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In this paper, we introduce a compositional scheme for the construction of finite abstractions (a.k.a.
symbolic models) of interconnected discrete-time control systems. The compositional scheme is based
on small-gain type reasoning. In particular, we use a notion of so-called alternating simulation
functions as a relation between each subsystem and its symbolic model. Assuming some small-
gain type conditions, we construct compositionally an overall alternating simulation function as a
relation between an interconnection of symbolic models and that of original control subsystems. In
such compositionality reasoning, the gains associated with the alternating simulation functions of the
subsystems satisfy a certain “small-gain" condition. In addition, we introduce a technique to construct
symbolic models together with their corresponding alternating simulation functions for discrete-time
control subsystems under some stability property. Finally, we apply our results to the temperature
regulation in a circular building by constructing compositionally a finite abstraction of a network
containing N rooms for any N > 3. We use the constructed symbolic models as substitutes to
synthesize controllers compositionally maintaining room temperatures in a comfort zone. We choose
N = 1000 for the sake of illustrating the results. We also apply our proposed techniques to a nonlinear
example of a fully connected network in which the compositionality condition still holds for any
number of components. In these case studies, we show the effectiveness of the proposed results in
comparison with the existing compositionality technique in the literature using a dissipativity-type
reasoning.
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1. Introduction and input correspond to an aggregate of continuous states and
inputs of the original system, respectively.

In general, there exist two types of symbolic models: sound
ones whose behaviors (approximately) contain those of the con-
crete systems and complete ones whose behaviors are (approx-
imately) equivalent to those of the concrete systems (Tabuada,
2009). Remark that existence of a complete symbolic model re-
sults in a sufficient and necessary guarantee in the sense that
there exists a controller enforcing the desired specifications on
the symbolic model if and only if there exists a controller enforc-
ing the same specifications on the original control system. On the
other hand, a sound symbolic model provides only a sufficient

In general, designing complex systems with respect to sophis-
ticated control objectives is a challenging problem. In the past
few years, several techniques have been developed to overcome
those challenges. One particular approach to address complex
systems and control objectives is based on the construction of
finite abstractions (a.k.a. symbolic models) of the original control
systems. Finite abstractions provide abstract descriptions of the
continuous-space control systems in which each discrete state
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guarantee in the sense that failing to find a controller for the
desired specifications on the symbolic model does not prevent
the existence of a controller for the original control system. Since
symbolic models are finite, controller synthesis problems can
be algorithmically solved over them by resorting to automata-
theoretic approaches (Maler, Pnueli, & Sifakis, 1995; Thomas,
1995). Unfortunately, the construction of symbolic models for
large-scale interconnected systems is itself computationally a
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complex and challenging task. An appropriate technique to over-
come this challenge is to first construct symbolic models of the
concrete subsystems individually and then establish a composi-
tional framework using which one can construct abstractions of
the overall network using those individual abstractions.

In the past few years, there have been several results on the
compositional construction of finite abstractions of networks of
control subsystems. The framework introduced by Tazaki and
Imura (2008) based on the notion of interconnection-compatible
approximate bisimulation relation provides networks of finite
abstractions approximating networks of stabilizable linear control
systems. This work was extended by Pola, Pepe, and Benedetto
(2016) to networks of incrementally input-to-state stable nonlin-
ear control systems using the notion of approximate bisimulation
relation. The recent result by Mallik, Schmuck, Soudjani, and
Majumdar (2019) introduces a new system relation, called (ap-
proximate) disturbance bisimulation relation, as the basis for
the compositional construction of symbolic models. Note that
the proposed results by Tazaki and Imura (2008), Pola et al.
(2016), and Mallik et al. (2019) use the small-gain type conditions
and provide complete symbolic models of interconnected systems
compositionally. The recent results by Swikir, Girard, and Zamani
(2018) introduce different conditions to handle the composi-
tional construction of complete finite abstractions by leveraging
techniques from dissipativity theory (Arcak, Meissen, & Packard,
2016). There are also other results in the literature (Hussein,
Ames, & Tabuada, 2017; Kim, Arcak, & Zamani, 2018; Meyer,
Girard, & Witrant, 2018) which provide sound symbolic models of
interconnected systems, compositionally, without requiring any
stability property or condition on the gains of subsystems.

In this work, we introduce a compositional approach for the
construction of complete finite abstractions of interconnected
nonlinear discrete-time control systems using more general
small-gain type conditions. First, we introduce a notion of so-
called alternating simulation functions inspired by Girard and
Pappas (2009, Definition 1) as a system relation. Given alter-
nating simulation functions between subsystems and their finite
abstractions, we derive some small-gain type conditions to con-
struct an overall alternating simulation function as a relation
between the interconnected abstractions and the concrete net-
work. In addition, we provide a framework for the construction of
finite abstractions together with their corresponding alternating
simulation functions for discrete-time control systems satisfying
incremental input-to-state stabilizability property (Angeli, 2002).
Finally, we illustrate our results by compositionally constructing
finite abstractions of two networks of (linear and nonlinear)
discrete-time control subsystems and their corresponding al-
ternating simulation functions. These case studies particularly
elucidate the effectiveness of the proposed results in comparison
with the existing compositional result using dissipativity-type
conditions by Swikir et al. (2018).

One can leverage the compositionally constructed finite ab-
stractions here to synthesize controllers monolithically or also
compositionally to achieve some high-level properties; see the
result by Meyer et al. (2018) and references therein. In partic-
ular, once finite abstractions are constructed for given concrete
subsystems along with the corresponding alternating simulation
functions, one can design local controllers also compositionally
for those abstractions, and then refine them to the concrete
subsystems provided that the given specification for the over-
all network is decomposable (see the first case study). Par-
ticularly, based on the assume-guarantee reasoning approach
(Henzinger, Shaz, & Rajamani, 1998), the local controllers are
synthesized by assuming that the other subsystems meet their
local specifications.

Related work. Results by Mallik et al. (2019), Pola et al.
(2016), and Tazaki and Imura (2008) use the small-gain type

conditions (Mallik et al. (2019, condition (13)), Pola et al. (2016,
condition r(Ak’le) < 1, Theorem 1), and Tazaki and Imura (2008,
condition (17))) to facilitate the compositional construction of
complete finite abstractions. Unfortunately, those small-gain type
conditions are conservative, in the sense that they are all for-
mulated in terms of “almost” linear gains, which means the
considered subsystems should have a (nearly) linear behavior.
Those conditions may not hold in general for systems with non-
linear gain functions (cf. Remark 3.6 in the paper). Here, we
introduce more general small-gain type compositional conditions
formulated in a general nonlinear form which can be applied to
both linear and nonlinear gain functions without making any pre-
assumptions on them. In addition, assuming a fully connected
network, in the proposed compositionality results by Mallik et al.
(2019), Pola et al. (2016), Swikir et al. (2018), and Tazaki and
Imura (2008) the overall approximation error is either propor-
tional to the summation of the approximation errors of finite
abstractions of subsystems or lower bounded by the summation
of positive and strictly increasing functions of quantization pa-
rameters of all subsystems. On the other hand, in the proposed
results here the overall approximation error is proportional to
the maximum of the approximation errors of finite abstractions of
subsystems which are determined independently of the number
of subsystems. Therefore, the results here can potentially provide
complete finite abstractions for large-scale interconnected sys-
tems with much smaller approximation error in comparison with
those proposed by Mallik et al. (2019), Pola et al. (2016), Swikir
et al. (2018), and Tazaki and Imura (2008) (cf. case studies for a
comparison with Swikir et al. (2018)).

