem
and will consist in approximating the value functions at the points of the quantization
grids of the no impulse process.



5.1 Time discretization

We define the path-adapted discretization grids as follows.

Definition 5.3 For z € E, set A(z) €]0,t*(2)[. Define n(z) = mt(zgjg) —1, where int(x)

denotes the greatest integer smaller than or equal to x. The set of points (ti)icqo,...n(z)} With
ti = 1A(2) is denoted by G(z). This is the grid associated to the time interval [0,t*(z)].

Remark 5.4 [t is important to note that, for all z € E, not only one has t*(z) ¢ G(z),
but also max G(z2) = t,,(,) < t*(2) — A(z). This property is crucial for the sequel.

We propose the following approximation of operator L, where the continuous minimization
is replaced by a discrete-time minimization on the path-adapted grids.

Definition 5.5 For (v,w) € L? and x € E, set

Li(v,w)(zx) = ténGi&) J(v,w)(x,t) N Kw(x).

Now we compute the error induced by the replacement of the continuous minimization by
the discrete one.

Lemma 5.6 Let (v,w) € L2. Then for all z € E,

| it J(ww)(e,6) — min J(@,w)(@ s)| < (cf + CuyO + [v], + Cul(Cr + a))A(z).

Proof: We have

‘ tﬁltgfac) J(Ua w)(:z, t) - sénGl(r;:) J(U) w)(az, S)} = sénGl(Izlv) J(U, w)(a:, 5) - tgltllfm) J(U, U))(l’, t)

Clearly, there exists t € [0,¢*(x)] such that <1nf )J(v, w)(z,t) = J(v,w)(x,t). Moreover,
t<t*(x

there exists 0 < i < n(x) such that ¢ € [t;,t;41] (with t,;)41 = t*(z)). Consequently,

Lemma yields

| inf J(v,w)(z,t) — min J(v,w)(z,s)| < J(v,w)(@,t;) — J(v,w)(z,1)
t<t*(z) s€G(x)
< (cf + CuC + [v], + Co(Cr + a)> 7 — .
implying the result. O

Lemma 5.7 Let (v,w) € L? be nonnegative functions. Then for all x € E,
|L(v, w)(z) — L (v, w)(z)| < (cf + CuCh + [v], + Cu(Cr + oz))A(x).

Proof: Since the functions v and w are nonnegative, it follows from the definition of L
and L% that

— L, w)(z in v,w)(x,t) — min v,w)(x,s)|.
[L(w, w)(@) ~ L w)(@)| <] ot T, w)a, 1)~ min J(o,w)(s)]

Now in view of the previous lemma, one obtains the result. O
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5.2 Approximation of the value functions on the control grid U

We now need to introduce the quantized approximations of the underlying Markov chains
(©7). More precisely, we need several approximations at this stage, one for each starting
point y in the control set U. Recall that U = {y, 1 < i < u}. For all 1 < i <
u, let (Z%,S%)OgngN—l be the Markov chain (Zy, Sy )o<n<n—1 With starting point Zy =

i Sy = 0, and let (AA S “Yo<n<n—1 be the quantized approximation of the sequence
(Zi St " )o<n<N-—1, S€€e Sectlon I The quantization algorithm provides us with a finite grid
I‘ C E xR, at each time 0 < n < N — 1 as well as weights for each point of the grid
and transition probabilities from one grid to the next one, see e.g. [I}, 14} 17] for details.
Set p > 1 such that ©,, has finite moments at least up to the order p + ¢ for some positive
e and let p!, be the closest-neighbour projection from E x R, onto Fi{@ (for the distance
of norm p; if there are several equally close neighbours, pick the one with the smallest
index). Then the quantization of ©% conditionally to Zy = y* is defined by

O, = (2, 8,) = pn (23, 50).
We will also denote I'Z the projection of F%G on E and Fi{s the projection of F%Q on R,.

Although (Z¢,S!) is a Markov chain, its quantized approximation is usually not a
Markov chain. It can be turned into a Markov chain by slightly changing the ponderations
in the grids, see [16], but this Markov chain will not be homogeneous in any case. Therefore,
the following quantized approximations of operators H, I, K, J and L% depend on both
indices n and 3.

Definition 5.8 For v € L2, w defined on Fj{il, r€FE, 0<n<N-1,1<i<wuand

i.Z .
z e 'y”, consider

H qo(z,t) = E:e—a(tAt*(ZiL))v(gb(Zg,tAt (Zi))1 i, >Mt*(2}z)}’2j’l = z}
./T\,iLHw(z,t) = E:e_o‘gfﬂlw(/\é“) {81, <tnt( Zl)}‘Z }
Riw(z) = B[F(Z3,t(Z3) + e Sniw(Zy 1) |2 = 2.
T (v )(et) =E[F(Zo0) + &S Zi) s, | ezl = 2]
FE[e I A OOy | P =

L)) = min T (0,0)(0 AR w(e).

Our approximation scheme goes backwards in time, in as much as it is initialized with
computing vy at the points of the last quantization grids F?{,Z, then vy_1 is computed on

i
'} | and so on.

