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Abstract—This paper considers a distributed gossip ap-
proach for finding a Nash equilibrium in networked games on
graphs. In such games a player’s cost function may be affected
by the actions of any subset of players. An interference graph
is employed to illustrate the partially-coupled cost functions
and the asymmetric information requirements. For a given
interference graph, network communication between players
is considered to be limited. A generalized communication
graph is designed so that players exchange only their required
information. An algorithm is designed whereby players, with
possibly partially-coupled cost functions, make decisions based
on the estimates of other players’ actions obtained from local
neighbors. It is shown that this choice of communication graph
guarantees that all players’ information is exchanged after
sufficiently many iterations. Using a set of standard assumptions
on the cost functions, the interference and the communication
graphs, almost sure convergence to a Nash equilibrium is
proved for diminishing step sizes. Moreover, the case when the
cost functions are not known by the players is investigated and
a convergence proof is presented for diminishing step sizes.
The effect of the second largest eigenvalue of the expected
communication matrix on the convergence rate is quantified.
The trade-off between parameters associated with the commu-
nication graph and the ones associated with the interference
graph is illustrated. Numerical results are presented for a large-
scale networked game.

I. INTRODUCTION

Distributed seeking of Nash equilibria in networked games
has received considerable attention in recent years [1]-[2]. A
networked game can be represented by a graphical model
where the cost function of each player can be indexed as a
function of player’s own actions and those of his neighbors
in the graph. There are many real-world applications that
motivate us to generalize the Nash seeking problem to a
graphical game setup [3], [4]. For instance, the collection
of transmitters and receivers in a wireless data network can
be described by a graphical model. Interferences among
the transmitters and receivers affect the players’ signal-to-
interference ratio (SIR) [5]. Another relevant application that
can be modeled as a graphical game is optical network. The
channels are assumed to be the players and interferences,
which affect the optical signal-to-noise ratio (OSNR) of each
channel, can be modeled by graph edges, [6].

In this work a locally distributed algorithm is designed
towards Nash equilibrium seeking in a graphical game. In
such a game, the players’ cost functions may depend on
the actions of any subset of players. Players exchange the
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required information locally according to a communication
graph and update their actions to optimize their cost func-
tions. With the limited information available from local
neighbors, each player maintains an estimate of the other
players’ actions and update their estimates over time.

Literature review. A graphical game is a succinct repre-
sentation of a multi-player game which considers the local
interactions and the sparsity of the interferences. Such a
game can be simply described by an undirected graph called
interference graph in which the players are marked by the
vertices and the interferences are represented by the edges
(71, [8].

The idea of a graphical game has been used in various
areas. In congestion games, [9] considers a generalization to
graphical games. The model involves the spatial positioning
of the players which affects their performances. A conflict
graph is defined to specify the players that cause congestion
to each other. In [2] a methodology is presented for games
with local cost functions which are dependent on information
from only a set of local neighboring agents. Extra state
space variables are defined for the game to achieve a desired
degree of locality. In [10], graphical games are considered
in the context of dynamical games, where the dynamic of
each player depends only on local neighbor information.
A stronger definition of an interactive Nash equilibrium is
used to guarantee a unique Nash equilibrium. Moreover, the
information flow is described by a communication graph
which is identical to the interference graph. In an economic
setting, [11] draws attention to the problem of “who in-
teracts with whom” in a network. This paper states the
importance of communication with neighboring players in
the network. The effect of local peers on increasing the usage
level of consumers is addressed in [12]. Using word-of-
mouthcommunication, players typically form their opinions
about the quality of a product and improve their purchasing
behavior based on the information otained from local peers.

In [13] the problem of finding a Nash equilibrium is
studied for generalized convex games. The interference graph
may not necessarily be a complete graph, but the com-
munication graph is identical to the interference graph. A
connected communication graph is considered in [14] for
the class of aggregative games. In this game, it is assumed
that the interferences on each player originate from all other
players in the network which is literally the case with a com-
plete interference graph. For a large class of convex games,
[15] proposes an asynchronous gossip-based algorithm over
a connected communication graph. A complete interference
graph specifies the interferences between the players. The



algorithm is based on projected gradient method that uses
diminishing step sizes. Thereafter, the algorithm is extended
in [16] for the case with constant step sizes and it is proved
that the algorithm can locate a small neighborhood of a Nash
equilibrium of the game over a complete interference graph.

This work is also related to the literature on distributed
optimization [17], [18], [19]. In a distributed optimization
problem, agents, who communicate over a connected graph,
minimize an aggregate of the cost functions with respect to
a common optimization variable. The method that is used
in [20], [17] is to incrementally update the optimization
variable by each agent using the gradient information cor-
responding to a single component function of that agent.
Then, the updated variable is passed to other agents and this
process is repeated until they reach a consensus which is an
optimal point of this problem. The convergence rate of these
algorithms is shown to be tightly dependent on the spectral
gap of the underlying communication graph [21]. While
the techniques we use here are similar, there are technical
difficulties due to the game context. Unlike the distributed
optimization case where each agent updates/controls the local
copy of the decision vector, in a game context each player
controls his action which is only an element of the decision
vector. However we circumvent this problem by assuming
an estimate of the other players’ decisions and update them
by the received information from the communication.

Contributions. In this work, we propose a gossip-based
algoruthm to find a Nash equilibrium of networked games.
We generalize the algorithm in [15], [16] to the case when
the interference graph is not a complete graph, i.e., when
the players’ cost functions are affected by the actions of
any subset of players. Thus, each player maintains only an
estimate of the players’ actions that interfere with his cost
function. Communications are assumed to be limited and a
communication graph is considered to be a subset of the
interference graph. Since, each player may maintain an esti-
mate of different players’ actions based on the interference
graph, the communication graph needs to be designed in a
way that all the players obtain the required information from
the neighbors to update their estimates. We prove that there
exists a lower bound for the communication graph under
which the algorithm converges to a Nash equilibrium for
diminishing step sizes. We then discuss the case when the
cost functions (models) are not available to the players but
only the realized cost values at the certain points are. Using
finite-difference technique to approximate the gradient, we
present an almost-sure convergence to a Nash equilibrium.
This method has been used in [13] to approximate the
gradient of cost functions leading toward a gradient-free
algorithm to compute a Nash equilibrium. This is referred
to as adaptiveness property in [13] when the algorithm is
able to compute equilibrium point despite the lack of game
components (e.g., cost functions) due to system policy or the
national security.

Lastly, inspired by [22], we investigate the convergence
rate of the proposed algorithm. [22] show that the conver-
gence time of an averaging algorithm under gossip constraint

is dependent on the second largest eigenvalue of a doubly
stochastic matrix characterizing the algorithm (See also [21],
[23]). We prove that the convergence rate diminishes as the
second largest eigenvalue of the expected communication
matrix grows. The results show a relation between this pa-
rameter and the ones associated with the communication and
the interference graphs. The trade-off between the parameters
associated with these two graphs is illustrated.

The paper is organized as follows. The problem state-
ment and assumptions are provided in Section II. A locally
distributed algorithm is proposed in Section IIl. The con-
vergence of the algorithm with diminishing step sizes is
discussed in Section IV, while the non-model based approach
is investigated in Section V. The convergence rate analysis
is then presented in Section VI. Simulation results are
demonstrated in Section VII.

A. Notations and Notions

All vector norms || - || are Euclidean. The cardinality of a
set A is denoted by |A|. The Euclidean projection of = onto
the set K is denoted by Tk [x]. We denote by [a;j]i j=1,.. .~
an N x N matrix with a;; as the entry of the i-th row and
the j-th column. We also denote by [a;];=1,... .~ an N x 1
vector with a; as the i-th entry. The N x N identity matrix
is denoted by Iy. We denote by 1 an N x 1 vector whose
entries are all equal to 1 and by 0 an N x 1 vector whose
entries are all equal to 0. We use e; to denote a unit vector
whose i-th element is 1 and the others are 0.

The following definitions are from [24], [25]. An undi-
rected graph G, or simply graph, is a pair (V, E) with V
as a finite set of vertices and E C V x V a set of edges
such that for ¢,5 € V, if (i,5) € E, then (j,i) € E. The
degree of vertex i, denoted by deg(i), is the number of edges
connected to 7. A path in a graph is a sequence of edges
which connects a sequence of vertices. A graph is connected
if there is a path between every pair of vertices. An adjacency
matrix A = [a;j]; jev is a matrix with a;; = 1if (¢,j) € E
and a;; = 0 otherwise.

A subgraph H of a graph G is a graph whose vertices
and edges are a subset of the vertex and edge set of G,
respectively. A supergraph H of G is a graph of which
G is a subgraph. A subgraph H is a spanning subgraph
of G, if it contains all the vertices of G. A triangle-free
spanning subgraph H of G is a subgraph in which no three
vertices form a triangle of edges. Moreover, H is a maximal
triangle-free spanning subgraph of G if adding an edge from
G — H to H creates only one triangle. Note that if G has
no triangle, the maximal triangle-free spanning subgraph H
becomes identical to G.

II. PROBLEM STATEMENT

Consider a multi-player game in a network with a set
of players V' = {1,...,N}. Each player ¢ € V has a
real-valued cost function J;. Players’ cost functions are not
necessarily fully coupled in the sense that they may be
affected by the actions of any number of players. To illustrate
the partially coupled cost functions, we define an interference



graph, denoted by G (V, EI)[H with E; marking player pairs
that interfere one with another. We denote with Ny(4), the set
of neighbors of player i in Gy, i.e., Ny (i) :== {j € V|(4,]) €
Er}. We also define Ny (i) := Ny (i) U {i}.

