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Abstract

In many extremum-seeking control methods, perturbations are added to the parameter signals to estimate derivatives of the objective
function (that is, the steady-state parameter-to-performance map) in order to optimize the steady-state performance of the plant using
derivative-based algorithms. However, large perturbations are often undesirable or inapplicable due to practical constraints and a high
cost of operation. Yet, many extremum-seeking control algorithms rely solely on perturbations to estimate all required derivatives. The
corresponding derivative estimates, especially the Hessian and higher-order derivatives, may be qualitatively poor if the perturbations are
small. In this work, we investigate the use of the nominal parameter signals in addition to the perturbations to improve the accuracy of the
gradient estimate. In turn, a more accurate gradient estimate may result in a faster convergence and may allow for a higher tuning-gain
selection. In addition, we show that, if accurate curvature information of the objective function is available via estimation or a priori

knowledge, it may be used to further enhance the accuracy of the gradient estimate.
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1 Introduction

Extremum-seeking control is a collection of adaptive-control
methods that optimize the steady-state performance of a
plant in real time [1, 13, 19, 26]. By defining performance
(or performance cost) as the output of a cost function of
tunable plant parameters and measurable performance in-
dicators, often no explicit knowledge of the plant dynam-
ics is required. The steady-state relation between the pa-
rameters and the performance is commonly assumed to be
given by a static input-to-output map [14, 27], where the ex-
tremum of the map corresponds to the optimal steady-state
performance. We refer to this map as the objective function.
Many extremum-seeking control methods rely on extracting
derivative information of the objective function from the pa-
rameters and performance signals of the plant [19, 20]. Sub-
sequently, these derivatives are utilized by gradient-based
[14, 19, 27] or Newton-based [7, 16, 19] algorithms to steer
the plant parameters towards the extremum of the objective
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function, thereby optimizing the steady-state plant perfor-
mance. The majority of extremum-seeking control methods
utilize perturbations to ensure that the parameter signals are
sufficiently rich to estimate the derivatives of the objective
function. The derivative estimates are obtained by correlat-
ing the perturbations and the time signal of the plant perfor-
mance [2, 5, 14, 21, 27]. The nominal part of the parameter
signals is often ignored. The true values of the derivatives
are commonly not obtained, because the performance of the
plant is unequal to the steady-state performance due to plant
dynamics and measurement noise.

To keep the dynamic transients of the performance signal
small, the controller is generally chosen to be slower than
the dynamics of the plant [14, 17]. For a limited class of
plants, high-amplitude high-frequency perturbations can be
used to overpower the original plant dynamics, enforcing an
arbitrarily fast convergence upon the plant [4, 15, 23, 29].
However, contrary to these highly invasive methods, in prac-
tice, one often wishes to keep the disruption of nominal op-
eration to a minimum to keep operational costs low, the re-
sponse of the plant predictable, and state and output values
within predefined limits. This can be achieved by using small
perturbations. The use of small perturbations results in rel-
atively little perturbation-related content in the time signal
of the plant performance, which may lead to poor estimates
of the derivatives of the objective function, especially in the
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presence of measurement noise. This is particularly true for
the estimate of the Hessian and higher-order derivatives of
the objective function. Therefore, gradient-based algorithms
may be preferred over Newton-based ones in this case. Ad-
ditionally, the contribution of the nominal part of the pa-
rameter signals to the performance signal of the plant is rel-
atively large if the perturbations are small. With the help
of an observer, the nominal part of the parameter signals
may be included in the estimation process to increase the
accuracy of the derivative estimates [3, 6, 9, 22]. Although
not specifically identified as such, the effect of the nomi-
nal part of the parameter signals on the produced deriva-
tive estimates is investigated in [6, 8] by a comparison of
various extremum-seeking control methods. However, due
to the significant differences between the used methods, it
is unclear if the observed results are due to the use of the
nominal part of the parameter signals or due to any other
structural difference. Moreover, because extremum-seeking
control is highly dependent on tuning, the obtained perfor-
mance of any extremum-seeking method is for a large extent
determined by the tuning capabilities of the user.

In this work, we introduce an extremum-seeking controller
for which the contribution of the nominal part of the param-
eter signals to the gradient estimate can be isolated. There-
fore, the effect of incorporating the nominal parameters in
the estimation process can be investigated using a single
controller, which largely eliminates the challenges that af-
fect the comparisons in [6, 8]. In addition, we show that
curvature information of the objective function, if available,
may further enhance the accuracy of the gradient estimate.
The results in this work may be regarded as an extension of
the results in [10] in which the nominal parameters and cur-
vature information are not utilized for gradient estimation.

