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Abstract

This paper is concerned with the event-triggered consensus control problem for a class of discrete-time stochastic multi-agent
systems with state-dependent noises. A novel definition of consensus in probability is proposed to better describe the dynamics
of the consensus process of the addressed stochastic multi-agent systems. The measurement output available for the controller
is not only from the individual agent but also from its neighboring ones according to the given topology. An event-triggered
mechanism is adopted with hope to reduce the communication burden, where the control input on each agent is updated
only when a certain triggering condition is violated. The purpose of the problem under consideration is to design both the
output feedback controller and the threshold of the triggering condition such that the closed-loop system achieves the desired
consensus in probability. First of all, a theoretical framework is established for analyzing the so-called input-to-state stability in
probability (ISSiP) for general discrete-time nonlinear stochastic systems. Within such a theoretical framework, some sufficient
conditions on event-triggered control protocol are derived under which the consensus in probability is reached. Furthermore,
both the controller parameter and the triggering threshold are obtained in terms of the solution to certain matrix inequalities
involving the topology information and the desired consensus probability. Finally, a simulation example is utilized to illustrate
the usefulness of the proposed control protocol.
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1 Introduction

The past decade has seen a surge of research interest on
the consensus problems for multi-agent systems due to
their extensive applications in various engineering sys-
tems such as cooperative control of unmanned air vehi-
cles (UAVs) or unmanned underwater vehicles (UUVs),
formation control for multi-robot systems, collective be-
haviors of flocks or swarms, distributed sensor networks,
and attitude alignment of clusters of satellites. Up to
now, there has been a rich body of results on consensus
analysis issues for multi-agent systems with stochastic
noises, communication delays, or limited communication
data rate, see [1,12] and the references therein.

A common assumption in almost all the aforemen-
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tioned literature is that the consensus controllers are
time-triggered rather than event-triggered. Neverthe-
less, from a technical viewpoint, the event-triggered
control strategy is more attractive, especially the dis-
tributed real-time sensing and control due mainly to
the need for reducing the communication burden [11].
On the other hand, in order to prolong the life time
of digital control circuits, an effective method is to re-
duce the triggering frequency of electronic components.
Therefore, the event-triggered scheduling seems to be
more suitable for the consensus control of multi-agent
systems and, accordingly, the event-triggered consensus
control has received particular research attention in the
past few years leading to some preliminary results re-
ported in [11,13,19]. Note that most papers have been
concerned with the asymptotic consensus issues for the
1st or 2nd order multi-agent systems with a relative
change triggering condition, see Table 1 for a brief sum-
mary. Such a condition could result in the rendezvous
phenomenon and increase the computational burden in
comparison with the absolute change condition. In ad-
dition, these results are mainly based on state-feedback
control for multi-agent systems without stochastic dis-
turbances, and the desired controller gains have been
obtained in the framework of Lyapunov stability theory.
However, the corresponding results concerning output-
feedback control have been scattered in the literature
for general multi-agent systems.
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Table 1
A brief summary of event-based consensus control

Items Papers
The 1st or 2nd P
INon-stochastic |grder systems [11,13]
systems
General systems 19
Systems Y [19)
. The 1st or 2nd [17]
Stochastic order systems
systems
General systems | [7]
MTriggering [Absolute change conditions [13]
onditions [Relative change conditions [11,17]
[Asymptotic consensus [7,11,17]
[Performances
[Bounded consensus [13,19]
Design (Controller parameters [7,11,17]
[parameters (Controller & trigger parameters | [13,19]