Definition 5.9 Set vy (y?) = g(v*) for 1 <i <wu. Then, for1 <k < N—1and1 <i<u,

set Up(y') = vzk(yi), where
() = g(a),  zelyl,
k Ti ~ =~
i)\;c_m () = LEY My, 0F)(2), zelh? ne{l,...,N—k}.

See figure [5.1] for a graphical illustration of this numerical procedure.
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Remark 5.10 Note the use of both Vg, and ﬁ,’§+n in the scheme above. This is due to
the fact that we have to reset all our calculations for each value function vy and cannot use
the calculations made for e.g. Vx11 because the value functions are evaluated at different
points, and are approrimated with different discrete operators. This is mostly because the
quantized process (ZZL, §f1) s not an homogeneous Markov chain.

We can now state our first result on the convergence rate of this approximation.

Theorem 5.11 For all1 <k <N -1,0<n<N-k—1and1 <i<d, suppose that
A(z) for z € TiZ is such that

A4 Zi — Zi|, + &||SE,, — S
¢ =2l S = Shall,
d? zerh?

Then we have

ik 5
Hvk+n(Z7lz) - ’U]ngrn(Zvlz)”P
_ ik . _
< HUHnH(ZszH) - ’UlchrnJrl( ﬁ+1)Hp + glgg ’Uk+n+1(y) — Uk+n+1(y)|

+dllc,nHZ7i1 - 213”1) +2 [”k+n+1] HZqizH - ijHHp + CfHSriLH - §7i1+1 Hp

L A, + 42 B @17, — Bl + B — Bl
with

a, = {[Q] [vk+n+1]*+2E3}\/{CC(E1+a[t*])+2([c]1+ [C]Q[t*p}

C
+[Vktn) + [Q] [Vk+n+1] 1% + Ef(El + Es),

Ay = Cp+CuppiyOx+ [c], + (Cot Copyi ) (Cr + @),

& = @wc)@,

= Sacp) ol
C

5 — ofeY

@ = 222l +c).

Remark 5.12 Recall that vy = 55\’;“ =on = g. Hence, one has

lon (Zy-) =% -l < 9l 2 = 2], ond  maxfon(y) —on(y)] =0,

In addition, the quantization error ||©F — @an goes to zero as the number of points in the
grids goes to infinity, see e.g. [1])]. Therefore, according to Deﬁm’tion and by using an
induction procedure maxyecy ’Uk(y) - 5k(y)| can be made arbitrarily small by an adequate
choice of the discretization parameters. From a theoretical point of view, the error can be
calculated by iterating the result of Theorem [5.11. However, this result is not presented
here because it would lead to an intricate expression. From a numerical point of view, a
computer can easily estimate this error as shown in the example of section [0

12



The proof is going to be detailed in the following sections. We first split the error into
four terms. Forall 1< k<N —-1,0<n<N-—-k—1and 1<i<d, wehave

i ~i,k
||Uk+n(ZZ) - v]lg+n Zl Hp ZT

where
Y1 = |oken(Zn) = vken(Zn)llp,
Ty = [|L(Mvgsnt1, Vktns1)(Zy) — Ld(MUk+n+1, Vkn+1)(Zy) Hpa
Té = |’Ld(M’[}k+n+1,’l}k+n+1)(Zl) — L:{il(MrUk:—H’H—luUk+n+1)(ZZL)||p7
, ~ 7 _ ik .
T, = ||Ln+1(MUk+n+1a Uk+n+1)(Z ) — Ln+1(M”k+n+17”Ilc+n+1)(Z;L)”P'

The first two terms are easy enough to handle thanks to Corollary and lemma
Lemma 5.13 A upper bound for Y is

lkn(Z3) = vksn(Z3) lp < (sl 25, = Zilp-
Lemma 5.14 A upper bound for Y% is

IL(Msni1s Oing1)(Z) — LMkt Vnt1)(Z5) |l
S (Cf + Cvk+n+1c>\ + [C] 2 + (CC + Cvk+n+1)(c)\ + a)) HA(Z;,) Hp

The fourth term is also easy enough to deal with as it is a mere comparison of two
finite weighted sums.

Lemma 5.15 A upper bound for Y is

~id ~ ~id _ k .
HL:H-l (Mg yny1; Verns1)(Zy,) — LG-i-l(MUkHHrh i)\;c+n+1>(Z;L) Hp
. . . ik .
< [”k+n+1] HZ}erl - Z’fl"r].”p + H”kJrnH(Z;LH) vz:+n+1(Z7Z"b+1)‘}p

+ max [ Vg n41(y) = Vkpnr1(y)]
yelU
Proof: We clearly have

, ~ ik i
1Ly (M1, V1) (Z2) — L% (Mg, Upsni1)(Z0) Hp

. ~ 5 & .
< H Hcla; | T2 1 (Mg 1, V1) (Z3, ) — JZ+1(MUk+n+1,@7€+n+1)(ZZ,t)’Hp
te 2

