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Theory and Applications of Matrix-Weighted

Consensus

Minh Hoang Trinh' and Hyo-Sung Ahn'

Abstract

This paper proposes the matrix-weighted consensus algorithm, which is a generalization of the consensus
algorithm in the literature. Given a networked dynamical system where the interconnections between agents are
weighted by nonnegative definite matrices instead of nonnegative scalars, consensus and clustering phenomena
naturally exist. We examine algebraic and algebraic graph conditions for achieving a consensus, and provide
an algorithm for finding all clusters of a given system. Finally, we illustrate two applications of the proposed

consensus algorithm in cluster consensus and in bearing-based formation control.

Index Terms
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I. INTRODUCTION

Consensus algorithm has been extensively studied in the literature as a main tool for solving the cooperative
control problems in multiagent systems [1]—[3]]. In fact, consensus algorithm and its modifications are found in
broad applications, for examples, in control of unmanned vehicle formations [4]-[7], network synchronization
[81, [9, modeling social networks [10], [[11], and coordination of power distribution systems and automated
traffic networks [12], [[13]].

Given a system of n single-integrator agents whose interconnections between agents are characterized by an

weighted undirected graph G, the consensus algorithm [[1] is defined asﬂ

n

Xi:Zaij(Xj—Xi),Vizl,...,n, (1)

j=1
where x;, x; € R? are the state vectors of agents i and j, and ai; is a positive scalar (or zero) if ¢ and j are
connected (or disconnected, respectively). It is well-known that under the consensus protocol (I)), an average

consensus is globally achieved if and only if G is connected [1].
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"Formal definitions will be provided in the next section.
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This paper generalizes the consensus algorithm by using matrix weight A;; instead of the scalar weight
ai; to describe the interconnection between two agents 7 and j. Here, a matrix weight could be a positive
definite matrix (strong connection), a positive semidefinite matrix (weak connection), or a zero matrix (no direct
connection). Thus, the matrix-weight consensus covers a larger set of problems in multi-agent systems.

In the literature, matrix weights arise in many problems to describe the interconnections between agents. For
example, the author of [[14]] used matrix weights to describe interconnections between coupled linear oscillators
and provided conditions to synchronize these networks in some situations. The concept of deviated cyclic
pursuit introduced in [[15]], and orientation estimation in [16], [[17] can be considered as consensus protocols
with rotation matrix weights. Also, the bearing-based formation control setup in [18]] can be formulated as a
special case of the matrix-weighted consensus protocol proposed in this paper. In the context of social networks,
suppose that a group of people are discussing multiple topics, matrix weights were used to describe the logical
inter-dependency of the topics [19], [20]]. However, the works [[19], [20] only considered a discrete-time model
in which the matrix weights are the same for all edges.

In this paper, we study the matrix-weight consensus algorithm with undirected graphs. We firstly define
several terminologies (for e.g., positive/semipositive connections, positive tree, matrix-weighted Laplacian, etc),
and prove some basic algebraic properties of the matrix-weighted graph. Secondly, we propose the matrix-
weight consensus protocol and provide a necessary and sufficient condition for globally exponentially reaching
an average consensus based on the nullspace of the matrix-weighted Laplacian. Next, due to the existence
of semidefinite matrix weights, clustered consensus happens naturally even when the graph is connected. We
examine the algebraic graph theory of consensus and clustering phenomena. Further, an algorithm to determine
all clusters in the network is provided. The algorithm initially partitions the graph into a set of clusters associated
with the positive trees in the graph. If two clusters satisfy several algebraic conditions on their connections,
they will be merged together at each iteration of the algorithm. The algorithm gradually reduces the number
of clusters in the graph, and it ends when no two clusters can be further merged together. If there is a cluster
containing all vertices in the graph, under matrix-weighted consensus protocol, a consensus is globally achieved.
Otherwise, we know the exact number of clusters in the system under the matrix-weight consensus protocol.
Finally, two examples are given to illustrate applications of the proposed matrix-weight consensus algorithm.
The first example demonstrates how clustered consensus can be used to gather a group of agents into several
clusters. The second example is taken from the bearing-based formation control in the literature [[18]], [21]].

The rest of this paper is organized as follows. Section [lI] defines basic terminologies and introduces the
matrix-weighted consensus algorithm. The algebraic condition for globally reaching a consensus in undirected
networks is presented in Section [lII} Section [I'V|further studies the consensus and clustered consensus phenomena
under the matrix-weighted consensus algorithm. Section [V] provides two applications of the proposed algorithm.

Finally, Section [VI| summarizes the paper and discusses several further research directions.



TECHNICAL REPORT 3

A. Notations

In this paper, R? denotes the Euclidean d-dimensional space. Vectors and matrices are denoted by bold-font
letters, while sets are denoted by calligraphic characters. Note 1,, € R™ denotes the vector of all entries 1s, I

denotes the identity matrix in of dimension d X d, and ® denotes the Kronecker product.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Matrix-Weighted Graphs

This subsection sets a framework for introducing the matrix-weighted consensus protocol and the main analysis
of this paper. Most of definitions are analogous to the definitions of algebraic graph theory [22].

A fixed undirected graph with matrix weights is denoted by G. The graph G is characterized by a triple
(V,E,A). Here, V = {1,...,n} denotes the set of |V| = n vertices, £ = {e;; = (¢,7)| i,j € V, and i # j}
denotes the set of |€] = m edges, and A = {A;; € R (i,5) € £, A;; = A;fg > 0} denotes the set of matrix
weights, one for each edge in £ The dimension d (d > 1) of the matrix weights in .4 depends on the problem.
Clearly, if d = 1, the graph G becomes an usual undirected scalar-weighted graph.

