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Abstract

Given an unstable hybrid stochastic differential equation (SDDE, also known as an SDDE with Markovian switching), can we
design a delay feedback control to make the controlled hybrid SDDE become asymptotically stable? If the feedback control
is based on the current state, the stabilisation problem has been studied. However, there is little known when the feedback
control is based on the past state. The problem becomes even harder when the coefficients of the underlying hybrid SDDE do
not satisfy the linear growth condition (namely, the coefficients are highly nonlinear). The aim of this paper is to tackle the
stabilisation problem for a given unstable highly nonlinear hybrid SDDE.
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1 Introduction

Hybrid stochastic differential delay equations (SDDEs)
whose coefficients depend on the states of continuous-
time Markov chains (also known as SDDEs with Marko-
vian switching) appear in many branches of science
and industry. One of the important issues in the study
of hybrid SDDEs is the analysis of stability (see, e.g.,
[11,12,21,24,25,30,31,33]). In particular, the stability of
highly nonlinear hybrid SDDEs has recently become
one of the most popular topics (see, e.g., [8,11,17]).

Consider an unstable hybrid SDDE

da(t) = f(a(t) t)dt
+g(a(t ):1)dB(?),

where the state x(t) takes values in R™ and the mode
r(t) is a Markov chain taking values in a finite space
S ={1,2,--- ,N}, B(t) is a Brownian motion, § is a
positive constant which stands for the time delay of the
system, and f and g are referred to as the drift and
diffusion coefficient, respectively. In order to make this
given unstable system become stable, it is classical to

xz(t —9),r(t)
’ (1.1)

), a(t —8),r(
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find a feedback control u(x(t), r(t),t), based on the cur-
rent state z(t), for the controlled system

da(t) = [f(x(t), x(t = 6),r(t),t) + u(x(t), r(t), t)ldt
+g(x(t), 2(t = 8),r(t),t)dB(t) (1.2)

to become stable. However, taking into account a time
lag 7 (> 0) between the time when the observation of the
state is made and the time when the feedback control
reaches the system, it is more realistic that the control
depends on a past state z(t—7). Accordingly, the control
should be of the form u(z(t — 1), r(t),t). Hence, the sta-
bilisation problem becomes to design a delay feedback
control u(z(t — 7),7(t), t) for the controlled system

da(t) = [f(x(t), 2(t = 6),r(t), 1) + u(x(t —7),7(t),t)]dt
+ g(x(t), x(t = 6),r(t),t)dB(t) (1.3)

to be stable. When the given unstable system is a hy-
brid SDE (not SDDE), Mao et al. [23] were the first to
study this stabilisation problem by the delay feedback
control and there have been some further developments
since then (see, e.g., [22,32]), although the method of de-
lay feedback controls has been well used in the area of
ordinary differential equations (see, e.g., [1,6,29]). The
common stringent assumption imposed in these papers
in the area of hybrid SDEs is that both drift and diffu-
sion coeflicients need to satisfy the linear growth condi-
tion. Only very recently have Lu et al. made a signifi-
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cant progress in [17] where they established a new theory
on the stabilisation by delay feedback control for highly
nonlinear hybrid SDEs. The aim of this paper is to de-
velop their theory further for highly nonlinear hybrid
SDDEs. This is necessary from practical point of view.
In fact, many real world systems are described by highly
nonlinear hybrid SDDEs, for example, population sys-
tems, neural networks, financial and economic systems
(see, e.g.,[3,5,16,26]). Although there are some papers on
the delay feedback controls (see, e.g., [1,6,23]), they are
not applicable to highly nonlinear hybrid SDDEs. Math-
ematically speaking, the development from SDEs to SD-
DEs is no trivial at all due to the infinite-dimensional
nature of SDDEs. We highlight a few significant features
in comparison with [17]:

e Under some standing hypotheses we will propose a
number of rules to stabilise the given SDDE. We will
explain how to design the delay feedback control to
satisfy these rules and these discussions will also re-
veal that there are many such delay feedback controls
available. Such developments are totally different from
the study in [17].

e The stabilisation of SDDEs discussed in this paper is
an infinite-dimensional problem while that of SDEs in
[17] is finite-dimensional.

e The mathematical analysis of the infinite-dimensional
problem in this paper is much harder than that of a
finite-dimensional one in [17].

Let us begin to develop our new theory on the stabilisa-
tion problem.