Assumption 1. The interference graph Gy is connected and
undirected.

Let €2; C R denote the action set of player j. We denote
by €2 the action set of all players, ie., @ = [[;c, Q2 C
RY where [] denotes the Cartesian product. For i € V,
Ji + Q' — R is the cost function of player i where
O = T, 2 C RNVl s the action set of players
interfering with the cost function of player ¢. The game
denoted by G(V,Q;, J;, Gy) is defined based on the set of
players V, the action set €; Vi € V, the cost function J;
Vi € V and G;. For i € V, let ° = (z;,2 ;) € QF, with
x; € Q and 2, € O, = [y, ;) Qs denote the other
players’ actions which interfere with the cost function of
player i. Let also @ = (z;,z_;) € Q, with z; € Q; and
T_; € Q—i = HjEV/{i} €25, denote all other players’ actions
except 1.

The game defined on G is played such that for given
z', € Q' ,, each player i aims to minimize his own cost
function selfishly to find an optimal action,

minimize  J;(y;, 2" ;)
subject to  y; € €.

Note that there are N separate simultaneous optimization
problems and each of them is run by a particular player <.
We assume that the cost function J; and the action set §)¢ are
only available to player :. Thus every player knows which
other players’ actions affect his cost function.

A Nash equilibrium for the case when (1 is not a complete
graph is defined as follows.

Definition 1. Consider an N-player game G(V,Q;, J;, Gr),
each player i minimizing the cost function J; : Q' — R. A
vector x* = (x},x* ;) € Q is called a Nash equilibrium of
this game if for every given x™*, € Q' ,

Ji(xf,2™) < Ji(zg, ™) Vo, € Q, Vie V. (2)

-1

Definition [T]is a restatement of a Nash equilibrium defini-
tion so that when G7 is not a complete graph, J;(z;, z_;) and
Ji(z},x* ;) are replaced with J;(z;, 2% ;) and J;(x},2™,),
respectively.

We assume that players exchange some information in
order to update their actions. A communication graph
Gc(V, E¢) is defined where Ec C V' x V denotes the set
of communication links between the players. (i,j) € E¢ if
and only if players 7 and j communicate together. The set of
neighbors of player ¢ in G¢, denoted by N¢ (i), is defined
as Nc (i) := {j € V|(4,j) € Ec}. In order to reduce the
number of communications between the players, we design
an assumption on G¢ in such a way that only the required
information is obtained by the players. Particularly, for each

'In this paper, we assume that G'7 is not a complete graph.

player i, the required information that needs to be obtained
is {xj 1 j € N[(’L)}

Let G, be a maximal triangle-free spanning subgraph of
G71. Then we have the following assumption for G¢.

Assumption 2. The communication graph G¢ satisfies
Gm € Ge CGr.

Remark 1. Note that the maximal triangle-free subgraph
G, is only a lower bound for G¢ (in other words, G, is a
sparsest possible G¢). If G, does not exist, Assumption
could be replaced by the following condition:

o Check that for every i € V and j € Ny(i), there is a
path of length 1 or 2 between i and j in G¢.

Remark 2. G,, is not unique in the sense that any selection
of a maximal triangle-free subgraph of G could be consid-
ered in Assumption Since G, is connected and undirected,
by Assumption 2| G¢ is connected and undirected.

A Nash equilibrium can be characterized in terms of
a variational inequality problem for the pseudo-gradient
mapping F : Q — RV,

F(z) := [Va, Ji(z")]iev, 3)

as in the following lemma (Proposition 1.5.8, page 83 in
[26]).

Lemma 1. z* is a Nash equilibrium of the game represented
by (1) if and only if

¥ =Tolz" — aF(x")) 4)
for o > 0, where Tqy : RN — Q is an Euclidean projection.

We state a few assumptions for the existence and the
uniqueness of a Nash equilibrium.

Assumption 3. For every i € V, the action set ); is a non-
empty, compact and convex subset of R. J;(x;,x" ;) is a
continuously differentiable function in x;, jointly continuous

in 2* and convex in x; for every z° ..
The compactness of € implies that Vi € V and 2 € Q¢,

|V, Ji(z")|| < C,  for some C > 0. (5)

Assumption 4. F : Q — RY is strictly monotone,
(Fl@)=F@) (z-y) >0 Yn,yeQ z#y. (6

Note that the strict monotonicity of F' implies the unique-
ness of Nash equilibrium.

Assumption 5. V. J;(x;,u) is Lipschitz continuous in x;,
for every fixed u € Q*_; and for every i € V, i.e., there exists
o; > 0 such that

Vo, Ji(zi,u) =V, Ji(yi, w)|| < oillvi—ysll Vi, ys € Q.
@)

Moreover, NV, J;(x;,u) is Lipschitz continuous in u with a
Lipschitz constant L; > 0 for every fixed x; € Q;, Vi € V.



Remark 3. Assumption E] implies that V., J;(z%) is a
Lipschitz continuous in x* € QU with a Lipschitz constant
pi = /2L? +202 for every i € V. Moreover, F(x) is

also Lipschitz continuous in x € ) with a Lipschitz constant

P =1/ ZiEV p72

Our objective is to find an algorithm for computing a Nash
equilibrium of G(V, €, J;, G;) with partially coupled cost
functions as described by G;(V, Ey) using only imperfect
information over the communication graph G¢(V, E¢).

ITI. ASYNCHRONOUS GOSSIP-BASED ALGORITHM

We propose a distributed algorithm, using an asynchronous
gossip-based method in [15]. We obtain a Nash equilibrium
of G(V,Q;,J;,Gr) by solving the associated VI problem
by a projected gradient-based approach with diminishing
step size. The mechanism of the algorithm can be briefly
explained as follows: Each player builds and maintains an
estimate of the actions which interfere with his cost function
specified by Gy and locally communicates with his neighbors
over G ¢ to exchange his estimates and update his action. The
algorithm is inspired by [15] except that only the required
information is exchanged according to GG;. Thus, when G
is not complete, the proposed algorithm can offer substantial
savings. The convergence proof depends on a generalized
weight matrix, whose properties need to be investigated and
proved.

The algorithm is elaborated in the following steps:

1- Initialization Step: Each player ¢ maintains an initial
temporary estimate 7°(0) € Q' for the players whose actions
interfere with his cost function. Let #%(0) € Q; C R be
player ¢’s initial temporary estimate of player j’s action, for
i €V, j€ Ny(i). Then, 2*(0) = [i;(o)]jeﬁl(i).

2- Gossiping Step: At the gossiping step, player i, wakes up
at T'(k) uniformly at random and selects a communication
neighbor with an equal probability indexed by ji € N¢ (ix).
They exchange their temporary estimate vectors and con-
struct their final estimates. Let :Tc;(k:) € Q; C R be player
i’s temporary estimate of player j’s action at T'(k). Then
he constructs his estimate #°(k) € Q° of the players whose
actions interfere with his cost function. Let & (k) € Q; C R
be player i’s estimate of player j’s action, for 1 € V, j €
Ny ().

The estimates are computed as in the following:

Uxﬂm:%@%ﬂ%zaMmmﬁmw )
i (k) = T e (NG (k) 0 N i)

” {@:&(k) =k (k). 1€ Ni@)\Wi(i) N NiGr) - o
gk (k) = 3+ (k), € Nr(G)\(N1(jk) N Ni(ir)).

3) For all other i ¢ {iy, jx},
#h(k) = at(k), Vi¢ {ic,ju}, Vi€ Ni(i).  (10)

Note that 7¢(k) = x;(k) for all i € V, since no estimation
is needed for its own action.

By the following lemma, we show that to update the
temporary estimates and construct the final estimates, each
player 7+ € V obtains all necessary information about the
players in Ny (7).

Lemma 2. Let G and G¢ satisfying Assumptions [I) and [2]
Then Vi €V,

U (ViG) N () = NiGa).

JENc (i)

(an

Proof. See Appendix.

Remark 4. By Lemma |2} all the information obtained by
player i from Vj € Nc(i), i.e. Ujenq ) (Nr(i) N N1(j))
is equal to the necessary information that this player needs
to update his estimates.

Remark 5. We show via a counter example that the bound
G, is needed, since otherwise, if players communicate
via a path of length greater than 2, they may lose some
information. Consider a 4-player game in a network with the
interference graph G and the communication graph G¢ as
in Fig. 1. In this example Gc 2 G,,. Note that players 3

1 2 1 2

[ ]

4 3 4 3

Fig. 1: (a) Interference graph G; (b) Communication graph
Ge.

and 4 do not have direct communication but through a path
of length 3 via players 2 and 1. Let player 3 communicate
with player 2. According to G, the cost functions of player 2
and 3 are Jo(xa,x1,x3) and J3(xs, 1,22, 24), respectively.
Since x4 does not interfere with the cost function of player
2, player 3 cannot obtain any information about player 4
from player 2.