~i,k
V| Bt (Z0) — i (Z0)]|

< ||E[ Uk+n+1(Zn+1) - UI;;7—IT-n+1<Z£+1)‘Z;] Hp

B [Monsn i1 (622t AE(Z2))) = M1 (6(Zist t*(Z:;»)

2]

‘ p

. . . ik
< vrsnt1(Zga1) = vksnr (Zngn) ||, + [vrsnt1(Z5aa) = Uit (Zni) ),
+ max ‘Uk-&-n-&-l(y) - 5k+n+1(3/)‘7
yel
showing the result. |
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We now turn to the third term. This is the key step of the error evaluation, because
on the one hand, this is where we deal with the indicator functions. The main idea is
that although they are not continuous, we prove in the following two lemmas that the set
where the discontinuity actually occurs is of small enough probability. This is also where
our special choice of time discretization grids is crucial. On the other hand, we use here
the specific properties of quantization.

Lemma 5.16 Forall1<i<d,ne€{0,...,N—1} and 0 <7 < min {A( )}
zery?
)12~ Zill,

a -

t*(Z%)<t*(2%)—an =

Proof: By using the Chebychev’s inequality, one clearly has

Bl zsycnzyal?] = P(£(Z0) <t°(Zi)—n)
< P(|(z) - v'(Zi) >0 ) < [t*]p”Zf;p_ Zilk,
showing the result. O
Lemma 5.17 Forall1<i<d,ne{0,...,N—1} and 0 <n < II}IID {A(2)},
z€
H E%??,)Eﬂl{s 1<SAE(ZL)} T {S’+1<s/\t*(Z1 }HZZ] ‘p
< 727"5;&1 - §;L+1”p + 2[:]*] — Z}lp-

Proof: Set 0 <7 < min {A( )} and s € G(Z!). By definition of the grid G(Z!) and 7,
zely?

one has s +n < t*(Z}L), see Remark Thus, the difference of indicator functions can be
written as

’1{51+1<s/\t*( Ziy — {s <sm(2¢)}‘

n+1

< |1{S;+1<3At*(zi)} {Sz+1<sAt*(Zz }‘ { {t*(Zi)<t*(Zi)— 7} + 1{t*(ZZ)>t*(Zl)—f}]

S Ypzy<e@-n T le@ss s, <9~ Lg <l

< 1{t*(Z;'L)§t*(A;l) 2y + 1{|5n+1,53L+1|>71} + 1{t*(Zi)>s+"}1{|Sn+1—slég}'

This yields

SE%?;,)EU]'{S 1<s/\t*(Zjl)} - 1{5 Jr1<s/\t* ZZ }HZl] ‘ < Hl{t* 7i )<t* }H
sy, g el + erg??)E[l{t“z’>>S+"}1{|Sn+1—s|sg}\22}Hp- (5.2)
On the one hand, Chebychev’s inequality gives
. 20|18y — i
n +1 +1
s -5 plly =PUSwa = Snl > ) € ————F (63)
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On the other hand, one has

E[1{t*(z;;)>s+g}1{\s;+1—s|gg}’Zfz] :E[E[l{t*(Z;)>s+g}1{s—ﬂ<Sl <s+g}!ZfZ] Z,

n+1

s+2 . .
B[l ary |, NO(Zw)du|Z)
ST3

< nCx. (5.4)
Combining Lemma and equations (5.2)-(5.4]), the result follows. O

We now look up the error made in replacing K by I?fl +1- This is where we use the
specific properties of quantization.

Lemma 5.18 Forall1 <i<d, ke{l,....N—1} andn € {1,...,N —k}, one has

HKUk—l-n—l—l(/Z\:L) — K} 1Vkint1(Z))

c c .
St (@], + (B + Ba) + 280122 - il

» < CfHS;H - Sfl+1”p + [Uk—l-n—i-l] ||Z;z+1 - Zqi+1”p
+{ (@l o],
Proof: We have

’Kvkmﬂ(zfl) — K} 1Vkni1(Z))

Kvpin1(Z}) — E[Kvpini1(2))| 23]

(5.5)

<

+ ‘E[KUHnH(Zi)‘EfL] — Kl Oyt (Z))

Zi) + B[Rt a(Z)| 23] — Riyvgansa (22)

< [‘Kvk+n+1(z ) — Kvini1(Z})

By using the Lipschitz property of K stated in Lemma [A4] we obtain
HE[‘KUk-&-n-&-l(Z ) = Kvpyns1(Z0)]|Z (5.6)

C ) .
f + [Q] [vksnt1], + Copyin (E1 + Ez) + Es}HZ% — Zpllp-

‘ p

< { (@] [orsn],

Then, recall that by construction of the quantized process, one has (ZZL, §;L) =l (Z ! Sl)
Hence we have the following crucial property: o{Z.} C ¢{Z,S.}. By using the special
structure of the PDMP {X (¢)}, we also have o{Z., S.} C Fr,, so that one has O‘{Z,fl} C
0{Zi}. Tt now follows from the definition of K given in equation (4.1)) that

|77, 0(Z2) - F(Zit(Z0)]