2 Notation and Standing Hypotheses

Throughout this paper, unless otherwise specified, we
use the following notation. If A is a vector or matrix,
its transpose is denoted by AT. For x € R", |z| de-
notes its Euclidean norm. If A is a matrix, we let |A| =

\/trace(AT A) be its trace norm. If A is a symmetric
real-valued matrix (A = AT), denote by Amin(A) and
Amax (A) its smallest and largest eigenvalue, respectively.
By A <0 and A < 0, we mean A is non-positive and
negative definite, respectively. Let Ry = [0,00). For
h > 0, denote by C([—h,0]; R") the family of continu-
ous functions ¢ from [—h, 0] — R™ with the norm ||| =
SUpP_j,<u<o |p(u)|. Denote by C'(R™; Ry) the family of
continuous functions from R™ to Ry . If both a, b are real
numbers, then a A b = min{a, b} and a V b = max{a,b}.
If A is a subset of €2, denote by 4 its indicator function;
that is, J4(w) = 1 if w € A and 0 otherwise.

Let (Q,F,{Fi}t>0,P) be a filtered complete probabil-
ity space with a filtration satisfying the usual condi-
tions (i.e., it is right continuous while Fy contains all
P-null sets). Let B(t) = (Bi(t), -, Bm(t))T be an m-
dimensional Brownian motion defined on the probabil-
ity space. Let r(t), t > 0, be a right-continuous Markov

chain on the same probability space taking values in
a finite state space S = {1,2,---, N} with generator
I' = (v:) Nxn given by

. . ’)/ijA + O(A) if ¢ 7& j,
P{r(t+A) = t) =17 =
{rt+4) =jir() =i} {1+%2—A+0(A) ifi = j,
where A > 0. Here ;; > 0 is the transition rate from
ito jif i # j while vi; = — 37, 7i;. We assume that
the Markov chain r(-) is independent of the Brownian
motion B(-) under P.

Suppose that the underlying system is described by the
nonlinear hybrid SDDE (1.1) with the initial data

{z(t): =6 <t <0} =€ € C([-6,0;R"),  (2.1)

where the coeflicients f : R" x R" x S x Ry — R™ and
g:R"xR"x S x Ry — R"™ are Borel measurable
functions. The classical conditions for the existence and
uniqueness of the global solution are the local Lipschitz
condition and the linear growth condition (see, e.g., [18—
20,25]). In this paper, we of course need the local Lips-
chitz condition. However, we will consider highly nonlin-
ear hybrid SDDEs which, in general, do not satisfy the
linear growth condition. We therefore impose the poly-
nomial growth condition, instead of the linear growth
condition.

Assumption 2.1 Assume that for any real number b >
0, there exists a positive constant Ky such that

|f<x’yalat) - f(j’ga@at)| N |9<$ay7%t) - g(i‘,g],z,t)\
< Ky(|x — 2 + |y — g) (2.2)

for all x,y,z,5 € R™ with |z|V |y| V|z| V |g| < b and
all (i,t) € S x Ry. Assume moreover that there exist
constants K > 0,q1 > landq; > 1 (2 <1i < 4) such that

£ 01 < Kl + [yl + Jef® +ol=), o
9G4, 1,01 < Kl +lyl + [zl + fylo)

for all (z,y,i,t) € R x R* x S x R,.

For the convenience of the study in this paper we let
¢1 > 1 but essentially we need only maxi<;<4q; > 1
as we are here interested in hybrid SDDEs without the
linear growth condition. We will refer to condition (2.3)
as the polynomial growth condition.

It is known that Assumption 2.1 only guarantees that the
hybrid SDDE (1.1) has a unique maximal local solution,
which may explode to infinity at a finite time (see, e.g.,
[25]). To avoid such a possible explosion, we need to
impose another Khasminskii-type condition.



Assumption 2.2 Assume that there exist positive con-
stants p, q, a1, as, az such that as > as and

¢>P+a-)VEe@aVaeVveVa), (24)
P>2(1Va2VasVa)—a+1, (2.5)
(where g1, -+, qq have been specified in Assumption 2.1)

while for all (x,i,t) € R™ x S X Ry,

‘ g—1 .
L]S‘Tf(l’,y,l,t) + T|g(x7yal’t)‘2

< an(jzf? +[y?) — azlz” + asylP.

(2.6)

It is useful to point out conditions (2.4) and (2.5) along
with ¢; > 1 implies that both p and ¢ are larger than 2.
The following theorem does not only show the existence
and uniqueness of the global solution but also the L9-
boundedness of the solution.