3- Local Step

At this moment all the players update their actions ac-
cording to a projected gradient-based method. Let ' =
(#%,2%,) € QF, with 2! € Q; as player i’s estimate of his
action and 2 ; € Q' , as the estimate of the other players
whose actions interfere with player ¢’s cost function. Because
of his imperfect available information, player i uses &% (k)
and updates his action as follows: if i € {ix, ji},

zi(k+1) = To, [2;(k) — iV, Ji(zi(k), 2", (k))], (12)

otherwise, z;(k + 1) = z;(k). In (12), To, : R — §Q; is
an Euclidean projection and «y, ; are diminishing step sizes
such that

(oo}
E aﬁ)i < 00,
k=1

Note that ¢y, is inversely dependent on the number of
updates v (i) that each player i has made until time % (i.e.,
Qg = ﬁ(i)). In (T2), players not involved in communication

Zak,i:oo VieV. (13)
k=1



at T'(k) maintain their actions unchanged. At this moment
the updated actions are available for players to update their
temporary estimates for every ¢ € V, j € N;(i) as follows:

(k+1), if j =i, (9

In (T4), for j # i, player i’s estimate of player j’s action
remains unchanged at the next iteration. However, for j = 1,
player ¢’s temporary estimate is updated by his action.

At this point, the players are ready to begin a new iteration
from step 2. (]

In the following we write the algorithm in a compact form.
Let B = A+ Ixy € RVXN where A = [a;;]; jev is the
adjacency matrix associated with Gj. Let also

j i—1
Sij = ZB(Z,I) +5i¢1zmr, (15)
=1 r=1
1, ifi#1l

. Let es,; be a unit vector in

here 8,41 =
v 1 {Q ifi=1

R™. For each pair ¢,j € V, we assign a vector E; e R™,

. sy i€V, jENI(i
g = Cor HiEV.GENI() (16)
0,,, ifieV,jé¢N;(i).
The communication matrix W (k) is defined as
W(k):=In—3 S Er - BB - BT, A1)
l€ind(in.jx)
where ind(ix, ji.) := {d € V : B(ix,d)- B(jk,d) = 1} is the

index set belong to Ny (i) N Ny (jx) for ix, jr € Ne.

Remark 6. Each player i can only pass ' to his local
neighbors. Since the dimension of the information that each
player passes is different and dependent on the size of Ny(i),
we are unable to use the communication weight matrix for
the fully coupled case W (k) = (In — (e;, — €j,)(€ei, —
ej)’) ® In with e; € RN as in [16], [17].

Remark 7. W (k) is a (m x m) generalized communication
matrix, N < m < N2 From it follows that W (k) is a
doubly stochastic matrix such that W (k)T'1,, = W(k)1,, =
1,,.

A. Example

Consider a 4-player game in a network with the inter-
ference graph GGy and the communication graph G¢ as in
Fig. 2. Note that for GG; in Fig. 2 (a), a selection of G,,
could be depicted as in Fig. 2 (c). One can verify that as
G € Ge C Gr, Assumption 2] holds. In this setup m; = 4,
mo =3, m3 =4, my =3 and m = Zz my =14

In the following tables we show the assignment of each

vector E; € R to each i; € CR.
E%:el E21:62 E;’":eg Ei:e4
E12 = €5 E% = € Eg = €7 EZ = 014
3 3 3 3
El = €3 E2 = €9 Ed = €10 E4 = €11
7 I 1 7
Ef=epn | B =014 | B3 =e13 | Bf =eyy

4 3 4 3 4 3

Fig. 2: (a) Interference graph G; (b) Communication graph
G¢ (c) A maximal triangle-free subgraph of G, G,,.

Note that e; is a unit vector in R and 014 is an 14 x 1
vector whose entries are all 0. Assume that players 2 and 3
communicate at T'(k), i.e., i = 2, ji = 3. The set of indices
in N7(2)NN;(3) is denoted by ind(2,3) = {1,2,3} and the
communication matrix W (k) is

W(k‘) 2114—%{(65 — 68)(65 — 68)T+(66 — 69)(66 — eg)T

+(er — e10)(e7 — e10) "} O

Let Z(k) be an intermediary variable. Let also Z(k) :=
[, &N T]T be the stack vector with the temporary
estimates of all players and

z(k) = W (k)z(k). (18)

Then, ‘
2t (k) = [Zr(F)]rer), (19)

where (i) :={d:d=s;;, j € Ni(i)} and s;; as in (I3).
The algorithm is as follows:

Algorithm 1

1: initialization 7°(0) € Q' Vie V

2. for k=1,2,... do

3: i € V and ji € No(ix) communicate

£ 20 = WEE, @ 3= o Wler O

S 1) T o) Ao B
ik, jx}> (12)
x;(k+ 1) = z;(k), otherwise.

6: T (k+1) = 2(k) + (vi(k + 1) — 24(k))e;, VieV,
(14).

7: end for

IV. CONVERGENCE FOR DIMINISHING STEP SIZE

In this section we prove the convergence of the algorithm

for diminishing step sizes.

The convergence proof has two parts:

1) In Section we prove almost sure convergence
of the temporary estimate vector (k) to an average
consensus which is shown to be Z(k), the average of
all temporary estimate vectors.

2) In Section we prove almost sure convergence of
the players actions toward the Nash equilibrium.



A. Convergence of Temporary Estimates to An Average Con-
sensus

In this section, we define the average of all temporary
estimates and prove that all the temporary estimates converge
almost surely towards this point.

Consider a memory M, to denote the sigma-field gener-
ated by the history up to time k& — 1 with Mg = M; =
{74(0), i € V'},

/\/lk:/\/lou{(il,jl);lglgk—l}, Vk > 2.

For player 4, let m; := deg(¢) + 1 where deg(7) is the degree
of vertex 7 € V in Gy. Let also m := Zi:l m; and m :=
[my,...,mn]T € RV,

Remark 8. Assumption |l| implies that m; > 1, Vi € V and
m > N. If the interference graph G is a complete graph,
i.e., fully coupled cost functions, then m = N2.

Let Z(k) € R™ be the stack vector with temporary
estimates of all players and z(k) € RN be the average of
all temporary estimate vectors, z(k) := HZ(k) where

H := diag(1./m)HT € RV*™ (20)
1 1
L/m:=[—, ..., —|
/m [m17 7mN] )

N N
H:=[Y Ei,....Y EyeR™N @1
i=1 i=1

Let also Z(k) € R™ denote the augmented average of all
temporary estimates, defined as follows:

Z(k) := Hz(k) = HH#(k) € R™. (22)

We aim to prove almost sure convergence of Z(k) to Z(k).
Note that H and H are non-square matrices.

Remark 9. Since every temporary estimate vector is not
a full vector, the average of temporary estimates is not
computed by Z(k) = %(1% ® In)z(k) as in [16]. Rather,
H and H are defined to take element-wise average of the
different number of temporary estimates associated with a
specific player (m; = degg, (i) + 1).

The convergence proof depends on some key properties of
W and H given in Lemma

Lemma 3. Ler W(k) and H be defined in and 21)). The
following properties hold:

iy WIE)W(k) = W(k), (23)
i)  W(k)H = H, (24)
i)  HTW(k)=H". (25)
Proof. See Appendix.
Lemma 4. Let Q(k) = W(k) — HHW (k). Then

Q) Z(k) = 0,.
Proof. See Appendix.

Lemma 5. Let R := I,,, — HH where H, H defined in 1),
(20). Then | R|| = 1, where the induced norm of R is defined

as ||R|| :== v/ Amax(RTR).

Proof. See Appendix.
In the following, we define a parameter ~ which is related to
W (k) and plays an important role in the convergence proof
of the players’ actions to the Nash equilibrium, as well as
in the convergence rate of the algorithm. Lemma [§] gives a
strict upper bound on .

Lemma 6. Let Q(k) := W(k) — HHW (k) and v =

N (E[Q(R)T Q(K))). Then v < 1.
Proof. See Appendix.

Remark 10. Note that Lemma 2 in [17] cannot be usefi
instead because Q(k) is related to the matrices H and H
which are not vectors of all ones as in [17].

In the convergence proof we use the following lemma from
[27] (Lemma 11, Chapter 2.2).

Lemma 7. Let Vi, ug, Br and (i be non-negative random
variables adapted to o-algebra My,. If Y ;- up < o0 a.s.,
Z,;“;O B < oo a.s., and E[Vk+1|./\/lk] < (T+ug)Vie—Cr+ Bk
a.s. for all k > 0, then Vj, converges a.s. and Z:io Cr < 00
a.s.

Using Lemma we show in the following that Z(k)
converges to Z(k).

Theorem 1. Ler Z(k) be the stack vector with temporary
estimates of all players and Z(k) be its average as in (22).
Let also o ypax = max;cv oy ;. Then under Assumptions

B

i) 30 Uemac||B(K) — Z(K)|| < 00 as.,
i) > ope o llE(k) — ZE)|I? <o as.

Proof. See Appendix.
Note that by Theorem |1} ||Z(k) — Z(k)|| is almost surely
square summable which implies the almost sure convergence
of Z(k) to Z(k).

Theorem [1] yields the following corollary for x(k), repre-

sented as z(k) = [#1,...,2N]T.

Corollary 1. Let z(k) := Hz(k) € RY be the average of
all players’ temporary estimates. Under Assumptions|I\[3] the
Jollowing hold for players’ actions x(k):

i) Y ore o Chomar||z(k) — 2(K)|| < o0 as.,

i) Yoo lz(k) — 2(k)|]? < oo as.

Proof . The proof follows by taking into account z(k) =
[#¢(k)]icv and Z(k) = Hz(k) @22), and also using Theo-
rem [1} [ |

By Theorem [I] and Corollary [I] the stack vector with
temporary estimates of all players Z(k) converge to Z(k)
and all players’ actions z(k) converge to z(k) as k — oo.