’E[K'UchrnJrl ‘Z |- Kl Opgni1 (Z2) Zﬁ}
+E [\efasil+1vk+n+1(sz+1) — e it i1 (Zh ) | ‘Zﬁb} - (5.7)

From Lemma we readily obtain

[E[lF @z - P2 @)\ 23] | < B2~ Zile (5.8)
and it is easy to show that
HE{ ”+lvk+n+1(Zﬁ+1) - e_a@l“?}kmﬂ(znﬂ) ] ‘p
< [Vkgna1) 1251 — Zzﬂup +aCyy iy 141 — §;+1Hp~ (5.9)
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Finally, recalling that C,,,, < % and combining equations 1)1j we obtain the
expected result. |

We turn to the error made in replacing J by Ji »+1- Here we use the specific properties
of quantization again, and the lemmas on indicator functions.

Lemma 5.19 Foralll <i<d, ke{l,....N—1}, ne{l,...,N -k}, and 0 < n <

min {A( )}, one has
zeTh%

H %?; | J (M Uk i1, Vepns1) (Z t) —Jﬁ+1(MUk+n+1,Uk+n+1)(Zth)‘Hp
te ’

< {1Q] oernn], 2 +

+2([e], + [e],[t]) + 717(?(1 + [t]) + Cc[t*])}IIZZ; ~Zilp

+ {222+ c) + ISt - Sl

L 2C
+ [vesn] (| Zn — Znall, + (Tf +Ce)Can.

Proof: By definition of J, we have
)J(ka+n+1v Vieint1)(Zot) = Ty (M0 i1, Ok g1 (2, 75)‘ (5.10)
’IUk+n+1(2fwt) — I kg1 (Z3, )| + |HM 1 (20, 8) — ﬁi+1M”k+n+1(2i,t)‘-

n
For the first term on the right hand side of equation (5.10)), we proceed as for K in the
preceding lemma

’Ivk+n+1(2fu t) — fi+1vk+n+1(2£at)‘ < E[U”kzﬂﬂ(iﬁi) — T a1 (25, 1)] ‘Zﬂ

%(El + By +aft*]) + Ce(Er +at'])

+’E[Ivk+n+l )| Z5) = Iy verni1(Z), t)‘-
On the one hand, it follows from Lemma that
,
1

H max E[‘Ivk+n+1(Z;,t) - Ivk+n+1(ZfL,t)| ‘/Z\fl}
teG(Z1)
< {oz([Q] [vk+"+1] 1C>\ + Copinia [/\] 1 (1 + CACt*)) + Cop i O [t*] }HZ; - Zzsz
On the other hand, we use again the fact that o{Z%} C 0{Z!} to obtain

‘E [TVkint1 (Z},t) ‘ 2771} - Afz+1vk+n+1 (ZE,t) ‘

)

—aS? ; —agt
< E[1{5i+1<t/\t*(2i Ve S 1 (Zig) — e O 01 (24|

Z;} .

+E[ S 01 (2 Whiss, <tz = L@t <on=(Zn)

It remains to deal with the indicator function. Lemma yields

H max |E[Iviini1(Z,, ‘ZZ] n+1vk+n+1 f”t)‘H
teG(Z8) P

2 . ~
< Cvk+ +1C>\77 + (O‘ + E)Cvlwrn“ ||S7Zz+1 - quz-i-al
Coenn [ 71 1
n n p'

i) [Zhan — Zhaal, + 2
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By using the same arguments and lemmas and we obtain similar results for the
second term on the right hand side of equation ([5.10)), namely

’P

< { (], + [, ] & (Conpo + Co)(Cor [A], + (Cr 4 0)[7]) } 12— 7,

H max E[\Hka+n+1(Z;,t) —Hka+n+1(ZfL,t)”2fl]
teG(Z1)

and

H max ’E[HMUk+n+1 :l,t)‘z\;l] - ﬁ—ril+1MUk+n+1(2;7t)"’
teG(ZZ) 4
* * 2[t* { 7i
< {1t Conns 4 € 6], + [W[t] + 2 Con + €O 125 - Zil
2 . ~
+ ;(Cvmﬁ + CISn1 = Snsally + Ox(Copp iy + Ce)n,

showing the result. O
We now add up the preceding results to one obtains the following upper bound for Y.

Lemma 5.20 A upper bound for T3 18
~. ~id ~.
LMkt 1, V1) (Z3) = Ly (Mg n g1, V1) (Z3) [

_ Cy  C
< |z, - Z;Hp{ [Q) [oksnr1], = + By + B2) + { Q] [vh1ni1],

+2E3} Vv {CC(E1+a[t*])+2([c]1 + [e],[t*]) + n((’;f(ur [t ])—l—Cc[t*])}}

+[| St — gfzﬂ”p{cf + 5(2? + Cc)}

, = 2C
Honensi] |1 Zo — Ziall, + OS2 4 coum

5.3 Approximation of the value function

Now we have computed the value functions on the control grid, we turn to the actual
approximation of vg. As in the preceding section, we define the quantized approxi-
mation of the underlying Markov chain (©) starting from (zo,0), the actual starting
point of the PDMP. Let (Zn7 S, n)o<n<N—1 be the quantized approximation of the sequence
(Zn, Sn)o<n<n—1. The quantization algorithm provides us with another series of finite
grids T € E xRy for all 0 < n < N — 1 as well as weights for each point of the grids
and transition probabilities from one grid to the next one. Let p, be the closest-neighbor
projection from E x Ry onto I'9. Then the quantization of ©,, conditionally to Zy =
is defined by R o
0, = (Zn, Sn) = pn(Zn,Sn).