Depending on the matrix weights, the interconnection between vertices in G are classified into two types. If
the matrix weight A;; corresponding to edge (7, j) € £ is positive definite, we say that (4, j) is a positive definite
edge and 7 and j are connected via a positive definite connection. If the weight matrix A;; corresponding to
an edge (i,j) € £ is positive semidefinite, we say that (i,7) is a semi-positive definite edge and ¢ and j are
connected via a positive definite connection. Apparently, if 7 and j are disconnected, A;; = 0. We also assume
that the interconnections between any two vertices are symmetric, i.e., A;; = Aj;, V(i,j5) € €.

A path is a sequence of vertices in G, denoted by P = 4145 . . .4, such that ig # i;, Vig,4; € P, and each edge
(ikyiky1), k=1,...,1—1, is a positive definite or a positive semidefinite connection. The graph G is positive
semiconnected if and only if there exists a path between any two vertices in G. Otherwise, G is disconnected.

In this paper, we mostly focus on positively semiconnected graphs. Graphs with disconnected components

can be studied similarly. Assuming that G is positive semi-connected, we have the following definitions.

Definition 1 (Positive path). A positive path is a sequence of vertices in G, denoted by P = i1iy...1;, such

that iy, # iy, Yig,i; € P, and each edge (ix,ix+1), k =1,..., | — 1, is a positive definite edge.

A tree is an undirected graph containing at least one vertex in which any two vertices are connected by

exactly one path. We have the following definition.

Definition 2 (Positive tree). A positive tree T is a tree contained in V having all positive connections.

*From the definition, (4,7) and (4,4) denote the same connection between two vertices ¢ and j.
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Equivalently, for all ¢, j € T, there exists a positive path in 7 connecting 7 and j.

Definition 3 (Positive spanning tree). A positive spanning tree T of G is a positive tree containing all vertices

in V.

Note that a tree of k vertices (k > 1) contains exactly k& — 1 edges. Thus, a positive spanning tree of G
contains exactly n — 1 positive connections. An example of positive spanning tree is depicted in Figure
Next, we define several algebraic structures corresponding to the matrix weighted graph G. The matrix-weighted

adjacency matrix of G is defined as follows:

[0 A - Aln_
A 0 - A,

A= |77 T e pnan, 2)
_Anl An2 e 0 i

Since G is undirected and A;; = Aj;, it is easy to see that A is symmetric. For each vertex 4, the neighbor set
of vertex i is defined as NV; = {j € V| (i, j) € £}. Let the matrix D; =3, \, A;; be the degree matrix of the
vertex i. Further, we define D = blkdiag(D;), the block diagonal matrix of all vertices, as the degree matrix

of the graph G. The matrix-weighted Laplacian is defined as follows:

> AL —Ap - Ay,
jENl
—Ao YooAg - —Ay,
L=D-A= FjENS e Rdnxdn'
_Anl _An2 e Z Anj
L JEN, J

Consider an arbitrary index of the edges of G. We can write the edge set and the matrix-weight set as £ =
{ex,, tk=1,.,m and A = {A}, }r=1,. m. correspondingly. From now on, if it is not important to specify the
end-vertices explicitly, we will dropout the subscript 7j and write e, and A without ambiguity.

Let H = [h;;] € R™*™ denote the incidence matrix corresponding to an arbitrary orientation of the edges in

E. The entries of H are given as follows:

1 if vertex ¢ is the tail of ey,
hii = —1  if vertex 7 is the head of e,
0 otherwise.

An edge ey, is called adjacent to a vertex ¢ if and only if ¢ is a head or a tail of eg, and this adjacency relationship

is denoted by ey ~ 1.

Lemma 1. The matrix-weighted Laplacian can be written in the following form:

L = H blkdiag(Ay)H, (3)
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- semi-positive or T
positive definite edge

- positive definite edge g

Fig. 1: T is a positive spanning tree of G. The edges in £(7T) are in red color.

where H = (H® 1), and ® denotes the Kronecker product.
Proof: Considering the ij-th d x d block matrix of H” blkdiag(Ay,,)H, we have
m
[H”blkdiag(A)H];; = (i-th block column of H)”blkdiag(Ay)-(j-th block column of ) = > "[H|{; Ax[H]y;.
k=1

There are three cases:

o If i = j, since [H]g; = hi; @ Laxa = hiilaxa,
(A diag(Ap)H]i; = > [HILAWH =) (hiilaxa) Ax(hrilaxa) = > (hei)?Ap = Y Ap= Y Ay,
k=1 k=1 k=1 klex~i JEN;
o If i £ j and no edge exists between ¢ and j,
[FITdiag(Ak)f{]ij = Z[ szk Z hkzzhk] Ak =
k=1 k=1
o Ifi# j and (i,5) € £(9),
[Hleag Ak Z kZA—k Z hklhk] Ak — (hklhk]) = _Ak”
k=1 k=1
|
Corollary 1. For any vector v = [vi,... vI]T € R,
VTLV = Z (Vi — Vj)TAZ'j (Vz‘ — Vj).
(i,9)€€
Proof: We can write
x”Lx = x" H blkdiag(Ay,, )Hx = (Hx) blkdiag(Ay,,) (Hx). 4)

The result follows immediately by observing that the k-th block matrix of Hx corresponds to the edge e =

(i,7) € € and is (x; — x;). [
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B. Matrix-Weighted Consensus Protocols

Consider a networked dynamic system consisting of n agents. Each agent ¢ in the system has a state vector
x; = [Ti1y .- -, xid]T € RY, where d > 1. The overall system’s states are described by a stacked column vector
x=[xT,...,xI]T e R,

The matrix-weighted undirected graph G = (V(G),£(G), A(G)) describes the interconnection between the
agents in the system. Assume that G is positive semi-connected. An edge e;; € & exists if and only if agent ¢
and agent j can sense their relative state information in at least one state variable.

