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Abstract

This paper deals with the establishment of Input-to-State Stability (ISS) estimates for infinite dimensional systems with respect
to both boundary and distributed disturbances. First, a new approach is developed for the establishment of ISS estimates for a
class of Riesz-spectral boundary control systems satisfying certain eigenvalue constraints. Second, a concept of weak solutions
is introduced in order to relax the disturbances regularity assumptions required to ensure the existence of classical solutions.
The proposed concept of weak solutions, that applies to a large class of boundary control systems which is not limited to the
Riesz-spectral ones, provides a natural extension of the concept of both classical and mild solutions. Assuming that an ISS
estimate holds true for classical solutions, we show the existence, the uniqueness, and the ISS property of the weak solutions.
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1 Introduction

The concept of Input-to-State Stability (ISS), originally
introduced by Sontag for finite dimensional systems [33],
is one of the main tools for assessing the robustness of a
system with respect to external disturbances. This no-
tion has been extensively investigated for finite dimen-
sional nonlinear systems during the last three decades.
More recently, the possible extension of ISS properties
to both linear [2,18,19,20,34] and nonlinear [36,37] Par-
tial Differential Equations (PDEs), and more generally
to infinite dimensional systems, has attracted much at-
tention [21,29,30].

For infinite dimensional systems, there exist essentially
two distinct types of perturbations. The first type in-
cludes distributed perturbations; namely, perturbations
acting directly in the state equation. The second type
concerns boundary perturbations; namely, perturba-
tions acting on the system state through an algebraic
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constraint by the means of an unbounded operator. In
the case of PDEs, the distributed perturbations are also
called in-domain perturbations as they appear directly
in the PDEs. In contrast, the boundary perturbations
appear in the boundary conditions of the PDEs. This
second type of perturbation naturally appears in nu-
merous boundary control problems such as heat equa-
tions [8], transport equations [19], diffusion or diffusive
equations [2], and vibration of structures [8] with nu-
merous practical applications, e.g., in robotics [12,13]
and aerospace engineering [22].

While many results have been reported regarding
the ISS property with respect to distributed distur-
bances [1,9,10,24,25,26,27,31], the establishment of ISS
properties with respect to boundary disturbances re-
mains challenging [2,18,19,20]. The traditional method
to study abstract boundary control systems consists
of transfering the boundary disturbances into a dis-
tributed one by means of a bounded lifting operator. By
doing so, the original boundary control system is made
equivalent to a standard evolution equation for which ef-
ficient analysis tools exist. The main issue with such an
approach is that the resulting distributed perturbation
involves the time derivative of the boundary perturba-
tion [8]. In particular, this induces two main difficulties.
First, this approach fails, in general, to establish the
ISS property with respect to the boundary disturbance,
but can only show the ISS property with respect to the
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first time derivative of the boundary disturbance. A no-
table exception is the case of monotone control systems
for which the lifting approach can be successfully used
to establish ISS estimates, see [28] for details. Second,
in order to ensure the existence of classical solutions,
one has to assume that the boundary disturbance is
twice continuously differentiable. The relaxation of this
regularity assumption requires the introduction of a
concept of mild or weak solutions extending the one of
classical solutions. However, the explicit occurrence of
the time derivative of the boundary perturbation in the
evolution equation does not allow, in a general setting,
a straightforward introduction of such a concept of mild
or weak solutions for boundary disturbances that are
only assumed, e.g., to be continuous [11].

Inspired by well established finite-dimensional tech-
niques, it has been proposed to resort to Lyapunov func-
tions to establish the ISS properties of PDEs [2,34,36,37].
An other approach, based on functional analysis tools,
has been proposed in [19] for the study of 1-D parabolic
equations. In the problem therein, (the negative of)
the underlying disturbance free operator belongs to the
class of Sturm-Liouville operators. Thus, its eigenvec-
tors can be selected such that they form a Hilbert basis
of the underlying Hilbert space. By projecting the sys-
tem trajectories onto this Hilbert basis and using the
self-adjoint nature of the disturbance free operator, it
was shown that the analysis of the system trajectories
reduces to the study of a countably infinite number of
Ordinary Differential Equations (ODEs). Each of these
ODEs characterizes the time domain evolution of one co-
efficient of the system trajectory when expressed in the
aforementioned Hilbert basis. Then, the ISS property
was obtained by solving these ODEs and by resorting to
Parsevals identity. On one hand, this idea of projecting
the system trajectories over a Hilbert basis was then in-
vestigated in [17] for the study of the asymptotic gains
of a damped wave equation. On the other hand, this
approach was further investigated in [23] for the study
of the ISS properties of a clamped-free damped string.
Speciffically, the system trajectories were projected over
a Riesz basis [5] formed by eigenvectors of the distur-
bance free operator. Then, the property connecting the
norm of a vector and its coefficients in a Riesz basis was
used to obtain the desired ISS estimates.

The contribution of this paper is twofold. First, we de-
velop a new approach for the establishment of ISS esti-
mates with respect to boundary disturbances for a class
of Riesz-spectral boundary control systems satisfying
certain eigenvalue constraints. The ISS property of such
analytic semigroups was investigated first in [14,15,16]
for L*° boundary inputs. The problem was embedded
into the extrapolation space H_; while invoking admis-
sibility conditions for returning to the original Hilbert
space ‘H. The approach adopted in this paper differs by
generalizing the ideas developed first in [19] and then
in [23]. Assuming boundary and distributed distur-

bances of class C? and C!, respectively, the ISS property
is established for classical solutions by taking advantage
of the projection of the system trajectories over a Riesz
basis formed by the eigenvectors of the disturbance free
operator. This new tool can be used either to derive
general (see proof of Theorem 1) or system specific
(see Subsection 5.3) versions of the ISS estimates. The
advantage of this approach is fourfold. First, all the
computations are performed within the original Hilbert
space H while avoiding the embedding of the problem
into the extrapolation space H_1. Second, it provides a
spectral decomposition of the Riesz-spectral boundary
control system under the form of a countable infinite
number of ODEs describing the time domain evolution
of the coeflicients of the system trajectory in the Riesz
basis. Such spectral decompositions have been used, e.g.,
for control design; see [6,7] for the feedback stabilization
of heat and wave equations. However, these classical
spectral decompositions involve the time derivative d
of the boundary disturbance d. In sharp contrast, the
one provided in this paper only involves the boundary
perturbation d. Third, we show that the d-term of the
aforementioned spectral decomposition can be related
to stationary solutions of the studied Riesz-spectral
boundary control system. Thus, the obtained constant
related to the boundary perturbation in the ISS esti-
mate is expressed as a function of the energy of station-
ary solutions of the abstract boundary control system.
Finally, it is shown that the approach used for deriving
the ISS estimate also allows the direct establishment of
fading memory estimates without invoking a conversion
lemma [21, Chap. 7]. Such fading memory estimates
are useful for the establishment of small gain conditions
ensuring the stability of interconnected systems [21].

The second contribution of this paper deals with the in-
troduction of a concept of weak solutions for abstract
boundary control systems that allows the relaxation of
the perturbations regularity assumptions from C? and C*
to CY. This approach applies to a general class of bound-
ary control systems that is not limited to Riesz-spectral
ones. The first concept of weak solutions for infinite di-
mensional nonhomogeneous Cauchy problems was ori-
gally introduced in [3]. In the case of Hilbert spaces,
an alternative version of such a concept was proposed
under a variational form, see, e.g., [8, Def. 3.1.6]. The
advantage of such a formulation is that it bridges the
gap with the concept of solutions from distribution the-
ory [8, A.5.29]. The purpose of this paper is to extend
such a concept to the case of abstract boundary control
systems. The proposed approach is an extension of the
concept of classical solutions that presents three main
advantages. First, the concept of weak solution is intro-
duced direclty within the original Hilbert space H under
a variational formulation. In particular, it provides an
alternative framework that avoids either the traditional
embedding of the original problem into the extrapola-
tion space H_; [11,35] or the abstract extension of the



mild solutions by density arguments [32]. Second, the
proposed definition of weak solutions only depends on
the operators of the abstract boundary control system;
in particular, it does not make explicitly appear the Cy-
semigroup generated by the disturbance free operator.
Third, by its variational formulation and the introduc-
tion of test functions, the concept of weak solution is in-
spired by distribution theory. Assuming that an ISS es-
timate holds true with respect to the classical solutions
of the abstract boundary control system, we show the
existence and the uniqueness of the weak solutions, as
well as their compatibility with the concept of mild so-
lutions. It is also shown that the ISS estimate satisfied
by classical solutions also holds true for weak solutions.