Remark 11. Corollary [1] implies that for any i € V and
any j € Ny(i), x; converges toward Z, (k) where s;; is as
defined in (13).

The next result shows almost sure convergence of Z(k)
toward Z(k).

Lemma 8. Ler Z(k) and Z(k) be as in Theorem|l| Then for
z(k), (I8), the following holds under Assumptions



k;)HQ’M;C} <00 a.s. (26)

> E[ll#(k) -
k=0

Proof. See Appendix.

B. Convergence of Players Actions to A Nash Equilibrium

In this section, we use the result of Section to
prove that all the players’ actions converge towards a Nash
equilibrium of the game.

Let p; be the probability with which player ¢ updates his
temporary estimate. The following theorem shows conver-
gence to a Nash equilibrium of G.

Theorem 2. Let x(k) and x* be all players’ actions and the
Nash equilibrium of G, respectively. Under Assumptions
the sequence {x(k)} generated by the algorithm converges
to x*, almost surely.

Proof.
Procedure: First, we find an upper bound for E {||a:(k+ 1)—
x*||? ‘/\/lk] and simplify it to a similar format as in Lemmaﬁ
Then we apply Lemmal7] after verifying the conditions step by
step and show that ||z(k+1) —z*||* converges almost surely
to a non-negative limit point. Finally, we use ZZO=O (x < 00
as a result of Lemma [ and the strict monotonicity of F to
show that the limit point is 0.

Firstly, using (12), (@) and the projection’s non-expansive
property, yields for i € {ig, jx},

ik +1) = 27 |* < ||lwi(k) — 27|
. 2
Va, Ji(wi(k),3L;(k)) = Va, i}, 2'%)

. . T
=200 (Voli(@s(k), 2L, (0)) = Vi (a7, 05) ) (i (k

Adding and subtracting V., J;(zi(k), [Z:(k)]icr)) and
V. Ji(zi(k),2* ;(k)) from the inner product term, using
and £2a”b < ||a||? + ||b]|?, yields for i € {i,jx},

i (k + 1) — f|* <

+ak K

]

|

Ve iR, (Ze R0~ Vo) 8|

- >) (k)

where I(7) is as defined in (19). For i ¢ {ix, ji}, zi(k+1) =
zi(k) and |lz;(k + 1) — z}||*> = ||=:(k) — 2}]|*. One can
combine these two cases together noting that for all i € V,
player ¢ updates his action with a given probability p;. After
taking the expected value, we obtain for i € V:

B[ Jrath + 1) = w712 M] < (1+ 2pid ) li(k)

2003 (Vi wi(k). a4 (k) = Vi (@

+4C?p;ai ; + piE H

2
Ve Ji(zi(k), [Zt(k)]tel(i))H ‘Mk}

+Di

27) 2

(1+203 )ljwi(k) — o7 ||* +4C%ad,,
. 2
Vo Ji(wi(k), &, (k) = Va, Ji(i k), [th)hem))H

;)

Vo TR, [ Blsen) — Vo ik, 2 (1) |

—2p; Q. ; (in Jifwi(k), " (k)

72 () = 7).

Let pmax = max;ev p; and pmin = min;ey p;. Let also
Qmin = Mingey ay, ;. After a simplification step (see the
proof of Theorem 2 in [16]) and summing over ¢ € V, for
large enough k, we obtain the following using Assumption 3

E[lo(k+1) - 22| My <

—Vwi.]i(x;k,

2Pmax 2pmaxp2
(1 + 2pm Xai max — )
a ,ma ]{;3/2 qp k3/2 qpﬁﬂn
(k) —2*|* + 4N02pmdxamdx
FomacL? SB35 (k) = [Zu(k)herco P M
i€V
+pma L2 Y Ze(R)]eercy — = (R)|?
eV
2 " *
— (Fa(k))-F(x )T (x(k)—a*).
We then apply Lemma [7) for
Vi = JJa(k) — 2”1,
2Pmax 2Pimaxp”
L 2 a a
Ug = 2pmaxak,max + k,3/2_qpr2nin k3/2—qpr2nin’
B = pmaxL2<ZE|: Tz - [Zt(k)] :|
i€V

. 2
+ 3 |2 Eier = oLi®)||) + ANCpanod
i€V
T

G = 7 (F(a(k) = F(z)) (2(k) = a").

~TiBy ([3). S0, up < oo, and also by @(k) = W (k)@ (k)
(18), Lemmaand Corollary ' > reo Bk < oo as. Then
by Lemma [7} V}, converges almost surely to some positive
limit and also Z;C:O (r < oo a.s., hence

1) ||z(k) — x*||? converges alm(%st surely,
2) Yilo %(F(w(k)) - F(l‘*)) (x(k) — 2*) < o0 as.

To complete the proof it only remains to show that ||z(k) —

8? *I = 0 as. This follows by the compactness of 2
A

ssumption [3) and the strict monotonicity of F. |

V. NON-MODEL-BASED APPROACH FOR CONVERGENCE
TO A NASH EQUILIBRIUM

We generalize the algorithm to the case when the players
are not aware of their own cost functions (models) but use the
measured values of their own realized costs at certain points.
We employ the finite difference approximation method of the

} H2gradlent (see [27], Chapter 3.4).

Let V,Ji(zi(k),2" ;(k)) denote the symmetric approxi-

(29mation of V 2, Ji(zi(k),z" ;(k)) as the following:

Vo, Ji(wi(k), xil(k)) =
Ji(2i(k) + cpiy 2t (k) — Ji (i (k) —
2

Ck,i

)

Ck,iy




where ¢ > 0 is a scalar perturbation on
x;(k). By Taylor expansion, for a smooth cost
function J;(-), we obtain J;(z;(k) £ ¢k, 2t (k) =
Ji(xi(k), a; (k) £ i Vo, Ji(wi(k), 2 (k) + 565,V 4
Ji(xi(k), ' ;(k)) 4+ O(c},). This implies  that
IV, Ji(i(k), 22 i(k)) = Va, Ji(wi(k), 22 (k)| = O(cf ,)-
However, smoothness of cost functions is a stringent
assumption on this problem. A relaxation of this assumption
is provided in the following:

Assumption 6. For every i € V, J;(x;(k),-) is twice differ-
entiable function in x;(k) and V2 , J;(z;(k),-) satisfies a
Lipschitz condition with constant 1 > 0 in a cy, ;-ball around

As in Lemma 1 in [27], Chapter 3.4, one can show that,

Ve alai (k). ) = Vo Ji(wak). ) < ek GO)
Note also that, by Assumption [3|for i € V and 2 € Q% we
have, ~ _

IV, Ji(2*)|| < H, for some H > 0. 1)
Theorem 3. Let (k) and z* be as in Theorem 2| Let also
ag,; be as in and cy,; be a positive scalar such that,

oo

Zak’iciﬂ- <oo, VieV.

k=1
Under Assumptions the sequence {x(k)}, which is
generated by the algorithm with the approximation of the
gradient NV, J;(.), converges to x*, almost surely.

(32)

Proof. As in (27), we find an upperbound for ||z(k +
1) — 2*||* considering that the gradient is approximated by
@mi Ji(.) and then we use Lemma [7| to prove the conver-
gence.

i (k + 1) = @} [* < ||lwi(k) — 27|

- ) ~ ) 2

- . - . T
20 (Vo (), 54 (k) = Vo] a%)) (k) o

Using to estimate the 2nd term in the RHS of
and also adding and subtracting V,,J;(z;(k), 2" ;(k)),
Vi di(@i(k), [Ze(K)liery), Ve Ji(zi(k),z;(k))  and
Vi, Ji(x}, z™,) from the inner product term and using
+2a™b < ||a||* + ||b]|?, yields for i € {ik,jk}

where I(i) is as defined in (19). In (34), we used the
compactness of €2; (Assumption 3) which implies,
||ml(k)|| < Trmax-

Using (30), yields for i € {ix, jx },
i (k + 1) — a7 1* < (1 + 205, ;) |2 (k) — 27

4nxmax 2
3 akﬂ-ck,i

(35)

+4H?a} ; +
|V T R), 5 (8)) = Vo i), (2 )|

Ve i), (2R s o)~ Vo (k). ) |

. . T
20 (Vi (@i(k), a4 (k) = Vi Ji (@ @'%) ) (s (k) —a7),

The rest of the proof is similar to that of Theorem [2 noting
that by Sope Mmarey 02 < oo, VieV. [ |

VI. CONVERGENCE RATE

In this section we compare the convergence rate of the
algorithm proposed in Section [III| (denoted as Algorithm 1)
with the algorithm in [15] (denoted as Algorithm 2). Al-
gorithm 1 is an extension of Algorithm 2 which considers
partially-coupled cost functions via an interference graph
G. Algorithm 2 operates as if all cost functions are fully-
coupled, or the interference graph is a complete graph G.
By Assumption [2] any feasible communication graph for
Algorithm 1 has a lower bound G,,,, however, the communi-
cation graph for Algorithm 2 can be any minimally connected
subgraph of G, denoted as Gyin. Thus, since Guin € Gy,
we expect more iterations for Algorithm 1 than Algorithm 2
for the corresponding communication graphs from the point
of view of parameters associated with G¢. In TABLE 1
we summarize the differences between the parameters of
Algorithms 1 and 2. Note that we distinguish between the
parameters for Algorithms 1, 2 by using subscripts 1, 2 (su-
perscripts 1, 2 for G¢, N¢o and E;) To avoid any confusion
note also that Ay denotes the second largest eigenvalue and
its index has nothing to do with the subscript associated with

(33Algorithm 2.