In this paper, we consider the agents with single-integrator model. Each agents in the system updates its states

under the following protocol:

ki: ZAZ‘j(Xj—Xi),Vizl,...,TL, (5)
JEN;

where x; € R? is the state and the right-hand side of is the control input of agent ¢, ¢ = 1,...,n at time
instance t > 0. Using the matrix-weighted Laplacian, we can express the dynamics of n agents in the following

matrix form:

x = —Lx. (6)
We have the following definitions.

Definition 4 (Consensus). The n-agent system is said to achieve a consensus if and only if x; = x;, for all
i,j €V, i #7].

Define R = Range{1, ® I;} as the consensus space. A consensus of the n-agent system is globally/locally
asymptotically achieved if and only if x(¢) globally/locally asymptotically approaches R. Although consensus
is important objective, in some applications, the agents’ states are desired to converge to some different values.
Under the consensus protocol (3)), clustering behaviors appear naturally. This phenomenon is due to the existence
of some positive semidefinite edges in the graph. A partition of V(G) is given by Cy,...,C;, (1 <1 < n)
satisfying two properties: (i) C; (\C; = 0, for i # j, and (ii) Ufrg:1 Cr. = V(G). We have the following definition.

Definition 5 (Cluster Consensus). The n-agent system is said to achieve a clustered consensus if there exists a
partition Cy, ...,Cy, such that all agents belonging to the same partition achieve consensus, while for any two

agents i and j belonging to two different partitions, X; # X;j. Each C;, i = 1,...,1, is referred to as a cluster.

III. ALGEBRAIC CONDITION FOR REACHING A CONSENSUS

This section aims to find an algebraic condition of the matrix-weighted Laplacian for reaching consensus.

We firstly state several properties of the matrix-weighted Laplacian and the dynamical system (6).
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Lemma 2 (Nullspace of the matrix-weighted Laplacian). The matrix-weighted Laplacian L is symmetric, positive

semidefinite, and N'(L) = span{1, @ L, {v = [v{,...,vI]T € RI™|(v; — v;) € N(A;;),V(i, ) € E}}.

r'n
Proof: The symmetric property of L follows immediately from its definition. From (3), we can write

L = A blkdiag(A,)H = A7 blkdiag(A}/?) blkdiag(A L/ *)H = M™M, (7)

where M = blkdiag(A,lc/ 2)1_{. Equation (7) shows that L is positive semidefinite. Moreover, we have N (L) =

N(MTM) = N(M). As a result, N(L) = N(M) 2 N(H) = span{1,, ® I;}. Consider v = [v],... ,vI]T

n

A

span {1,, ® I} such that Lv = 0. It follows v/ Lv = 0. Thus, from Corollary |1, we have
Z (Vi - Vj)TAZ'j (Vz‘ - Vj) = 0. (8)
(i.j)e€
Since A;; is symmetric and positive semidefinite, () implies that (v; — v;) € N'(Ay;), for all (¢, j) € €. This

concludes the proof. ]

Remark 1. Based on Lemma 2} it follows that dim(N'(L)) > dim(R). Thus, the matrix weighted Laplacian L
has at least d zero eigenvalues. Let {\;}i—1 . an be the eigenspectra of L; then we have 0 = \; = ... = \g <

A1 <o < A

| n e .
Lemma 3. Under the consensus protocol (3)), the average X = - > | X; is invariant.

Proof: The average state can be written as X = %(15 ®1I,)x. Taking the derivative of x along the trajectory
of (6) yields
. 1 T . 1 T
X = E(ln ®I)%x = —E(ln ® I;)Lx. )

Since L is symmetric, if v € N'(L), then v’ belongs to the right nullspace of L. As a result, (17 ® I;)L =0
and it follows x = 0, i.e. the system’s average is invariant. |

The following theorem characterizes the dynamical behavior of the consensus protocol (6)).

Theorem 1 (Stability). Assume that G is positive semi-connected. Then any trajectory of (6) asymptotically

approaches the invariant set N'(L).

Proof: Consider the potential function V' = %||x||?, which is positive definite, radially unbounded, and
continuously differentiable. The derivative of V' along the trajectory of (6)) is given by
V=—x"Lx=— Z (xi — x;) T Ay(x; — x;) <0.
(4,5)€€(9)
It follows that ||x|| < ||x(0)]|, or i.e., x(t) is bounded. Further, V is negative semidefinite and V' = 0 if and
only if x € AV/(L). Based on LaSalle’s invariance principle, any trajectory of (6) asymptotically approaches the

invariant set V(L) as described in Lemma [ |
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Lemma 4. If V(L) = span{1,, ® I}, the system () has a unique equilibrium point x* =1, ® X.