The remainder of this paper is organized as follows. No-
tations and definitions are introduced in Section 2. The
establishment of an ISS estimate for a class of Riesz-
spectral boundary control systems with respect to clas-
sical solutions is presented in Section 3. Then, a concept
of weak solutions and its properties are presented in Sec-
tion 4 for a large class of boundary control systems. The
obtained results are applied on an illustrative example in
Section 5. Concluding remarks are provided in Section 6.

2 Notations and Definitions
2.1 Notations

The sets of non-negative integers, positive integers, inte-
gers, real, non-negative real, positive real, negative real,
and complex numbers are denoted by N, N*, Z, R, R,
R%, R*, and C, respectively. For any z € C, Rez de-
notes the real part of z. Throughout the paper, the field
K is either R or C. We consider the following classical
classes of comparison function:

K={vye C°(R,;R,) : vystrictly increasing, v(0) = 0},

L= {y€C’Ry;Ry) : ystrictly decreasing,

KL={pe CO(Ry xRy;Ry) : B(-t) € Kfort >0,

B(z,-) € Liorxz > 0}.

For an interval I C R and a K-normed linear space
(E, |-l g); C™(I; E) denotes the set of functions f: I —
E that are n times continuously differentiable. For any
a < b, we endow C°([a, b]; E) with the norm || ||co((a,5]; )
defined for any f € C%([a,b]; E) by

1flleoapz) = sup If(E)]e.
t€la,b]

For a given linear operator L, R(L), ker(L), and p(L)
denote its range, its kernel, and its resolvent set, respec-
tively. L(F, F') denotes the set of bounded linear opera-
tors from E to F. Let (K™, | - |lgm) be a normed space

with m € N*. For a given basis £ = (e1,ea,...,€) of
K™, we denote by || - ||co,e the infinity norm[*| in £. By
virtue of the equivalence of the norms in finite dimen-
sion, we denote by ¢(€) € R the smallest constant such
that [| - [loc.e < e(E)]] - [lem-

Finally, we introduce the Kronecker notation: 6, = 1 if
a = b, 0 otherwise. The time derivative of a real-valued
differentiable function f : I — R is denoted by f. If H
is a Hilbert space, the time derivative of an H-valued
differentiable function f : I — H is denoted by df/dt.

2.2 Definitions and related properties

In this paper, we consider the following definition of
boundary control systems [8, Def. 3.3.2].

Definition 1 (Boundary control system) Let(H, (-,-);)

be a separable Hilbert space over K and (K™, || - ||gkm) be
a K-normed space with m € N*. Consider the abstract
system taking the form:

%(t) —AX(D)+U(t), t>0
BX(t) = d(t), t>0 (1)
X(0) = Xo

with

A:D(A) C H — H alinear (unbounded) operator;
B : D(B) C H— K™ with D(A) C D(B) a linear
boundary operator;

U : Ry — H the distributed disturbance;

d: Ry — K™ the lumped disturbance.

We say that (A, B) is a boundary control system, with
associated abstract system (1), if

(1) the disturbance free operator Ao, defined over the
domain D(Ag) = D(A)Nker(B) by Ay = Alp(ag):
is the generator of a Cy-semigroup S on H;

(2) there exists a bounded operator B € L(K™,H),
called a lifting operator, such that R(B) C D(A),
AB € LK™, H), and BB = Iim.

Remark 1 As the boundary input space K™ is finite di-
mensional, the bounded nature of B and AB is immedi-
ate. Thus, the existence of the lifting operator B reduces
to the surjectivity of B|D(A)'

We then introduce the concept of Riesz-spectral opera-
tors [8, Def. 2.3.4].

! Defined as the maximum of the absolute values of the
vector components when written in the basis £.



Definition 2 (Riesz spectral operator) Let Ay
D(Ay) C H — H be a linear and closed operator with
simple eigenvalues A\, and corresponding eigenvectors
on € D(Ap), n € N. Ag is a Riesz-spectral operator if

(1) {¢n, n € N} is a Riesz basis [5]:
(a) {¢n, n € N} is mazimal, i.e., spang ¢, = H;
neN
(b) there exist constants mg, Mr € R such that
for all N € N and all vy, ..., an € K,

2

N N N
mRZ|an|2 S Zan¢n SMRZ|an|2;
n=0 n=0 H n=0
(2)

(2) the closure of {\n, n € N} is totally disconnected,
i.e. for any distinct a,b € {\,, n € N}, [a,b] ¢
{An, n € N}

A subset of the properties satisfied by Riesz-spectral op-
erators are gathered in the following lemma [8, Lemmas
2.3.2 and 2.3.3].

Lemma 1 Let Ao : D(Ag) C H — H be a Riesz-spectral
operator. With the notations of Definition 2, the following
are true.

o The eigenvalues of the adjoint operator Ay are provided

forn € N by pu, = N\, and the associated eigenvectors
¥, € D(AG) can be selected such that {¢,,, n € N} and
{tn, n € N} are biorthogonal, i.e., for all n,m € N,

<¢n7 z/]m>’;.[ = 5n,m-
e The sequence of vectors {1, n € N} is a Riesz basis.
e For all (ay)nen € KY,

Z|ozn|2 <oo<:>Zozn¢n cH. (3)
neN neN
e Forallze H,
z = Z (2,%n) g &n = Z (2, On) gy Un- (4)

neN neN
o Ay is the generator of a Cy-semigroup S if and only if

sup Re \,, < co. In this case,
neN

VEERy, V2 €H, S(t)z =D M (z,4n)y bn,
neN
()
and its growth-bound satisfies wy = sup Re \,,.
neN

Finally, we introduce the following definition.

(1) (A, B) is a boundary control system with associated
abstract system (1);

(2) the underlying disturbance free operator Ay is a
Riesz-spectral operator.

In particular, we consider the class of Riesz-spectral
boundary control systems such that:

A
wo =sup Re\, <0, Césupi
neN neN |];{e )\n|

<oo. (6)
The constraint wy < 0 guarantees the exponential sta-
bility of the Cy-semigroup S while { < +o0 ensures that
the system is of parabolic type. The slight relaxion of
the latter constraint is discussed in Remark 3.

3 ISS Estimate for Classical Solutions

We investigate in this section the case of classical solu-
tions [8, Def. 3.1.1] for (1).

Definition 4 (Classical solutions) Let (A,B) be
a boundary control system. Let Xog € D(A), d €
CO(R4; K™) such that BXo = d(0), and U € CO(Ry;H)
be given. We say that X is a classical solution of (1) asso-
ciated with (Xo,d, U) if X € C°(Ry; D(A))NCH(R4;H),
X (0) = Xy, and forallt >0, (dX/dt)(t) = AX (¢)+U(t)
and BX (t) = d(t).

3.1 ISS for classical solutions

The ISS property of the studied class of Riesz-spectral
boundary control systems was established in [14,15,16]
for L*° boundary inputs by using the usual concept of
mild solutions within the extrapolation space. In this
Subsection 3.1, we develop a different approach for as-
sessing such a result for classical solutions. The proposed
approach generalizes the ideas developed in [19,23] con-
sisting in the projection of the system trajectories over
adequate Riesz bases. This approach relies on a novel
spectral decomposition (see (9) and Remark 2) and can
be used either to derive general (see proof of Theorem 1)
or system specific (see Subsection 5.3) versions of the ISS
estimates. Such an approach is further investigated in
Subsection 3.2 for the derivation of a novel energy-based
ISS estimate (see Theorem 2), as well as the derivation
of fading memory estimates (see Remark 6).