2. Notation and preliminaries
2.1. Notation

We denote by R, Z, and N the set of real numbers, integers, and
non-negative integers, respectively. These symbols are annotated
with subscripts to restrict them in the obvious way, e.g., R.g
denotes the positive real numbers. We denote the closed, open,
and half-open intervals in R by [a, b], (a, b), [a, b), and (a, b],
respectively. For a,b € N and a < b, we use [a; b], (a; b),
[a; b), and (a; b] to denote the corresponding intervals in N. Given
N € N.q, vectors v; € R", n; € Noq, and i € [1; N], we use
v = [vg;...;vy] to denote the vector in R" with n = > . n;
consisting of the concatenation of vectors v;. Note that given any
v e R v > 0ifvy;, > 0foranyi € [1;n]. We denote the
identity and zero matrix in R™" by I, and 0,, respectively. The
individual elements in a matrix A € R™*", are denoted by {A}j;,
where i € [1; m] and j € [1; n]. We denote by ||-|| and ||-||, the
infinity and Euclidean norm, respectively. Given any a € R, |qa|
denotes the absolute value of a. Given sets X and Y, we denote
by f : X — Y an ordinary map of X into Y, whereas f : X = Y
denotes a set-valued map (Rockafellar & Wets, 2009). Given a
function f : R" — R™ and x € R™, we use f = X to denote
that f(x) = x for all x € R". If X is the zero vector, we simply
write f = 0. We denote by |-| the cardinality of a given set and
by ¢ the empty set. A set S C R" is a finite union of boxes if
S = UL, S for some M € N, where S; = [ [, /] € R" with
¢l < d. For any set S C R" of the form of finite union of boxes, we
define [S], ={a €S | as=kin, ki€ Z,i=1,...,n}, where 0 <
n < span(S), span(S) = minj=1__m ns;, 15, = min{ld; —¢jl, ...,
|d, — ch|}. With a slight abuse of notation, we use [S]y := S. The
set [S], will be used as a finite approximation of the set S with
precision n > 0. Note that [S], # @ for any 1 < span(S). Given
sets S and [S],, ¥, : S — [S], is an approximation map that
assigns for any x € S a representative point X € [S], such that
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llx — X|| < n. Given sets U and S C U, the complement of S with
respect to U is defined as U\S = {x : x € U,x ¢ S}. We use
notations K and K., to denote different classes of comparison
functions, as follows: K = {o : R>g — Rsg| « is continuous,
strictly increasing, and «(0) = 0}; Koo = {&@ € K| lim,_ o (1) =
oo}. For ar, y € Koo we write o < y if a(s) < y(s) forall s > 0,
and Z; € K denotes the identity function.

2.2. Discrete-time control systems

In this paper we study discrete-time control systems of the
following form.

Definition 2.1. A discrete-time control system X' is defined by
the tuple ¥ = (X, U, W, u, W, f, Y, h), where X, U, W, and Y are
the state set, external input set, internal input set, and output
set, respectively, and are assumed to be subsets of normed vector
spaces with appropriate finite dimensions. Sets ¢/ and W denote
the set of all bounded input functionsv : N - Uand w : N —> W,
respectively. The set-valued map f : X x U x W = X is called
the transition function, and h : X — Y is the output map.
The discrete-time control system X is described by difference
inclusions of the form

x(k+ 1) € f(x(k), v(k), w(k)),
> { y(k) = h(x(k)), @1
where X : N - X,y : N - Y,v € ¢4,and w € W are

the state signal, output signal, external input signal, and internal
input signal, respectively.

System X = (X, U, W,u, W, f,Y, h) is called deterministic if
If(x,u,w)] < 1Vx € X,Vu € U, Yw € W, and non-deterministic
otherwise. System X is called blocking if 3x € X,Vu € U,Vw €
W where |f(x, u, w)] = 0 and non-blocking if |f(x, u, w)| # 0
Vx € X, Ju € U, Jw € W. System X is called finite if X, U, W are
finite sets and infinite otherwise. In this paper, we only deal with
non-blocking systems.

Now, we introduce a notion of so-called alternating simulation
functions, inspired by Girard and Pappas (2009, Definition 1),
which quantifies the error between systems X' and X both with
internal inputs.

Definition 2.2. Let ¥ = (X, U, W.u,W.f,Y,h) and £ =
(X 0, Wu Wf ¥, h)whereW C Wand Y C Y. A function
V : X x X — Ry is called an alternating simulation function
from ¥ to X if Vx € X and V& € X, one has

a(lIh(x) — hR)II) < V(x, R), (2.2)

andVx € X,Vk e X, Vil € 0, 3u € U, Yw € W, Vi € W,

Vxg € f(x, u, w), Ik € f(R, {1, W) such that one gets

V(Xd, )/Zd) (23)
< max{o(V(x, X)), pinc(lw — @), pexe(IIi1]]), £},

for some «, o, pinr € Koo, Where o < Ty, pext € Koo U {0}, and
some ¢ € Rxq.

Let us point out some differences between our notion of
alternating simulation function and the one introduced by Girard
and Pappas (2009). The notion of simulation function introduced
by Girard and Pappas (2009, Definition 1) is defined between
two  continuous-time  control  systems, whereas in
Definition 2.2, we define the alternating simulation function
between two discrete-time control systems. Moreover, there is
no distinction between internal and external inputs in the def-
inition of simulation function introduced by Girard and Pappas
(2009, Definition 1), whereas their distinctions in our work play

a major role in providing the compositionality results later in the
paper. Additionally, on the right-hand-side of (2.3), we introduce
constant ¢ € Rx( to allow the relation to be defined between
two (in)finite systems. The role of this constant will become
clear in Section 4 where we introduce finite systems. Such a
constant does not appear in the definition of simulation function
proposed by Girard and Pappas (2009, Definition 1) which makes
it only suitable for infinite systems. Furthermore, we formulate
the decay condition (2.3) in a max-form, while the decay condi-
tion proposed by Girard and Pappas (2009) is formulated in an
implication-form.

If X does not have internal inputs, which is the case for
interconnected systems (cf. Definition 3.1), Definition 2.1 reduces
to the tuple ¥ = (X,U,u,f,Y,h) and the set-valued map f
becomes f : X x U = X. Correspondingly, (2.1) reduces to:

fx(k+1) € f(x(k), v(k)),
2 { y(k) = h(x(k)). (2.4)

Moreover, Definition 2.2 reduces to the following definition.

Defmltlon 2.3. Consider systems X' = X, 0,u,f, Y, h) and
> = (X 0, a, f ¥, ) where ¥ C V. AfunctlonV XxX —> Rso
is called an alternating simulation function from StoXifvxeX
and V& € X, one has

a(llh(x) — &) < V(x, R), (2.5)
andVx € X,V € X, Vii € U, Ju € U, Vx4 € f(x, u), Ikq € f(X, 1)

such that one gets

X)), Pexe(IT]), &}, (26)

for some &, 6 € Koo, Where 6 < Zy, Pext € Koo U {0}, and some
E € RZO'

V(xg, %4) < max{G(V(x

We say that a system s approximately alternatingly simu-
lated by a system X or a system X' approximately alternatingly
simulates a system X, denoted by X <45 X, if there exists an
alternating simulation function from ¥ to ¥ as in Definition 2.3.

We refer the interested readers to Pola and Tabuada (2009,
Section 3.2) justifying in details the role of different quantifiers
appeared before condition (2.6) in Definition 2.3 (condition (2.3)
in Definition 2.2). In brief, those quantifiers capture the different
role played by control inputs as well as nondeterminism in the
system.

The next result shows that the existence of an alternating
simulation function for systems without internal inputs implies
the existence of an approximate alternating simulation relation
between them as defined by Tabuada (2009).