Proof: We prove that 1,, ® X is the unique equilibrium of (6) if N (L) = span{1, ® I;} by contradiction.
Let {e;};—1..a be a basis of R%, where e; = [0,...,1,...,0]7 is a vector with all zero entries except for an 1

on the ith row. Suppose that there exists x’ € span{1,, ® I;} such that x’ # x*. Since x" € span{1,, ® I}, we

write .
x' = Zj;(ln @ ei) =1,® X' = (1n & Id)i,7
i=1
where X' = [z}, ...,z}]T. It follows from Lemma [3| that

% = %(1;{ 2 I)x = %(12 9 1)(1, © L)X = %(15% QIR = %(n QIR = %.
Thus, x' = 1, ® X = x*, which is a contradiction. This contradiction implies that x* = 1,, ® X is the unique
equilibrium of (). [

The following theorem gives a necessary and sufficient condition for () to globally achieve an average

consensus.

Theorem 2 (Average Consensus). The system (0) globally exponentially converges to the system’s average

x* =1, ® X if and only if N (L) = span{1,, @ 1;}.

Proof: (Necessity). We prove by contradiction. Assume that (6)) globally asymptotically converges to x* =

1, ® % but N'(L) # R. From Lemma [2} there exists x' € R% such that Lx’ = 0 and x’ ¢ R. Thus, x = x/

is also an equilibrium point of (6), and any trajectory with x(0) = x’ stays at x’ for all ¢ > 0. Thus, x* is not
globally asymptotically stable, which contradicts the assumption.

(Sufficiency). Suppose that N (L) = R. Following the proof of Theorem [I} any trajectory of (6) converges to

N(L) = {1, ® I4}. It follows from Lemma [4] that x* = 1, ®x € N(L) is the unique equilibrium point of (6).

Consider the potential function V' = %JT(S, where § = x —1,, ® X is the disagreement vector. Then, V is

positive definite, radially unbounded, and continuously differentiable. The derivative of V' along the trajectory
of (6) is

V=6T6=-6"Lx=—-6"Lé <0, (10)
where in the third equality, we have used the fact that Ld = Lx — L(1,, ® x) = Lx — L(1,, ® I;)x = Lx.

Moreover, § 1 R since (1, ® I;)7d = (1, ® Iy)Tx — (111,, ® I;)X = nX — nx = 0. Therefore, we can

write
V=-06"Lé < —X\g41(L)676 < —aV <0, (11)

where o = 2)\g;1 (L) > 0. Further, V = 0 if and only if § = 0, or x = x* = 1,, ® X. Therefore, the equilibrium

x* is globally exponentially stable, i.e. (6) globally exponentially achieves an average consensus. [ ]
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Remark 2. Equation (L1)) shows that \g41, the smallest positive eigenvalue of L, determines the convergence
rate of the matrix-weighted consensus protocol (6). Thus, \gi1 is a performance index of the network, and this

index is analogous to the algebraic connectivity of G in the usual consensus algorithm [2|], [23]].

In the usual consensus algorithm, the average consensus is asymptotically achieved if and only if the graph
is connected and the weights are positive scalars [1], [2]. Thus, we expect (6) to reach a consensus when all

matrix weights are positive definite.

Corollary 2. Under the consensus protocol @), if A;; > 0 for all (i,7) € E, all agents globally exponentially

achieve a consensus.

Proof: Since Ay, k =1,...,m, are positive definite from the assumption, it follows that V'(L) = N (M) =
N (diag(A,lc/ 2)ﬁ) = N(H) = {1, ® I;}. Thus, it follows from Theorem [2| that (6) globally exponentially

achieves a consensus. u

IV. ALGEBRAIC GRAPH THEORY OF CONSENSUS AND CLUSTERED CONSENSUS PHENOMENA

In the previous section, Theorem |2 provides an algebraic condition for reaching a consensus. However, that
condition requires finding the nullspace of L. Corollary [2| gives a sufficient condition for achieving consensus.
The condition is a quite clear and straightforward. However, since the condition is only sufficient, it might be
conservative. In this section, we aim to find some conditions for consensus and clustered consensus related with

the matrix-weighted graph G.

Lemma 5. If there exists a positive spanning tree in G, then an average consensus is globally exponentially

achieved.

Proof: Suppose G has a spanning tree 7 having all edges with positive definite matrix weights. We can

label the edges of G such that the n — 1 edges in T are ey, e, ...,e,—1 and the remaining m —n + 1 edges in
£ are ey, €n41,- .-, €n. The incidence matrix corresponding to this labeling can be written as
H
H=— &(T) ’
Heve(m)

where Hg () € R(M™~Dxn represents n — 1 edges of 7 and Hee( € R(m—n+1)Xn represents the remaining
edges in the graph. Note that the rows of Hg\ ¢(7) are linearly dependent on the rows of Hg () [24]. Specifically,

there exists a matrix T € R(m—+1)xm guch that:

THg ) = Heve(7),
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where T = Hg\g(1) H?(T) (Hg(T)Hg(T))_l. Thus, we can rewrite the incidence matrix as

H | P
H= | 0= |7 He i, (12)
THeg(r) T
Any equilibrium point of (6)) must satisfy
% = —HT blkdiag(A;)Hx = 0. (13)