We will also denote I'Z the projection of I' on E and I'y the projection of T on R,. We
use yet again new quantized approximations of operators H, I, K, J and L.
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Definition 5.21 For v € L2, w defined on FTZLH, xe€FE, ne{0,...,N—1} and z € TZ,
consider

Hpp1v(z,t) =E :e—a(tAt*(Em)v@(Zn,t A t*(fn)))1{§n+1>w*(2n)}‘En = z},
Lijw(z,t) =E _e_ag"“w(zl“) (8n 1 <tAt*(Zn)} }
R 10(z) = E[F(Za, t°(Z0)) + S 410(Z, 1)|Zn =2,
Tn1(v,w)(z,8) = E _F(Z”’ b+ e_a§n+1w(2”+1)1{§n+1<mt*(2n)}‘Z” - Z}
+E|e O Gy (3 Zo t A (Za)) iz, sonee(2yy | Zn = z},

Ly (v,w)(2) = min Te1(0,w) (2, 1) A K qw(2).

With these discretized operators and the previous evaluation of the vg, we propose the
following approximation scheme.

Definition 5.22 Consider Uy(z) = g(2) where z € T4 and for k € {1,...,N}

Gea(2) = LLM, 5(2), (5.11)
where z € Ff_l.

See figure figure for a graphical illustration of this numerical procedure. Therefore
@\0(20) will be an approximation of vy(Zy) = vo(xp). The derivation of the error bound
for this scheme follows exactely the same lines as in the preceding section. Therefore we
omit it and only state our main result.

Theorem 5.23 For all 0 <n < N — 1, suppose that A(z) for z € T'Z is such that

D4 Zn — Z| +D5HSTL+1_§TL+1H
\/ 4 55 P < min{A(2)}.

z€TZ

Then we have

|vn(Zn) — i’\n(zn)np

[0n+1(Znt1) = Tns1(Znsa) ||, + max [Un41(Y) = Tn1(y)| + Dyl Zn = Znllp

+3 [vnt1] HZn+1 - Zn+1}|p + QC’fHSn+1 — §n+1 Hp + D%HA(ZJHP

+2,/D3(D| Zy — Zullp + D¥|[Sns1 — Snia )

with
Dy = o+ [Qnn], 2+ (54 )
+{[@) [onn], +2E3} { [#])+ Cey +a[r](F + €},
D} = Cpt o Crt [dy+(C wl)(cwa)
D = (20f+c)ca,
Dt - 2[t*](2§+(]c),
D® = 2(%+Cc)

18



Remark 5.24 By using the same arguments as in Remark it can be shown that
||vn(Zn)—§n(Zn)||p can be made arbitrarily small by an adequate choice of the discretization
parameters. From a theoretical point of view, the error can be calculated by iterating the
result of Theorem[5.25. However, this result is not presented here because it would lead to
an intricate expression. From a numerical point of view, a computer can easily estimate
this error as shown in the example of section [6

5.4 Step by step description of the algorithm

Recall that the main objective of our algorithm is to compute the approximation vy(xq) of
the value function of the impulse control problem vg(zg). The global recursive procedure
is described on figure

The calculation of vp(x) is based on the backward recursion given in Definition and
described in the first line of figure It involves the operators L}i constructed with the

quantized process O, starting from xg. This recursion is not self contained and requires
previous evaluation of the functions v; on the control set U.

The lower part of figure shows how to compute these functions v; at each point of the
control grid U. This is the triangular backward recursion given in Definition More
precisely, define vy = g and set j < N and suppose that all the v; for all [ > j have already
been computed everywhere on the control set U. One then computes v; in the following
way, followmg the j-th line of figure counting from the bottom. One first iterates the
operators Lk and uses the quantlzed process @ , to obtain v; (y'). Then one iterates the

operators Lk and uses the quantized process @n, to obtain v; (y?), and so on until the
last point ;(y"). Thus one obtains v; at all points of the control set U.

5.5 Practical implementation

The procedure defined above is the natural one to obtain convergence rates for our ap-
proximations. However, in practice we proceed in a different order.