Proposntnon 2.4. Consider systems X = = (X,0,u,f,Y,h) and
> = (X 0, a, f ¥, ) where ¥ € Y. Assume V is an alternating
simulation function from $to X asin Definition 2.3 and that there
exists v € R.g such that ||&i|| < v Vii € U. Then, relation R € X x X
defined by

R= {(x, R) € X x X|V(x, %) < max {fex(v), é}}

is an &-approximate alternating simulation relation, defined by
Tabuada (2009), from X to X with

& = &~ (max{pex(v), }). (2.7)

Proof. The proof consists of showing that (1) V(x, X) € R we have
[lh(x) — h(x)|| <& (ii) ¥(x, X) € Rand Vi € 0, 3u € U, such that
Vxg € f(x,u), Ixg € f(X, 1) satisfying (x4, X4) € R. The first item
is a simple consequence of the definition of R and condition (2.5)
(i.e. a(||h(x)—h(X)|) < V(x X) < max{pex(v), £}), which results in
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[h(x)—h(X)|| < & '(max{pex(v), }) = &. The second item follows
immediately from the definition of R, condition (2.6), and the fact
that & < Zy. In particular, we have V(xq4, X) < max{pex(v), &}
which implies (x4, X4) € R.

3. Compositionality result

In this section, we analyze networks of discrete-time control
subsystems and drive a general small-gain type condition under
which we can construct an alternating simulation function from
a network of abstractions to the concrete network by using alter-
nating simulation functions of the subsystems. The definition of
the network of discrete-time control subsystems is based on the
notion of interconnected systems described by Tazaki and Imura
(2008).

3.1. Interconnected control systems

We consider N € Ns; original control subsystems X; =
(Xi, Ui, W;, U, Wi, fi, Yy, hy), i € [1; N], with partitioned internal

inputs as
wi = [Wit; .. .5 Wi—1); Witi+1)} - - - 5 Win], (3.1)
N—1
w; = [ | wy, (32)
j=1
with output map and set partitioned as
hi(xi) =[hin(x); . . .5 hin(xi)], (3.3)
N
vi =] ] vi- (3.4)
j=1

We interpret the outputs y;; as external ones, whereas y;; with i #
j are internal ones which are used to define the interconnected
systems. In particular, we assume that the dimension of vector
wj; is equal to that of vector yj;. If there is no connection from
subsystem X to Xj, we set h; = 0. Now, we define the notions
of interconnections for control subsystems.

Definition 3.1. Consider N € Ns; control subsystems X; =
(Xi, Ui, Wi, U, Wi, fi, Yi, hy), i € [1; N], with the input-output
structure given by (3.1)-(3.4). The interconnected control system
Y =(X,0,u,f,Y, h), denoted by Zy((X1, ..., Xy), where M €
RVN js a matrix with elements {M}; = 0, {M}; = @y, Vi,j €
[IN]i #j,0 < @y < span(Yj;), is defined by X = ]_[fi] X;,
U= ]_[fV:1 Ui, U = [T, U, Y = [T, Ys, and maps

Fx, u) = {[xa1; . ..; Xan] | Xai € fi(xi, ug, wy) Vi € [1; N]},

h(x) :== [h11(x1); . .. ; han(xn)1,
where u = [uq;...;un], x = [X1;...;xn], and subject to the
constraint:

wij = Vo (Vji), [Yiiley; © Wy, Vi, j € [1; N1 i #J.

In the above definition, whenever @;; # 0, the sets Yj;, Vi, j €
[1; N1, i # j, are assumed to be finite unions of boxes.

An example of an interconnection of three control subsystems
X1, X5, and X5 is illustrated in Fig. 1.

The following technical lemmas are used to prove some of the
results in the next subsections.

Lemma 3.2. For any a, b € R., the following holds
a-+b < max{(Zg + A)a), (Za + A~ ")(b)}, (3.5)

forany A € Koo

uy | 1 Y11
|
w2 X1 Y12 i
! |
Toy(31,%2,%3) ! >< ‘
| Wa1 Y21 !
—— X —
ug , W23 2 Y23 Yoo
| |
! |
| w32 > Y32
| 3 |
uz | Y33

Fig. 1. Interconnection of three control subsystems X, X,, and ¥, with hi3 =
h31 =0.

Proof. Define ¢ = A~'(b). Now, one has

(Za + A~ 1)(b)
(Za + A)a)

a+ A(c) <c+A(c) =
a+A(c) <a+ Ma)=

ifa <c,

a+b={ ifa>c,

which implies (3.5).

The next lemma is borrowed from Kellett (2014).

Lemma 3.3. Consider @ € K and x € Ko, Where (x — Zj) € Kxo.
Then for any a, b € Rx¢

ala+b) <aox(@+aoxo(x —2a) ' (b).

Next subsection provides one of the main results of the paper
on the compositional construction of abstractions for networks of
systems.

3.2. Compositional construction of abstractions

In this subsection, we assume that we are given N original con-
trol subsystems ¥ = (X;, U;, W;, U4;, W,,f,, Yl, together with
the1r corresponding abstractions f], = (X,,U,,W,,L{,, W,,f,,Y,,
h ) and alternating simulation functions V; from 5 to ;. More-
over, for functions oj, j, and pjire associated with V;, Vi € [1; N],
appeared in Definition 2.2, we define

Vi =00, ¥ = (Ta+A) o pinc o x 00 ", (3.6)

Vj € [1;N], j # i, with arbitrarily chosen A, x € K. with
(x — I4) € Koo. Additionally, Let M € RV*N be a matrix with
elemeAnts {M}i =0, {M},j = oy, Vi,j € [5N],i #j,0 <oy <
span(Y;;).

The next theorem provides a compositional approach on the
construction of abstractions of networks of control subsystems
and that of the corresponding alternating simulation functions.

Theorem 3.4. Consider the interconnected control system X =
Toy(Z1, ..., Xy) induced by N € N control subsystems X
Assume that each X; and its abstraction f],- admit an alternating
simulation function V;. Let the following holds:

(3.7)
,{N}Y'}, wherer € {2,...,N}.

Vitip © Vigiz © *** © Vir_yiy © Vipiy < Zd,

V(iy, ..., 1) € {1, ..., N}I'\{{1},
Then, there exist §; € Ko, such that

V(x, &) == max{8; ' o Vi(x;, &)}
1

is an alternating simulation function from 5 = IM(ﬁh e
to X.
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Proof. Note that by using Theorem 5.2 introduced by
Dashkovskiy, Riiffer, and Wirth (2010), condition (3.7) implies
that 3 §; € Ky Vi € [1; N], satisfying

max}{@;l oy 08} < Iy. (3.8)

Jjel1;N
Now, we show that (2.5) holds for some K function &. Consider
any x; € X;, X; € X;, Vi € [1; N]. Then, one gets

Ih(x) = A = max{|hi(x) — Al
< max{||h(x) — b))
< miax{oz,-’] o Vi(x;, %)}
<ao m;’iX{tSfl o Vi(xi, i)},

where a(s) = max,'{ozi_l o 8i(s)} for all s € Rsp. By defining
& = &', one obtains

&(llh(x) — AR < V(x, R),

satisfying (2.5). Now, we show that (2.6) holds. Consider any
X = [x;;...5x%v] € X, % = [%;...;%] € X and any &I =
[(1;...; 0] € 0. For any i € [1;N], there exists u; € U,
consequently, a vector u = [uy;...;uy] € U such that for any
X4 € f(x,u) there exists X; € f(X, i) satisfying (2.3) for each
pair of subsystems X; and X; with the internal inputs given by
Wi = Us(Vi) Vi.j € [1;N],j # i One gets the chain of
inequalities in (3.9) for some arbitrarily chosen A, x € Ko with
(x — Zq4) € K. Observe that, in inequalities (3.9) (given in Box [
), we used Lemma 3.3 to go from line 7 to 8, and Lemma 3.2 to
go from line 9 to 10. Define &, &, and pgy as follows:

6= n}e}x{a;] oyjodj), = miax{éf](dn)},

Bo(s) = max{8; " o piex(si)}
ext R
sit. s=|l[s1,...,salll, si >0,

where, Vi, j € [1; N],
i = (Za+ 2" o (piinc 0 x o (x — Id)”(x}}i)i({szy}) +e&) (3.10)

Observe that it follows from (3.8) that 6 < Z,. Then, one has

V(xq, &) < max{& o V(x, R), pexe (1)), &}, (3.11)

which satisfies (2.6), and implies that V is indeed an alternating
simulation function from X' to X.