This work is organized as follows. After introducing the
extremum-seeking problem in Section 2, our controller is
presented in Section 3. A stability analysis of the closed-
loop optimization scheme is provided in Section 4. In Sec-
tion 5, we study, with the help of simulation examples, the
effects of incorporating in the gradient estimate the nominal
parameter signals and curvature information of the objec-
tive function. The conclusion of this work is presented in
Section 6. The sets of real numbers, positive real numbers
and nonnegative real numbers are denoted by R, R-o and
R0, respectively. The sets of natural numbers (nonnegative
integers) and positive integers are given by N and N-. The
Euclidean norm is denoted by || -||. We write the identity
matrix and zero matrix as I and 0, respectively.

2 Formulation of the extremum-seeking problem

Consider the following multi-input-single-output nonlinear

system:
X(r) =f(x(1),u(r)) 0
y(#) = h(x(t),u(t)) +d(1),
where x € R™ is the state, u € R™ is the input, y € R
is the output, d € R is a disturbance and ¢ € R>¢ is the

time. The dimensions of the state and the input are given
by nx,ny, € Ny, respectively. In the context of extremum-
seeking control, the system can be regarded as a cascade
of the plant and the cost function that quantifies the perfor-
mance of the plant (see [11] for example), where the input
u is a vector of tunable plant parameters and the output y
is the output of the cost function, which we call the per-
formance measurement. The output of the function 4 is the
output of the cost function in the absence of measurement
noise. The disturbance d represents the contribution of mea-
surement noise to the output of the cost function. The state
X, the disturbance d and the functions f and /& are unknown.
Therefore, the relation between the parameters and the per-
formance of the plant is unknown.

We make several assumptions with respect to the input-to-
output behavior of the system in order to optimize the steady-
state performance of the plant. First, we assume that, for each
constant vector of plant parameters u, there exists a constant
steady-state solution of the system denoted by x = X(u).

Assumption 1 There exists a twice continuously differen-
tiable map X : R™ — R™ and a constant Lx € R~ such
that

dxX
0=f(X(u),u), Hdu(u)H <Ix 2)
forallue .

In addition, we assume that the steady-state solution x =
X(u) is unique and exponentially stable for constant inputs.

Assumption 2 There exist constants [ix, Vx € R such that,
for each constant u € R™, the solutions of the system satisfy

IR()1| < plIR(r0) ™), 3)
withX(t) =x(t) —X(u), forallt >ty > 0 and all x(tp) € R"™.

The disturbance-free steady-state relation between constant
plant parameters and the plant performance can now be ex-
pressed by the static input-to-output map

F(u) = h(X(u),u). )

We refer to the map F' as the objective function. We assume
that the cost function is designed such that there exists a
unique minimum of the objective function that corresponds
to the optimal steady-state plant performance. This is for-
mulated as follows.

Assumption 3 The objective function F : R™ — R is twice
continuously differentiable and contains a unique minimum.
Let u* denote the corresponding minimizer. There exist con-
stants Lgy,Lpy € R such that

d’F
dudu?

dF

Ju (u)

< Lp>
)

(w)(u—u*) > L, Ju—u*|], ]

for allu € R™.,



Although the exact formulation may vary, assumptions on
the existence and the attractiveness of the steady-state so-
lution of the system, and the existence of an extremum !
of the objective function are common in extremum-seeking
control [9, 14, 26, 27]. To guarantee the soundness of the
stability analysis in Section 4, we assume in addition that
the following bounds on the derivatives of the functions f
and 4 hold.

Assumption 4 The function f: R™ x R™ — R™ and h :
R™ x R™ — R are twice continuously differentiable. More-
over, there exist constants Legy, Ly, Lyx, Lna € R such that

of
‘ X(X u) <fo7 ‘ %(Xvu) <Lfll5
(6)
9%h d%h
HM(&U) < Ly, Ha oa =7 (X, 0)|| < Ly

Sfor all x € R™ and all u € R™.

Remark 5 In practice, it is sufficient to assume that the
bounds in Assumptions 1-4 hold for all x and all u in the
operating region of the plant, which is generally bounded.
For a bounded operating region, the existence of the upper
bounds on the derivatives of the functions X, F, f and h
in Assumptions 1, 3 and 4 follows directly form the twice
continuous differentiability of the respective functions.

We note that X, F and u* are unknown because the functions
f and & are unknown. Nonetheless, we present an extremum-

seeking controller that optimizes the steady-state plant per-
formance by regulating u towards u*.