Theorem 1 Let (A,B) be a Riesz-spectral boundary
control system such that the eigenvalue constraints (6)
hold. For every initial condition Xy € D(A), and every
disturbance d € C*(R4;K™) and U € C*(Ry;H) such
that BXo = d(0), the abstract system (1) has a unique

Definition 3 (Riesz-spectral boundary control system Ylassical solution X € CO(R,; D(A))NC (R ;H) associ-

We say that (A, B) is a Riesz-spectral boundary control
system, with associated abstract system (1), if

ated with (Xo, d, U). Furthermore, the system is exponen-
tially ISS in the sense that there exist Cy, C1,Co € R,



independent of Xo, d, and U, such that for all t > 0,

[ X ()15, <Coe™"" | Xoll5, + Crlldllcoio,4,xm)
+ Col|Ulleo(0,4:7) (7)

with kg = —wo > 0, where wq is the growth bound of the
Cy-semigroup S generated by the disturbance free opera-
tor Ap.

Proof of Theorem 1. The existence and uniqueness
of the classical solutions under the assumed regular-
ity assumptions directly follows from classical results
for abstract boundary control systems (see, e.g., [8,
Thm 3.1.3 and Thm 3.3.3]). Thus, the proof is de-
voted to the derivation of the ISS estimate (7). Let
B be a lifting operator associated with the boundary
control system (A, B) as provided by Definition 1. Let
Xo € D(A), d € C>(R1;K™), and U € C}(R4;H) such
that BXy = d(0) be given. Let X be the classical so-
lution of (1) associated with (Xo,d,u). Adopting the
notations of Definition 2 and Lemma 1, we have from
(4) that for all ¢ > 0,

X(8) =D (X (1), ¥n) b (8)

neN

Introducing for all n € N and all t > 0, ¢,(t) =

(X (t),%n)q, then ¢, € C*(Ry;K) and its time deriva-
tive is given by

dX
en(t) = ( (1), vn
= (Grtnw)
= (AX (1) + U(1), ¥n)y
= (A{X(t) = Bd(t)} , thn)y + (ABd(t),9hn)y,
+ <U(t)7 ¢n>’H Ll
where the last equality holds true because X (t) € D(A)
and R(B) C D(A), providing X () — Bd(t) € D(A).
Furthermore, B{X (t) — Bd(t)} = d(t) — d(t) = 0. Thus
X (t) — Bd(t) € D(Ap), yielding

(A{X(t) = Bd(t)} , ¥hn)y = (Ao {X(t) = Bd(t)} , ¥n)y
= (X(t) = Bd(t), Agthn)y
= (X(t) ~ Bd(1). M),
= A (X(t) = Bd(t),thn )y -
We get for all ¢t > 0,

En(t) = Ancn(t) = An (BA(t), n)y
+{ABA(t), Yn)yy + (U@), %n)g - (9)

As all the terms involved in (9) are continuous over R,
a straightforward integration gives for all ¢ > 0,

t
cn(t) = ete,(0) — A, / =T (Bd(7), )y dr
0

t
+/ eAn(t=7) (ABA(T), 1) dr (10)
Ot
+/ U (U(T), )y, dT.
0

Note that

/t S(t—1)ABd(r)dr
0

-y </Ot S(t — 1)ABd() dr, ¢H>H .

neN
t
=X [ (St=naBatr). vy dre,
neN .
=% [ M ABdr). b dr 6
neN

and, similarly,

t —m)U(r)dr = teA"(th) T)s ¥ )4, AT P
/OS(t )U(r)d %/@ (U(7), ¥n)y d7 ¢
(11)

Thus, introducing

t
an(t) £ A, / A (Bd(r), b dr, (12)
0

we deduce from (3) and (10) that (a,,(t))nen is a square
summable sequence for all ¢ > 0 and that

at) £ Z an(t)dn € H.

neN

Therefore, multiplying both sides of (10) by ¢,, and sum-
ming over n € N yields

X(t) = S()Xo — a(t)

+ /t St —71){ABd(t) + U(7)} dr.
0

Thus, for all t > 0, we have
[X @l < 15 Xollw + [le(t) [l (13)

" H/Ot S(t — 1) {ABd(r) + U(r)} dr

H

Let m,, Mg € R’ be the constants associated with the
inequality (2) for the Riesz basis formed by the eigen-
vectors ¢, of Ag. Introducing kg = —wy > 0 where wy



is the growth bound of S, it is easy to see based on (2)
and (5) that

M —K
1S(t) Xolln < 4/ —=e™""[| Xoln-
mg
t

S(t—7){ABd(r) +
0

(14)

Similarly,

U(r)}dr
H

M t
=y _R/ e D ABd(r) + U(7) 3 dr
mp 0

Ko
(15)

It remains to evaluate ||a(t)|l%. To do so, consider
a basis £ = (e1,ea,...,¢ey,) of K™. We introduce
di,da,...,dy, € C*(R,;K) such that

d= i dkek.
k=1

Based on this projection, one can get for all 7 € [0, ],

| <Bd(T)7 "/Jn>’}-[ | = Z dk(T) <Beka "/Jn>7-[
k=1

< |ld(= Hoo£Z| (Bek, ¥n)y |
k=1
< o(&)||d(r ||KmZ| (Bew, tn)y |
SC(S)”dHCU([OJE];]KM Z| Bekawn
k=1

Thus, for all ¢ > 0, we have

t
lon(£)] <] / FAED | (B(r) by [T (16)

An
“|Re A,

c(E)ldllcoqo,nmm) D | (Bews n)y |

k=1

t
X / —Re)\, - efernlt=7) qr
0

<¢Ce(©)ldlcoqo.amm) Y {Bew, Un)y |,

k=1

where the eigenvalue constraints (6) have been used. We
deduce that, for all ¢ > 0,

o ()7 < mC? e(€)?|dl[Eoo,0:0m) D | (Bews ¥n)yy I*-

1 Mg
<— pr {IABIl cgem 30 1l coo,,xm) + 1T lcoqo,41:20) } -

From (2), we deduce first that

D lan(®)f < —CQ ()Ml Zo oz D | BenllZ,

neN k=1

and then, for all t > 0,

MR

le(®) [l < Ce(€) Z I Bexl3,lldll oo, asxm)-

(17)

Substituting inequalities (14-15) and (17) into (13), we
obtain the desired result (7) with

co— Mz o L Mg
0 mR, 2 Ko mR7

Mg o
mz | Bexll3,
k=1

Oy =y =2
(18)

1
—||AB|| zxm 3y + ¢ c(E)
Ko

mgr

This concludes the proof. O

Remark 2 Equations (8-9) actually hold true for the
classical solutions associated with any Riesz-spectral
boundary control system. Thus, the original Riesz-
spectral boundary control system is equivalent to a
countably infinite number of uncoupled ODEs describing
the time domain evolution of the coefficients ¢, corre-
sponding to the projection of the system trajectories onto
the Riesz basis {¢n, n € N}. The notable feature of the
obtained ODEs (9) is that they provide a spectral de-
composition that involves the boundary disturbance d but
avoids the occurrence of its time derivative d. This im-
portant feature offers opportunities for feedback control
design. We refer, e.g., to [6,7] for the global stabiliza-
tion of heat and wave equations based on such a spectral
decomposition but in the presence of a d term.

Remark 3 In the proof of Theorem 1, the eigenvalue
constraint ( < oo can be weakened to

A 2
Vk € {L..om}, || [(Beka)yl” < oc.
n>0

(19)
It is easy to see that the condition above does not depend
on a specific selection of either the lifting operator B

(when wy < 0) or the basis E = (e1,e2,...,em) of K™.
In this case, the constant C1 is given by
1 /Mg
Cr =\ g MABl e 30 (20)
+e(& mMRZZ Bek,z/zn)H|2.

k=1n>0



3.2 An energy-based interpretation for the constant re-
lated to the boundary perturbation in the ISS esti-
mate

The obtained expression (18) of the constant C; depends
on the selected lifting operator B. However, the lifting
operator provided by Definition 1 is not unique. The
objective of this subsection is to provide a constructive
definition of a constant C7, independent of a specific
selection of the lifting operator B, such that the ISS
estimate (7) holds true.