The first step is to fix the computational horizon N. This point was discussed earlier.
The second step is not the time discretization, but the computation of the quantized
approximations of the sequences (0,,) and (©¢). The quantization algorithm may be quite
long to run. However, it must be pointed out that this quantization step only depends on
the optimization procedure through the the control set U but it does not depend on the
cost functions f and c. The sequence (©,,) is obtained in a straightforward way. As for
the (@%), if the control set is very small, it is possible to run as many sequences of grids as
there are points in the control set. Otherwise, one can do with only one sequence of grids
computed with the Markov chain (©}) with a random starting point Zy = Z} uniformly
distributed on the control set U. To derive the point-wise approximation error, one simply
uses the finiteness of U and the definition of the L, norm.

[or(y') = T(y)] - < quvk )~ )l

ul/pHvk(Zé‘) ~ (28l

IN

where w is the cardinal of U. Notice that the last term is bounded in Theorem Hence,
one really only needs two series of quantization grids.
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W NE) = o(Z) A | L )
W2 = 9(Zy) — | T — A
N
///I/
/// /I,
N\

B Zh) = 0(Zh) o[ B — 800 (Bi) 5 B — 34200 —[B7] — wal)
0N (Ziv-) = 9(Zi 1) — | I | — O3 (Zh o) — | TRy | = DN a(Zhg) oo S5 = ne)

Figure 5.1: Step by step procedure
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Once the quantization grids are computed and stored, one computes the path-adapted
time grids G(z) for all z in all the quantization grids, that is only a finite number of z.
The step A(z) can usually be chosen constant equal to A, so that either one can store
the whole time grids, or one only needs to store the values of A and t*(z) for all z in the
quantization grids.

Once these preliminary computations are done, one can finally compute the value
function. This last step is comparatively faster. The only point left to discussion is how to
choose the initializing function g. The most interesting starting function is the cost A of
the no impulse strategy, because then the value function Vxy has a natural interpretation.
However, in general, one needs additional assumptions on () to ensure that h is in L.
Another problem, is that in general computing h is a difficult problem, especially as we
need to know its value at many different points, as explained in Remark To overcome
these difficulties, one can choose g to be an upper bound of h, for instance, g = oz_le.
In the special cases where h can be explicitly computed, we advise to use h.

6 Example

Now we apply our procedure to a simple PDMP and present numerical results. This
example is quite similar to example (54.29) in [6], we only added random jumps to obtain
a non trivial Markov chain (Z,, Sp).

Set E = [0,1[, and OF = {1}. The flow is defined on [0,1] by ¢(z,t) = x + vt for
some positive v, the jump rate is defined on [0,1] by A(z) = pz, with 8 > 0, and for
all z € [0, 1], one sets Q(z,-) to be the uniform law on [0,1/2]. Thus, the process moves
with constant speed v towards 1, but the closer it gets to the boundary 1, the higher the
probability to jump backwards on [0, 1/2]. Figureshows two trajectories of this process
for xtg =0, v =1 and 8 = 3 and up to the 10-th jump. The running cost is defined on F

Figure 6.1: Two trajectories of the PDMP.

by f(z) = 1—x and the intervention cost is a constant c¢g. Therefore, the best performance
is obtained when the process is close to the boundary 1. The control set U is the set of %,
0 <k <u—1 for some fixed integer u. In this special case, the control grid is already a
discretization of the whole state space of the process. Therefore one needs only one series
of grids starting from the control points to obtain an approximation of the value function
at each point of the control grid.
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Figure 6.3: Approximated value function for N = 10.

Figure 6.4: Approximated value function for N = 15.
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We ran our algorithm for the parameters o =0, v = 1, 8 = 3, ¢g = 0.08, the discount
factor « = 2 and u = 50 points in the control grid and several values of the horizon N.

For an horizon N = 5 (respectively, N = 10, N = 15) interventions or jumps, Figure[6.2]
(respectively, Figure Figure gives the approximated value function we obtained
(computed at the 50 points of the control grid) for 50, 100 and 500 discretization points
in each quantization grid and. As expected, the approximation gets smoother and lower
as the number of points in the quantization grids increases.

The theoretical errors corresponding to the horizon N = 5 (respectively, N = 10,
N = 15) are given in Table (respectively, Table Table [6.3)). The values of the error
are fairly high and conservative, but it must be pointed out that on the one hand, they do
decrease as the number of points in the quantization grids increase, as expected ; on the
other hand their expressions are calculated and valid for a very wide and general class of
PDMP’s, hence when applied to a specific example, they cannot be very sharp.

Number of points in the quantization grids

[vo(Zo) — vo(Zo)ll2

50
100
500

4636
3700
2141

Table 6.1: Theoretical errors for N = 5.

Number of points in the quantization grids

[vo(Zo) — vo(Zo)l|2

50
100
500

5.341-101
4.501-1011
2.567-1011

Table 6.2: Theoretical errors for N = 10.

Number of points in the quantization grids

[vo(Zo) — vo(Zo)l|2

50
100
500

1.460-10%1
1.288-10%1
0.750-10%1

Table 6.3: Theoretical errors for N = 15.