3 Controller design

We start our controller design by introducing a perturbation
to the plant-parameter signals:

u(r) =a(r) + ae () o(r), (7

where @t € R™ is the nominal value of the plant parameters,
and where the vector of perturbations w € R™ is given by

o(t) = [0 (1), @), ..., 0, @), (8)
with
i gt
sin (“L / nw(r)dr>, if i is odd,
2 Jo
wi(t) = P 9
cos (/ nw(r)d‘E) , if i is even
2 Jo
for i =1,2,...,ny. The tuning parameters Og,Np € R-o

determine the amplitude and frequency of the perturbations

I The extremum is a minimum in this case.

and satisfy the differential equations

O‘a)<t) = *ga(t)aw(t),

where gq, 80 € R>0 are time-varying gains. They are con-
stant if the gains g, and g, are zero. The use of constant
tuning parameters leads often to practical convergence with
respect to the optimal steady-state performance of the plant;
see [13, 14, 23, 27] for example. For strictly positive values
of go and gy, 0 and 1, decay to zero as time goes to in-
finity, which allows us to obtain asymptotic convergence to
the optimal steady-state performance as in [10, 18, 25, 28].
Because extremum-seeking control methods are almost en-
tirely based on measurements, asymptotic or practical con-
verge can only be guaranteed under certain noise conditions.
As pointed out in [10], a sufficient condition for asymptotic
and practical convergence is that the zero-mean component
of the disturbance d and the perturbations of the controller
are uncorrelated. We make the following assumption.

No(t) = —8o(t)No(t), (10)

Assumption 6 The disturbance d : R>o — R is integrable.
Define the mean

gt [

and the zero-mean component
d(t) =d(t) —by. (12)

The perturbation vector and the zero-mean component of
the disturbance d are uncorrelated; that is,

T
lim — /0 o(t)d(1)dt = 0. (13)

T—o0

Moreover; there exist constants q4,qpq € R>0 such that

[ dwar| <aa | [[otsiio

forallt > 0.

<qoa (14

Uncorrelation of the perturbation vector and the disturbance
is also assumed in [1, 26]. Alternatively, asymptotic and
practical convergence can be obtained if the disturbance sat-
isfies certain stochastic properties, as proved in [25].

Similar to [10], the following general model of the input-to-
output behavior of the plant is obtained from (1), (4), (7),
(10), (12) and Taylor’s theorem:

iy (1) = N (1)QT (1) ma (1) — oty (1) QF (1)w(7)
() = —ga(t)mz( 1)+ ol (1)w(t
T (15)
y(t) =mi(t) +(Qi(t) + o(t)) my(r)
+ gy (1)v() +2(1) + (1),



with state

and disturbances

_dPF o, ()

~ dudu? (8(7)) 0 (1)
2

0 =0"0) [ (1972 60) +sowlol)dsol),

2(1) = h(x(1),u(r)) — H(X(u(r)),u(1)),
(17

where Q; € R™ is a known function of time. In particular,
Q is the solution of the differential equation

)

Q1) = M (Q 1) + a0+~ (15)
0o (1)
where N € R+ is a tuning parameter that satisfies
ﬁm(t) = _gm(t)nm(t)a (19)

with time-varying gain gm € R>¢. Note that the state m; in
(16) is equal to the gradient of the objective function scaled
by &. Hence, an estimate of the gradient of the objective
function can be obtained from an estimate of the state of the
model (15). We introduce the following observer:

Q1) = Im()Q2(0) ~ 250 Q1)
a0 (QQ] ()4 51) Q209

where 71 and My are estimates of m; and my, respectively,
and where Q, € R™*™ jg a symmetric positive-definite ma-
trix. The signals W and ¥ are estimates of the disturbances
w and v in (17), respectively. The disturbances w and v de-
pend on the Hessian of the objective function. It is possible
to estimate the Hessian with the approaches in [7, 16, 20].
However, the accuracy of the resulting estimate may be rel-
atively poor if the perturbation amplitude is small. Nonethe-
less, if a reasonably accurate estimate H : R™ — R > of
the Hessian of the objective function is available due to es-
timation or a priori knowledge, we may choose

ii(r) 1

VAV(I)=H(ﬁ(t))%(t), VA(I)Zin(I)H(ﬁ(I))w(t) 2D

—f 1y = —a2QIW + 1w (y —my — ai@)

my = —ge1hy + aiv‘v + 171mQ2(Q1 + w)
x (y — 11 — (Qi +w) 1y — ald)

u

Ql = _anl + ngl +

o)

Q2 = 1 Q2 — 20.Q2 — Mm Q2 (Q1Q1T + %I> Q2

1y Observer

Y Nuiily

u ~

T + Au |||
Optimizer

Extremum-seeking controller

Fig. 1. Closed-loop system of plant and extremum-seeking con-
troller.

to enhance the accuracy of the state estimate. In line with the
boundedness of the Hessian of the objective function (see
Assumption 3), we assume that H is bounded; there exists
a constant Ly € R~ such that

[H(@)| < Lu (22)

for all @t € R™. Without any knowledge of the Hessian, we
may choose W(¢) =0 and ¥(r) = 0 instead.

We define the following optimizer to steer the nominal part
of the plant parameters in the gradient-descent direction to-
wards the minimum of the objective function:

nu(t)ﬁlZ(t)
Mu(t) + Au(?) [ (2) "

(1) = —2u(t) (23)

where the tuning parameters 1y, Ay € R are defined by
the differential equations

Ma(t) = —gu(®)Mu(t), () =—g2(t)(t), (24

with time-varying gains gu,g3 € R>o. By normalizing the
adaptation gain in (23), we prevent the solutions of the
closed-loop system of plant and controller from having a fi-
nite escape time. The interconnection of the plant in (1) and
the controller in (7), (18), (20), (23) is depicted in Figure 1.