Note that, similar technique was proposed by Rungger and
Zamani (2018) using nonlinear small-gain type condition to con-
struct compositionally an approximate infinite abstraction of an
interconnected continuous-time control system. Since in Rungger
and Zamani (2018, Definition 2) a simulation function between
each subsystem and its abstraction is formulated in a dissipative-
form (Noroozi, Geiselhart, Griine, Riiffer, & Wirth, 2018), an extra
operator (the operator D in Rungger and Zamani (2018, equation
(12))) is required to formulate the small-gain condition and to
construct what is called an $2-path (Dashkovskiy et al., 2010,
Definition 5.1), which is exactly the K., functions §;,i € N,
that satisfy condition (3.8) in our work. However, the definition
of the simulation function in our work is formulated in a max-
form (Noroozi et al., 2018) which results in not only simpler
formulation of the small-gain condition but also the £2-path con-
struction can be achieved without the need of the extra operator;
see Dashkovskiy et al. (2010, Section 8.4).

Remark 3.5. Note that if, Vi € [1; N], piirc are linear functions,
ie, pinc(a + b) = pinc(a) + pine(b), Ya,b € Rsg, we omit

the K function x in (3.6) and (3.10); hence, y; and ¢; in the

previous theorem reduce to y; = (Zg + A) © Pimr © o(j_l and

@i = (Za + 27" o (piine © (Max; ji{@y}) + &), Vi, j € [1;N], j # i,
respectively. Moreover, if & = 0, we omit the K, function A in
(3.6) and (3.10). Therefore, y; and ¢; reduce to y;j = it © ozj‘1
and ¢; = g, Vi, j € [1; N], j # i, respectively.

Remark 3.6. We emphasize that the proposed small-gain type
condition in (3.7) is much more general than the ones proposed
by Mallik et al. (2019) and Pola et al. (2016). To be more specific,
consider the following system:

5 Xk + 1) = axqi(k) + biv/[xa (k)
"\ xe(k + 1) = axxy(k) + brg(x1(k)),

where 0 < a; < 1,0 < a; < 1, and function g satisfies the
following quadratic Lipschitz assumption: there exists an L € R.
such that: |g(x) — g(x)| < Llx—x/)* for all x,x¥ € R. One can
easily verify that functions V;(xq, X1) = |X; — X1| and V,(x,, X)) =
|x, — X,| are alternating simulation functions from x;-subsystem
to itself and x,-subsystem to itself, respectively. Here, one cannot
come up with gain functions satisfying Assumption (A2) in Pola
et al. (2016) globally (assumptions (1) and (2) in Mallik et al.
(2019, Theorem 3) are continuous-time counterpart of Assump-
tion (A2) in Pola et al. (2016)). In particular, those assumptions
require existence of K, functions being upper bounded by linear
ones and lower bounded by quadratic ones which is impossible.
On the other hand, the proposed small-gain condition (3.7) is still
applicable here showing that V(x, %) := max{8; 'oVi(x1,%1), 8, 'o
Vo(x2, X,)} is an alternating simulation function from X to itself,
for some appropriate 81,8, € Ko satisfying (3.8) which is
guaranteed to exist if |by|+/[b2]L < 1 and |by|(b1L)? < 1.

Remark 3.7. Here, we provide a general guideline on the com-
putation of K, functions §;,i € [1; N] as the following: (i) In a
general case of having N > 1 subsystems, functions é;,i € [1; N],
can be constructed numerically using the algorithm proposed
by Eaves (1972) and the technique provided by Dashkovskiy et al.
(2010, Proposition 8.8), see Ruffer (2007, Chapter 4); (ii) Simple
construction techniques are provided by Dashkovskiy et al. (2010,
Section 9) and Jiang, Mareels, and Wang (1996) for the case of
two and three subsystems, respectively; (iii) the Ko functions
8;, 1 € [1; N], can be always chosen as identity functions provided
that y; < Zg, V i,j € [1; N], for functions y;; appeared in (3.6).

4. Construction of symbolic models

In this section, we consider ¥ = (X, U, W,u, W, f,Y, h) as
an infinite, deterministic control system and assume its output
map h satisfies the following general Lipschitz assumption: there
exists an £ € Ko such that: ||h(x) — h(x')]] < £(]lx — x'||) for
all x, X € X. Note that this assumption on h is not restrictive
at all provided that one is interested to work on a compact
subset of X. In addition, the existence of an alternating simulation
function between X and its finite abstraction is established under
the assumption that X is so-called incrementally input-to-state
stabilizable as defined next.

Definition 4.1. System X = (X, U, W,u, W, f,Y, h) is called
incrementally input-to-state stabilizable if there exist functions
H:X—>Uand G:XxX — RygsuchthatVx,x' € X, Vu,u’' € U,
Yw, w’ € W, the inequalities:

a(llx = X) < G(x, x) < a(llx —x|), (4.1)
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V(x4, %) = mlax{Biq o Vi(Xg;, Xg;)}

x(S1

i), &)}

max{o; o Vi(x;, Xl) Pime(Jw; — ﬁ)l”)s Piext

=max{s!

ax{ " (max{or o Vit 2. pune(maxtlwy — iy 1)), pew (). 1)

max{o; o Vi(x;, xl) punt(mix{”y]l yji +9ji - ﬁér,-j(f/j,-)”})a piext(”ﬁi”)s 8i})}

<m xél

= max{ 37" (max(a; o Vitx, &), pune(max( 13 = Vil e i), 1)}
(max(o; 0 V(i &), pine(max () — B + y)). s i), €0) |

s
s
(s
=max{s;"
o
max{

8§ 1

| /\

(01 0 Vi(xi. &), pune(maxla;* o V. %) + &), pia (i), 1) |
<max { 81 ((max{oi o Vi(xi, &), piint © X(Tji)i({%_] o Vi(x;, %)})
o pine © 1 0 (1 = ) (max(ey)), sl 23 ) |
< max { 87" (‘max{o; o Vi(xi, &), piine © x(Ij{}i§{aJ’1 o Vj(x;, %)})
o pune © 10 (= ) (max{yuug)) + &1, 141 )}
<max { 87" (max{o; o Vi(xi, X;), (Za + 1) o it © X(r{}i)i({“fl o Vj(x;, %)}),
PN, (Za =+ 27) 0 (i o x o (1 = Zo)™ (maxty)) + 1) ) |

1

< max{5;" (maxty; o Vi(x. %), p,-ext(uﬁfn),qsi})}

(X]7X]) plext(”u ), ¢1})}

(max{y; o & 0 8" 0 ViCu, &), piec(ll). 4)) ]

(

= max 8; " (max{yjj 0 8§08,
x5 (
(

= max{57" (maxlyy o 8 0 V(x. ). (141, 91)

e
fo
<max[8
g
{o

=maxjo oV mlax{Sl‘l 0 Piext( ||flz|| )s 51_1 (¢1)} }, (3.9)
Box L.
and X, U, W are assumed to be finite unions of boxes. One can con-
, , - , struct a finite system

G (x, H(X) + u, w), fF(X, H(X) + ', w')) — G(x, X') T
' =X 0Ww,u, ¥, h 43
< —k(G(%, X)) + Vine(lw — w'[}) + Vexe(lu — ') (4.2) ( W, f, Y, h), (4.3)

where:

hold for some «, &, &, Vint, Vext € Koo-

o X = [X],, where 0 < n < span(X) is the state set quantiza-
Remark that in Definition 4.1, we implicitly assume that #(x)+ X1, n < span(X) d

u € U forany x € X and any u € U. Note that any clas-
sically stabilizable linear control system is also incrementally
stabilizable as in Definition 4.1. For nonlinear control systems,
the notion of incremental stabilizability as in Definition 4.1 is
stronger than conventional stabilizability. We refer the interested
readers to Tran, Riiffer, and Kellett (2016) for detailed information
on incremental input-to-state stability of discrete-time control
systems.