Notice also that the approximated value function obtained for the horizon of N = 10
jumps or interventions is much lower than that obtained for the horizon N = 5 jumps
or interventions. This is natural as it is a minimization problem, and the more there are
possible interventions the lower the value function is. This also suggests that the horizon
N =5 is not large enough to approximate the infinite horizon problem. Figure gives
the approximated value function we obtained (computed at the 50 points of the control
grid) for respectively 500 points in the quantization grids and respective horizons of N = 5,
N = 10 and N = 15 jumps or interventions. There is very little difference between the
results for V = 10 and N = 15, suggesting that it is enough to take an horizon of 10 jumps
or intervention to approximate the infinite time optimization problem.
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Figure 6.5: Approximated value function for N =5, N = 10 and N = 15 for 500 points
in the quantization grids.

A Lipschitz continuity results

A.1 Lipschitz properties of the operators
We start with preliminary results on operators M, H, F' and I.

Lemma A.1 For any g defined on U, Mg € L. Moreover,
Mg <y May <[y Ma <[, Cu<CorCy

Proof: By using the fact that |[Mg(z) — Mg(y)| < sup,ey |¢(z, z) — c(y, 2)| and assump-
tion the result follows easily. ]

Lemma A.2 Let v € L. Then for all (z,y) € E* and (t,u) € R%, one has
|Ho(a, ) = Ho(y, w)| < Di(0)lz = y| + Da(v)[t - ul,

where

o ift <t*(z) and u < t*(y),

o ift =1t"(x) and u = t*(y),

Di(v) = [v], + Co(Ce [A], + (Cx + ) [t*]),  D2(v) =0,

e otherwise,

Di(v) = [v], +[v],[t*] + Co (Ci= [A], +(Ca+a) [t*]),  Da(v) = [v],+Cy(Cr+a).

24



Proof: This is straightforward. |

Lemma A.3 For allw € L, (z,y) € E? and (t,u) € R%, one has

B )~ Flw)| < (7], +Cr0m ) e — ol 4+ Cp(1t — ul v [ — ),
e, ) = Tw(y,u)| < é([@} [w],Cr + Cu[A], (14 C1Cir) ) | = 9]

+CuCx (|t = ul v [t]]e — y).

Proof: Suppose, without loss of generality, that ¢ A t*(z) < u A t*(y). Then, one has

tAL* (x)
F(z,t) — F(y, u)‘ S/ e ds
0

F (@, 5))e M) — f(g(y, s))e A0

unt*(y)
" /t ‘f((ﬁ(y, 8))6_0‘5—1\(31,3)

At* (z)

ds

s([f]1+cfct*p]l)/0 e ds|lz —y| + Cplu At*(y) — t A" (2)].

From the fact that |u A t*(y) — t At*(z)| < |t —u| V [t*]|z — y| we get the first inequality.
By using similar arguments, it is easy to obtain the last result. O
Now we turn to the Lipschitz property of operator K.

Lemma A.4 For w € L and (z,y) € E?, one has

Ku(e) - Ku)| <{ 0] (), + Q] u], + Cu(Br+ B2) + Eaflo =l

Proof: This is a direct consequence of (4.1) and Lemmas O
Finally, we study the the Lipschitz properties of operator J.

Lemma A.5 For all (v,w) € C?, z € E and (t,u) € R, one has
’J(v,w)(m,t) — J(v,w)(m,u)‘ < (Cf + CuwCi + [v], + Co(Cr + a)) |t — ul.
Proof: By using (4.1) and Lemmas and the result follows easily. O

Lemma A.6 For all (v,w) € L?, (v,y) € E? and t > 0, one has

T, w) (@) = (o, w)(w,6) <{[o], + [0],[17] + b + (@) [w]l%

+ Culs + Es flz — yl.
where
Ei = Cp[M,+ (Cr+a)[t'],

By = Gt]+ [\ —



Proof: Again, this is a direct consequence of (4.1) and Lemmas and O

Remark A.7 It is easy to obtain that for (v,w) € C%, s € Ry and (v,y) € E?,

[inf (0. 0)(@. ) — inf J(0.0)(9.8)] < 509 |0, 0) 1) = T(0.0)(3.)

Lemma A.8 Let (v,w) € L2. Then for all z € E and (s,t) € R2,

inf J(v,w)(x,u) — inf J(v,w)(x,u)‘ < (C’f + CwCy + [’U]2 + Cy(Cy + a)) It —s|.

u>t u>s

Proof: Without loss of generality it can be assumed that s < ¢t. Therefore, one has

inf J(v, w)(x,u) — inf J(v,w)(m,u)‘ = igft J(v,w)(x,u) — inf J(v,w)(x,u). (A.1)

u>t u>s u>s

Remark that there exists 5 € [s A t*(z),t*(z)] such that iI;f J(w, g)(z,u) = J(w, g)(x,3).
u>s

Consequently, if 5 > ¢ A t*(z) then one has H;ft J(v,w)(z,u) — inf J(v,w)(xz,u)| = 0.
u>

u>s

Now if 5 € [s A t*(z),t A t*(z)], then one has

inf J(v,w)(z,u) — inf J(v,w)(z,u) < J(v,w)(x,t) — J(v,w)(z,3).