4 Stability analysis

We briefly study the stability of the closed-loop system in
(D), (7), (18), (20) and (23) to identify suitable operating
conditions.

Theorem 7 Let the gains go, 8w, &m, &u and g, in (10),
(19) and (24) be given by

gall) = 5, got) = —2, gm(r) = "

ro+t ro+t I’o—l—l7
(1) = —2 (1 =—2 )
8u *ro_i_tv g 70 +f

where ro € Reg and re,re, m,7),Ta € R>o are constants
that are chosen such that

VocS”mv

Va) Srm7
Tg+rm <y <1, (26)

m<rg+r <1

Moreover, let @, (0), M6 (0),Mm(0),Mu(0), Au(0) € Rsg. Un-
der Assumptions 1-4 and 6, there exist sufficiently small
constants €1,€, &3, €4 € Ry and sufficiently large constants
c1,¢2,¢3 € Ryg such that, if there exists a time t; > 0 such
that

nw(f) <é&, nm([) < nw(t)g% Q27
Mu(t) < 0o ()Mm(1)€3, 0o (t)Au(t) < Nm(1)es

for all t > t1, then the solutions of the closed-loop system in
(D), (7), (18), (20) and (23) are bounded for all t > 0, all
x(0) € R™, all Q1(0) € R™, all symmetric positive-definite
Q2(0) € R™*™ gl i (0) € R, all iy(0) € R™ and all
@(0) € R™. [n addition,

limsup |[G(7) —a||

f—ro0
: : . Mm(®)
< limsupmax { G (t)c1, Mo (t)c2, ¢3(qd +qoa) | -
[—3o0 O (1)
(28)
Proof. See Section 4.1. O

By choosing the gains g4, g0, gm, gu and g, as in (25), the
tuning parameters Qg, Mo, Mm> Nu and Ay can be written as

ry’ 0w (0) _ 1°Nw(0)
aw(t) - (20+t)ra’ le(t) - (20+t)rw7
”o Nm (0) . 7" Mu(0)
nm(t) - (ro—l—l‘)rm nll(t) - (r0+t)r“7 (29)
_ rgllu(o)
A'u(l‘) - (r0—|—l‘)rl

for all + > 0. The tuning parameters are constant if ry, 7,
rm, '), and ry are zero. For constant tuning parameters, con-
vergence to an arbitrarily small region can be guaranteed un-
der suitable tuning (see (28)), which implies practical con-
vergence. Alternatively, if we choose rq, g, rm, ), and ry

such that 0 < rgy < rm, 0 < rgp < rm, Fg+rm < ra <1 and
rm < rg+r) <1 asin [10, Corollary 14], then the tuning
parameters g, N, Mm, Mu and Ay decay to zero as time
elapses. Moreover, there always exists a time #; > 0 such
that the inequalities in (27) are satisfied for all # > #;. Hence,
tuning of the initial parameter values is not necessary. In ad-
dition, asymptotic convergence to the optimal steady-state
performance is obtained as the right-hand side of (28) re-
duces to zero.

The rapidness of the perturbations, the observer and the op-
timizer depends on the tuning parameters g, Nw,> MTm,> MNu
and A,. Similar to [10, 14, 17], we obtain from (27) that
different time scales can be assigned to components of the
extremum-seeking scheme for ¢ > ¢ if the constants g, &,
&3 and & are sufficiently small:

fast — the plant;

medium fast — the perturbations of the controller;
medium slow — the observer of the controller;
slow — the optimizer of the controller.

To avoid unwanted drift of the state variables x, Q1, Q», 771y,
m, and @, the tuning parameters of the controller should
preferably be selected such that the inequalities in (27) hold
for r; = 0.

4.1 Proof of Theorem 7

The proof of Theorem 7 largely follows the same lines as
the proof of [10, Theorem 7]. For notational convenience,
we introduce the following coordinate transformation:

K1) = (1)~ X(u(0),
() = i (0) —ma(6) ~ (k1 0) — T (1),

No(t)
s 0) = T2 Qa0 (1) (1) 1) 0 1)
(14 I a0 (@O (041 (0T 1) +1:(1)
< () — ma(e) — T (1)Qa(0) (Q1 (1)1 1) + Ko 1)),
Q00 -0;'()- 51
() = d(r) — o,
(30)
with )
b= [ d@as,
1 /Ot T)at (31)
ka(r) = /0 o(1)d(t)dt
and .
L) = [ ne(Do(e)dr,
. Ot (32)
L) = | Ne(1) (w(r)(oT(r) - I) dt



Using this transformation, the convergence of the solutions
of the closed-loop scheme in (1), (7), (18), (20) and (23)
may be divided into four stages:

e (0 <t < ty: the tuning parameters converge to the bounds
in (27) (the state variables of the closed-loop system may
drift);

e 11 <t < 1p: the variable Q; converges to a region of the
origin and remains there (the variable Q> may drift);

e 1, <t < t3: the variable Qz converges to a region of the
origin and remains there;

e 1 <t < t3: the variable X converges to a region of the
origin and remains there (the variables @, /7; and m; may
drift);

e ¢ > 13: the variables i, /72; and M, converge to a region of
the origin and remain there.