We compare Algorithms 1 and 2 relative to the interference

i %—raph G'1. We can show that for each iteration, Algorithm 1

takes less time than Algorithm 2 since less information
(fewer estimates) is needed to be exchanged. For the sake
of comparison, we assume that both algorithms run over the
same G¢ O Gy,. Let r be the time required to exchange
an estimate, and let s be the time required to process a
full gradient. Note that the processing time for the gradient

llzi(k +1) —27]? < (1+ 204271-)”:52»(/@) —a|? + 4H2ai7i is linearly dependent on the data set. We ignore the time

Vo, Ji(wi(k), (k) = Va, Ji(xi(k), &*

—1

+4ak,ixmax

[T ), 20 = Vo a0, 2|

|

+4ak,ixmax

( k))ﬂequired to compute the projection in the local step. Thus

or each iteration, the average time required to exchange all
the estimates between players and to update the actions under
Algorithm 1 is

Vi Ji (i (k), [Zt(k)]tel(i))_vziJi(xi(k)vxii(k))HQ (34)T1 .: Z Z ip_ ) (\Nj(i) N Nl(j)|7” + @s) (37)
. - ) v N+ ’

1€V jENc (4)

where p;; is the probability that players 7 and j contact each

, N\T
_2ak,i(vai‘]i(xi(k)Vxli(k))_inJi(‘r?7xi*i)) (zi(k) =27 Jother. |N;(i) N N;(j)|r is the time required for player i

(36)



Algorithm 1 Algorithm 2 [[15]]
GC GmgGlchl#G GmeG%QG
Deg(i) + 1 '
inG; &G ™ N
Deg(i) + 1
;( e ) Diey i =m z:ievN:]V2
in G] & G
B By = Ag, + Iy By = Ag + Iy = 1517%
_ ; es,, ifieV,jeNg(i) 02 -
E: ¢ R™ (16) EV = “ - E" =ei- eV
’ - ’ {Omxla ifieV,j¢ Ni(i) ! COmONE b
_ ! il _ pikedy el _ i d)T
W(k:) (17) Wl(k> =1Im 9 Z . (Ez Ez )(El Ez )
1 leind(ig,Jk)
Wa(k) :=In2 — 3 Z(e(ikq)z\wl — €(j—1)N+1)(€(in—1)N 41 — e(jkfl)NJrl)T
lev
H Q1) H =[N By YN BV e RN Hy = Iy ® 1y € RV XN
H @20) Hy := diag(1./m)H{ € RN*m Hy = %HQT = %(IN ®1y) € RNXN”
Q(k‘) Ql (k‘) = W1 (k‘) - H1H1W1 (k‘) = W1(k‘) — Hldiag(l./m)HlT
(Lemma |4 _ Qa(k) == Wa(k) — LH,HT = Wo(k) — +(In ® 1n1Y)
R (Lemmal5) | Ry := 1, — HiH =1, — Hidiag(1./m)H] | Ry :=Iy> — 2 H,HY = Iy @ (In — £1n1})
Table 1
to obtain all the necessary estimates of player j. “its is We obtain a lower bound for the e-averaging time under

the time required to compute V., J;(z;, "), noting that
s is the processing time for computing the full gradient
Va,Ji(zi,z—;). In Algorithm 2 the average time for each
iteration is computed by replacing | N7 (i) N N;(5)| and m;
in with N — 1 and N, respectively. Then,we obtain,

T2 = Z Z %pij ((N —1)r+ 5), (38)
)

i€V jeNe (i

Note that |N;(i) N N7 (5)] < N —1 and m; < N which
implies 7)), < T2.

Next, we discuss the convergence time (in number of itera-
tions) required for each algorithm. To simplify the analysis,
we assume constant step sizes (i.e., a; = ;). Note that
for constant step sizes there exists a steady-state offset
between x(k) and the Nash equilibrium z*, see [16]. Let this
minimum value of error be denoted by d*, i.e., infy, ||x(k) —
z*|| = d*. We use a modified e-averaging time similar to
Definition 1 in [22] for the convergence time.

Definition 2. For any 0 < € < 1, the e-averaging time of an
algorithm, Ny, (¢), is defined as

. o (k) ]| —d*
N, (€):= fqk:Pri ————>¢)<ep. (39
(€) i?o‘im{ { [2(0)] )<} 09

By Definition [2| N,y (e) is the minimum number of itera-
tions it takes for ||z(k) — *|| to approach an e-ball around
d* with a high probability, regardless of the initial condition
2(0). The following assumption guarantees N (€) to be
well-defined.

Assumption 7. We assume a non-zero minimum value,
denoted by 1, (0) # 0, for the norm of the initial action of
player i for i € V, ie., ||z;(0)]] > Zmin(0) > 0.

Algorithms 1 and 2 by applying Markov’s inequality: for any
non-negative random variable X and € > 0, the following
holds: EIX
Pr(X >¢) < L (40)
€
For constant step sizes we consider the following assumption

rather than Assumption [4]

Assumption 8. F : Q — RY is strongly monotone on Q
with a constant p > 0, i.e.,

(F(z) = F(y)"(x —y) > pllz —y||*> Vz,y e @)

Theorem 4. Let «v; be constant step sizes which satisfy 0 <
¢ < 1 where,

(b =1+ (1 + ,02 + 2amax)pmwcamux - (1 + 02 + 2N)pminamim
42)

with Pmax = MaXieV Pis Pmin = miniEV Pi» Omax =
max;ecy O, Quin = Min;cy o, p be the Lipschitz constant of
F and pu be the positive constant for the strong monotonicity

property of F. Under Assumptions 7 8 the e-
averaging time N,,(€) has a lower bound as follows:

where 7y = Amax (E[Q(k)T Q(k)]) (as in Lemma @), Qk) =
W(k)—HHW (k), and a,b are positive and increasing with

.

Proof.
Procedure: The proof follows by bounding E [Hx(k +1)—

x*||?| using an upper bound for [Hi(/ﬂ—i— 1) —Z(k+ I)H]



Then we use Markov’s inequality @0) to obtain a lower
bound for the e-averaging time N, (¢).

First, we start to find an upper bound for E {H:}E(k +1)—

Z(k+ 1)||} As in the proof of Theorem 1 (Equation (77)),
one can obtain,

E[la(k+1) - Z(k + )I|| < B[ l2(k) - Z(8)]

V2 o

+7' Z E{H%(k‘) —T; (k)H} +20max C. (43)
i1€{iK.Jr}

In (@3), we upper bound E[”j;;l(/{) i k)||], By @. ().

(T4) and (33) we obtain for i,j € {ig,jx}
E |2k +1) - &k +1)]]

2E[ Iz (k)

— iV, i(wik), 2 (0))] ]

IN

- sz?'(k)n] + OaxC
Jo))] + Z

k
omaxC < Cy Z(

t=0

(3)E[I7(0) -

l)kxmax + Z(i)t
t=0

where C) := max{amaxC, Tmax}. Substituting @) into
(@3), one can obtain,

E[Il3(k + 1) = 20+ DII] < VAE[a(k)
V2 Y G 20mC < 7R [0) -

1€{ik,Jr }

IN

amax

[t

)t < 2a44)

|

Z(k)|
2(0)|

k
+H(2V2C +20mC) Y V7' < CoyA*H + Co1, (45)
t=0

where Cs := vV Nmax, Co1 := M&%“‘“C and we used
VNZpin < ||zl € VNamax, by @5). Taking @3) into

account, one can upper bound the following squared-norm
term:

E|llz(k + 1) = Z(k + DI?| < +E[l3(k) - 2 (k)]
> E[l#Ek) = & (0)]2] + 402 C?
i€ {ik,dk}

Z(k))))

> E k)~ #H R+ 200C) |
i€{in,jr}
To simplify (@6)), we first deal with the second term and then
with the last term of the RHS. By (@4) we arrive at,

E[ll#(k +1) -

+2E | (vAla(k) -

(ﬁ (46)

2

k+1

~HWI) <Y () <

+02C? + anaCE || (k)
t=0

where C3 := max{x2 a2

CCZlamaxﬁ + 2_O[Tmax02) + N'Ignaxé

# 0k + DI < gE[I#E) - #EIP] @)

C? + 20max CC1 }. Multiplica-

max

tion of (@3) and @4) yields,
(3 30 a1 - @+ ))
i€{ik,dk}
(MH (k+1)m
<YTR[(2 S N - H ) letk) - 2]
S TIY
205 Bl - a0
ST
A2 0 Y B[l - s $)

i€{ik,jr}
~ 2 2 k+1
+\ﬁamaxOE[||‘r(k) - Z(k)”] +2amaxc < C4\ﬁ + Cy,

where C4; = : 1ﬁ (27\/563 +2(1 + \/i)amaxC’Cl +
and Cy :=

%. Using @7), @) and @3) on the RHS of (@8),
-T2

one can obtain,

E[llz(k +1) - Z(k + 1>\|2} <
< AE[#(K) — Z(R)IP] + 505 + 40,007
+2\/%(C4ﬁk +Cn)+ 4ﬁamax (Czﬁk + Ca)

< Csy/A" T + Co, (49)

4Cs+4al , C*+(2V2Cu +4amaxCCa1) /7 +
M We put the last

piece of the puzzle in place by finding an upper bound
for E[Hx(k + 1) — z*||?|. Using (12), for i € {ix,jr} and
bringing in Z(k) it follows that for i € {iy, jx},

lzi(k+1) — =z

2

i) = = (Vi i (i), 32 () = Vi (a5, 225)) |
< (1 + 2amax)||xi( ) - H2 + 402&1211ax
2 (k) = [Z:(k)] a’ (k) — [Zi(k)]

B ) T
=204 (Ve di(aa(k). 2 (1) = Vi 2%) ) (o) — ] )(50)

where I(7) is as defined in (I9). For i ¢ {ix, ji}, z:(k+1) =
x;(k). Similar to the proof of Theorem [2| we combine these
two cases for ¢ € V and take conditional expected value to
obtain,

where (51 =
yNz2 . and Cs =

7 <

2

+L7

B[ llea(k + 1) = 27112 My] < (1+ 2pia) i (k) — 27
FAC 0 + DB [[#,0) — 120K herio | [ Mi]
+LIp; || (k) — [Z:(k)] (51)

—2piay (inJi(xi(k), zt (k) =V Ji(z), 2 ’*;-))T(:ci(k) —x).