Compared with the time-triggered control scheme [2,
3,15, 16], the distinct feature of event-triggered con-
trol strategy is that the control input is updated only
when certain specific event happens. Between updates
of the controller inputs, the control signal remains un-
changed, and an appropriately generated updating time
would guarantee the stability and performance of the
closed-loop system. It is worth noting that the updat-
ing time is typically unknown a priori since they are
determined by the event triggering mechanisms depen-
dent on time, sampling data, system states. Nowadays,
three arguably representative theoretical frameworks,
namely, Lyapunov stability theory, switched system the-
ory and input-to-state stability (ISS) theory [10] have
been widely employed to analyze the event-triggered
control issues. In the ISS framework, the event trigger-
ing condition can be obtained by exploiting the distance
measures between certain signals of interest, for exam-
ple, the tracking error, the difference between the data
at the current sampling instant and that at the latest
transmission instant, and the difference between con-
troller’s updates. Recently, the discrete-time stochas-
tic linear systems with event-triggered schemes have re-
ceived particular research attention and some prelimi-
nary results have been reported in [6] for stability analy-
sis and linear-quadratic (LQ) control. However, the cor-
responding issues for more general discrete-time systems
with stochastic disturbances have not gained adequate
research attention due primarily to the difficulty in both
the mathematical analysis and the design of suitable
event triggering mechanisms. For instance, although sig-
nificant progress has been made for the ISS theory of
continuous-time stochastic nonlinear systems [9,14], the
results for their discrete-time counterparts have been
very few, which constitutes the main motivation of our
present investigation.

In reality, the challenges in designing event-triggered
controllers for multi-agent systems stem mainly from
proper definition of the consensus performance, the
mathematical difficulty in consensus analysis and the ef-
fects from network topology and external disturbances.
So far, most research focuses have been on the steady-
state behaviors of the consensus, i.e., the consensus
performance when time tends to infinity. Another im-
portant system behavior, namely, transient consensus
performance at specific times, has been largely over-
looked despite its significance in reflecting the consensus
dynamics. On the other hand, rather than requiring
the objectives of the system performance to be met

accurately, it is quite common for multi-agent systems
design to have their individual performance objective
being described in terms of the desired probability of
attaining that objective. In this sense, the concept of
consensus in probability appears to be of engineering
significance since 1) it is almost impossible to assure
that certain performances are achieved with probabil-
ity 1 because of uncontrolled external forces; and 2) in
some cases, the commonly used mean-square measure
might be crude to quantify the consensus performance
and it would be satisfactory if certain performances
are achieved with an acceptable probability [4]. It is,
therefore, the main purpose of this paper to provide
a systematic event-triggered design scheme ensuring
the consensus in probability for a class of discrete-time
stochastic multi-agent systems.

Motivated by the above discussions, in this paper, we
aim to design an event-triggered controller for a class of
discrete-time stochastic multi-agent systems with state
dependent noises in order to guarantee the consensus
performance in probability. The challenges we are go-
ing to cope with are identified as follows: 1) how can
we establish a general analysis framework (i.e. discrete-
time version of stochastic ISS) to analyze the dynamical
behaviors in probability of the multi-agent systems? 2)
how can we design an appropriate threshold of the trig-
gering condition based on the measurement outputs? 3)
how can we examine the impact from the given topol-
ogy and the consensus probability on the consensus per-
formance? To handle the three identified challenges, by
using the stochastic analysis techniques, we will first
establish a discrete-time version of the input-to-state
stability in probability (ISSiP), which plays an essen-
tial role in the performance analysis of discrete-time
stochastic multi-agent systems. Within such a theoreti-
cal framework, both the output feedback controller and
the threshold of the triggering condition are designed
such that the closed-loop system achieves the desired
consensus in probability.

The novelties of this paper lie in the following four as-
pects: 1) the model under consideration, which includes
the commonly studied first- or second-order systems as its
special cases, is quite comprehensive to describe discrete-
time stochastic multi-agent systems with state-dependent
noise; 2) a novel definition of consensus in probability is
proposed to account for the transient dynamics of the con-
sensus process at certain specific time points with given
consensus probability; 3) the discrete-time version of IS-
SiP for general discrete-time stochastic nonlinear sys-
tems is established in order to facilitate the later anal-
ysis of the consensus performance; and 4) both the out-
put feedback controller and the threshold of the trigger-
ing condition are obtained by solving a set of parameter-
dependent matriz inequalities reflecting both the topology
information and the desired consensus probability.