Now, we construct a finite abstraction 5 of an incrementally
input-to-state stabilizable control system X as the following.

Definition 4.2. let ¥ = (X,U,W,u, W, f,Y,h) be incre-
mentally input-to-state stabilizable as in Definition 4.1, where

tion parameter;

o U= [U],, where 0 < p < span(U) is the external input set
quantization parameter;

o W = [W];, where 0 < & < span(W
set quantlzatlon parameter;

. Xd e f&. 1, w) iff 1R — F(R, HEZ) + 1, )| < n;

= {h(X) | X e X};
. h =h.

) is the internal input

Next, we establish the relation between ¥ and X, intro-
duced above, via the notion of alternating simulation function in
Definition 2.2. In particulate, we show that X' is a complete finite
abstraction of X' by proving that function G in Definition 4.1 is an
alternating simulation function from X' to X and from X to X.
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Theorem 4.3. Let X be an incrementally input-to-state stabilizable
control system as in Definition 4.1 and S be a finite system as
constructed in Definition 4.2. Assume that there exists a function
7 € Koo such that for any x, x', X" € X one has

G(x,x') < G(x, X") + p(Ix = x"Il) (4.4)

for G as in Definition 4.1. Then G is actually an alternating simulation
function from X to X and from X to X.

Proof. Given the Lipschitz assumption on h and since X is
incrementally input-to-state stabilizable, from (4.1), Vx € X and
VX € X, we have

lIh(x) — ARl < £(llx = RIl) < &(G(x, &),

where @ = £ o ™. By defining @ = &', one obtains

a(Ih(x) — hR)II) < 6(x, R),

satisfying (2.2). Now from (4.4), Vx € X, VX € X, Vil € U,Vw €

W, Vo € W, we have

G(f(x, H(x) + 1, w), Xq)
< G(f(x, H(x) + 0, w), f(X, H(X) + 1, D))
+ P(I1%g — R, HR) + 0, w)|)

for any X4 € f(fc, il, w). Now, from Definition 4.2, the above
inequality reduces to

G(f(x, H(X) + 11, w), Xq)
< G(f(x, H(x) + 1, w), f(X, HR) + 11, ®)) + P(n).

Note that by (4.2), we get

GUF(x, H(xX) + 11, w), f(R, H(X) + @1, D)) — G(x, R)
< —.(G(X%, %) + Yine(lw — W ])).

Hence, Vx € X,VX € X,Vil € U, and Vw € W,V € W, one
obtains

G(f(x, H(x) + 11, w), Xg) — G(x, X)
< —k(G(%, X)) + Vine(lw — @) + 7 (1)

for any %4 € f(% @, o). Using the previous inequality and by
following a similar argument as the one in the proof of Theorem
1 in Swikir et al. (2018), one obtains

G(f (x, H(x) + 1L, w), Xa)
< max{&(g(x, X)), Vine(lw — @I, ()},

where £k = Zy — (Zg — ¥) o Ky Pine = (Zga + A) o k1o 1//71 o
X0V, V = Za+2rNok oy oyxolx —Z) oy,
where A, x, ¥, k are some arbitrarily chosen K., functions with
Tg— Y € Kooy, X — Ty € Koo, Tg — K € Ko and £ < k. Hence,
inequality (2.3) is satisfied with u = H(X) + 1, 0 = &, Pint = Vint»
Pext(s) = 0 Vs € Rsg, ¢ = y(n), and, hence, G is an alternating
simulation function from 2 to X. Similarly, we can also show that
G is an alternating simulation function from X to $.In particular,
by the definition of U, for any u = #H(x) + ii € U there always
exists il € U such that ye(||il — @l]|) < Yex(x) which results in
e=(Za+r ok oy Toxo(x —Zg)"! (Yex(w) + P(n)). Other
terms in the alternating simulation function G are the same as the
first part of the proof.

Remark 4.4. Observe that if y;,, and y are linear functions in the

previous theorem, ¥;;; and 7 reduce to yj,; = (Zg + ) ok 1o

Y loypand y = (Ty+ A1) ok 1oy~ ! o7, respectively.

Remark 4.5. Although the choices of K, functions A, x, ¥, and
k in the previous theorem mainly depend on the dynamic of
the given control systems, we provide a general guideline on
choosing those functions as follows: (i) In order to reduce the
undesirable effect of the inverse of ¥ and i in satisfying the
small-gain condition in (3.7), or in computing the value of the
overall approximation error in (2.7), one should choose those
functions to behave very close to the identity function; (ii) Re-
garding X and x, one should choose those functions such that
the small gain condition in (3.7) is possibly satisfied, and then
compute the overall approximation error in (2.7). If the computed
error is acceptable by the user, no further action is required;
otherwise one should start slightly modifying those functions
until a smaller error is achieved while ensuring that the small
gain condition is not violated. For example, one can scale the K
function XA by a linear function B(s) = ¢s € Koo, Vs € R>g, € > 1,
and then, using B o XA instead of A, start increasing the value
of ¢ until a smaller error is obtained. Same procedure can be
simultaneously applied to the K, function yx. It may be the case
that the desired error is not achievable with the chosen A and g,
then one should start over and choose different A and x and go
through similar procedure again.

Remark that condition (4.4) is not restrictive at all provided
that one is interested to work on a compact subset of X. We
refer the interested readers to the explanation provided after
equation (V.2) in Zamani, Mohajerin Esfahani, Majumdar, Abate,
and Lygeros (2014) on how to compute such function p.

Now we provide similar results as in the first part of this
section but tailored to linear control systems which are compu-
tationally much more efficient.

4.1. Discrete-time linear control systems

The class of discrete-time linear control systems, considered
in this subsection, is given by

5. {x(k-{- 1) = Ax(k) + Bu(k) + Dw(k),

y(k) = Cx(k), (4.5)

where A €¢ R™™ B € R D € R™P, C € RI*". We
use the tuple ¥ = (A, B, C, D) to refer to the class of control
systems of the form (4.5). Remark that the incremental input-to-
state stabilizability assumption in Definition 4.2 boils down in the
linear case to the following assumption.

Assumption 4.6. Let X = (A, B, C, D). Assume that there exist
matrices Z > 0 and K of appropriate dimensions such that the
matrix inequality

(14 26)A+ BK) Z(A+ BK) < «.Z (4.6)
holds for some constants 0 < k. < 1, and 6 € R.,.

Note that condition (4.6) is nothing more than pair (A, B) being
stabilizable (Antsaklis & Michel, 2007).

Remark 4.7. Given constants «. and 6, one can easily see that
inequality (4.6) is not jointly convex on decision variables Z and K
and, hence, not amenable to existing semidefinite tools for linear
matrix inequalities (LMI). However, using Schur complement, one
can easily transform inequality (4.6) to the following LMI over
decision variables Q and M:

QAT + MTBT
—(1+26)Q

where Q = Z~' and M = KQ.