Theorem 2.3 Under Assumptions 2.1 and 2.2, equa-
tion (1.1) with the initial data (2.1) has a unique global
solution x(t) on [—d,00) which satisfies

sup E|z(t)]9 < oo. (2.7)
—0<t<oo

Proof. We will apply [11, Theorem 3.1] to show this
theorem. Comparing the assumptions of [11, Theorem
3.1] with those in our Theorem 2.3, we see that all we
need to do is to verify Assumption 2.2 in [11]. Follow-
ing the notation used in [11], we define V(x,,t) = |z|?
for (z,i,t) € R™ x S x Ry. Then the function £,V :
R" x R™ x 8 x Ry — R with respect to the SDDE (1.1)
defined there ([11] uses LV but we change it into £,V
in order to show it differs from L£5U etc. used later) has
the form

L1V (x,y,i,t) = qlz|9 22" f(2,y,i,t)

9@ —2), 4 ,
)24 W2 fpatgaT g 0,y )

(2.8)

+ ST 2lg g it

(namely, £1 may be regarded as the differential operator
corresponding to the SDDE (1.1)). Then, by Assumption
2.2,

L1V (x,y,1,t)

_ 2.9
< glaf*2 o (jof + [yf?) - alel? + aslyp]. >

Choose a positive number o < as — ag. By the well-

known Young inequality, we have

ar |z y|?

—2 _
= qT<o.5qa>-2/<q-2>a‘z/<q 2|t + aly|?

_9 _
< q - (O_5qa)—2/(q—2)a¢11/(q 2)|x|q+a(1+ ly|atP=2)

and

2|72 |yl” < | P2

q9— q+p—2 p
1 p 2/ T2l

It therefore follows from (2.9) that
L1V (@,y,i,t) < qa+ Bufa]? — Bola] TP + Baly| P2
< e = 0582 + B3) (1 + |2]7772) + B3 (1 + [y| 77 72),

where
-2 B
ﬁl - Q(al %(0'5%)‘)72/((172)04?/(‘1 2)) ,

_@3(11—2))7 63:q(a+ asp )

=ql«
B2 Q(Q +p—2 i+p—2

and

c= Sl;p(qa+0-5(/32—/53)-1-/31“(1—0-5(52—ﬁ3)uq+p72) < 0.
u>0

If we let Up(z,t) = |z|? and Us(z,t) = 1 + |z[|97P~2 for
(z,t) € R™ x R4, we have verified Assumption 2.2 in
[11]. The proof of the theorem is therefore complete. O

It is useful to point out that in some hybrid SDDEs, the
constants p and ¢ in Assumption 2.2 are different. In

fact, ¢ could be arbitrarily large sometimes. For example,
consider the scalar hybrid SDDE

dz(t) = f(x(t),z(t —0),r(t),t)dt (2.10)
+ g(z(t),z(t = §),r(t), t)dB(t), .
where the coefficients f and g are defined by
fla,y,1,t) = 2(1 — 322 + y?),
) 717t = 3/2 0.5 s
9(x,y,1,t) = |2[*/= + 0.5y 2.11)
f(@,y,2,t) = 2(1 — 222 — y?),
g($7y7 27t) = 05|$|3/2 — 0.5y,

B(t) is a scalar Brownian motion, r(t) is a Markov chain
on the state space S = {1, 2} with its generator

ro (‘11 11>.

(2.12)



This is a simple version of hybrid SDDE models ap-
peared frequently in population systems (see, e.g., [3,20])
and it is highly nonlinear (see, e.g., [8,11,17] for more on
highly nonlinear hybrid SDDEs). It is easy to see that
Assumption 2.1 is satisfied with gy = 3, g2 = 3, g3 = 1.5
and g4 = 1. Moreover, for any (x,y,i,t) € RXRxSXR,,

. qg—1 .
fo(xvyalLvt) + T|g(xay77’at)|2 <

{ 22 — 2.50% + 0.5y% + (¢ — 1)(|z> +0.259%), =1,
22 — 1.52% + 0.5y* + (¢ — 1)(0.25|=|> + 0.25¢2), i = 2.
(2.13)
But
(g — D)|z® < |=|* +0.25(q — 1)22.
Hence

. g—1 .
fo(x7y727t) + T|g(xuyvzat)|2
<(1+40.25(q — 1)*)(2® + y?) — 1.252" + 0.5y". (2.14)

That is, the hybrid SDDE (2.10) satisfies Assumption 2.2
for any ¢ > 6 along with p = 4, a; = 1+ 0.25(¢ — 1)?,
oy = 1.25 and a3 = 0.5.