Notation The notation used here is fairly standard ex-
cept where otherwise stated. R™ and R™*™ denote, re-
spectively, the n-dimensional Euclidean space and the
set of all n x m real matrices. The set of all non-negative
integers is denoted by N. 1 denotes a compatible dimen-
sional column vector with all ones. I denotes the identity
matrix of compatible dimensions. The notation X > Y
(respectively, X > Y'), where X and Y are symmetric
matrices, means that X —Y is positive semi-definite (re-



spectively, positive definite). AT represents the trans-
pose of A. For matrices A € R™*™ and B € RP*?, their
Kronecker product is a matrix in R™P*"¢ denoted as
A ® B. |z| describes the Euclidean norm of a vector .
diag{- - - } stands for a block-diagonal matrix.

2 Problem Formulation and Preliminaries
In this paper, the multi-agent system has N agents
which communicate with each other according to a
fixed network topology represented by an undirected
graph 4 = (¥, &,5¢) of order N with the set of agents
¥ ={1,2,--- N}, the set of edges & € ¥ x ¥, and the
weighted adjacency matrix ¢ = [h;;] with nonnegative
adjacency element h;;. If (i,7) € &, then h;; > 0, else
hij = 0. An edge of ¢ is denoted by the ordered pair
(i,7). The adjacency elements associated with the edges
of the graph are positive, i.e., h;; > 0 <= (i,j) € &,
which means that agent ¢ can obtain information from
agent j. Furthermore, self-edges (i,7) are not allowed,
ie. (i,1) € & for any i € ¥. The neighborhood of agent
i is denoted by A = {j € ¥ : (j,i) € &}. An element
of .#; is called a neighbor of agent i. The in-degree of
agent 7 is defined as degj, = >, 4 hyj.
Consider a discrete-time stochastic multi-agent system
consisting of N agents, in which the dynamics of agent
1 is described by
zi(k+1) = Az;(k) + Dz;(k)w(k) + Bu;(k) 1

{ yi(k) = Czx;i(k) + Ex;(k)v(k) (1)
where z;(k) € R™, y;(k) € R? and u;(k) € RP are,
respectively, the states, the measurement outputs and
the control inputs of agent i. w(k), v(k) € R are zero-
mean random sequences with E{w?(k)} = E{v?(k)} =1
and E{w(k)v(k)} = o2. A, B, C, D and E are known
constant matrices with compatible dimensions. It is as-
sumed that the rank of B is p.
In this paper, a control protocol with the following form
is adopted'

where K € R”X‘I is a feedback gain matrix to be de-
termined and ¢;(k) is the input signal of the controller
which can be employed to describe the disagreement be-
tween agents’ measurements.
In order to characterize the event triggering mechanism,
let the triggering time sequence of agent i be 0 < kf <
ki < kb < -+ < ki < --- and the event generator
functlonb Ti(-,) : R? x R — R (t =1,2,--- ,N) be
selected as follows:

Yi(ei(k), 0:) = e (k)es(k) — 6;. (3)
Here, e;(k) := ¢¥(k!) — ¢i(k) (k > ki) where ¢¥(k!) is
the control input signal at the latest triggering time &’
and 6; is a positive scalar to be designed. The executions
are triggered as long as the condition

is satisfied. Obviously, the sequence of event triggering
instants is determined iteratively by

ki, =inf{k € N[k > k., Yi(e;(k),0;) > 0}.

In the event-triggered setup, the control law can be fur-
ther described by

0, ke, Kk

wky= 1% o H) 6
K¢z (k)7 ke Ufm OO)

where ¢%(k) = 0 for k € [0, ki) and ¢¥(k) = ¢i(k?) for

k € [kl, ki ;). It is easy to see that the controller input

remains a constant in the execution interval [k, ksy1).
Furthermore, such a control law can be rewritten as

ui(k) = K(¢i(k) +ei(k)),  les(k)]* < 0;.
The closed-loop system can be obtained as follows
zpp1 = (I ® A+ H® (BKC))zi + I ® Drjwy,
+H® (BKE)Sckl}k +I® (BK)ek

where

= [2f (k) - 2R ()], e =[el (k) --- R ()],
—deg;ln hig -+ hin

H=1| i
hyi hngo -+ —deg%

On the other hand denote the average state of all agents

by 1
T = o Z zi(k) = (1T @ Iy, (7)
Then, taking 17H = O 1nto con51derat10n, one has