It follows that x” H7 blkdiag(A;)Hx = 0, or ||blkdiag(A,/*)Hx|/> = [|[Mx]|2 = 0. Denoting T = T ® I, this
equation is equivalent to
blkdiag(A /%)~ 1 x
Mx = & 1’“2 JimiHerx | o (14)
blkdiag(A}/ )y, THe)x

k=n
Observe that blkdiag(A,i/Q)I:Ig(T)x = 0 is equivalent to I:Ig(T)X =0 since Ag, k=1,...,n— 1, are positive
definite (the corresponding edges are in the positive spanning tree). Further, since Hg () is the incidence matrix
corresponding to a tree, we have N (Hg(1)) = span{1,}, which means N'(Hg(7)) = span{1, ® I;} = R.
It follows from Lemma [] that the equilibrium is unique and is x* = 1,, ® X. Also, it is easy to check that
blkdiag(A/*)m, THg)x* = 0.
Finally, the stability of x = x* follows from Theorem ]

Lemma 6. Suppose there exists a positive tree T C G of | vertices. Under the consensus protocol |5 x;(t) —

x;(t), Vi,j €T, as t = oc.

Proof: Let the state vector be indexed as x = [X%F—,X%C\V(T)}T. We express the incidence matrix in the

following form

V(T) V(G \W(T)

E(T) H, O
EW(TH\E(T) H, 0 =H,
E\EV(T)) H; H,

where [H; 0] € RU-DX" associates with the [ edges belonging to the tree 7, [Hy 0] associates with the
r — 1+ 1 edges between vertices in V(7)) which do not belong to the tree, and [H3 Hy] associates with the
remaining edges in £. Similarly to the proof of Lemma [5] H is linearly dependent on H; and this dependency

is characterized by Hy = TH;. Therefore, the equilibrium set of (6) must satisfy

blkdiag(A}/*)-— ! H xr
Mx = blkdiag(A,/%);_, TH;x7 = 0. (15)
blkdiag(A,/*)™, . | (Haxr + Hixyp(r)

Since T is a positive tree, blkdiag(A,lﬁ/ 2)2_:11 is positive definite. It follows Hyx = 0. Further, since Hj is

the incidence matrix associated with a tree, N'(H;) = {1; ® I;}. Hence, any equilibrium x* of (6) must have
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xr-eN (Hy), i.e., all equilibrium states of | agents belonging to the positive tree 7 are the same. Based on
Theorem [I] the agents in 7 asymptotically reach a consensus. [ ]

The following result provides a condition to determine whether or not two vertices belong to a same cluster.

Theorem 3. Given a positive tree T, let the cluster C(T ) generated from T be containing:
i. all vertices in T,
ii. any vertex i ¢ T, which defines the set S; = {P, = {v}.. .vﬁ)k‘va = i, U|k7>k| € T, andVj =
1., |Pel — 1, U;-“ ¢ T}, satisfying the following conditions:
a. for each path Py, denoting N (Py) = U‘]Zkrl/\/‘(Avaﬁl), it holds

aim(() N (P) =0 (16)

b. each path Py € S; has no loop, i.e. v; % vV, YU, Uy € Pg

Then, under the consensus protocol (), all agents in the cluster C(T) have the same equilibrium state.

Furthermore, in algorithmic perspective, the set S; is finite.

Proof: First, all vertices in 7 converge to a same value due to Lemma [6] Denote that the common value
by x7-.
Next, consider a vertex ¢ ¢ 7 satisfying the condition (ii). Now, we consider the condition (ii.a). Let x] be

the equilibrium state of agent i. Then, from the definition of A/(Py), we can write
X; — X:;— e N(Pr), VPreS,. (17

It follows from (16) that the only solution for |S;| equations is X7 —x% = 0, or x; = x’. Thus, the cluster
C(T) reaches a consensus. But, in the above condition (ii.a), there could be infinitely many paths from i to 7
if there are loops. The condition (ii.b) ensures that the number of paths from ¢ to 7 is finite. To show this,
suppose that P; and P, are two paths, and P, is obtained by adding loops to P;. Then, N (Py) C N(Ps). It
follows N (P1) NN (P2) = N(P1); thus it is not necessary to consider loops when checking the condition (T6),
which means that |S;| is finite.

Finally, consider a vertex ¢« which does not satisfy both (i) and (ii). Let S; be the set of paths from ¢ to 7
with dim(ﬂL‘ii ‘1 N (Py)) > 1. Then clearly there exists a nontrivial solution, i.e., x} — x% # 0. [

The following result follows immediately from Proposition

Corollary 3. Consider a positive tree T and a vertex i ¢ T. From i to j € T, if there exist at least two paths,
which include positive semi-definite weighting matrices, such that eq. (15) holds, then agent i can be added

into the cluster C(T).

Example 1. To illustrate Proposition |3| consider a four-agent system in R with the interaction graph as

depicted in Figure [2| The matrix-weight corresponding to each connections between the agents in the system
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| ey Y

2 3 3 N2 3 3

Fig. 2: Illustration of the four-agent system in Example

0 0O 1 00 1 00 1 00
are givenby A1o=10 1 0|,A13=10 0 0|,andAss= 1|0 0 0| and Ayu= |0 2 0]. Itis easy

0 01 000 0 01 0 0 1
to see that A4 is positive definite while other matrix weights are positive semidefinite. As a result, there is a

positive tree T in the graph containing vertex 1 and vertex 4. Moreover, we have N'(A12) = span{[1,0,0]7},
N(A13) = span{[0,1,0]7,[0,0,1]7}, and N(As3) = span{[0,1,0]7}.