To prove Theorem 7, we first derive bounds on the variables
Q1, Q and X in coherence with the first three stages.

Lemma 8 Under the conditions of Theorem 7, the solutions
of Qy are bounded for all t > 0 and all Q;(0) € R™. More-
over, there exists a time t, > t; such that

(33)

4>\~—

Q@) <
forallt > t.
Proof. See Appendix A. O

We use the bound on the solutions of Q; in Lemma 8 to
derive a bound on the solutions of Q.

Lemma 9 Under the conditions of Theorem 7, the solutions
of Qz are bounded for all t > 0 and all Q,(0) € R"™*™ for
which Q,(0) is symmetric and positive definite. Moreover,
there exists a time t3 > tp such that

1Q2(n)] < (34)

¢>\~—

forallt > t3.
Proof. See Appendix B. O
The bound on the solutions of X is given next.

Lemma 10 Under the conditions of Theorem 7, the solu-
tions of X are bounded for all t > 0 and all X(0) € R™.
Moreover, there exists a constant cx € R~ and a time t3 > t,
such that

[%(0)]| < @ ()N (1)ex (35)
forallt > t3.

Proof. The proof is analogous to that of [10, Lemma §]. O

The bounds in Lemmas 8-10 are subsequently used to prove
the existence of ISS-Lyapunov functions (see [24], for ex-
ample) for the variables s, my and i for r > 13.

Lemma 11 Under the conditions of Theorem 7, there ex-
ists a time t3 >ty such that the solutions of m; and 1m;
are bounded for all 0 <t <13, all m;(0) € R and all
my (0) € R™. Moreover, there exist a function Vi, : R x R"™ x
R™xM — R~ and constants Ymi, Ym2, - - - Yms; Cml,Cm2, - - - 5
cm6 € Rs such that

max { Yt 71 (1), Yon2 |22 (1) > } < Wi (1)

(36)
< max{ Y37 ()2, Yons 802 (1) |}

for all t > t3, where we applied the shorthand notation

W (t) = Vin (/11 (2),002(2),Q2(2)). In addition, we have that
Win (1) < =T (1) Yms Wi (7) (37)
whenever
Wn(t) > max{océ)(t)cml,Oc?o(t)ng)(t)cmz,

2 2
(t <r>cm3||ﬁ<t>||2,wcm4ﬁ<r>||2,

m
OO, o

2
(D
ot 2.2 2

% 12,12 (1) ome (qa + 4) }

(38)
forallt > t3.

Proof. See Appendix C. O
Lemma 12 Under the conditions of Theorem 7, there exists
a time t3 > tp such that the solutions of 0 are bounded for all
0 <t <r3andallii(0) € R™. Moreover, there exist a function

Vu : R™ — Rso and constants Ya1, Y2, Yu3; Yad;Cul, Cu2 €
R such that

Far 807 < Va(8(1)) < oz [(0)[? (39)

for any t > t3. In addition, we have that

Va(@(1)) < —min{ o (1) Au(r) Ve (G(0)),

(40)
nu(t)7u4 Vu(ﬁ(t)) }
whenever
Val0) 2 ma { S e 01 2240 o+
(41)

foranyt > t3.

Proof. The proof follows the same lines as the proof of [10,
Lemma 11]. O



Similar to [10], we introduce the Lyapunov-function candi-
date

V(ﬁlhﬁlZaﬁaQL aw)
~ I cur (42)
= max {Vu(u), 2 T

wm2

Vi (7721, 112, Qz)}

to prove that the solutions of 71y, m, and @i remain bounded
for all ¢ > t3; see Lemma 13.

Lemma 13 Under the conditions of Theorem 7, there ex-
ist constants Y1, W2, W3,cvi,cva,cv3 € Rso such that the
solutions of 1, My and 0 are bounded for all t > t3, all
mi(t3) € R, My (13) € R™ and all i(t3) € R™. Moreover, the
solutions of my, My and @ satisfy

nﬂs:pmax{af('t) Iml(t)|,og;v(2t)||lﬁz(f)||77v3ﬁ(f)||}

<lim supmax{ Oo(t)cvi,

t—ro0

Nw(t)cva, Z‘Zgicw(t]d +qwa) } (43)

Proof. The proof follows the same steps as the proof of [10,
Lemma 12] O

Combining Lemmas 8-13 and the coordinate transformation
in (30) completes the proof of Theorem 772.