Tps1 = A%y, + DITpwy, + %(1T ® (BK))ey. (8)
Furthermore, in order to look at the deviation of each
state from the average state, we denote Z; (k) := x; (k) —
T and Ty = [i’{(/ﬂ) .’i‘g(k‘)
tracting (8) from (6) leads to

Ip1= ([ ® A+ H® (BKC))Z; + I ® DEjywy,
+H ® (BKE)Tyvr, + N @ (BK ey,
where N = [a;;]nxn with a;; = % fori=jora;=
f% for i # j.
Similar to the method in [18], one can select ¢; € R”
with T H = Nl (i =2,3,--- , N) to form the unitary
[1/V/N @y --- @n ] and then transform H

into a diagonal form: diag{0, Ao, -+ , Ay} = MTHM. It
can be found that ¢; and A; are the ith eigenvector and
eigenvalue of the Laplacian matrix H. Furthermore, in
this paper, we assume that eigenvalues of H in a descend-
ing order are written as 0 = Ay > Ay > A3 > -+ > An.

Define 7, := (M ® I)T%;, € R™ and partition it into
two parts, ie., 7 = [n} &F']7, where g, € R" is a

vector consisting of the first n elements of 7. Due to
(H® (BKE))(1®z) =0, it can be easily shown that

1 N
= — Zi(k+1)=0 10a
nk+1 \/N Zi:]. ( ) ( )

¢kt1 = (A+E® (BKC))& + E® (BKE)&vg,
+D&pwy + (MN) ® (BK)ey, (10b)

7% (k) ]. Moreover, sub-

9)

matrix M =

where = = diag{A2, -+ ,An}, M =[]
In_1®@Aand D=1In_1®D.

pr ] A=



Definition 1 Let the undirected communication graph
Y, the parametere > 0 and the bounded function U(|Zo|)
be given. The discrete-time stochastic multi-agent system
(1) with the event-triggered control protocol (5) is said to
reach the consensus with probability 1 — € if the system
dynamics satisfies

Prob{|z;(k) — z;(k)| <U(|Zo|)} =1 —¢, (11)
for¥i,j €V, Vk >0 and ¥io € R"V\{0}.

Definition 2 Let the undirected communication graph
Y, the parametere > 0 and the bounded function U (|Zo|)
be given. The discrete-time stochastic multi-agent system
(1) is said to be e-consensusable if there exist a controller
gain K in (2) and thresholds 0; (i = 1,2,--- ,N) in the
triggering condition (4) such that the closed-loop system
(6) can reach the consensus with probability 1 — €.

In this paper, we aim to design both the controller pa-
rameter K and the threshold 6; (i = 1,2,--- , N) such
that the discrete-time stochastic multi-agent system (1)
reaches the consensus with probability 1 — ¢.

Remark 1 Different from traditional consensus defini-
tions focusing on the asymptotic (with time tending to
infinity) behavior in the mean-square sense, the new con-
sensus definition proposed in this paper is associated with
the transient (at any time point k) behavior in the proba-
bility sense, that is, the consensus with probability 1 — €.
Our definition is more suitable when the transient and
probabilistic performances of the consensus process are a
concern, which is often the case in practice.

Remark 2 Another feature of this paper is that the
threshold 0; in (4) is a parameter to be designed and this
provides more flexibility to achieve the desired consensus
performance. Note that, in most existing literature, such
kind of thresholds have been assumed to be fized a pri-
ori. Obviously, the threshold of the triggered condition is
closely related to the network traffic. A smaller threshold
gives rise to a heavier network load, and therefore an ad-
equate trade-off between the threshold and the acceptable
network load.