There are two paths (without loop) from vertex 2 to vertex 1 (also to the tree T): Py = 21, and Py =
231. By definition, we have N(P1) = N(A12) = span{[1,0,0]T}, and N(P2) = N(A13) UN(A23) =
span{[0,1,0]7,[0,0,1]T}. It follows N'(P1) N (P2) = {0}, which further implies that agent 2 is in the same
cluster C(T) due to Proposition 3| (ii).

On the other hand, consider the vertex 3. There are two paths from vertex 3 to the cluster C = {1,2,4}:
P3 = 31 and Py = 32. Since N (P3) N (Ps) = N(Asg3) = span{[0,1,0]T}, the vertex 3 does not belong to

the cluster C. Trajectories of the states of three agents under consensus protocol (B) are depicted in Figure [3]

States trajectories in x-axis States trajectories in y-axis States trajectories in z-axis
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(a) The z-axis dynamics. (b) The y-axis dynamics. (c) The z-axis dynamics.

Fig. 3: Simulation: The states” dynamics of four agents under the consensus protocol (3).

Observe that x| = x5 = X # X3, as expected from the above discussion.

Based on Proposition 1, we can further develop the following Corollaries.



TECHNICAL REPORT 13

Corollary 4. Suppose a vertex i connects to a positive tree T C G via the edge set S; = {(i,7), j € NinV(T)}.
If Z(i, j)es A;j is positive definite, then under the consensus protocol (3)), the equilibrium state of agent i is the

same with the equilibrium state of all agents in T.

Proof: From Lemma [6] we know that at equilibrium, all the states of all agents in the positive tree 7 are
the same. Let x7- denote this value. Also, let x; denote the equilibrium value of agent 4. For each semi-positive

connection between (7,j) € S (see Fig. {4 for an illustration), from Lemma [2, we have
Aij(x; —x7) =0, V(i,j) €S.
By adding the above equations, we can have
S A | (x—xp) =0. (18)
=
Since }(; jyes Aij is positive definite, i.e. dim((;cs N (A4;)) = 0, equation (I8) is satisfied if and only if

* ok
X; = X7 |

Corollary 5. Suppose two positive trees T1, T2 in G are connected via the edge set S; = {(i,7)|i € T1,7 € T2}
If Z(i, jes A,; is positive definite, then under the consensus protocol (3)), the equilibrium states of all agents

in 71 and T3 are the same.

Proof: Based on Lemma [6] under (§), the equilibrium states of each agents belonging to the same positive
tree are the same. Let x7- and x7. be the equilibrium states corresponding to each positive trees 71 and 72.

For each semi-positive connection between (i,5) € S (see Fig. |5 for an illustration), from Lemma 2| we have
Aij(Xf}-l — Xf;-z) =0, V(Z,]) eS.

Adding the above equations, and following the same procedure as the proof of Corollary ] the proof can be

completed. [ ]

- semi-positive connection
positive-connection

Fig. 4: The vertex ¢ connects to the positive tree 7 through two semi-positive connections.
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Figure [5]illustrates a scenario of Corollary [5] Two positive trees 77 and 75 are connected through three semi-
positive connections. If the summation of three matrices associated with these connections is positive definite,

the equilibrium states of agents in both trees are the same.

Lemma 7 (Partitioning a graph into positive trees). Given a graph G, consider a set of positive trees {T1,...,Tp}
(1 <p<n), where
@) V(Tw) NV(T) = 0, Upzy V(Ti) = V(9),
(ii) For each T, (1 <k <p), i,j € V(Tx) if and only if there exists a positive path from i to j.
Then, the partition of G defined by {V(T1),...,V(Tp)} is unique.

Proof: The following process gives a constructive way to find the partition:

We first select vertex 1. The tree 77 contains vertex 1 and all vertices that have a positive path to vertex 1
is unique. We then cross out all vertices in 7. The remaining vertices in V(G) \ V(71) do not have a positive
path to any vertices in V(77). Note 7; contains at least one vertex (vertex 1). Thus, [V(G) \ V(T1)| < |[V(G)].

Next, we choose the vertex in V(G) \ V(7;1) with the smallest indexing. Similar to Step 1, we find the positive
tree 7o associated with this vertex, and then cross out all vertices in 75 from the current vertex set. The remaining
vertices are V(G) \ (V(71) UV(Tz2)), which has less vertices than V(G) \ V(T1).

We continue these processes, until there is no leftover vertex after crossing out all vertices from the last
positive tree, say 7,. At this point, we obtain a set of positive trees {71,...,7,} (1 < p < n). Obviously, this
set satisfies both conditions (i) and (ii).

Because in each step, the vertex and the corresponding positive tree are unique, the partition {V(71),...,V(7,)}
is unique. [ ]

Let C(7,,) be the cluster generated from the positive tree 7,,. If there exists a vertex i € C(7,,) satisfying
the condition (ii) in Proposition [3[ with a cluster C(7;), we can form a new cluster C(7,,) U C(7;) by merging
C(Tm) and C(T;) together. By this way, we can extend the positive trees in the graph. All vertices in the new

cluster will reach a consensus under (3)). To check whether two clusters C(7,,) and C(7;) can be merged or not,

— semi-positive connection
—— positive-connection

Fig. 5: Two positive trees 77 and 72 are connected through three semi-positive connections.