—k.Q
|:AQ+BM }5°’Q>O’
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[ Small-Gain

[l Dissipativity

Now, Theorem 4.3 reduces to the following one for linear
systems.

’l:heorem 4.8. Consider X = (A, B, C, D) and the finite abstraction
X constructed as in Definition 4.2. Suppose Assumption 4.6 holds.
Then, function

V(x,X) = (x —X)TZ(x — %), (4.7)

is an alternating simulation function from S to ¥ and from X
to X.

Proof. First, we show that condition (2.2) holds. Since C = C, we
have

ICx — CRIl < v/Mhmax(CTC)Ix — &I,

and similarity

V }\min(z)”X - )AC” =< (X - )AC)TZ(X — )’2)
It can be readily verified that (2.2) holds for V defined in (4.7)

with «(s) = #"(?Qs for any s € R>(. We continue to show

that (2.3) holds as well. Let x, X, ii, and @& be given, and choose
uasu = K(x —X) + . Let x4 = Ax + Bu + Dw, and X4 be
defined as in Definition 4.2. Define F := AX + Bl + Dw — Xy,
and k. == 1 — /k.. Now, one obtains the chain of inequalities
(4.8) (given in Box II). By following a similar argument as the one
in the proof of Theorem 1 in Swikir et al. (2018), one gets (4.9)
(given in Box II) where &£ = (1 — k(1 — ¥)), satisfying (2.3)

. ~ 2
with o(s) = &5, pen(s) = 0, pine(s) = G2/ PTG IVZD ] s,
(1+1/8¢)

Vs € Rsg, & = "(”9)3"“"(2)1;, where . and §; can be

K
chosen arbitrarily sﬁ//cch that 0 < ¢ < 1 and 6. > 0. Hence, the
proposed V in (4.7) is an alternating simulation function from ¥
to X. The rest of the proof follows similar argument. In particular,
by the definition of U, for any u = K(x — X) + it € U there always
exists i € U such that ||B||||il — &I < |B|lx which results in

M, / W(HBHM + 7). Other terms are the same

g =
KeYe
as before.

5. Case study

In this section we provide two case studies to illustrate our
results and show their effectiveness in comparison with the ex-
isting compositional results by Swikir et al. (2018). We first apply
our results to the temperature regulation in a circular building
by constructing compositionally a finite abstraction of a network
containing n > 3 rooms, each equipped with a heater. Then we
apply the proposed techniques to a fully connected network to
show its applicability to strongly connected networks as well. The
construction of symbolic models and controllers are performed
using tool SCOTS (Rungger & Zamani, 2016) on a PC with Intel
i7@3.4 GHz CPU and 16 GB of RAM.

5.1. Room temperature control

The evolution of the temperature T of all rooms is described
by the interconnected discrete-time model:

5. [T+ 1) = AT(k) + BT + 7 Tyu(k),
’ y(k) =T(k),

adapted from Meyer et al. (2018), where A € R™" is a matrix
with elements {A}; = (1 — 2a — B — mvi(k)), {Aliir1)y =
{AYi+1i = {AYn = A} = «, Vi € [1;n — 1], and all other
elements are identically zero, T(k) = [Ty(k);...; Ta(k)], v(k) =
[vi(k); ...; va(K)], Te = [Ter;...; Tenl, where vi(k), Vi € [1;n],

10° g
. 107
i‘.....iil'l'l'l;ZI////
. ..nl'l%%f/’/’/%
O l/l/I//////////// o
n
102 )
i o 10

Fig. 2. Temperature control: Comparison of errors in (2.7) resulted from our
approach based on small-gain condition with those resulted from the approach
proposed by Swikir et al. (2018) based on dissipativity-type condition for
different values of n > 3 and #;.

are taking values in [0, 0.6]. The other parameters are as follows:
Vi € [1; n], T; = —1°C is the outside temperature, T, = 50°C is
the heater temperature, and the conduction factors are given by
a = 0.45, B = 0.045, and = = 0.09.

Now, by introducing X; described by

5. Ttk + 1) = dTi(k) + dewi(k) + BTei + w Tpvi(k),
! yi(k) = Ti(k),

one can readily verify that ¥ = Z,,(Xy,..., 2,), where a =
1-2a—pB—nvi(k),d = [a; «]", and wi(k) = [yi-1(k); Yiz1(k)] (with
Yo = ¥n and yn41 = y1). Note that for any i € [1; n], conditions
(4.1) and (4.2) are satisfied with G(T;, T;) = ||T; — T;||, Hi = 0,
a;(s) = i(s) = s, ki(s) = (1 — a)s, Yine(s) = as, and Yiexr =
0. Furthermore, (4.4) is satisfied with 7 = 1Ij. Consequently,
Gi(Ti, T;) = |IT; — Til| is an alternating simulation function from
X’;, constructed as in Definition 4.2, to X;.

Let, Vi € [1;n], the K, functions A;, ¥;, and k; in the proof
of Theorem 4.3 be as follows: A; = Zy, ¥i(s) = 0.99s, k; =
ki. Since we have y;(s) < Ig, Vi,j € [1;n], i # j and for
any n > 3, the small-gain condition (3.7) is satisfied without
any restriction on the number of rooms. Using the results in
Theorem 3.4 with (Si_l = 17y, Vi € [1;n], one can verify that
V(T, f) = max{||T; — fi||} is an alternating simulation function
from ¥ = Zon(ﬁ‘1, ceey f]n) to X satisfying conditions (2.5) and
(2.6) with &(s) = max{(1—(1—a)1072)s, 225}, G(s) = s,

> 1-a

Pext(s) = 0 Vs € Ry, &€ = maxi{zi(iz;”}, Vi € [1; N], where n;

is the state set quantization parameter of abstraction b
Remark that, to have a fair comparison with the compositional
technique proposed by Swikir et al. (2018), we have assumed
that §{ji = Wij, ie. @y = 0,Vi,j € [1;n], i # j. For the fair
comparison, we compute error £ in the £-approximate alternating
simulation relation as in (2.7) based on the dissipativity approach
introduced by Swikir et al. (2018) and the small-gain approach
introduced here. This error represents the mismatch between the
output behavior of the concrete interconnected system X and
that of its finite abstraction X'. We evaluate £ for different number
of subsystems n and different values of the state set quantization
parameters 7); for abstractions X; Vi € [1; n] as in Fig. 2. As shown,
the small-gain approach results in less mismatch errors than
those obtained using the dissipativity based approach proposed
by Swikir et al. (2018). The reason is that the error in (2.7) is
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1
+ n)\max(z)ﬂz) :

I(w—®)YD'VZ|2  _IVZF|3
+ 5 +2 o

V(x4, Xq) = ((Ax + Bu + Dw — (AR + Bl + D) + (AR + Bil + D) — %) Z
(Ax + Bu + Dw — (AR + Bil + Did) + (AX + Bil + Did) — &4))?
= ((x—%)"(A+ BK)'Z(A+ BK)(x — &) + (w — ®)'D"ZD(w — ®) + 2(w — ®)' D' ZF
+2(x — R)7(A + BK) ZD(w — i) + 2(x — %) (A + BK)'ZF + F'ZF)?
< ((x = R)(A + BK)' Z(A + BK)(x — ) + (w — ®)'D'ZD(w — i) + 2||(w — &) D' VZ||2|IVZF |,
+ 2/l(x = R)(A+ BK) VZII2 | VZF |2 + 2/ (x — R (A + BK)' VZ 12| VZD(w — )]l

< ((x = R)(A+ BK)'Z(A+ BK)(x — ) + 20 |(x — R) (A + BK)'VZ||3 + (w — )" D" ZD(w — )

1
+0ll(w — D) D'VZ|2 + nhmax(Z)n?) 2
(146 +6%)(w — D)'D'ZD(w — )

< ((1 +20)x —R)(A+BK) Z(A+ BK)(x — X) +

n(2 + e)xmx(sz)%
e

N N 14+6+62 R n(2 4+ 0)Amax(Z
< (1= V0 D+ o T zDi e — ) 4|2 D), (48)

0

n - n and (146, 14+0+62 R 1+ 1/8, 24+ 0)Amax(Z
V(xd,xd>smax{x((x—x)TZ(x—x))z,(kfp LS i — i, ¢ Zw/ ) JH2E )n}, (4.9)
Box II.

computed based on the maximum of the errors between concrete
subsystems and their finite abstractions instead of being a linear
combination of them which is the case in Swikir et al. (2018).
Hence, by increasing the number of subsystems, our error does
not change here whereas the error computed by the dissipativity
based approach proposed by Swikir et al. (2018) will increase as
shown in Fig. 2.