3 Main Results

3.1 Input-to-state stability in probability for general
discrete-time stochastic nonlinear systems
Consider the discrete-time stochastic nonlinear systems

Ty = f(k, op,ur) + g(k, or, up)wy, (12)

where z; € R™ is the state vector, u, € RP is the control
input, wg € R is a zero-mean random sequence with
E{w?} =1, and f, g: [0, +00) x R" x R? — R" are two
continuous functions satisfying f(k,0,0) = ¢g(k,0,0) =
0 for all £ > 0.

First, let us introduce some important function classes.
A function v : RT — R7 is said to be of class ¢ if it is
a continuous strictly increasing function with v(0) = 0,
and is said to be of class #, if v € & with y(r) — oo as
r — oo. Furthermore, a function 3 : RT x RT — Rt is
said to be of class # ¥ if the mapping (s, k) is of class
J for each fixed k and is decreasing to zero as k — oo
for each fixed s.

Definition 3 The system (12) is said to be input-to-
state stable with probability if, for any e > 0, there exist

functions Be XL and v € A such that the system
dynamic xy, satisfies

Prob{|zx| < B(|zol, k) +v([ukllec)} > 1 —¢  (13)
for Yk > 0 and Yo € R™\{0}, where ||up|loc =
supy{|uk|}. In this case, the system (12) is said to have
the input-to-state stability in probability (ISSiP).

For system (12), one has the following Lyapunov-like
theorem.

Theorem 1 The stochastic system (12) is input-to-
state stable with probability if there exist a positive
definite function V : [0,4+00) x R® — R (called an
ISSiP-Lyapunov function), two Ko class functions «
and @, and two J class functions x and « such that,
for all x, € R™\ {0}, the following two inequalities hold

a(lze]) < V(k,zx) < af|z)), (14)
E{V(k + 1, "ka+1)|<gik} - V(k, ’ij)
< X(llulloo) — e(lzk]). (15)

Furthermore, if (14) and (15) hold, then the func-
tions B and ~ in Definition 3 can be selected as
Buk) = Vo lEIga() (0 < ¢ < 1) and
v =ValeH(@la " (x() +x())), respectively.

This theorem can be showed along the similar lines of

the proofs of Theorem 2 in [9] and therefore the proof is
omitted to the space saving.

3.2 Event-triggered Consensus Control for Multi-agent
Systems
In Theorem 1, the relationship is described between the
desired stability and the bound of inputs. For the event-
triggering mechanism proposed in this paper, when e; (k)
overweighs a certain threshold 6; for the system (1), the
control input is updated and e; (k) returns to zero at the
same time. As such, e;(k) is a bounded input and the
stability result in Theorem 1 can be directly utilized to
analyze the event-triggered consensus control problem.
Lemma 1 [8] Let Uy and ¥y € R™™™ be two symmetric
matrices with their eigenvalues listed as follows
AL(W1) > - > A (W), A(W2) > -2 > A (W2),
A (W +Wa) > Xo(Wy +Wa) > -0 >\, (U + Uy).

Then, we have A, (U1 + ¥a) < Ay (V1) + A1(P2). Fur-
thermore, if U1 > Wy, then A, (V1) > A (P2).
Theorem 2 Let the positive scalar € and the bounded
function U(|Zo|) be given. The discrete-time stochastic
multi-agent system (1) with the undirected graph ¢4 and
the event-triggered control law (5) is e-consensusable if
there exist a matriz K, two positive definite matrices Q
and P, and a positive scalar & satisfying

Q=P-(1+0)A+Zx (BKC)TPA+E
® (BKC)) - D"PD - (E® (BKE))TP

- (16)
X (E® (BKE))—oc“D'P(E® (BKE))
—0*(Z® (BKE))TPD
and the following triggering condition
deg:, (U(|Zol) — 20|
|€Z(k)| < 9;‘ — egln( (|J30|) ﬁ|$0|) (17)

29 Y1, degl,



where

I'=("+1)(N e (BK)) PN e (BK))
5= /oAb (P) s (PIA 1 (Q) + 1) AT,
B =1/e" AL (P)Amax(P).