TECHNICAL REPORT 15

it is sufficient to check condition (ii) in Proposition [3| for only one vertex ¢ € C(7,,) with regard to C(7;). This
property comes from the fact that is invariant for all vertices belonging to a same cluster.

Algorithm [T] proposes a solution for finding all clusters in the graph by iteratively checking condition (ii) in
Proposition [3| and merging clusters together. The algorithm terminates after some finite steps and the output is
a set of clusters Cg = {Cy,...,C4} (1 < ¢ < p) satisfying

« CnNC =0, Ui Cm = V(3),

e For 1 <m #1<q, Cp and C; cannot be merged together, or i.e. i € C,, satisfying the condition (ii) in

Proposition [3] with C;.

We can now state the main result of this section.

Theorem 4. Under the consensus protocol (6), the average consensus is achieved if and only if G is spanned

by a cluster.

Proof: If G is spanned by a cluster, it follows from Proposition [3] that the equilibrium state of all agents in
the graph are the same, i.e., x* is the only equilibrium point of (6). Thus, the consensus is achieved globally
exponentially based on Lemma [I| On the other hand, if there is no cluster spanning G, it follows that the agents

belonging to two different clusters of G may not agree. Thus, a consensus cannot be globally achieved. [ |

Remark 3. Obviously, if the graph G has some disconnected components, under consensus protocol [B)), the dy-
namics of each disconnected component do not influence the others. Suppose G is positive semiconnected and has
p clusters after Algorithm 1 terminates. Define S;j := {Py| the starting (end) vertex of Py, is in C; (resp., Cj)},

the end states of each cluster satisfy:

q
> [Cilxg, = nx, (19)
=1
|Si;]
xg, —x¢, € [ | N(Pw). (20)
k=1

The solutions of equations (19)-(20) depend on matrix weights. Thus, we can design the matrix weights to

obtain the desired number of clusters.
The following result follows from Theorems [2] and [

Theorem 5. Given a matrix-weighted graph G, there is a cluster spanning all vertices of G if and only if

N(L) =R.

Before ending this section, we refer readers to Table [I, which gives a comparison between the usual consensus
algorithm and the matrix-weighted consensus algorithm proposed in this paper. Note that in Table [, we find

the computational cost as follow: Suppose an agent i has an average number of neighbor |N;|. Each matrix
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Algorithm 1 Finding clusters of a matrix-weighted graph G
Require: G(V, &, A)

1: 1+ 0;

2: Find the set of positive trees {71,...,7,} in G;
3: Cg(0) < {Cn = (V(Tm)},m =1,....p};

4: repeat

5: Cg(i+ 1)+ Cg(i);

6:  check <« false;

7. for all C,, € Cg(7) do

8: for all C; € Cg(i),l # m do

9: if 3i € C; satisfies Theorem [3[(ii) then
10 Viemp < V(Tm) UV(T));

11 Etemp — E(Tm)VE(T) US;

12: Ctemp <+ Cn UCy3

13 Co(i +1)  (Co(i + 1)\ {Cs C1}) U {Cremp
14: check <« true;

15: break;

16: end if

17: end for

18: if check == true then

19: break;

20: end if

21:  end for
22: 1+ 1+ 1;

23: until Cg(z) == Cg(i — 1)

multiplication A;;x; needs d? multiplications and d(d — 1) summations. Thus, in average, we needs O(n x d? x

INV;|) calculations for each update.

V. APPLICATIONS
A. Clustered consensus

This subsection presents an example of designing a clustered consensus network based on the matrix-weighted
consensus algorithm. Consider a system of nine autonomous agents in the plane. We would like to gather the

agents into three clusters and then rendezvous to the system’s average. Assume that the agents can sense the
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TABLE I: Comparison between the scalar-weighted consensus and the matrix-weighted consensus.

Property

Scalar-weighted consensus

Matrix-weighted consensus

Information flow

Fixed undirected connected

scalar-weighted graph: G = (V, £, A)

Fixed undirected semipositively connected

matrix-weighted graph: G = (V, €, A)

Edge’s weights

ai; > 0: (4, ) exists.

ai; = 0: (4, 7) does not exist.

A;; > 0: (4,7) is a positive definite edge.
A;; > 0: (4,7) is a positive semidefinite edge.

A;; = 0: (4,7) does not exist.

Graph Laplacian

L = H diag(ax)H
dim(N (L)) > 1

L = (HT ® Ly)blkdiag(A)(H ® 1)
dim(N(L)) > d

Consensus protocol Ti = jen, (T — i) Xi =3 ien, Aij(Xj — i)
x = —Lx x = —Lx
Consensus space span(1y) span(l, ® Ig)

Conditions for reaching

an average consensus

There is a tree spanning all vertices of G.

N (L) = span(1,).

There is a cluster spanning all vertices in G.

N (L) = span(1, ® 1,).

Cluster consensus

Happens if and only if G is not connected.

Happens if and only if G is not connected
or there does not exist a cluster spanning

all vertices of G.

Average computational cost

O(n x d x |Ni|)

O(n x d? x |N;)

17

relative position with regard to its neighbor and there is a common reference frame for all agents in the system.

The state of each agent is represented by a vector p;

written as

pi= Y Aypj—pi), Vi

1,...,9.