Lemma 2 Let (A, B) be a boundary control system such
that 0 € p(Ag). For any e € K™, there exists a unique
X, € D(A) such that AX. = 0 and BX. = e. Further-
more, if B is a lifting operator associated with (A, B),
then

X. = Be — Ay ' ABe.

Proof of Lemma 2. For the uniqueness part, by lin-
earity, it is sufficient to check that AX = 0 and BX =0
implies X = 0. But BX = 0 implies X € D(Ag) whence
ApX = 0. As Ay is injective, this yields X = 0. For the
existence part, let B be a lifting operator associated with
the boundary control system (A, B) as provided by Def-

inition 1. Consider X, = X, — Be. Then for X, € D(A),

AX,=0and BX, =¢
& AX,=—-ABeand BX. =0
& AyX, = —ABeand X, € D(A)
& X, =—A; ' ABe.

Thus, X, = Be — A, ' ABe is the unique solution. O

Remark 4 The stationary trajectory X (t) = X, pro-
vided by Lemma 2 is the classical solution of the abstract
boundary control system (1) associated with the initial
condition Xg = Xe, the constant boundary disturbance
d(t) = e, and the zero distributed disturbance U = 0.

We can now introduce the main result of this section.
Theorem 2 Let £ = (e1,€2,...,6,) be a basis of K™.
Under the assumptions of Theorem 1, the conclusion of

the theorem holds true with constants Cqy,C1,Cy > 0
involved in the ISS estimate (7) given by

o= JMe o L [Mr
0 mR7 2 Ko ij

= Z Xkl

where X¢ i, € D(A) is, for allk € {1,...,
solution of AX. =0 and BX. 1 = ey.

m}, the unique

Proof of Theorem 2. Consider the proof of Theo-
rem 1 up to Equation (9) included. For the basis £ =
(61, €2, ..., em) Ome, let dl, d2, ey dm € CZ(RJF,K) be

such that .
d= Z dkek.
k=1

As Ap is a Riesz-spectral operator with wg < 0, we
have 0 € p(Ap). Based on Lemma 2, let, for any
ke{l,....m}, Xcr € D(A) be the unique solution of
AXc = 0 and BX,. = e. In particular, an explicit
expression is given by X, = Bej, — AalABek. Intro-
ducing f(e,k £ Xey — Bey, = —Ao_lABek, this yields
X&k € D(Ap). Thus we have,

n< ekuwn e,k nwn>

= (X
< e kuAOQ/]n>'H
< ekonwn ’H+ Bekv'Aown>

)
AoXe r, ¢n>H + A (Beg, ¥n)y
)

— (ABey, ¥y, H + An (Beg, 7/1n>

Introducing that

D= i drXe € CO(Ry; D(A) NC* (R H), (21)

k=1
it follows that

- /\n <Bd(t>, 1/}n>’;-[ + <~ABd(t)a 1/}n>’}-[

= " di(t) {=An (Bex, ¥n) gy + (ABeg, )y }
k=1

m

= -\ Z dp, (t) <Xe,ku "/Jn>’H

k=1

Thus, we get from (9) that for all ¢ > 0,

n(t) = Ancn(t) — A (D(2), %)H + <U(t)7wn>7.[ )

and that for all t > 0,

t
ealt) = len(0) - Ay / A=) (D7), 4h ), dr
. 0
* / MU= (U(7), )y A7

The first and third terms on the right hand side of the
equation above have been estimated in the proof of The-
orem 1. This procedure yields the constants Cy and Cs.
The second term can be treated with the same proce-
dure that one employed for (12) via the projection (21).
This also provides the estimate of C;. O



Remark 5 The constantCy given by Theorem 2 depends
on the energy | Xe k|l% of m linearly independené sta-
tionary solutions X of the abstract boundary control
system that are associated with the constant boundary
perturbations d(t) = ey and the zero distributed distur-
bance U = 0.

Remark 6 One of the main applications of ISS esti-
mates relies in the establishment of small gain conditions
for assessing the stability of interconnected systems [21,
Sec. 8.1]. This requires the conversion of the 1SS esti-
mates into fading memory estimates, e.g., by means of a
conversion lemma [21, Chap. 7]. Nevertheless, in the con-
text of Theorems 1 and 2, it is actually not necessary to
resort to such a conversion lemma because a slight adap-
tation of the associated proofs (specifically, estimates (15-
16)) directly shows that the following fading memory es-
timate holds true for all e € [0,1) and allt > 0,

—K C —erp(t—
1 (8)l, <Coe™" [ Xolly + [l
L+ &

1-—

”e—eno(t—

U | co0,4:20)-

4 Concept of Weak Solutions and ISS Property

Assume that a given boundary control systen[3] (A, B)
satisfies an ISS estimatd? with respect to classical solu-
tions. The objective of this section is to extend such an
ISS estimate to every initial condition Xy € H and ev-
ery disturbance d € C°(R4; K™) and U € C°(R4;H). To
do so, we introduce a concept of weak solutions that ex-
tends to abstract boundary control systems the concept
of weak solutions originally introduced for infinite di-
mensional nonhomogeneous Cauchy problems in [3] and
further investigated in [8, Def. 3.1.6, A.5.29]. This rep-
resents an alternative to the traditional concept of mild
solutions defined within the extrapolation space [11].

4.1 Definition of weak solutions

To motivate the definition of weak solutions, let
us consider first X a classical solution associated
with (Xo,d,U). Let T > 0 and a function z €
Co([0,T); D(A})) be arbitrarily given. As X (t)— Bd(t) €
D(Ayp), we obtain for all ¢ € [0, T,

(SF0-200) =X +U0.0h

= (Ao {X(t) — Bd(t)}, 2(t))
+ (ABd(t), 2(t))3, + (U (1), (1))

2 Directly follows from the definition of X, ; and the fact
that £ is a basis.

3 Not necessarily a Riesz-spectral one.
4 In the sense provided later in Theorem 3.

O)d||eo (0,4, 8m)

= (X (), Az ()5, — (Bd(t), Agz(t))
+ (ABd(t), 2(t)) 3, + (U (1), 2()) 3, -

Assuming now that z € C°([0, T]; D(A))NC([0,T]; H),
integration by parts gives

T
/ <dX<t>,z<t>> dt = (X(T), 2(T)}p, — (X0, 2(0)
0

E H
_ /OT <X(t), %(t)>H dt.

Based on the two identities above, we introduce the fol-
lowing definition.

Definition 5 (Weak solutions) Let (A,B) be a
boundary control system. For Xog € H and disturbances
d € CORy;K™) and U € CO(Ry;H), we say that
X € CO(R4;H) is a weak solution of the abstract bound-
ary control system (1) associated with (Xo,d,U) if for
allT > 0 and for all z € C°([0, T); D(A§))NC([0,T]; H)
such that Az € C°([0,T); H) and 2(T) = 0 (such a func-
tion z is called a test function over [0,T]), the following
equality holds true:

T . dz
/0 <X(t),A0z(t) + a(t)>Holt
T
= — (X0, 2(0))y +/ (Bd(t), Agz(t)),, dt (22)
T 0 T
- | Bzt - [ W0).a0)
0 0

where B is an arbitrary lifting operator associated with

(A, B).

Remark 7 Definition 5 is relevant because for any T >
0, the set of test functions over [0,T] is not reduced to
only the zero function. Indeed, the function z defined for
allt € [0,T] by z(t) = (t — T)zo with zo € D(A§)\{0} is

obviously a non zero test function over [0,T].

Remark 8 The definition of a weak solution for the ab-
stract system (1) is compatible with the notion of classi-
cal solution. Indeed, the developments preliminary to the
introduction of Definition 5 show that a classical solution
is also a weak solution.

Remark 9 At first sight, the right hand side of (22) de-
pends on the selected lifting operator B, making it neces-
sary to specify the selected lifting operator B when say-
ing that a trajectory X is a weak solution associated with
(Xo,d,U). However, Definition 5 implicitly claims that a
weak solution is actually independent of the selected lift-
ing operator B. This directly follows from the fact that if



B and B are two lifting operators associated with (A, B),
then B £ B — B satisfies R(B) C D(A) and BB =
BB — BB = Iygm — Iym =0, i.e., R(B) C D(Ayp). Thus
we obtain, <Bd(t),¢402(1€)>H = <AoBd(t),z(t)>H =

<ABd(t), z(t)>H,

from which we deduce that

(Bd(t), Agz(t))g — (ABd(1), 2(t)) 4
- <Bd(t), A;;z(t)>H - <ABd(t), z(t)>

L
This equality shows that the right hand side of (22) re-
mains unchanged when switching between different lifting
operators B associated with (A, B). So, it indeed makes
sense to discuss about weak solutions without mentioning
a particular lifting operator B associated with (A, B).