min

Proof: Constructing the Lyapunov function V(k) =
¢I'P¢, and calculating its difference along the trajectory
of system (10b), it follows that

E{AV(k)} =E{V(k+1) — V(k)[&}
=¢F ((A +E® (BKC))TP(A +E® (BKC))

+DT'PD + (2@ (BKE))'P(E® (BKE)) 18)

+20*DTP(E @ (BKE)) - P)&

+ 26 (A+Z® (BKC))"P((MN) @ (BK))ex

+ el (MN) @ (BK)) P((MN) ® (BK))ey.
Considering M7 M = I and the elementary inequality
2aTb < §a™a + 67'b"b, we have
E{AV(k)} < = & Q¢ + e Tex

< = Amin ()& [* + Amax (D) [lex 1%

Selecting x([lelloc) = Amax(D)llex[3, and a(l&]) =
Amin(Q)|&k|?, it follows from Theorem 1 that the sys-
tem modeled by (10a) and (10b) is input-to-state
stable with probability. Since 7, = (M ® I)T%; and
(M ®I)(M®I)T =1, we have

Prob{|€x] < B(|6o,0) +7(llexlloc) }
= Prob{|(M ® I)"3;| < B(|(M ® I)"Zy|,0)

+(llexllc) } (20)
> Prob{|zx| < (7ol k) + Y(llexlls) }
>1—¢, VipeR"™\{0}

(19)

where 3(z,0) = Bz and v(z) = 7z for ¥z € R.

On the other hand, in terms of the triggering condition
(17), one has

lex] < (U(|Zo]) — 28]Z0l)/27. (21)
In addition, it is easy to see that
|2i(k) — (k)| < 2|Z. (22)

Finally, it follows from (20)-(22) that
Prob{|z;(k) — z; (k)| < U(|o) }
> Prob{|x| < B(|Zo],0) + v(llexllc)} > 1 —¢

for Vi, j € ¥/, which completes the proof.

In what follows, a sufficient condition is provided in or-
der to reduce the computation complexity by using the
second and Nth eigenvalues of H.

Theorem 3 Let the positive scalar € and the bounded
function U(|Zo|) be given. The discrete-time stochastic
multi-agent system (1) with the undirected graph ¢ and

the event-triggered control law (5) is e-consensusable, if

there exist a matriz K, positive definite matriz P, and

two positive scalars § and w satisfying

a) when Ay # Ay

(1 -0 DTPD — P+ (1+0)(A+ \BKO))T
xP(A+ M\BKC) +w(Ay — AN)I + (6°D
+XMBKE)TP(6?D 4+ \2BKFE) < 0 (23a)

(1+0)((BKC)'PA+ ATPBKC + (A2 + An)(BK
xC)'PBKC) + wl + (¢*(BKE)"PD + 0>D"
XxPBKE + (A2 + Ay)(BKE)" PBKE) > 0(23b)

b) when Ay = Ay
(1 —oY YDT'PD — P+ (1 +6)(A
+XBKC))'P(A+ \BKC) (24)
+ (62D + \yBKE)TP(6?D + \oBKE) < 0

and the triggering condition

degi, (U (|ol) — 28]Z0|)

lei(k)| < 0; == I (25)
where
Q:=P—(1-0c"YDT"PD — (1+6)(A
+ MBKC)TP(A+ X\BKC)
— (02D + \yBKE)"P(0?D + \2BKE),
(5 L+ 1) (M ) (BK))
(I ® P)((MN) ® (BK)),
B: \/ _1)‘m1n( ) m'}x( )7
™= min(Q2) - (>\2 - )\N) > 07

7 = /e A (P) (47 A (P) + 1) A (D).
Proof: Based on Theorem 2, it suffices to show that (16)-
(17) are satisfied for both cases of Ao # Ay and Ay = An.
Case a) Ay # Ay. First, it follows from (23a) that Q2 >

w(Aa — An)I. For 1 < i < N, denote
Qi=P—(1-0c"DTPD - (1+6)(A
+ MBKC))'P(A+ \;BKC) (26)
— (0*D + M;BKE)'P(0*D + \;BKE).