5 Simulation comparisons

The contribution of the nominal part of the parameter sig-
nals to the estimate of the gradient of the objective function
can be attributed to the vector Q;; see (18). This contribu-
tion may be removed by setting Q; to zero. Similarly, the
use of curvature information of the objective function in the
gradient estimation process is solely linked to the distur-
bance estimates W and ¥ in (21). Setting W and ¥ to zero (that
is, setting H(@) = 0) eliminates the use of curvature infor-
mation. We present the following two examples to illustrate
the effects of the nominal part of the parameter signals and
the use of curvature information on the performance of the
extremum-seeking controller in Section 3.

5.1 Example I: nominal part of the parameter signals
Let us consider the system:

(1) = =1 (03 (1) + (1 + u(r))?
1

1+2(1) “44)

Xz(t) = —X2(t) +

2 The boundedness of p1 and Py in (C.1) is used to prove the
boundedness of i) and my for 0 <t <1t3; see Appendix C.
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Fig. 2. Plant parameter u, performance measurement y and gradient
estimation error 52 — ”[{1—5(12) as a function of time for Q in (18)

(black) and Q; = 0 (gray), and a = 0.5.
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Fig. 3. Plant parameter u, performance measurement y and gradient

estimation error % - 71—5(12) as a function of time for Q in (18)

(black) and Q; = 0 (gray), and 0t = 0.05.
with state x = [x1,x2]7 and objective function F(u) = (1 +
u)*(1+u?)? + 1. To investigate the effect of the nominal part
of the parameter signal on the performance of the controller,
consider the constant tuning parameters o, = 0.5, g = 0.5,
Mm=03Mu=001land Ay, =003 (rgy =rp =rm =ru =
ry = 0). Moreover, let W = 0 and ¥ = 0. The parameter signal,
the performance measurement and the gradient-estimation
error with and without the use of the nominal part of the pa-
rameter signal (that is, Q; in (18) and Q; = 0, respectively)
are depicted in Fig. 2. The parameter u converges towards its
performance-optimizing value u* = —1 for both cases. Re-
sultantly, the performance measurements converge towards
the minimum F (¢*) = 1. For this relatively large perturba-
tion amplitude ¢, = 0.5, the contribution of the nominal part
of the parameter signal is minor. Because the differences be-
tween the gradient estimates are small, we observe in Fig. 2
that the results for both controllers are comparable. Now,
if we decrease the perturbation amplitude to ¢, = 0.05, the
parameter signal is no longer dominated by the perturba-
tions. Fig. 3 displays that the obtained gradient estimate is



more accurate if the nominal part of the parameter signal is
used by the gradient estimator in addition to the perturba-
tions. As a result, a much faster convergence to the steady-
state optimum is obtained, which matches the observations
in [6, 8]. If the plant remains close to steady state, adding
the nominal part of the parameter to the estimation process
generally has a positive effect on the gradient estimate and
allows for a higher gain selection. However, additional sim-
ulations (not presented here) indicate that incorporating the
nominal part of the parameter signals may result in a worse
performance if the plant is not close to steady state, which is
commonly the case for the high-amplitude high-frequency
methods in [4, 15, 23, 29], for example.

5.2 Example 2: curvature information of the objective
function

Curvature information of the objective function acts as feed-
forward for the estimation of the gradient of the objective
function. It may especially improve the gradient estimate if
the time scales of the observer and the optimizer of the con-
troller are close (see Section 4), in which case the observer
has relatively little time to correct its estimate based on the
feedback provided by the performance measurement. To il-
lustrate this, consider the system:

fC](l‘) = —X] (t) +u1(t) 7uz(t)

x2(t) = =2x2(t) +4xy (t)ur (t)

i3(t) = —x3(1) + ua(1) — 3 “45)
y(t) = xa(t) +2x3(t)ua(t),

with state x = [x1,x2,x3])7, input w = [u;,u,]” and objective
function F(u) = 214% + Zu% —2uqup — 6uy. We select ry = 50,
Fro =rp =045 rm =05, =1, r, =0.1, 0, (0) = 0.2,
N6(0) = 0.5, Nm(0) = 0.04, 74(0) = 0.03 and Au(0) = 10.