Now, we synthesize a controller for X' via abstractions 5, such
that the temperature of each room is maintained in the comfort
zone S = [19, 21]. The idea here is to design local controllers
for abstractions f],», and then refine them to concrete subsystems
;. To do so, the local controllers are synthesized while assum-
ing that the other subsystems meet their safety specifications.
This approach, called assume-guarantee reasoning, allows for the
compositional synthesis of controllers as well. The computation
times for constructing abstractions and synthesizing controllers
for X; are 0.048 s and 0.001 s, respectively. Fig. 3 shows the
state trajectories of the closed-loop system X, consisting of 1000
rooms, under control inputs u; with the state and input quan-
tization parameters n; = 0.01 and w; = 0.01, Vi € [1; 1000],
respectively.

5.2. Fully connected network

In order to show the applicability of our approach to strongly
connected networks, we consider a nonlinear control system X

Temperature

20 40 60 80 100
Time

Fig. 3. State trajectories of the closed-loop system X' consisting of 1000 rooms.

described by

5 x(k 4+ 1) = Ax(k) 4+ ¢(x) + v(k),
‘ y(k) = x(k),

where A = I, — tL for some Laplacian matrix L € R™" of
an undirected graph (Godsil & Royle, 2001), and constant 0 <
T < 1/A, where A is the maximum degree of the graph (Godsil
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& Royle, 2001). Moreover x(k) = [x1(k);...;Xn(k)], v(k) =
[vi(k); ...5 va(k)], and @(x) = [@1(x1); . . .5 @n(Xn)], where @i(x;) =
sin(x;), Vi € [1; n]. Assume L is the Laplacian matrix of a complete
graph:

n—1 -1 —1
-1 n-1 -1 - -1
L—| -1 -1 n-1 .. -1

Now, by introducing X; described by

5. {Xi(k + 1) = aixi(k) + ¢i(x;) + diwi(k) + vi(k),
' yi(k) = xi(k),

where a; = {A}i, wi(k) = [¥irs ... Vi1 Vie1)s - -3 Vinls i =
HAYis - - {Aii—1y; {AYi+1)s - - -5 {Alin]", one can readily verify
that ¥ = Zy,(X, ..., Xy). Clearly, for any i € [1; n], conditions
(4.1) and (4.2) are satisfied with Gi(x;, X)) = |lx; — Xill, Hi(x;)) =
—cixi, where % < ¢ < @+ 1, as) = @(s) = s, ki(s) =
(I = +a —a)s, vin(s) = ldills, and yiex(s) = 0, Vs € Rxo.
Note that (4.4) is satisfied with y = Z,. Consequently, Gi(x;, X;) =
lx;—%;|| is an alternating simulation function from 5, constructed
as in Definition 4.2, to X.

Fix T = &1 = 2L and let, Vi € [1; n], the Ko functions A;,
¥, and k; in the proof of Theorem 4.3 be as follows: A; = Zy,
Yi(s) = 0.99s, ki = ;. Since we have y;(s) < Ig, Vi,j €
[1;n], i # j, the small-gain condition (3.7) is satisfied without
any restriction on the number of subsystems. Using the results
in Theorem 3.4 with §;' = 74, Vi € [1;n], one can verify that
V(x,X) = max{||x; — X;||} is an alternating simulation function
from > = Ion(ﬁ‘h e, i‘n) to X satisfying conditions (2.5) and

(2.6) With @(5) = 5, Pexe(s) = 0, Vs € Rog, & = max; [1 (Zliza',“_c,>}

G(s) = max [maxi [(1 — %) s] , Max; [#ﬂ”q)s] }
where 7; is the state set quantization parameter of abstraction 5.

Similar to the previous case study, in order to compare our
compositional technique to the one proposed by Swikir et al.
(2018), we have assumed that ¥; = Wy, ie. @&y = 0, Vi,j €
[1;n],i # j. A comparison of the error £ in (2.7) resulted from
the dissipativity approach proposed by Swikir et al. (2018) and
the small-gain approach introduced here is shown in Fig. 4. We
compute ¢ for different number of subsystems n and different
values of the state set quantization parameters »; for abstractions
i, Vi € [1;n]. Clearly, the small-gain approach results in less
mismatch errors than those obtained using the dissipativity based
approach introduced by Swikir et al. (2018). The computation
time for constructing abstractions for X; is 0.9 s after fixing
n = 1000, n; = 0.01, u; = 0.01, x; € [0,10], v; € [0, 1],
Vi € [1; n].

6. Conclusion

In this paper, we proposed a compositional framework for the
construction of finite abstractions of interconnected discrete-time
control systems. First, we used a notion of so-called alternating
simulation functions in order to construct compositionally an
overall alternating simulation function that is used to quantify
the error between the output behavior of the overall intercon-
nected concrete system and the one of its finite abstraction.
Furthermore, we provided a technique to construct finite abstrac-
tions together with their corresponding alternating simulation
functions for discrete-time control systems under incremental
input-to-state stabilizability property. Finally, we illustrated the

[ Small-Gain

[ Dissipativity

L

10°

Ll

‘W

L

=
)
sl

9 2
n 0 10°

Fig. 4. Fully connected network: Comparison of errors in (2.7) resulted from
our approach based on small-gain condition with those resulted from the
approach proposed by Swikir et al. (2018) based on dissipativity-type condition
for different values of n > 1 and #;.

proposed results by constructing finite abstractions of two net-
works of (linear and nonlinear) discrete-time control systems
and their corresponding alternating simulation functions in a
compositional fashion. We elucidated the effectiveness of our
compositionality results in comparison with the existing ones
using dissipativity-type reasoning.

References

Angeli, D. (2002). A Lyapunov approach to incremental stability properties. [EEE
Transactions on Automatic Control, 47(3), 410-421.

Antsaklis, P. J., & Michel, A. N. (2007). A linear systems primer. Birkhduser.

Arcak, M., Meissen, C., & Packard, A. (2016). Springerbriefs in electrical and
computer engineering, Networks of dissipative systems. Springer International
Publishing.

Dashkovskiy, S., Riiffer, B., & Wirth, F. (2010). Small gain theorems for large scale
systems and construction of ISS Lyapunov functions. SIAM Journal on Control
and Optimization, 48(6), 4089-4118.

Eaves, B. C. (1972). Homotopies for computation of fixed points. Mathematical
Programming, 3(1), 1-22.

Girard, A., & Pappas, G. ]. (2009). Hierarchical control system design using
approximate simulation. Automatica, 45(2), 566-571.

Godsil, C,, & Royle, G. (2001). Graduate texts in mathematics: vol. 207, Algebraic
graph theory. Springer.

Henzinger, T. A., Shaz, Q., & Rajamani, S. K. (1998). You assume, we guarantee:
Methodology and case studies. In Proceedings of international conference on
computer aided verification (pp. 440-451).