Remark 10 Note that the concept of weak solution does
not require that the initial condition satisfies the boundary
condition BXy = d(0). Such an algebraic condition is not

even well defined when Xy ¢ D(B).
4.2 Properties of weak solutions

When defining a notion of a weak solution, it is generally
desirable to preserve the uniqueness of the solution.

Lemma 3 Let (A, B) be a boundary control system such
that the disturbance-free operator Aq is injective. Then,
for any given Xo € H and disturbances d € C°(R,; K™)
and u € C°(Ry;H), there exists at most one weak solu-
tion associated with (Xo, d,U) of the abstract system (1).

The proof of Lemma 3 is in Annex A. We deduce from
Remark 8 and Lemma 3 the following result.

Corollary 1 Let (A, B) be a boundary control system
such that the disturbance-free operator Aq is injective.
For any initial condition Xo € D(A) and disturbances
d € C?(Ry;K™) and U € CH(Ry;H) such that BXy =
d(0), the concepts of classical and weak solutions coin-
cide. More specifically, the two following statements are
equivalent:

(1) X is a classical solution associated with (Xo,d,U);
(2) X is a weak solution associated with (Xo,d,U).

When X is a classical solution of the abstract boundary
control system (1) associated with (X, d, U), we have by
Definition 4 that X (0) = Xj. Such an initial condition
is not explicitly imposed in the Definition 5 of a weak
solution. However, it is a consequence of (22) as shown
by the following lemma.

Lemma 4 Let (A, B) be a boundary control system. Un-
der the terms of Definition 5, assume that X is a weak
solution associated with (Xo,d,U). Then X (0) = Xj.

Proof of Lemma 4. Let 2 € C°(Ri;D(A5)) N
CY(R4;H) such that Ajz € CO°(Ry;H). Then for all

T >0, 2p = 2z — 2(T) is a test function over [0,T]. As
dz(T)/dt = 0, (22) gives for all T > 0,

_/ (X (t), Ap2(t) — A32(T)),, dt

[ rogo)

_ <X0, 7@); 2(0) >H (23)

1 T * *
n T/o (Bd(t), {Ayz(t) — As2(T)}),, dt

T
~ 7 | B0 = (1)

I

It is straightforward to show that for any f,g €
CO(R+;H)7

1 T
1i —
Jim 7 [

Thus, based on the regularity assumptions given in Def-
inition 5, we deduce, by letting T' — 07 in (23),

Taking in particular z(t) = tzo with zp € D(Af), we get
that (X (0) — Xo, 20)5, = 0 holds true for all zy € D(Af).
As D(A}) = H, we deduce that X (0) = Xo. O

— 2(T))4, dt.

—9(T))y, dt = 0.

Thus, for a weak solution X associated with (Xo,d, u),
it makes sense to say that X is the initial condition of
the system trajectory.

4.3  Existence of weak solutions and extension of ISS
estimates

The proof of the following theorem is in Annex B.

Theorem 3 Let (A, B) be a boundary control system.
Assume that there exist 5 € KL and 1,72 € K such
that for any initial condition Xo € D(A) and any dis-
turbances d € C*(Ry;K™) and U € CHR4;H) such
that BXo = d(0), the classical solution X of the abstract
boundary control system (1) associated with (Xo,d,U)
satisfies for allt > 0,

1X ()12 <BUIXoll2 1) + 71 (Idllcogo,g,xm))
+ 72 (Ul eoqo,4:0)) - (24)



Then, for any initial condition Xo € H, and any distur-
bances d € CO(R; K™) and U € CO(Ry; H):

(1) the abstract boundary control system (1) has a
unique weak solution X € CO(Ri;H) associated
with (Xo, d, U),

(2) this weak solution satisfies the ISS estimate (24) for
allt > 0.

Remark 11 Theorem 3 ensures that the ISS property
holds for weak solutions if and only if it holds for classical
solutions. Thus, in the study of a given abstract bound-
ary control system, it is actually sufficient to study the
1SS property for classical solutions associated with suffi-
ciently smooth disturbances (from the density argument
used in the proof of Theorem 3, the study can even be re-
stricted to the only disturbances of class C*° ) to conclude
that the ISS property holds for weak solutions.

We directly deduce from Theorem 3 the following exten-
sion of Theorems 1 and 2 for Riesz-spectral operators.

Corollary 2 Let (A,B) be a Riesz-spectral boundary
control system such that the eigenvalue constraints (6)
hold trud?|. For every initial condition Xo € H, and
every disturbance d € CO(R; K™) and U € CO(Ry;H),
the abstract system (1) has a unique weak solution
X € C%R4;H) associated with (Xo,d,U). Further-
more, X satisfies the 1SS estimate (7) with constants
ko, Co, C1, Co given by either Theorem 1 or 2.

Based on the existence and uniqueness of weak solutions,
and by linearity of (22), we can state the following result.

Corollary 3 Assume that the assumptions of Theorem 3
hold true. For i € {1,2}, let X; be the weak solution
associated with (X;0,d;,U;). Then, for all o, € K,
aXq + BXs is the unique weak solution associated with

(aX1,0+ BX20,adi + fda, Uy + BUs).
4.4 Mild solutions and semigroup property

4.4.1  Compatibility with the concept of mild solutions
When the boundary disturbance satisfies the additional
regularity assumption d € C'(Ry;K™), a classical ap-
proach for extending the concept of classical solutions is
to define X provided by

X(t) = S(t)(Xo — Bd(0)) + Bd(t) (25)

+ /Ot S(t—1) {—Bd(T) + ABd(T) + U(T)} dr

as the mild solution associated with (Xo, d, U). In partic-
ular, any classical solution X satisfies the identity (25).

® The constraint ¢ < oo can be relaxed to (19). In that case,
the constant C is given by (20).
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The following result shows that such an approach is com-
patible with the concept of weak solutions.

Theorem 4 Let (A,B) be a boundary control system
such that the assumptions of Theorem 3 hold true. Un-
der the terms of Definition 5, let X be the weak solu-
tion associated with (Xo,d,U). Assume that the bound-
ary disturbance satisfies the extra regularity assumption
d € C*(Ry; K™). Then X is also a mild solution in the
sense that (25) holds true for allt > 0.

Proof of Theorem 4. Let Xy € H, d € C}(R,;K™),
U € C'(Ry;H), and T > 0 be arbitrarily given.
We denote by X the weak solution associated with
(Xo,d,U). As C%([0,T]); K™) is dense in C*([0, T]; K™)
endowed with the usual norm |[flci(o,rxm) =
I fllcoqo,ryxmy + I fllcoo,ry;xm), we can select, simi-
larly to the proof of Theorem 3, approximating se-
quences (Xon)n € D(AN, (dn)n € C*([0,T]; K™)N,
and (Uy,), € CY([0,7); H)Y such that BXg,, = d,(0),

Xon — Xo,
n—-+o0o

lldn = dllcojo,y;xm) 2o 0

l[dn — dllcojo,y;xm) 2o 0

1Un — Ulleoo,11:m) - 0.

We denote by X, the unique classical solution of
the abstract system (1) over [0,T] associated with
(Xo.n,dn, Uy). From (25), we obtain for all ¢ € [0,T]
and all n € N,

Xo(t) = S(£)(Xo.n — Bdn(0)) + Bdn(t) (26)

+ /0 t S(t — 1) {—Bdn(T) + ABd,,(7) + Un(T)} dr.

Furthermore, from the proof of Theorem 3, we know that
| Xn — Xlcogo,77:7) = 0. Thus, by letting n — 400
n——+0oo

in (26), we obtain that (25) holds true for all ¢ € [0, T).
As T > 0 has been arbitrarily chosen, this concludes the
proof. O

4.4.2  Semigroup property

It is well known that the classical/mild solutions of the
abstract system (1) satisfy the semigroup property in the
sense that if X is the classical/mild solution associated
with (Xo,d, U), then X (-4 to) is the classical /mild solu-
tion associated with (X (to),d(- + t9), U(- + tg)) for any
to > 0. The following result shows that this semigroup
property extends to the concept of weak solutions.