We consider the cases H(fi) = dﬁjiﬁT (@) and H(@) = 0. The
trajectories of the plant parameters are illustrated in Fig. 4.
Fig. 5 displays the corresponding distance to the optimal val-
ues u* = [1,2]7, the performance measurement and the Eu-

clidean norm of the gradient estimation error. With curvature

information (that is, H(&) = ddui% (1)), the plant parameters
converge to the performance-optimizing values u* as time
goes to infinity, while the gradient estimation error remains
relatively small throughout the optimization process. With-
out curvature information (that is, H(fi) = 0), the response to
changes in the direction of the gradient is slow and the plant
parameters overshoot the performance-optimal values sev-
eral times before settling, leading to a slower convergence.
The overshoot may be prevented by decreasing the initial
optimizer gains (that is, the values of 71y(0) and A,(0)).
However, lowering the optimizer gains hampers the overall
convergence speed of extremum-seeking scheme. Although
curvature information may be used to enhance the estimate
of the gradient of the objective function, doing so requires
that the estimate of the Hessian of the objective function is
reasonably accurate. Additional simulations show that a bad

Ul

Fig. 4. Trajectories of the plant parameters u = [ul,uz]T for
H(d) = LF (@) (black) and H(fi) = 0 (gray).
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Fig. 5. Euclidean norm of parameter error ||u—u*||, performance
measurement y and Euclidean norm of gradient-estimation error

|82 _ dE_(§)|| as a function of time for H(fi) = dﬁi% (@) (black)

oy du”

and H(&) = 0 (gray).

estimate of the Hessian may impair the gradient estimate
instead.

6 Conclusion

We have presented an extremum-seeking controller for
which the contribution of the nominal part of the parameter
signals to the gradient estimate of the objective function
can be isolated to study its influence. Simulations display
that including the nominal part of the parameter signals in
the estimation process helps to improve the accuracy of
the gradient estimate if the perturbation-related content of
the plant-parameter signals is low, and if the state of the
plant remains close to steady state. In turn, a more accurate
estimate may enhance the convergence speed and may al-
low for a higher gain selection. In addition, we have shown
that incorporating curvature information of the objective
function may further improve the accuracy of the gradient
estimate, especially if the time scales of the observer and
optimizer of the controller are close.



Appendices
A Proof of Lemma 8
Consider the Lyapunov-function candidate

Vor (Qi) = Qi (A1)

From (18) and (A.1), it follows that

Va1 (Q1) = —2mm Qi |* + 28 [[Qi[* +2Q7 - (A2)
(0]

It follows from (23) that ||{i]| < M. Also, from (10), (24)
and (25)-(27), we have that there exists a constant L, € R~q
such that g4 (1) < oty (1) A (t)Lg for all r > 0. From Young’s

inequality, (A.1), (A.2), |[i]| < Ny and g < GpAuL,, We
obtain

200y

m

M
05 Nm
(A.3)
Using the comparison lemma [12, Lemma 3.4], (A.1) and
(A.3), it is not difficult to show that, for any initial condition
Q:(0) € R™, Qq(r) remains bounded for all 0 <t <17;. We
get from (A.3) that

V01(Q1) < —1m <1 - Lg) Vo1(Qu) +

Vo1(Q1) < —Nm(1—2Lees)Vo1(Q1) + mes  (A4)

for all ¢ > 11, all Ny < OpNmés and all oyAy < Nm€s. Ap-
plying the comparison lemma [12, Lemma 3.4] yields

Vor(Q1(1) < max { 2a (@ o4 17, A

(A.5)

for all + > #; and sufficiently small values of & and é&s.

Because Q (¢1) is bounded, we obtain from (A.1) and (A.5)

that Q,(¢) is bounded for all ¢ > #;. Moreover, it follows

from (A.1) and (A.5) that the inequality in (33) holds for all
t > tr, where t, > t; is sufficiently large.

B Proof of Lemma 9

We define the Lyapunov-function candidate

Ve (Q2) =1r (Q3), (B.1)

which can be bounded by

Q2] < Ve (Q2) < na| Q> (B.2)

From (20) and (30), it follows that its time derivative is given
by

VQ2(QZ) = —2Nmtr (Q%) +4gotr (Q%)

2 B3
+2gatr (Q2) +2Nmtr (Q2Q:1Q7 ). .

As in the proof of Lemma 8, we note that there exists a
constant Ly € R- such that gq (1) < 0 (1)Au(t)L, for all
t > 0. Using Young’s inequality, (B.1) and (B.3), we get

50pAy

m

V02(Q2) < —1m <1 - Lg) Vo2(Q2)
+ Ot M Lgnu + M [|Qu ||

(B.4)

Because Q; is bounded for all # > 0 (see Lemma 8), from
the comparison lemma [12, Lemma 3.4], (B.2) and (B.4),
it follows that, for any initial condition Q,(0) € R,
Q> () remains bounded for all 0 <t < f,. Similarly, from
the comparison lemma [12, Lemma 3.4], (B.2), (B.4) and
the bound on Q; for ¢ >, in Lemma 8, we obtain

Voal@a(1)) < max { 2Voa(@a())e” o1,

(B.5)

for all forr > 1, and all @Ay < Nmés, Where &, is sufficiently

small. Because Qz(tz) is bounded, it follows from (B.2) and

(B.5) that Qz(t) is bounded for all ¢+ > ;. Moreover, we

obtain from (B.2) and (B.5) that the inequality in (34) holds
for all # > 13, where 13 > 1, is a sufficiently large constant.