(Adding and subtracting QuminPmin from a;p; in the last term,



we obtain after some manipulation,

E[lloa(k +1) - @712 M) <

(1 + PrmaxOmax — PminOmin + 2Pi Oy ) |23 (k) — 27|
HCpiody, + LD [|62,(0) = [Ze(k)iers
+ 22l () = [ZBiern | + (Pmaxims
AN Ji(@i(k), a5 (k)) = Vi Ji (2],
(Wb, 2 ()~ Ve 275) ) (o)),

Summing the foregoing over all + € V, and using L =
max;cy L; we arrive at,

E[llo(k +1) - 2| My] <

-r,it)||2 - 2pminamin

(1 + pmaxamax Pmin®min + 2pmaxa§m)||a?(k) — J]* ||2

+4N C2pmaxa

max

+L2Dmax Y E[[#1,00) = [Zek)iero 2‘/\/{’6}
eV
Pmax - Zt(k)]
+(pmaxamax 7pminamin)HF(x(k)) - F(ZL'*)||2

T
~2pmintimin (F(2(k)) = F(@)) (2(k)=2").  (2)

Using Remark [3] in the fifth term and Assumption [§]in the
last term and taking the expected value, yields,

]E[E[”x(k 1) - :c*HQ’MkH - E[nx(k 1) - z*||2]
< OB [ (k) = 2" |2] + ANCppuaxode,
]

Lpax Y E|||2
i€V
2
| E—GS

L2pmax Z E H T_
eV

where ¢ is as in (42)), p > 0 and p > 0 are the Lipschitz and
the strong monotonicity constants, respectively. Using (@9)
into (33), yields the following upper bound:

E(ll2(k +1) - "] < 6Ella(k) — 2" |12
+4Nc2pmaxa?nax + 2L2pm'1x(c5\/>k + C’51)

—Zi(F)]teri)

—Zi(B)teri)

< 06(1 —¢l~c+2) +Z¢t 920 1.2 pmaxf )
1
< C7 + Csy7", (54)
where C; = %, Cg = 2%7;"% and Cg =
max{Nz2 ANC?ppaca2, + 2L%pimaxCs1}. Recall that

infy, ||z(k) — 2*|| = d*. Then,

2 = int Ja(k) — 27 < Jim B{Ja(k) —2"|] < C.
— 00

(55)
Since 0 < ¢ < 1, by using Markov’s inequality (@0) and

(34) the following inequality follows,

d*)? . 62)

(k) — x| — d* ([z(k) — || —
Pr >e€)=Pr
( |(0)]] ) ( [|2(0)][?
2 E||e(k) - z*|*| — d** Cs /7" + Cp — d*2
‘Mk:| < [ 2} <2 sV + 72
|z(0)]] |2(0)]]

— PminQmikYom (36), it follows that,

€ mln(Cgﬁk+C7_d*2) §€:>

|z(k) —a*[| — d
Pr >e) <e. 67
( z(0)]] )

Using Definition [2]and Assumption[7] one can obtain a lower
bound for N, (e) from (57),

log =%
Naw(€) > 7, (58)
og ﬁ
where a := Cgz 2 and b := (Cy —d*?)z 2 . By Lemma@

(33) and the condition on ¢, 0 < ¢ < 1, a and b are positive
and increasing functions of ~. ]

Remark 12. The lower bound for Ny, (€) is an increasing
function of ~y defined in Lemma 6] Therefore, as v increases,
more iterations are required to converge to a Nash equilib-
rium. d* is not dependent on the topology of the interference
and communication graphs as long as Assumptions 1 and 2
are met. Thus, d* does not change with ~.

Remark 13. As (B8) shows, since €3 — b has to be positive
we are not able to find a lower bound for the number of
iterations for any value of €. However, for the case when

d*? = Cy, Nul(e) is the minimum number of iterations it
takes for |x(k) — x| to approach an e-ball around \/Cr,
and N, (e) > logg 5 . Thus as v increases, N, (€) increases

for any value of e.

Characterizing v and its relation with the communication
and interference graphs shed light on the convergence rate
of the algorithm. The following lemma characterizes ~y.

Lemma 9. Let W := E[W (k)] be the expected communica-
tion matrix. Then W is doubly stochastic with \yax(W) = 1.
Let \o(W) be the second largest eigenvalue of W, i.e.,
A2 (W) := maxyz1 A(W). Then ~ as defined in Lemma @
Y= )\max( [Q( )TQ( )])! Satlsﬁes V= )\2(W)

Proof. See Appendix.
By Lemma@ 7 is the second largest eigenvalue of W, hence
N,y (€) depends on the structure of the expected communi-
cation matrix. It can be seen in the proof of Lemma [J] that
W depends on parameters associated with the interference
and the communication graphs. In general it is difficult to
see the effect of each parameter on Ay of . Note that for
an irreducible doubly stochastic W, we can find an upper
bound for the spectral gap (i.e. 1 — \3), [28]. However, W
could be reducible which prevents us from using such a
powerful tool. Later on in the simulation section, we will
compute v numerically and we will see the effect of v on



Fig. 3: (a) Wireless Ad-Hoc Network. (b) Interference graph
G (the bottom left figure). (¢c) Communication graph G¢
(the bottom right figure).

the convergence rate. Another parameter that Ny (¢) (37) is
dependent on is ¢, (]1_7[), which is associated with the cost
functions.

To sum up, from the perspective of parameters associated
with G, we can conclude that each iteration is shorter
when the interference graph is considered. Moreover, the
number of iterations is tightly dependent on the second
largest eigenvalue of the expected communication matrix
hence on Gc¢.

VII. SIMULATION RESULTS

In this section we present a numerical example and
compare Algorithm 1 and Algorithm 2. Consider a Wireless
Ad-Hoc Network (WANET) which consists of 16 mobile
nodes interconnected by multi-hop communication paths
[29]. Consider N,, = {1,...,16} as the set of wireless
nodes and L., = {L;}iec as the set of links connecting
the nodes, £ = {1,...,16} the set of link indices. Let
V = {U,..., U5} denote the set of users (players) who
want to use this wireless network to transfer data. Fig. 3 (a)
represents the topology of the WANET in which a unique
path is assigned to each user to transfer his data from the
source to the destination node. Each U; is characterized by
a set of links (path), R;, ¢ € V. The interferences between
users are represented in Fig. 3 (b). Nodes specify the users
and edges show which users have a common link in their
paths. Each link L; € L, has a positive capacity C; > 0,
j € L. Each U;, U; € V, sends a non-negative flow x;,
0 < z; <10, over R;, and has a cost function J; defined as

Jz(ml,mll) = Z il

j:L;ER; Cj o Zw:LJ’ERw Lw

—xilog(z;+1),
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Fig. 4: Flow rates of the selected users and total flow rates
at the selected links by Algorithm 1.
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Fig. 5: Flow rates of the sélected users and total flow rates
at the selected links by Algorithm 2.

where £ is a positive network-wide known parameter and ;
is a positive user-specific parameter. The notation a : b € ¢
translates into “set of a’s such that b is contained in c”.
We run Algorithm 1 over the communication graph G¢ in
Fig. 3 (¢), and compare its convergence rate with that of
Algorithm 2 over the same G¢. Let x; = 10, ¢ € V and
C; =10, j € L. Fig. 4 and Fig 5 show convergence of
Algorithm 1 and Algorithm 2 for diminishing step sizes. The
dashed lines represent the Nash equilibrium. The normalized
error (”‘ﬁ;fﬁ” x 100%) is 3.93% after 6000 iterations for
Algorithm 1, and after 30000 iterations for Algorithm 2.
Algorithm 1 needs 5 times fewer iterations, and each iteration
is 6 times shorter. Thus, Algorithm 1 is 30 times faster
than Algorithm 2 in this example. In order to verify the
analysis in Section VI (Theorem [), we run Algorithms 1
and 2 with constant step sizes oy, ; = 0.1. We compute -y for
Algorithms 1,2 using Lemma B} 71 = 0.983, 75 = 0.994.
Fig. 6 shows how the lower bound on Ny (e), @), varies
with ~, for € = 0.01. This confirms that Algorithm 2 (with
greater <) requires more iterations to converge to a Nash
equilibrium.
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Fig. 6: Lower bound on Nav(ev) for ag; = 0.1 and € = 0.01
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VIII. CONCLUSIONS

In this paper we proposed a gossip algorithm to find
a Nash equilibrium in a networked game. An interference
graph is used to illustrate the locality of the cost functions.
Players exchange only their required information over a
communication graph. We proved convergence to a Nash
equilibrium. We also presented convergence proof for the
case when the component functions are not known by the
players. Moreover, we showed the effect of the second largest
eigenvalue of the expected communication matrix on the
convergence rate.