Hussein, O., Ames, A., & Tabuada, P. (2017). Abstracting partially feedback
linearizable systems compositionally. [EEE Control Systems Letters, 1(2),
227-232.

Jiang, Z.-P., Mareels, I. M., & Wang, Y. (1996). A Lyapunov formulation of the
nonlinear small-gain theorem for interconnected ISS systems. Automatica,
32(1), 1211-1215.

Kellett, C. (2014). A compendium of comparison function results. Mathematics of
Control, Signals, and Systems, 26(3), 339-374.

Kim, E. S., Arcak, M., & Zamani, M. (2018). Constructing control system ab-
stractions from modular components. In Proceedings of the 21st international
conference on hybrid systems: Computation and control (pp. 137-146). ACM.

Maler, O., Pnueli, A., & Sifakis, J. (1995). On the synthesis of discrete controllers
for timed systems. In Proceedings of the 12th symposium on theoretical aspects
of computer science (pp. 229-242).

Mallik, K., Schmuck, A., Soudjani, S., & Majumdar, R. (2019). Compositional
synthesis of finite state abstractions. IEEE Transactions on Automatic Control,
64(6), 2629-2636.

Meyer, P. J., Girard, A., & Witrant, E. (2018). Compositional abstraction and safety
synthesis using overlapping symbolic models. IEEE Transactions on Automatic
Control, 63(6), 1835-1841.


http://refhub.elsevier.com/S0005-1098(19)30317-6/sb1
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb1
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb1
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb2
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb3
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb3
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb3
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb3
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb3
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb4
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb4
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb4
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb4
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb4
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb5
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb5
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb5
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb6
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb6
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb6
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb7
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb7
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb7
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb8
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb8
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb8
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb8
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb8
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb9
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb9
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb9
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb9
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb9
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb10
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb10
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb10
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb10
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb10
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb11
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb11
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb11
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb12
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb12
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb12
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb12
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb12
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb13
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb13
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb13
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb13
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb13
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb14
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb14
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb14
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb14
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb14
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb15
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb15
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb15
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb15
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb15

A. Swikir and M. Zamani / Automatica 107 (2019) 551-561 561

Noroozi, N., Geiselhart, R., Griine, L., Riiffer, B. S., & Wirth, F. R. (2018).
Nonconservative discrete-time ISS small-gain conditions for closed sets. IEEE
Transactions on Automatic Control, 63(5), 1231-1242.

Pola, G., Pepe, P, & Benedetto, M. D. D. (2016). Symbolic models for net-
works of control systems. IEEE Transactions on Automatic Control, 61(11),
3663-3668.

Pola, G., & Tabuada, P. (2009). Symbolic models for nonlinear control sys-
tems: Alternating approximate bisimulations. SIAM Journal on Control and
Optimization, 48(2), 719-733.

Rockafellar, R. T., & Wets, R. (2009). Variational analysis, Vol. 317. Springer-Verlag.

Ruffer, B. S. (2007). Monotone dynamical systems, graphs, and stability
of largescale interconnected systems. In Fachbereich 3, Mathematik und
informatik (Ph.D. thesis), Germany: Universitdt Bremen.

Rungger, M., & Zamani, M. (2016). SCOTS: A tool for the synthesis of symbolic
sontrollers. In Proceedings of the 19th international conference on hybrid
systems: computation and control (pp. 99-104).

Rungger, M., & Zamani, M. (2018). Compositional construction of approximate
abstractions of interconnected control systems. IEEE Transactions on Control
of Network Systems, 5(1), 116-127.

Swikir, A., Girard, A., & Zamani, M. (2018). From dissipativity theory to compo-
sitional synthesis of symbolic models. In Proceedings of the 4th Indian control
conference (pp. 30-35).

Tabuada, P. (2009). Verification and control of hybrid systems: A symbolic approach
(1st ed.). Springer Publishing Company, Incorporated.

Tazaki, Y., & Imura, J. I. (2008). Bisimilar finite abstractions of interconnected
systems. In Proceedings of the 11th international conference on hybrid systems:
computation and control (pp. 514-527). Springer Berlin Heidelberg.

Thomas, W. (1995). On the synthesis of strategies in infinite games. In LNCS:
vol. 900, Proceedings of the 12th annual symposium on theoretical aspects of
computer science (pp. 1-13). Springer Berlin Heidelberg.

Tran, D. N, Riiffer, B. S., & Kellett, C. M. (2016). Incremental stability properties
for discrete-time systems. In Proceedings of the 55th conference on decision
and control (pp. 477-482).

Zamani, M., Mohajerin Esfahani, P., Majumdar, R., Abate, A., & Lygeros, J.
(2014). Symbolic control of stochastic systems via approximately bisim-
ilar finite abstractions. [EEE Transactions on Automatic Control, 59(12),
3135-3150.

Abdalla Swikir is currently a PhD candidate in the
Department of Electrical and Computer Engineering at
Technical University of Munich (TUM), Germany, since
November 2016. He is also a faculty member in the
Electrical Engineering Department, Omar Al-Mukhtar
University, Albyada, Libya. He received a B.Sc. degree
in Electrical Engineering in August 2008 from Omar
Al-Mukhtar University, Albyada, Libya, and an M.Sc.
degree in Electrical Engineering in December 2015
from Ohio State University, Columbus, OH, USA. From
January 2010 to April 2013 he was a teaching assistant
in the Department of Electrical Engineering at Omar Al-Mukhtar University,
Albyada, Libya.

His research interests are formal synthesis, Symbolic models, and
compositional methods of Large-Scale Cyber-Physical Systems.

Majid Zamani is an Assistant Professor in the Com-
puter Science Department at the University of Colorado
Boulder, USA. He is also a guest professor in the Com-
puter Science Department at the Ludwig Maximilian
University of Munich. He received a B.Sc. degree in
Electrical Engineering in 2005 from Isfahan University
of Technology, Iran, an M.Sc. degree in Electrical Engi-
neering in 2007 from Sharif University of Technology,
Iran, an MA degree in Mathematics and a Ph.D. degree
in Electrical Engineering both in 2012 from University
of California, Los Angeles, USA. Between September
2012 and December 2013 he was a postdoctoral researcher at the Delft Centre
for Systems and Control, Delft University of Technology, Netherlands. From
May 2014 to January 2019 he was an Assistant Professor in the Department
of Electrical and Computer Engineering at the Technical University of Munich,
Germany. From December 2013 to April 2014 he was an Assistant Professor in
the Design Engineering Department, Delft University of Technology, Netherlands.
He received an ERC starting grant award from the European Research Council
in 2018.

His research interests include verification and control of hybrid systems, em-
bedded control software synthesis, networked control systems, and incremental
properties of nonlinear control systems.



http://refhub.elsevier.com/S0005-1098(19)30317-6/sb16
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb16
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb16
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb16
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb16
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb17
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb17
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb17
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb17
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb17
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb18
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb18
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb18
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb18
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb18
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb19
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb20
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb20
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb20
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb20
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb20
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb21
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb21
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb21
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb21
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb21
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb22
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb22
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb22
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb22
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb22
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb23
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb23
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb23
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb23
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb23
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb24
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb24
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb24
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb25
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb25
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb25
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb25
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb25
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb26
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb26
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb26
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb26
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb26
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb27
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb27
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb27
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb27
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb27
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb28
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb28
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb28
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb28
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb28
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb28
http://refhub.elsevier.com/S0005-1098(19)30317-6/sb28

	Compositional synthesis of finite abstractions for networks of systems: A small-gain approach
	Introduction
	Notation and preliminaries
	Notation
	Discrete-time control systems

	Compositionality result
	Interconnected control systems
	Compositional construction of abstractions

	Construction of symbolic models
	Discrete-time linear control systems

	Case study
	Room temperature control
	Fully connected network

	Conclusion
	References