C Proof of Lemma 11

To show that the solutions of 7 (¢) and 11, (¢) are bounded
for all 0 <t < t3, consider the variables

ﬁ] :I’;’ll_ml_nmklv (C l)
P2 =1 —my — Q2 (Q1k; + ko). '

The time derivatives of p; and P, are given by

1= —Tmp1 — Q] W — a3 Nm ¥+ Nmo’ m,
+ NMmZ+ (ga - nm)rlmkh
Py = —gaP2 + AW — MmQ2Q1 — TmQ2 (Q: + ®) (p1 +k

+(Qi+0)" (P2 +MmQ2 (Qiki +k2)) + a2 — z)

+(gm — 8a)MmQ2(Q1k1 +K2) — MmQ2(Q1k1 +ka),

(C2)
with W = w —w and ¥ = ¥ — v. Similar to the proof of [10,
Lemma 10], from Lemmas 8-10, the conditions in Theo-
rem 7, and the definitions and assumptions in this work,
we obtain that all signals in the right-hand sides of (C.2),
except p; and p,, are bounded on the compact time inter-
val [0,13]. Moreover, because j; and P, appear linearly in
the right-hand sides of (C.2), we conclude from (C.2) that
pi1(t) and Pa(¢) are bounded for all 0 <7 <t3. This can be
formally proved using a Lyapunov approach with candidate
function ﬁ% + f)g Q; 'p,. The proof is omitted for brevity.
Subsequently, it follows from (30) and the boundedness of
P> P2, Mms» Z—‘;‘, 1;, I, my and Q; that /72 (¢) and y(¢) are
also bounded for all 0 <1 <t3.



The prove the remaining part of the lemma, we introduce
the Lyapunov-function candidate

Vi (71,12, Q2) = i} + 12 Q, 'y (C3)
Following similar steps as in the proof of [10, Lemma 9],
it is not difficult to show that, for any symmetric positive-
definite Q2(0) € R™>*™, Q;(r) remains positive definite
and bounded for all + > 0. In addition, it follows from (30)
and Lemma 9 that

I (C.4)

W

1
ZIﬁQEI(f)ﬁ

for all t > #3. Therefore, the function V;, can be bounded by

1, . L
max{|ﬁ11|2,4||m2||2} < Vi (7, 112,Q2)
X (C.5)
< max {20 .3 i .

for all # > #3. The time derivative of the function V, is given
by

Vin 11 12, Q) = T} — i} Q3" — 2%

_ - \2 . T
— T (721 + Q)™ + 2Nty €1 + 2NmM] Q5 e,
(C.6)
where e; and e, are defined in (C.5), with J; = QlllT +
LQ[ +L, o =1+ Q)1 J3 = - (Q2 — (gm — 80) Q2).

Ji=Q (Jlﬁlz +1 (ml + %l{mzw and J5s = Q& +ka.
From Young’s inequality, (C.3) and (C.6), we get

Mm Y~
< —— Vi (A, my,
<=3 (1,112, Q2) C38)

+4nmed +47m Q5 |||z

Vin (121,112, Q2)

Similar to the proof of Lemma 8, we note that there exists a
constant L, € R such that g4 () < Qe () Au(t)Lg, go(t) <
O (1) Au(t)Lg, gm(t) < Oy (t) Au(t)L, for all # > 0. By apply-
ing these bounds and similar bounds to those in the proof of
[10, Lemma 10], we obtain from Lemmas 8-10, the condi-
tions in Theorem 7, and the definitions and assumptions in
this work that there exist constants Le;i, Le2, - - -, Lei7 € R<g
such that

OgAu Lo
€]l <~ Lot Vig (g, g, Q2) + @2 Lein + Gt Mo Leis
m
2
L QeN < Oply -
+ OtoNoLei|| | + ———"Lejs ||| + —2=" Leso |
[0) m

+ NmLei7(qa + 9oa)

(C9
forie{1,2},allt > 13, all ng < g, all Ny < N, all Ny <
OpMm€; and all apAy < Nmé&. where we assume without
loss of generality that & is sufficiently small such that J5, Lis

10

well-defined and bounded for all ¢ > 3 and all Ny < NEé;.
Now, assuming that &4 is sufficiently small, we obtain from
(C.4), (C.8) and (C.9) that there exist constants ¢j1,Cm2,- - -,
cm6 € R~ such that

Vin (121,112, Q7)) < —TszVm(ﬁilyﬁlez)

n ~
0 . ]
2,2 4192
opn 2 Cold -
O 1, %5 s 017 o+ 0
(0] m

(C.10)
for all # > 13, all N < €1, all N < NE&, all Ny < AENME
and all oy Ay < Mmés. The bounds in (36)-(38) follow from
(C.5) and (C.10) (with Yps = %‘").
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