Theorem 5 Let (A,B) be a boundary control system
such that the assumptions of Theorem 3 hold true. Let



X be the weak solution associated with an initial condi-
tion Xo € H, a boundary disturbance d € C°(R,; K™),
and a distributed disturbance U € C°(Ry;H). Then, for
any to > 0, X (-+1to) is the weak solution associated with
(X(to), d(- +t0), U (- + to))-

Proofof Theorem 5 Note first that, based on the devel-
opments preliminary to the introduction of Definition 5,
we have for any classical solution X associated with
(Xo,d,U), any T > 0, and any z € C°([0,7]; D(A)) N
C([0,T); ) such that®] A5z € ([0, T); H),

/OT <X(t), A= () + %(t)>H at

= (X(T), 2(T))5 — (X0, 2(0))y

T
+ /O (Bd(t), A3z(1)),, dt

(27)

T T
_/ (ABd(t),z(t))Hdt—/ (U(t), 2(t))5 dt.
0 0

By resorting to the same density argument as the one
employed in Step 4 of the proof of Theorem 3, this yields
that any weak solution X associated with (X, d, U) also
satisfies (27) for all T > 0 and all z € C°([0, T]; D(A%))N
C([0,T); H) such that Az € C°([0, T); H).

Now, let X be the weak solution associated with
(Xo0,d,U). Let to,T > 0 and a test function Z €
Co([0,T); D(A%)) N CL([0,T); H) over [0, T] be arbitrar-
ily given. We define the test function z € C°([0,to +
T); D(A§)) N CH([0,t0 + T);H) over [0,tg + T] as Z =
@(- —t0)l[0,49+7] Where ¢ € CO(R; D(AZ)) NCHR; H) is
given for all t € [0,7] and all k € Z by o(t + 2kT) =
2(t) — 2k2(0) and @(t+ (2k+1)T') = —3(T — t) — 2k2(0).
In particular we have Z(to +7T) = ¢(T) = 2(T) = 0 and
for all ¢ € [0, T] Z(t + to) = p(t) = 2(t). By using (27)
once with z = 2|, , . over [0,o] and once with z = 2

over [0,tg + T'], we obtain after a change of variable:

/OT <X(t+t0),A3z( )+ %(t)>ﬂdt

T
= —(X(t0), 2(0))4 + (Bd(t + to), Ag2(t)) 4, dt

S—

- /T (ABd(t +to), 2(t))4, dt
0
T

—/0 (U(t+to), 2(t))4, dt.

As T, z and ty have been arbitrarily selected, it follows
from Definition 5 that for all g > 0, X (- +t) is the weak
solution associated with (X (o), d(-+to), U(- +t9)). O

® We do not impose here the condition z(T) = 0 as in the
case of the test functions.
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5 Application

Among the examples of applications, one can find 1D
parabolic PDEs [19] and a flexible damped string [23].
In this section, we detail another example of structural
vibrations, namely a damped Euler-Bernoulli beam.

We denote by L?(0,1) and H™(0,1) the set of square

(Lebesgue) integrable functions over (0, 1) and the usual

Sobolev space of order m over (0, 1), respectively. We
1

also introduce H}(0,1) £ {feH 7(0, 1) f(0) =
f(1) =0}

For a function f : R, — L2(0,1), we denote, with a
slight abuse of notation, f(¢,&) £ [£(¢)] (£). When f €
CY(Ry;H), we denote %(t = df ( )} (€¢). Finally,
when f : Ry — H'(0,1), we denote f (t 2 1f1) (©).

5.1  Damped Euler-Bernoulli beam

We consider a damped Euler-Bernoulli beam with point
torque boundary conditions described by [8]:

9%y oYy %y R
ot o P~ RO
y(t,0) =0, teRY
y(t,1) =0, teR?
32
- 25(6,0)=di(t), teR:
62
@(t, 1) =dy(t), teR}
y(0,z) = yo(x), € (0,1)
dy
(r%( ) ) = yt0($)7 € (07 1)

where a € R is a constant parameter. The functions
u € CO(R4;L3(0,1)) and dy,ds € C°(Ry;K) are dis-
tributed and boundary perturbations, respectively. The
functions yo € H%(0,1)NHJ(0,1) and y9 € L*(0, 1) are
the initial conditions.

Introducing the Hilbert space
H = (H?*(0,1) N H{(0,1)) x L*(0,1)

with the inner product defined for all (x1, z2), (21, 2Z2) €
H by

1
(@1, 22), (81, 82}, = /0 (OFTE + 22(6)2

the distributed parameter system can be written as the
abstract system (1) with A(xy, z2) = (z2, —2!" + 2axY)



defined over the domain

D(A) = (H*(0,1) N H(0,1)) x (H*(0,1) N Hy(0,1)),
z2) = (27(0),27(1)) de-
D(A), the state vec-
the initial condition
) S CO(R+,K2), and

the boundary operator B(z1,
fined over the domain D(B
tor X (&) = (y(t,-), ve(t,))
Xo = (Yo,yr0) € H, d = (
U= (0,u) € CO(R4;H).

) =
€ H,
di,ds

The linear operator B defined such that for all d =
(d1,ds) € K? and for all z € [0, 1],
x, 0) ,

is a lifting operator associated with (A, B). Following [8,
Exercise 2.23], it can be shown for a € R\ {1} that
the disturbance-free operator Ajg is a Riesz-spectral op-
erator generating a Cp-semigroup of contractions. Thus,
(A, B) is a Riesz spectral boundary control system. Fur-
thermore, the eigenvalues of Ay are given by { —n?m?(a=
ivl—a?),n € N*} when o € (0,1) while given by
{-n*m*(a £ Va2 —1),n € N*} when a > 1. In both
cases, the eigenvalue constraints (6) are satisfied with
wop = —ar? and ¢ = a~! when a € (0,1) while wy =

—(a—+va? —1)r? and ¢ = 1 when o > 1.

. do — dy e dq 5 2dy + do
(Bd)(x) = ( 5 + 5% 5

5.2 Application of the main results

The adjoint operator Aj is defined over the domain

D(Aj) = D(Ao) by

AS (w1, 12) = (—x2, 2] + 2027 .
Thus, for initial conditions yo € H?2(0,1) N H(0,1)
and y,o € L?(0,1), and disturbances d = (di,d2) €
Co(R;K?) and u € CO(Ry; L2(0,1)), X = (z1,72) €

CO(R;H) is the weak solution of the abstract boundary
control system (1) associated with ((yo,¥yw0),d, (0,u))
if for all 7 > 0 and for all test function z =
(21,22) € CO°[0,T); D(Ag)) N CL([0,T);H) such that
Ajz € CO([0,T);H) and 2(T) = 0, the following equality

is satisfied:
dz "
//
{ + [_dt] }(t,§)d§dt

[ e
/ /IQ {zf”+2az;’ ddt}(t £) de dt
——/0 1(€)0,8) dé — /yto 8de
+/0Td1<>2<, >dt—/0 da(1)7

_ /OT /01 u(t, €)7a(t, ) de dt.

1) dt
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As the chosen lifting operator satisfies AB = 0, the con-
stants C; provided by both Theorems 1 and 2 are identi-
cal. Following [8, Exercise 2.23] and using the same ap-
proach that the one used in [23] for establishing the con-
stants mpr and My related to the Riesz basis, we have:

(1) Casea € (0,1): ko =an®, ( =a L, mp=1-aq,
Mp =14«
(2) Case a > 1: kg = (a —

a2 —1)m?
l—a !, Mp=1+a""!

7<:17mR:

The boundary disturbance evolves into the two dimen-
sional (m = 2) space (K2, || - ||2) endowed with the usual
euclidean norm. By selecting € = {e1, e2} as the canon-
ical basis of K2, we obtain ¢(€) = 1 and ||Bei||y =
| Bea|l% = 1/+/3. Thus, the constants of the ISS esti-
mate are given by

1+« 2 1+« 1 1+«
Co = Ci=——= Co=—51/
0 1—a ! av3V1—a’ 2 a2V 1-a
(28)
when « € (0, 1), while
a+1 a+1
Co = — 29
0 a—-1’ \/_\/04—1 (29)
1
Cy = s
(o — mVa-1

when o > 1.