APPENDIX
Proof of Lemma [Z} In the following, we prove N;(i) C

Ujene @) Ni(j) for i € V' from which it is straightforward
to deduce
For the case When Gc¢c = Gy, we obtain,

U ~MG)= U M2 U Gr=MG). 69
jENeC (4) JENI(4) JENI(3)
In (39), we used the fact that {j} C Ni(j) by the definition
of N]( )

Now assume that G, € G¢ C Gj. To prove (TI), it
is sufficient to show that N;(i) € U;cn,, () Ny (4), where

N, (i) is the set of neighbors of player i in G,, and N, (i)
in addition to N,, (i) contains {i}. In other words we need
to show that any neighbor of player i in G (any vertex with
a path of length 1 away from ¢ in Gy) is either a neighbor
or a “neighbor of a neighbor” of player ¢ in G,, (a vertex
with a path of length 1 or 2 away from ¢ in G,,).

We prove this claim by contradiction: Assume that there
exists j € Ny(i) such that j ¢ N,, (i) and j ¢ N,,(I) VI €
Ny, (7). Then, there exists no path of length 1 or 2 between
¢ and j in G,,. Thus, adding that missing edge to G,,, does
not form a triangle which violates the maximal triangle free
property of G,,. This is a contradiction and hence our claim
is true. |

Proof of Lemma [3| Part i). Using the definition of W (k)
(I7) we obtain,

WIRW(E) =L, — Y. (B — B*)(E] - E*)T
l€ind(ik,jk)
1 ik j in j 2
+Z< Z (Elk 7E‘l7k)<Elk 7E‘l7k)T> = W(k),
L€ind(ig ,jx)
2, ifl=10

where we used (Ej* — E/*)T (Eir — BIF) =
Proof of Part zz) Usihg the definitions of | H, arid (K

1), (17), we expand W (k)H as

1= [iE -5 X (@-en

l€ind(ig,jr)

— E{k)TE;)] :
JEV

in L i e 0T
Note that Elk E; =1if 1 = ik, ] = | and Elk E; =0
1if 7 =

N

D (B

i=1

T
otherwise. Similarly EJ* E} = Jes =1

and EJ’c E! = 0 otherwise. Consequently, Z (E““

El]k JEi = 0 for all j € V and (24) is immediately
obtained. Part 727 follows similarly. ]

Proof of Lemma {4 l From (24) in Lemma [3] (22) and the

deﬁmé?n) of Fs We Obtall}—?W HHm k)

= (W(k)HH — HHW(k:) )i:(k)
= (HH — Hdiag(1./m)H"W (k) Hdiag(1./m)H")z(k).

By Lemma [3| Part 4 and (21)), one can verify that,
H™W(k)H = H" H = diag(m). (60)

This yields, Q(k)Z(k) = (HH — Hdiag(1./m)HT)%(k) =
(HH — HH)i(k) = 0,,. |

Proof of Lemma [5| By the definition of H and
HTH = diag(m) (60), one can obtain,

R'R=(I,,—HH)"(I,,— HH) = I,,, — Hdiag(1./m)H"

To find the eigenvalues of RTR, we solve the following
characteristic equation for .

det(RTR — \I,,) =0
< det((1 — \)I,,, — Hdiag(1./m)H™) = 0. (61)

We claim that there exists at least one eigenvalue equal to
1, and all the eigenvalues of RTR are either 1 or 0. We
prove the first claim in the following. By (21)), we have the
following for A = 1:

det((1 — NI, — Hdiag(l /m)HT)

- ST EYE).

j=1

By critically observing ZJ LR E! va 1 EiT) it
follows that this matrix consists of the rows — Zl : Ez

each repeated m; times for j € V. By Remark [g] (m; > 1

V3 € V), the repetition of each ro¥ is at least 2 times, thus
N N i N i .

det( 3,0 (G il B i B ) =0 and there exists

at least one A = 1. Next, we prove the claim that all non-

one eigenvalues are 0. For now, assume that there exist k

eigenvalues, £ € N, 1 < k < m, equal to 1 for RTR. For

A #£ 1, we have,

det((1 — \)I,, — Hdiag(1./m)H") = 0 &
. 1
(1 — N~ *det(1,, — T Hdiag(1./m) HT) =o.
Multiplying and dividing by det(diag(m)) = [T~
zero by Remark [§), yields,

(1—\)mFk . .
det(diag(m)) det(diag(m))det(L, — —

.Hdiag(1./m)H") = 0.

1 m; (non-

(62)

Let A, B and X be m x n, n x m and m X m matrices,
respectively. Let also X be an invertible matrix. By the
generalized Sylvester’s determinant theorem, the following



equality holds:
det(X + AB) = det(X) det(I,
Let X := diag(m), A := HT and B :=

(63) and (62) we obtain,

+ BXA). (63)

_ﬂ’ so that from

1—nmk HTH
~——~———det(diag(m) — =0.
. m (diag(m) — -—)
Since HT H = diag(m) (60), this is equivalent to
1-nm-* —A —k
det diag 0 < (=N)""=0.
e dingm)) =0 & (-

This verifies that there exist m —k eigenvalues, 0 < m—k <
m, equal to 0 as we claimed. Thus, Ap.x(RTR) = 1 and
|IR|| = 1. |

Proof of Lemma 6} Using Lemma [3] and (60), we obtain,
QURY QUk) = W (k) — HIT.

Since E[Q(k)TQ(k)] is an mxm symmetrlc matrix, then,

y=  sup TE[Q(k)" Q(K))x.

wERm,HxH:l

We find + for the vector subspace {x € R™ : z = cl,,,,c €
R} and moreover, for its orthogonal complement vector
subspace {z € R™ : z71,, = 0}. Let for now z = cl,,
By the doubly stochastic property of W (k) we obtain,

CE[1;,Q(k) Q(k)1y]
CEMEW (E)TW (k)1,,] — CE[1L HHA1,,]
A1t 1, — 21 Hdiag(1./m)H™1,,

Note that from the definition of H (ZI) we obtain 12, H =
m?. Then,

gl

2 2

v =cm — mTdiag(1./m)m = ?m — Zm = 0. (64)

Thus, v = 0 for x = cl,,,. Consider now that x belongs to
{x e R™: 271, = 0} and compute

we need to verify
E[[w(
By we obtain,
E[[|W () vmin]|°]

_]E[mm(lm_% Z

l€ind(ig,jk)

1 in

=1-3E[ >l
lEind(ik,jk)

E)vmin|?] # 1.

(B = E])(E} = E]*)") vmin]

= B{) i |']

We expand the expected value considering that each player
1 € V communicates with player j € N¢ (i) with probability

1
degg, (4)”
E[||W (k) vmi =
W (k) vmial*] deech
2 2w ED ] @9)
JENc(3) l€md(7.,])
By contradiction, we assume that E[|W (k)vma|?] = 1.

From (68), it follows that (E} — EY)T vy, = 0, forall i € V,
j € N¢(i) and | € ind(7,j). Moreover, by Lemma |2} we
simply have ;¢ ;) ind(é, j) = Ni(i) which shows that
the indices ! € ind(¢,j) for every ¢ € V, j € N (i) span
all the elements of vp,;y. Thus, for Vi € V, Vj € N¢ (i) and
I € ind(%, j), we obtain,

(69)

where 2,7 € {t : t = 8,7 € V;n € Ny(i)}, 2z # r where
Sin is as defined in (T3). On the other hand, by (67), we
obtain,

N
v HHupin = 0 < vl Z Ei,...,Y  Ej]diag(1./m)
i=1 i=1

N N
.[ZE;‘T,...,ZE;'VT}TUM 0o

] iNT
(Ell - Elj) Umin = 0= Umin, = Vmin,»

— sup 2TEQRTQK))z = sup E[TQR)TQ(k)a] L 3
R = Zﬁ Z Tomn] =06 S B vmin =0,V € V
l11=1, lzll=1, j=1 i=1 i=1
z" 1,,=0 z* 1,,=0
— 54 in. = 0. 70
= swp (E[|W(k)z|?) - 2T HAz). 65) 2 70
zER™, zE{t:t:sm,iEV,nENz(i)}
m”;:l”jio From (69) and (70) we obtain that vy,, = 0 for 2z €
) ) {1,...,m} which contradicts ||vmia| = 1. Thus, the as-
Note that [[W (k)z[|* < |l[|* = 1. As a result sumption E[|W (k)vmn|[?] = 1 is false which implies
E[||W (k)z|?] < 1. 66) E[[W(k)umil®] < 1. This concludes that v < 1 for the

Note also that the minimum eigenvalue of HH is 0 and the
associated normalized eigenvector vy, satisfies H Hvy, =

0, v1. 1,, = 0 and ||vmin|| = 1. Then we achieve,
inf eTHHz = oL, HHupi, = 0. (67)
TER™,
zll=1,
271, =0

By (66) and (67), it is straightforward to show using (63)
that v < 1. We now claim that v < 1. To prove our claim

vector subspace {r € R™ : 271,, = 0}. Moreover, (64)
verifies that v = 0 for the orthogonal complement vector
subspace {z € R™ : z = cl,,, ¢ € R} which completes the
proof. |

Proof of Theorem |I| Part i).
Procedure: First, we find an upper bound for IE[Hi(k +

1)—Z(k+ 1) ’Mk} and simplify it to a similar format as
in Lemma[7} Then we verify the conditions of Lemma 7] step



by step and apply it to the achieved upper bound.