3 Rules for Delay Feedback Controls

Although the solution of the hybrid SDDE (1.1) is
bounded under Assumptions 2.1 and 2.2, the equation
may not be stable. In this case, we are required to design
a delay feedback control u(z(t — 7),r(¢),t) for the con-
trolled equation (1.3) to become stable. Here the control
function v : R™ x S x Ry — R"™ is Borel measurable,
while we shall assume 7 < § (it is possible to allow 7 > ¢
but the calculations will become more complicated). In
this section, we shall propose a number of rules for the
control function u to meet for the stabilisation purpose.
Our first rule is:

Rule 3.1 There exists a positive number 3 such that

forallz,y € R*, i € S andt > 0. Moreover, for the
stability purpose, we require that u(0,4,t) = 0.

That is, the control function w(z,14,t) is globally Lips-
chitz continuous in x. This assumption implies the linear
growth condition

lu(z,i,t)| < Blz|, Y(x,i,t) € R® x Sx Ry. (3.2)
This is a bit surprise as we would normally look for a

highly nonlinear control function given that the coef-
ficients of the given SDDE (1.1) are highly nonlinear.

However, we will show that the globally Lipschitz con-
tinuous control function can work very well. Indeed, it is
this rule that enables us to design the required control
function much more easily. The following theorem forms
a foundation for this paper.

Theorem 3.2 Let Assumptions 2.1 and 2.2 hold. If the
control function u satisfies Rule 3.1, then the controlled
SDDE (1.3) with the initial data (2.1) has a unique global
solution x(t) on [—7,00) which satisfies

sup E|z(t)]? < co.
—7<t<o0

(3.3)

This theorem can be proved in the same way as The-
orem 2.3 so the proof is omitted. It is useful to point
out that Theorem 3.2 along with conditions (2.3) and
(2.4) guarantees, for example, f(x(t),z(t — §),r(¢),t)
and g(z(t),z(t — §),r(t),t) are bounded in L* on t €
[0, 00); x(t) is bounded in LY for any ¢ € (0, q]. Theorem
3.2 shows that the controlled SDDE (1.3) preserves the
boundedness of the given SDDE (1.1). However, in or-
der for the stability of the controlled SDDE, the control
function needs to meet more rules. The following one is
more technical.

Rule 3.3 Design the control functionu : R*" <X Sx Ry —
R" so that we can find real numbers a;, a;, positive num-
bers ¢;, ¢; and nonnegative numbers b;, b;, d;, d; (i € S)
such that

. . 1 .
a:T[f(:my,z,t) + U(Z’J,tﬂ + i‘g(xvyvzvt”?

(3.4)
< ailz? + bily* — cilz” + dily|”
and
@i t) +ul@i O+ ol il
< alel® + bilyl® = el + dilyl”
forall (x,y,i,t) € R™ x R™ x S x Ry ; while both
A = —2diag(aq,--- ,an) =T,
. _ (3.6)
and Ag := —(q1 + 1)diag(@y,--- ,an) - T
are nonsingular M-matrices; and moreover,
L>51, 72 > 793, 1> 74, 95 > % (3.7)
where
01,---,08)" = A7M(,---, )T,



~v1 = max 26;b;, 9 = min 26;¢;,
ieS ies

Y3 = max 291dl,
i€S

74 =max(qr +1)0:bi,  (3.9)
Y5 = Igéig(ql +1)6;¢;, 6 = Igleassc(ql +1)0:d

We should point out that all §; and ; defined by (3.8) are
positive as both A; and As are nonsingular M-matrices.
Regarding the theory on M-matrices we refer the reader
to [25, Section 2.6].

Let us explain that there are lots of such control func-
tions available under Assumption 2.2. For example, in
the case when the state z(t) of the given SDDE (1.1) is
observable in any mode i € S (otherwise it is more com-
plicated and we will explain later), we could, for exam-
ple, design the control function u(x,i,t) = Az’ where
A is a symmetric n x n real-valued negative-definite ma-
trix such that Apax(A) < —(k + 1)y with & > 1. Then

T

wlu(x,it) < —(k+1)aq|z?, V(x,it) € R"xSxR,.

By Assumption 2.2, in particular, noting ¢—1 > ¢ > 1,
we further have

1

- i 1)]2
2|g(w7 )

< —kaqlz? + onlyl® — azlzl? + aslyl?,

T [f(x,i,t) 4+ u(z,i,t)]

2T (z,y,0,t) + ulz,i, t)] +

q1 .
+ 5|g(ﬂj, th)|2

< —raenfzl’ + arlyl® — aslz]” + asly[".
Consequently,

Al = 2Iidiag(041, T 70[1) - Fa
Ay = k(g1 + 1) diag(ay, -+ ,a1) = T.