We observe that the ISS constants provided by Theo-

rems 1 and 2 diverge to +o0o when the quantity o — 1.

This is due to the fact that the disturbance-free opera-

tor A losses its Riesz-spectral properties when a@ = 1

with in particular mp jﬁ 0. Thus, the obtained ISS
(0%

constants become conservative when o« — 1 due to the

fact that the constants of the Riesz basis are such that

Mp/mg —i +00. An approach for reducing such a con-
a—

servatism is discussed in the next subsection.

It is interesting to evaluate the impact of an increased
damping term «. Constants Cy and C; are decreas-
ing functions of @ > 1 and we have Cj —+> 1 and

—r+00
Cy — 2/4/3. We also observe that Cso —+> ~+00;
—r+00

a—+0o0
this divergent behavior is induced by the fact that Theo-
rems 1 and 2 deal with distributed perturbations evolv-
ing in the full space H. However, the distributed distur-
bance evolves in the subspace {0} x L?(0, 1). To provide
a tighter constant Cy, we directly estimate (11) with the
sparse structure U = (0,u). This yields the following
version of the ISS constant:

>

neN”™
ec{—1,+1}

197, el Z20,1)

C =
? Re Ao

Mg



where 12 _ denotes the second component of 1, .. For
oa>1, the eigenvalues of the disturbance-free operator

Ap are given by A, = —n?m?(a+eva? —1) € R* ,n
N* and € € {—1,+1}. The corresponding eigenvectors

are given by
1 sin(n-)
esin(nr:) '

n2m2 \/a (a + EM) </\n

(bn,a =

The associated biorthogonal sequence is given by

2\/a (a+eva? —1) < sin(nm) )
—Ane sin(nm) .

n?m? (1 — (a4 eva? —1)?)
Now, straightforward computations show that[”]

1/)n,s =

1 «

1
Co=—%\|— — ——.
T 3/10V a—1 ast 3410

5.8  Improvement in the neighborhood of o = 1 by adap-
tation of the spectral decomposition

We propose to adapt the spectral decomposition (9) in
order to reduce the conservatism observed in the neigh-
borhood of @ = 1 for the constants Cy and C7. To do

2.2

so, we introduce 1,, = (sin(n-), n?m? sin(nm)) €

1
n2r2
D(Ap), n € N*, which are the eigenvectors of Aj in the
case a = 1 associated with the eigenvalues p,, = —n?r2.

As {¢y, n € N} is not maximal in H, we introduce
the vectors ¢d = —— (sin(n7), —n*7*sin(nr)) €
T

D(Af). Straightforward computations show that
{wn,wg, n e N*} is a Hilbert basis of H and, for all
n € N¥,

22d

+(a=1)n

an 7T21/)d

—an’m2y, +
(a + D)n?n%, —

A5tn
A5,

Then, introducing c,(t) = (X (t),¢n)y, and ci(t) =
(X (1), 95) ;> we have | X (2)[[3, = 2 len(t )+ e (1)

Furthermore, by using the same approach as the one em-
ployed to derive (9), the following decomposition holds
true for any classical solution X associated with an ini-
tial condition Xy and a boundary disturbance d,

lem} . l @1 o lw@,wnm]
cd(t) cd(t) D(t), %7 )5
7 We used nz>:1 = g—;
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with

M A —a a—1

a+1 —«

and where D(t) is defined by (21). Then, for all t > 0,

we have
2.2 01y Cn(O)
e (0)
27T2M/t e71271'2M(t—7') [<D(T)’ 1/}n>'H‘| dr.
0 (D(7), %)

In the case a > 1, we have

cosh(0,t)

—1
X /=== sinh(6,,t)
— efamzrrzt o+ 1

ot 1 sinh(6,,t) cosh(0,1)

2x2 Mt

o —

where 8,, £ n?7%v/a? — 1. Then, with a similar approach
as the one employed in the proof of Theorem 1 and using
the inequalities cosh(z) < e”, sinh(z) < e*/2, sinh(x) <
xcosh(z), and ze~7* < e~/ that hold for all z > 0
and 7 > 0, we obtain for any € € (0,1) the following
versions of the ISS constants:

ko= (1 —€)(a — Va2 —1)r2,
B e Ha+1)
Cp = 2max (1, —e(a — m)) , (30)

4(a+1)(20 — Va? —1)
V3(a—vVa2=1)2

C =

Similar computations show that the above constants are
also valid in the case & = 1 while the case o € (0,1)
yields the following versions of the constants:

ko = (1 —€)an?,

e a+ 1)> o=

(§e%

8(a+1)
V3a

Comparing to (28-29), the above ISS constants (30-31)
are less conservative in a small neighborhood of o = 1
because finite in &« = 1. However, outside such a neigh-
borhood, they become more conservative. For instance,
the above version of Cy given by (30-31), which is such

that C; ~ 16a/+/3, is only less conservative than
a—r 400

the version (28-29) over the (approximate) range « €
(0.967,1.020). The evolution of the constant C, obtained
by taking the minimum of the versions (28-29) and (30-
31) is depicted in Fig. 1.

Cp = 2max (1, (31)
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Fig. 1. ISS constant C'; for the Euler-Bernoulli beam

6 Conlusion

This paper discussed the establishment of Input-to-State
Stability (ISS) estimates for a class of Riesz-spectral
boundary control system with respect to both boundary
and distributed perturbations. First, a spectral decom-
position depending only on the boundary disturbance
(but not on its time derivative) was obtained by project-
ing the system trajectories over an adequate Riesz basis.
This was used to derive an ISS estimate with respect to
classical solutions. Then, in order to relax the regularity
assumptions required for assessing the existence of clas-
sical solutions, a concept of weak solution that applies
to a large class of boundary control systems (which is
not limited to Riesz-spectral ones) has been introduced
under a variational formulation. Assuming that an ISS
estimate holds true with respect to classical solutions,
various properties of the weak solutions were derived, in-
cluding their existence and uniqueness, as well as their
ISS property.
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A  Proof of Lemma 3

By linearity, we must show that if X € CO(R,;H) satis-

fies
/OT <X(t), A= (t) + %(t)>H dt =0

for all T > 0 and for all z € C°([0,T]; D(A})) N
CY([0,T];H) such that Ajz € C°0,T];H) and
2(T) =0, then X = 0. Denoting by S the Cp-semigroup
generated by Ag, then S* is the Cy-semigroup gener-
ated by Ag (see, e.g., [8, Thm 2.2.6]). Let zp € D(Af)

(A.1)
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and a > 0 be arbitrarily given. For any given T > 0, we
consider the function z,, o 1 defined for any ¢ € [0,T]
by zup.a.1(t) = S*(at)zo — S*(aT)zp. As zo € D(A
we obtain that for any ¢ > 0, S*(at)zo € D(A
A5S* (at)zg = S*(at) Al 20, and

0)
8)7

B0l (1) = 0dzS* (at)

dt zZ0 = aS* (Oét).ASZO

Thus, 2., o7 is a test function over [0,7] and (A.1)
shows:

T
(a+1) /O (X(£), S (at) Az z0) 5, dt
T
_ /0 (X (1), 5" (aT) A% z0) 5, dt

Using the definition of the adjoint operator, the fact that
S(aT) € L(H), and the properties of the Bochner inte-
gral, the equation above is equivalent to

T T
(a+ 1)/ S(at) X (t)dt — S(aT)/ X (t)dt, Afzo
0 0
=0.
Because H is a Hilbert space with Ay closed and densely
defined, we have that ker (Ag)™ = R (A7) (see, e.g., [4,

Chap. 2, Rem. 17]). Since Ay is assumed to be injective,

this yields that R (A§) = H. Consequently, we obtain
that the following equality holds true for all a > 0 and

T>0
S(aT) / TX(t) dt
0

This implies that, for any kA > 0,

T+h
a+1/ S(at
hJr

— S(a(T + b)) 1/T+hX(t)dt

/th

Ast — X(t) and t — S(at)X(t) are continuous over
R, we obtain by the continuity property of the Cp-
semigroups that

(a+1) /OT S(at) X (t) dt = (A.2)

)X (t) dt

S(ah) — Iy
ah

I
Lot\ah) = Iy

hli%l+ S(aizh / X(t)dt
- O‘i 1S(aT)X( T) - _s (aT)X(T)
— S(aT)X(T).