As Ay < A = X (1 < i < N), one has Q; = Qo.
Furthermore, it follows from Ay < A; < A2 < 0 that

Qi — Q2+ w(A2 — An)I

> (A2 = N)(1+6)((BKC)"PA+ ATPBKC + (X,
+AN)(BKC)TPBKC) + (A2 — ;) (0*(BKE)"
xPD + c*?DT"PBKE + (\s + An)(BKE)'P
XxBKE +wl) + (A2 — X)) (A2 + X) — (An + A2))
x((1+8)(BKC)"PBKC + (BKE)" PBKE)

>0 (27)



which implies Q; > Q2 — w(Aa — Ax)I > 0. Therefore,
by selecting U1 = Q;, Vs = w(Ay — Ax)I and exploiting
Lemma 1, it can be found that

Amin(Qi) + )\max(w()\2 - )‘N)I)
2 Amin(Qi + @(A2 = An)) 2 Amin(Q2)

which results in

Amin(Qi) 2 Amin(QQ) - w(>\2 - AN)
and therefore
Amin(g) = )\min (dlag{Q27 Q37 Tty QN})

> Amin(Q2) — @w(A2 — An) > 0. (28)

By selecting P = I ® P, it can be easily checked that
(17) in Theorem 2 can be guaranteed.

On the other hand, in terms of (28) and the selected P,
one has 3 = 3 and 5 > 7. Therefore, it follows that
degf, (U(|ol) — 20]ol)
es(h)] < SEmEUTD = 2
27 Zj:l degin

(29)

and therefore (16) in Theorem 2 holds.

Case b) Ay = Ay. Using the similar procedure in the
proof of Case a), one can find from (24) and (26) that
Qn = Qn-_1 = --- = @2 > 0. Therefore, )\min(Q) =
Amin(®@2) > 0 which, in turn, implies that (16)-(17) in
Theorem 2 are true.

So far, it can be concluded that, for both Case a) and
Case b), (16)-(17) are satisfied and it then follows from

Theorem 2 that the discrete-time stochastic multi-agent
system (1) is e-consensusable.

Remark 3 It is worth pointing out that the selected
functions B(-,-) and ¥(-) to obtain the desired result
are rough but possess the advantage of convenient im-
plementation. Such a selected strategy could reduce the
feasibility of the controller design scheme as the con-
sensus probability increases. So, in order to improve the
feasibility of design scheme, how to design the new func-
tions B(-,) and ~(-) to reduce the conservatism 1is the
further topic to be investigated.

Having obtained the analysis results, we are now in a po-
sition to handle the design problem of both the thresh-
old #; and the controller gain matrix K. First, in terms
of the Schur Complement Lemma, (23a), (23b) and (24)
are, respectively, equivalent to

_Hll +w()\27/\N)I * *
51y, Pl <0

L 1134 0 —p1
i ﬁll * * |

6y, —P~1 <0 (30)
L 1:.[31 0 —p-1 ]
i H11 * * i

oy —P~' % | <0
L 1134 0 —p1 ]

where

I = (1—-0Y)DTPD — P, Ily; = A+ \2BKC,

O3 = 02D + MBKE, X=+/—(2+ An),

M, = —wl —0A24TPA - 6*X\2DTPD, (31)

[y = A 'A—ABKC, §=+1+59,

I3, = c?’27'D — ABKE.
Similar to the method in [5], by introducing a free matrix

R
R | R
0 Roo

where Ry € RPXP, Rip € R™ (™ P) and Ry €
R("=P)*(n=P) are arbitrary matrices. Then, denote W =
[B(BTB)™)T B+, K:=[K" 0]" := RWBK and
Q:=P—RW —WTRT where B* stands for an orthog-