u>t u>s

From Lemma we obtain the following inequality

inf J (v, w)(x,u) — inf J(v,w)(z,u) < (C'f + CuwC + [v], + Cu(Cr + a)> |t —3]. (A.2)

u>t uU>s

Combining equations (A.1]), (A.2) and the fact that |t — 5| < |t — s| the result follows. O

A.2 Lipschitz properties of the operator £
Now we study the Lipschitz continnuity of our main operator
Lemma A.9 For all (v,w) € L2, x € E and t € [0,t*(z)) and u € Ry, one has
F(d)(x, t), u) = ettA(zt) (F(J:‘, t+u)— F(x, u)),
Tw(é(z,t),u) = eOtHA@) (Iw(w, t+u) — ITw(z, u)),
Ho(¢(z,t),u) = HA@N oy (2, t 4 w).
Proof: By using the semi-group property of ¢, we have A((Z)(:L‘, t), u) = Az, t+u)—A(z,t)

for t + u < t*(x) and noting that t*(¢(z,t)) = t*(z) — t for ¢t < t*(x), a simple change of
variable yields

(t+u)At*(x)
F(¢(a,1),u) = e HA®D / e A £ (g, 5))ds,
t

and we get the first equation. The other equalities can be obtained by using similar
arguments. O

Lemma A.10 For all (v,w) € L%, x € E and t € [0,t*(x)),

Lv,w)(¢(z,t)) = A [{ gﬁ J(v,w)(x,s) A Kw(x)} — F(z,t) — Tw(z,t)].
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Proof: For ¢ € [0,t*(z)) and u € Ry, we have from Lemmal[A.9] (4.1) and (4.1

J(v,w)(p(z,t),u) = e AED[J(v,w)(x,t +u) — Flz,t) — Tw(z,t)],
Kw(¢(z,t)) = oA [Kw(z) — F(z,t) — Tw(z,t)].

Consequently, from equation (4.3)), it follows
L(v,w)(g(w, 1)) = A= [{ inf J (v, w)(z,t +u) A K w(z) } = F(a,t) - Tw(a, t)} ,

showing the result. |

Proposition A.11 For allw € L, Lw € L, and
Cy

[Lw], < e(a+C*)Ct*{[)\]lCt*(Cc+a)—i— ([, + [, ] + Cer) v ([@] [w], )

+2FE3 + 2[Qjc>\ [w]l + {El + 2F5 + [)\]10,5*(1 + C,\/a)}Cw},
[Lw], < €O {30+ [d], +20u(Cr +a) + GO eyfacy + Cj +al},
[Ew]* < [Ew]l + [ﬁw]2 [t]*’
] < (Bt Bt A ], 4 Bk ([0, + [, 0] + ) v ([Q)u].)

Proof: Let us denote Lw by g. We have for (z,y) € E? and t € [0,t*(z) A t*(y)]

l9(6(@.1) = 9(9(y,0)| < AW |F(a,t) = Fly,t)] + [Tw(e,t) — Tw(y, )|}

+ eo‘t+A(y’t){’ inf J(Mw,w)(x,s) — }ggf; J(Mw,w)(y, s)‘ V |Kw(z) — Kw(y)}}

s>t

_l’_

Ot A _ eO‘HA(y’t)‘ { H;ft J(Mw,w)(z,s) A Kw(x)} — F(x,t) — Tw(zx, t)‘

It is easy to show that for = € E, t € [0,t*(x)], and w € L we have e®*+A@t) < ela+Cn)Cir

‘{ infs>y J(Mw,w)(z, s) /\Kw(w)} — F(z,t) — Tw(z,t)| < 1(Cp + C\Cy) + Cc + Cyy and

for (z,y) € E? and t € [0,*(z) A t*(y)] ‘eO‘HA(z’t) — @AW | < (0T [N] Cps |z — y).
we get the first equation.

Consequently, by using Lemmas and [A-4 and Remark
For x € E and (s,t) € [0,t*(x)]?

[9(6(.5)) = g(o(x, )| < A fu(e, ) — Tz, 1)

I eat+A(z,t){| igg J(Mw,w)(z,u) — }Lréft J(Mw,w)(z,u)| + |F(z,s) — F(:):,t)‘}

+ ‘eas+A(x,s) - eatJrA(x,t)‘

{iIgJ(Mw,w)(:E,u) A Kw(:c)} — F(z,s) — Tw(x, s)

Note that for z € E, (s,t) € [0,*(x)]? |e®sHA@s5) _eattA@t)]| < o(@+CNC (O 1 )|t — 5.
Consequently, we have by using Lemmas and we obtain the second equation.
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The third inequality is straightforward and finally, for (z,y) € E? we have
l9(2) = 9()| < |inf J(Mw,w)(z,5) ~ inf J(Mw, w)(y, )| V |[Kw(z) - Kuw(y)|.
By using Remark [A.7] and Lemma [A:4] we get the last equation. O

Corollary A.12 For all0 < n < N, the value functions v, are in L.

Proof: As vy = ¢ is in L by assumption, a recursive application of Proposition
yields the result. |
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