[z;,7:]7 € R?, and the consensus protocol is explicitly

In case 1, we would like to gather the agents into three clusters. For this, the matrix weights are chosen as fol-

2 0
lows: A9 = ,
0
1 05
Ay = , Aye =
05 1

13 =

JEN;
2 3 0 0
s Ay = , Ay =
3 5 0 1
0.9518 —0.2142 1
, Asg =
—0.2142 0.0482 0

0.75 0.433

0.75 —0.433
—0.433 0.25 0.433 0.25
0 3 2 2 0
, Arg = , and Agg =
0 2 3

0 2|

Observe that (1,4), (1,7), (4,7), and (5,6) are semi-positive connections while other connections are positive.
Thus, G has three clusters: C; = {1,2,3}, Co = {4,5,6}, C3 = {7, 8,9}. The equilibrium positions of three clus-
ters satisfy: S5 ICilpg, = S pi(0), P¢, —Pg, € N(Aw), p¢, —p¢, € N(A17), and pp, —pg, € N(Ayr).

In case 2, we want all agents to rendezvous at a point. To this end, we change the graph a little by adding a
00

1
This additional connection makes two clusters C; and Cs satisfy Corollary (i.e., (A17+Aqgg) is positive definite);

semipositive connection between vertices 2 and 8. The corresponding matrix weight is given by Agg =

thus they can be merged into a cluster, called Cy3. It is also due to Corollary E] that the clusters C;3 and Cy can
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semi-positive connection
positive-connection

Fig. 6: Two graphs used in simulations: graph (a) has three clusters, graph (b) has a spanning cluster.

Trajectories of the agents 20 States trajectories in x-axis States trajectories in y-axis

> x 5 > 5
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6 -4 2 0 2 4 6 8 0 50 100 150 200 250 0 50 100 150 200 250
X time [s] time [s]
(a) Trajectories of 9 agents. (b) The z-axis dynamics. (c) The y-axis dynamics.

Fig. 7: Case 1: The 9-agent system in Fig. |§| under the consensus protocol ().

be merged together (i.e. (A4 + Aj7) is positive definite). It follows that the graph has a spanning cluster C in
this case. Therefore, the agent will reach to an average consensus.

We simulate the nine-agent system under the consensus protocol (3)). Simulation results in case 1 are shown in
Figure[7] The state trajectories in - and y-axes are depicted in Figures[7b|and [7c] respectively. The corresponding
positions of nine agents are shown in Figures It can be seen that all agents belong to a cluster converge to
a same point in R2,

Simulation results in case 2 are shown in Figure [8] Figure [8a] depicts the nine agent trajectories after the

interaction graph is switched to Fig. [6] (b). All agents asymptotically reach to a point in the plane.
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1 Trajectories of the agents 4 States trajectories in x-axis States trajectories in y-axis
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(a) Trajectories of 9 agents. (b) The x-axis dynamics. (c) The y-axis dynamics.

Fig. 8: Case 2: All agents rendezvous to a point after the interaction graph switched to the graph in Fig. @ (ii).

B. The bearing-constrained formation control problem

The bearing-based formation control problem in [[18]] can be considered as a special application of the matrix-
weighted consensus problem. Here, the proposed formation control law for each agent is given by
pi=— > Pg (pi—py), (1)
JEN;
where p; € R? is the position of agent i. The control law is exactly the consensus protocol (5)) where the
matrix weights are chosen to be the projection matrices Pg: . Here, g7; is a unit bearing vector which has been
chosen to impose a constraint for the formation. Also, the projection matrix is defined as Pg: := Ijxa—g;; g;-"]T,

1

and thus it is symmetric, positive semidefinite. Moreover, the nullspace of Pg- is spanned by the bearing vector
g}, i.e., N(Pg;,) = span{gj;}.
By specifying a set of desired bearing vectors {g;"j}(i,j)eg to a desired formation p*, we can design the

nullspace of the bearing Laplacian matrix Lp(p*) € R¥*9" Note that the ijth block sub-matrix of Ly is

given by
[LB]ij:Ov i #5,(6,5) ¢ €,
[LB]ij :_Pg;‘jv Z?é]a (Z’]) 657
[Lsli; = > jen, Pers 1€V
Based on Theorem 1] the formation converges to the nullspace of Lz whichis span {R,{v = [v],...,vI]" ¢

R (v; — v;) = agj;), o € R,V(i,j) € £}. More detailed analysis and discussions on the bearing-based

formation control can be found in [18], [21]], [25]].

VI. CONCLUSION

In this paper, the matrix-weighted consensus algorithm was proposed. It was shown that the matrix-weighted

consensus algorithm exhibits both common and unique characteristics compared with the usual consensus
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algorithm in [1]]. More specifically, under the matrix-weighted consensus algorithm, connectedness of the
undirected graph is not enough to guarantee the system to globally achieve a consensus. In fact, due to the
existence of semipositive connections, the clustered consensus phenomena can easily happen in the network. It
was proved that a global consensus can be achieved if and only if the network is spanned by only one cluster.
Further, an algorithm for finding all clusters in the network was also provided. We illustrated two possible
applications of the matrix-weighted consensus protocol in clustered consensus and in bearing-based formation
control problem.

There are still several open problems on matrix-weighted consensus. An immediate problem is finding a
necessary and sufficient condition for achieving a consensus in directed networks. For this, matrix-weighted
consensus with leader-following graphs have been recently studied in [26[]. Examining the consensus algorithm
with communication delays, or time-varying matrix weights, or switching topologies along the works [27]], [28]],
can be several further research directions. Finally, the matrix-weighted consensus protocol can have applications

in cyber-physical systems and in modeling of social networks.
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