Thus we have S(aT') fOT X(t)dt € D(Ap) and
T
Ao {S(aT) / X(t) dt} — S(aT)X(T).
0

From (A.2), we deduce that fOT S(at) X (t)dt € D(Ap)
and

T
(o + 1) Ay /0 S(at)X (t) dt = S(aT)X(T)

for all @« > 0 and T > 0. Introducing y.(T) =
fOT S(at) X (t) dt and noting that t — S(at) X (t) is con-
tinuous over Ry, we obtain that y, satisfies over R

dya
Yo _ (o + 1) Apya with the

initial condition y,(0) = 0. As A generates the Co-
semigroup S and o + 1 > 0, we deduce that (o + 1).A4
generates the Cp-semigroup S((« + 1)-). Thus we have
Yo = S((a+ 1)-)ya(0) = 0. By taking the time deriva-
tive of y,, we deduce that S(at)X(t) =0 for all & > 0
and ¢t > 0. From the continuity property of the Cjy-
semigroups, we obtain by letting o — 07 that X (¢) =0
forallt>0. O

the differential equation

B Proof of Theorem 3

To establish the uniqueness part, we only need to show
that Ap is injective. In that case, the conclusion will fol-
low from the application of Lemma 3. Let x € ker(Ap)
be arbitrarily given. Introducing X (¢) = x for all ¢ > 0,
Xo = 29, d = 0, and U = 0, one has for all ¢ > 0,
dX

0 = d(t), and X(0) = xg. Thus X is the classical so-
lution associated with (Xo,d,U) = (z0,0,0). The ISS
estimate (24) gives ||zoll5, < B(||zolly 1) s 0. This

yields o = 0, ensuring the injectivity of Ajg.

To show the existence part, let an initial condition
Xo € M, and disturbances d € C°(R;K™) and
U € CO°(R,;H) be arbitrarily given. We also consider
an arbitrarily given lifting operator B associated with

(A, B).

Step 1: Construction of a weak solution candidate X €
CY([0,T); H) by density arguments.

Let T > 0 be arbitrarily given. As C?([0,T]; K™)
and C!([0,T];H) are dense in C°([0,7];K™) and
CY([0,T]; H), respectively, there exist sequences (d,,),, €
C([0, T;; K™N and (Uy,), € CH[0,T];H)Y (we can
actually use here approximating sequences of smooth
functions, i.e., of class C*°) such that

lldn — dllcojo,y;xm) aore O
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1Un = Ulleo o,y |, 572, O-

Now, as D(Ag) = H, there exists (Xo,n) € (D(Ap)N
such that X, =7 Xo — Bd(0). Introducing X, =
n—-+0oo

Xo.n + Bd,(0) € D(A), the bounded nature of B gives
Xo.n - Xo. Recalling that D(Ag) C ker(B) and
n—-—+0o0

BB = Iy, we get BXo., = BXo., + BBd,(0) = d,,(0).

Forany n € N, let X,, € C°([0,T]; D(A))NCY([0,T); H)
be the classical solution of the abstract system (1) over
[0, T'] associated with (X¢.n, dn, Uy). For any n,m € N,
by linearity, X,, — X,, is the unique classical solution
of the abstract system (1) over [0,7T] associated with
(Xo0,n — X0.m» dn — dm, Up — Up,). Thus the ISS estimate
for classical solutions (24) yields for all n,m € N,

HXn - Xm”C“([O,T];H) SB (”XO,n - XO,m”"rla 0)
+m (||dn - dm”CO([o,T];Km))
+72 (”Un - UmHCO([O.,T];H)) .

Since (Xon)n, (dn)n, and (Up), are Cauchy se-
quences, so is (X,),. As CY([0,T];H) is a Banach
space, there exists X € C°([0,T];H) such that
| Xn — X||cogo,7):%) DT 0. Writing the ISS estimate

(24) for each classical solution X,, and letting n — +o0
shows that (24) holds true for X for all ¢t € [0, T7.

Step 2: The obtained X € C°([0,T]; 1) is independent of
the chosen approzimating sequences of Xq, d, and U .

For a given T' > 0, we show that the construc-
tion of Step 1 provides a X € C°([0,T]);H) that
uniquely depends on (Xg,d,u) in the sense that it
is independent of the employed approximation se-
quences. Assume that, following the construction of
Step 17 (Xl,O,n)n € D(A)N; (dl,n)n S 62([0;T]7Km)N7
(Uin)n € CHO,TH)Y and (Xo0n)n € D(AN,
(d2n)n € 62([OaT]§Km)Nv (Uzn)n € Cl([OaT]§H)N
converge to X, d|[0,T]7 U|[O,T]7 respectively. For any
n € N and i € {1,2}, let X;, be the unique clas-
sical solution associated with (X 0.n,din,Uin) over
[0,7]. We know from Step 1 that X;, converges to
some X; € C°([0,T];H) when n — +oo. By linearity
X1 ,n — Xa,p is the unique classical solution associated
with (X1,0n — X2,0n:d1,n — don, Urjn — Uzn). Thus
the ISS estimate for classical solutions (24) yields for all
n €N,

1 X1,n — Xonllcoqo,r2) <B (1 X1,0,0 — X2,0,nll9,0)
+ 7 ([ld1,n = d2nlleoo,rrixm))
+ 72 (1ULn = Uainlleoo,r1sm0)) -

Letting n — 400, it gives || X1 — Xal|co(jo,7);1) = 0, i.e.,
X1 = Xo.



Step 3: Definition of a weak solution candidate X €
CO(R+,H)

Let 0 < Ty < Ts be arbitrarily given and let X; €
Co([0,T1]; H) and X5 € C°([0, T»]; H) as provided by the
construction of Step 1. It is easy to see that, by restricting
the approximation sequences of d|[01T2] and U |[07T2] from
[0, T] to [0, T1] and by resorting to the uniqueness result
of Step 2, that X; = X2|[07T1}. Therefore, we can define
X € C°(R4;H) such that for any T > 0, Xlom €

C°([0,T]; M) is the result of the construction of Step 1.
As (24) holds true for all ¢ € [0, 7] and for all T > 0 with
functions 3,1, 72 that are independent of T', then (24)
holds true for the built function X € CO(R;H) for all
t>0.

Step 4: The obtained candidate X € C°(Ry;H) is the
unique weak solution associated with (Xo,d,U).

Let T > 0 be arbitrarily given. Let (Xo.,), € D(A)Y,
(dn)n € C3([0,T); K™N, and (Uy,), € C([0,T]; H)" be
approximating sequences, compliant with the procedure
of Step 1, converging to Xy, d|[01T], and U|[07T], respec-
tively. Thus, the corresponding sequence of classical so-
lutions (X, ), convergesto X|, 7. Based on Corollary 1,

X, is also a weak solution for all n € N. Thus, we have
for all z € CY([0,T]; D(A$)) N CL([0,T];H) such that
Az €C0([0,T]; 1) and 2(T) = 0,

/OT <Xn(t), A= () + %(t)>H at

T
= — (Xo,n,2(0))y, +/O (Bdn(t), Agz(t))4, dt  (B.1)
T

T
- / (ABd, (t), 2(t)),, dt — / (Un(t), 2(t))4 dt.
0 0

—
H n—-+oo

(X0, 2(0))4,. By the Cauchy-Schwarz inequality, we get

From Xg,, —+> Xo, we have (Xon,2(0))
n—+0oo

/OT <Xn(t) X (1), ASa(t) + %(t)>7{ at

dz
gTHAE;,H—— 1 X0 — X| o .
dtleo (o120 e
— 0.
n—-+o0o

Applying a similar procedure to the three integral terms
on the right hand side of (B.1), and recalling that opera-
tors B and AB are bounded, one can show their conver-
gence when n — +o0o. Thus, letting n — 400 in (B.1),
we obtain that X satisfies (22) for all T > 0 and all test
function z over [0, 7T]. Thus, X is the unique weak solu-
tion associated with (Xo,d,U). O
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