We derive an upper bound for IE[ch(k‘ +1) — Z(k +

1)||‘Mk} Using (T4), (T3) and (T9), we obtain &’ (k+1) =
2h(k) = [Zr(k)]y=s;, for i € V, j € Nir(i), i # j and
Zi(k+1) = z;(k+ 1) for i € V. Then we have,
2(k+1) =W (k)z(k) + pk + 1), (71)

where p(k+1) := [(x;(k+1) — Zs,, (k))eiliev. Using 22),
we obtain,

(k+1)—-Z(k+1)

=W(k)Z(k) + p(k+1) — HHZ(k + 1)

= W (k)i (k) + p(k +1) — HAW (k)a(k) — HHp(k +

=Q(k)z(k) + Ru(k +1),

with Q(k) and R as in Lemma ] and Lemma 3] respectively.
Using Lemma 4] we arrive at

Bk + 1) = Z(k +1) = QU@ (k) — Z(K)) + Rull + 1)

= E[la(k +1) - Z(k+ DIl My = (73)

E[IlQUe)@(k) — Z(k) [ M] + B[Rtk + 1)) M4 ]
Term 1 Term 2

Let v = Amax (E[Q (k)T Q(K)]) be as in Lemma@ We obtain
an upper bound for Term 1 in (73) as the following:

Term 1 < \/]E[|Q(k)(53(k) -

< Vlz(k) = Z(F)|l

Note that by Lemma [ v < 1. This fact will be used as a
key to bound Term 1.

R)IZ[M]
(714

To bound Term 2, we use ||R]|
x;(k) = s, for i ¢ {ig,jr}. Then,

=1and z;(k+1) =

Term 2 < ]E[Hu(k + 1)||‘Mk]

eV
=5 [ Y k) - xs“w)nﬂ/wk]
i€{ir,Jx}
<B| [ Y (et -, 0 +202,C?) \Mk]
i€{ir,Jr}
< \/ﬁEl Z ||x1(k) - CEs”(k)H ‘Mk + 20k, max(@5)
i€{ir,jr}

The second inequality is obtained by using (12), the non-
expansive property of projection, Assumption [3] (equation
@)) and (a + b)? < 2a? + 2b°.

GRS

We simplify (76) using Z,,, (k) = i,j €

{ik, ji} which is deduced implicitely from (T8). Then,

v2 PG

Term 2 S 7
i€{in,jk}

From (73), (74) and (76) it follows that
I3k + 1) — ZG+ DM < VAlE®) -z

t5 > llEk) -
i€{ir,Jr}
Multiplying the LHS and RHS of (77) by aki1max and
Ok, max, respectively and spliting /7 into 1 and 1 — /7, we
obtain,

i"f (k) ” + 2ak,ma>(%)

# (k)| + 20k maxC- (77)

D aprme 20+ 1) = 20k + 1)) My
72)

E[Vit1| M)
< o [38) = Z(8) | — (1 = V)8 — Z(B)|
(Itur) Vi C
s 0~ O+ 208 00 OB
i€{ir.Jr}
Br

We apply Lemma(7|to to show that >~ 2~ vk max || Z (k) —
Z(k)|| < 00 Qp_gCk < 00) a.s. We already assigned the
parameters in (78). We need to verify that all the conditions
of Lemma [7] are met. Clearly V;, > 0 and wuj, = 0. Using
v < 1 (Lemma@) ¢ > 0. To show >°.7 ) B < o0 as., we
use and we need to verify that Y- o vk max||Z (k) —
; (k )|| < 0o as. for 4, j € {ix, ji}-

Using (12), (), @), projection’s non-expansive property
and (3), it yields

. , 1 . .
175 (k+1) =27 (k+ DI < 51175 (k) =2 (k) [+ @k maxC. (79)

To obtain the inequality, we use #/(k + 1) = &l(k) =

M for i,j € {ix,jx }- Take expected value of (79)
and multiply its LHS and RHS by aj41 max and ag max,
respectively (SInCe Qg1 max < Ok, max)-

et manE [ |24k + 1) = 2 (k + 1) My ] <

~3 ~q Ok max || ~4
s |FF) = 7 (0] = 222 (k) — 5 (8)]| + 0F e C.

ak max

(80)

where we split Into o, max and 7% Applying
Lemmafor Vi = oy max||5c§(k) — 2 (k)|ur, = 0, B =
03 max - G = 25522 |1 (k) — & (k)||, and using also (T3)
and () it follows that

> .
> WemaIZi (k)
k=0

— & (k)| <oo as. (81)

Proof of Part 7). The proof has similar steps as in the
proof of Part ¢ and it is ommited due to space limitation. H



Proof of Lemma [§] By (I8), (22) and (24) we obtain,
> E[l2(k) — 2 ()| M|
k=0

= S E[IW(k)a(k) - Hz(h)]2|Mu]
k=0

= Y B[IW ka(k) — W (k) H=(k) | M
k=0

(82)

< S E[IWE) 21K - Z(8)|2| M),
k=0

where the second equality holds by (Z4). The proof follows
from Theorem [I] part i¢ and the doubly stochastic property
of W (k) (Remark [7) which results ||W (k)| = 1. [ |

Proof of Lemma([g} Similar to the method used in (68), we
can derive the following for W.

_ 1 1
W:E[W(k)]:lm—ﬁz;w

Y Y (B - E)(E - B

JENE (i) Leind(i,5)

(83)

It is straightforward to show that (83) is doubly stochastic
with the maximum eigenvalue of 1. Note that the multiplicity
of A = 1 may be more than one. We find ~ by solving the
characteristic equation associated with E[Q (k)T Q(k)]. From
the definition of Q(k) (Lemma [6) and Lemma [3] we obtain,

EIQk)TQ(k)] = E[W (k)T W (k)] — HH = W — HA.
We solve the following characteristic equation for A to find

~ which is equal to Apax (E[Q(k)TQ(K)]).

det((l Ny — HH+W — I) —0.  (84)

By the generalized Sylvester’s determinant theorem, for any
Y and any invertible X,

det(X +Y) = det(X)det(I + X Y. (85)

Let X := (1—A)I,, — HH and Y := W — I,,,. Therefore,
using (84) and (B3), we arrive at the following two equations:
det((1 — \)I,, - HH) = 0, (86)
det(Ln = (1= NI = HH) ™ (I, = W) ) = 87)
We will solve (86), after we derive conditions for X to
be invertible and find X~!. Let A, U, B and V be m x m,

m x N, N x N and N X m matrices, respectively. Let also
B be invertible. By the Woodbury matrix identity we have,

(A+UBV) '=A"' - A7 U(BT'+VATU) "' VASY)

where A and B~ + VA~'U are nonsingular matrices. Let
A:=(1-MNI,, U :=H, B:=diag(—1./m) and V :=
HT. Thus, X = A+ UBV. Using @), we find X! and
conditions under which X ! exists.

X1 = ((1 N — HFI>_1

- ((1 — N+ Hdiag(fl./m)HT) B

1 1 HTH
_ I, — H(d' -
T tm oy T (diag(-m) + =3
It is straightforward to verify that the nonsingularity condi-
tions for A and B~!' + VA~'U are A # 1 and X\ # 0. Note
that HT H = diag(m) (60). For A # 0,1 we obtain,

1 1 _ A Lo
T )\Im - 2H(dlag(m)(ﬁ)) H
1 1 1

1— X
S G VE S Ve (Y (AIm_HPI)'

Recall (86), for A, A # 0, 1. Note that by Lemma [3] all
the solutions of (86) are either O or 1. Thus, there is no A
satisfying (86). Let’s simplify (87) and solve it for A # 0, 1.

)71HT.

Xt=

TS

det(Im (1= Ny — HE) (I — W)) —0& (89

_ 1 _
T T =) + mHH(Im

In the following we show that ﬁHH(Im — W) =0y.
Using (83) and (20), for every i € V, j € N¢(i) and | €

ind(4, j) we have,
1 _ _ 1 _ 1
HHY ——
eV degg, (1)

det([m - - W)) ~0.

i I = W) = 553 a N
S>> (B -E)(E -E)T

JENE (i) Leind(i,5)
1

. 1
= SNAG =N Hdiag(1./m) ZGZV 7dech )

> oy [z

JENc (i) l€ind(d,j) - i=1 TeV

(Ej — E})(E} — E))" = 0x.

The last equality holds because Zf\;l E;T(E;) =
SN ET(E)) = 1 for every i € V, j € Ne(i) and
l € ind(%, 7). Then for A # 0,1, using the definition of W,

(89) becomes,
1 - -
det(Im—m(Im —W)) - O@det(AIm - W) — 0. (90)
Note that + is contained in the solution set of (90) because
7 < 1 by Lemma [6| Thus, we can conclude that v =
maxy£1 A(W) := A (W). |
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