onal basis of the null space for BT. We conclude that
(30) is satisfied if

_Hll +W()\2 - )\N)I * ok
S(RWA+ MKC) Q x| <0, (32)
| 0?RWD +XKE 0 Q

1:[11 k3
S(AIRWA—-AKC) Q = | <0, (33)
| 2A'RWD — AKE 0 Q
[ 114 * %
S(RWA+ X\KC) Q x| <O0. (34)

| 02RWD + M\KE 0 Q

Theorem 4 Let the positive scalar € and the bounded
function U(|Zo|) be given. The discrete-time stochastic
multi-agent system (1) with the undirected graph ¢ and
the event-triggered control law (5) is e-consensusable if
there exist two matrices K and R, positive definite matriz
P, and positive scalars w and § > 1 satisfying: a) (32)
and (33) when Ao # Ay, and b) (34) when A2 = Ay
where the related parameters are defined as in (31) and
Theorem 3. Furthermore, if (32)-(33) hold for Case a) or
(84) holds for Case b), then the output feedback controller
gain matriz is given by K = Rl_llK and the threshold 6;
of the triggering condition (4) is determined by (25).

4 A Simulation Example

In this section, a simulation example is presented to il-
lustrate the effectiveness of the proposed event-triggered
consensus protocol for discrete-time stochastic multi-
agent systems with state-dependent noise.

Consider the system (1) with

e 10.1 B- 0.20 D= 0 0.01 ’
01 0.25 0 0
C=[-030], E=1[0.010].

Suppose that there are five agents with an undirected
communication graph G where the associated adjacency
matrix H is selected as follows



-6 3 0 0 3
3 63 0 0
H=]0 3 -6 3 0
0 0 3 -6 3

3 0 0 3 -6

For such a Laplacian matrix, the eigenvalues are Ay =
A3 = —4.1459, Ay = A5 = —10.8541. Select U(|Zo|) =
15|/, 0? = 0.0025 and & = 0.25. By linearly searching &
over the interval [1.01 2] and solving the resulting linear
matrix inequalities by using the Matlab software (with
the YALMIP 3.0, Version No. R20100813) where the

solver is selected as ‘solvesdp’, a set of feasible solutions
is obtained as follows:

p_ 3.9692 —1.5969 n_ 0.4056 —13.0834
© | —1.5969 1.2032 |’ 0 6.0227

K= —0.4051, w©=28.0871x10"% 4§=1.15

and therefore K = —0.9987, Apax(P) = 4.6988,
Amin(P) = 0.4737, Anin(Q2) = 0.0428, A\,.x(T) =

0.5680, 8 = 6.22992 and ¥ = 16.9672.

In the simulation, x5(0) (s = 1,2,---,5) are generated
that obey Gaussian distribution N (2§, A®) with 2§ =
[0.640.1s 0.840.13s5]7 and A® = diag{0.254-0.1s,0.15+
0.08s}. According to the inequality (25), the triggering
condition is |es| > 0.0257 (s = 1,2,---,5).

Simulation results are shown in Figs. 1~3. Figs. 1 and
2 plot the state trajectories of x4(k) (s = 1,2,---,5)
for the discrete-time stochastic multi-agent system (1),
respectively, with and without the event-triggered con-
sensus controller (5). Obviously, the open-loop multi-
agent system cannot reach the desired consensus and the
closed-loop one does so. Furthermore, the update times
are shown in Fig. 3, from which we can easily find that
the proposed consensus control scheme can effectively
reduce the update frequency as compared with the tra-
ditional time-triggered mechanism. The simulation re-
sults have confirmed that the designed event-triggered
consensus controller performs very well.

5 Conclusions
In this paper, the event-triggered consensus control
problem has been addressed for a class of discrete-time
stochastic multi-agent systems with state-dependent
noises. First, a novel definition of consensus in prob-
ability has been provided which can be employed to
characterize the dynamics of the consensus process.
Then, by using intensive stochastic analysis approaches,
a discrete-time version of the stability analysis re-
sults for ISSiP has been derived for a class of general
discrete-time stochastic nonlinear systems. Within the
established discrete-time framework, some sufficient
conditions have been established for the existence of the
desired event-triggered consensus controllers.
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