By the theory of M-matrices (see, e.g., [25, Theo-
rem 2.10]), we see easily that both are nonsingular
M-matrices. Moreover, when « is sufficiently large,
0; ~ 1/(2ka1) and 6; =~ 1/(kai(q1 + 1)) for all
i € S. It then easy to see (3.7) is satisfied. In other
words, for a sufficiently large number k, the control
function u(z,i,t) = AzT meets Rule 3.3 as long as
Amax(A4) < —(k + 1)ay. Of course, in application, we
need to make full use of the special forms of both coef-
ficients f and g to design the control function u more
wisely.

Let us now explain why we propose Rule 3.3. Define a
function U : R" x S — R by

U(z,i) = 0;|x|* + 0;|z| T, (2,4) € R" x S (3.10)

while define a function LU : R® x R" x S x Ry — R

with respect to (1.2) by

CQU(JT, Y, Z.a t)

1
= 20; 2" [ (2, 9,i.1) + uo, i, 0] + 3 lg(.y. 1. 0)]
+ (a1 + D)l a2t [f (2, y,4,) + u(z, i, 1)]

=~ N
(g1 + 1)f;[z| " : G |l
+ +|g($,ymt)\2 + > iyl
j=1

(1 + 1)( - 1)6;

2| T g (@, y, 4, )[%.

+Z%J9 || +

(3.11)

Please note that £oU is only a function (not Lo acting
on U) and it is associated with the the diffusion operator
of the controlled SDDE (1.2) (where the control is non-
delay one). By (3.4), (3.5) and (3.8), (3.9), we have

£2U(xay7iat)
< =z + mlyl* — v2lzlP + 3]y [P
— @] || T yP = sl PTO T gl Ty P

24 |yl
1+1

_ (1 _ '74(‘]1_1)) |z|a ! 4 7|y‘p+q1—1
@+ 1 ptaq

-1
- (5 - 2B fapre, (3.12)
praq1—

< =z + mlyl* — v2lzlP + 3]y [P Lt

By [11, Theorem 3.1] and condition (3.7), we know that
the controlled SDDE (1.2) is asymptotically stable. In
other words, the control function u(z,i,t) satisfying
Rules 3.1 and 3.3 will stabilise the given SDDE if the
feedback control is of non-delay, i.e., u(z(t),r(t),t).
However, as explained in Section 1, it is better to use
the delay state feedback control u(x(t — ), r(t),t). That
is, the controlled SDDE should be of the form (1.3) in-
stead of (1.2). Comparing (1.3) with (1.2), we observe
that if 7, the time lag between the time when the state
is observed and that when the feedback control reaches
the system, is sufficiently small, equation (1.3) should
behave similarly to what equation (1.2) performs (i.e.,
stable). To describe ”sufficiently small” more precisely
while to cope with the highly nonlinear nature of the
underlying SDDE, we now propose one more rule.

Rule 3.4 Find eight positive constants p; (1 < j < 8)
with py > ps and ps € (0,1), and a function W €
C(R™; Ry), such that

. =~ 2
LoU(z,y,i,t) + p1(265]x| + (¢ + 1)6;]2|")
+ po| f (2, y,5,1)]* + pslg(z, y,i,t)|?
< —palz|® + pslyl> — W(x) + psW (y),  (3.13)



and pr|z[PTO TN S W () < ps(1 4 [2[PT07Y) (3.14)
for all (z,y,i,t) € R" x R* x S x R,.

Let us now explain why it is always possible to meet this
rule. In fact, by Assumption 2.1 and (3.12), we have that

the left-hand-side terms of (3.13)
< LoU(,y, 1) + 8p167 |a* + 201 (a1 + 1)°07 |
+4pa K (Ja? + [yl? + 2" + [2]%2)

+ApsE (|2 + [yf? + Ja*® + af*®). (3.15)

Recalling (2.5), we have p+¢q1 —1 > 2(q1 V ¢2 V q3 V q4)
and hence

w2 < 2 —l—up+[h_17 Yu>0,1<j5<4.

Making use of this inequality and (3.12), we can always
choose p1, p2 and ps sufficiently small such that

the left-hand-side terms of (3.13)
< —palz? + pslyl® — &ulz[” + EylP — &sla|mH
+ &y = o glylP T, (3.16)

where p4, ps and &; (1 < j < 6) are all positive numbers
such that py > ps and Eo_1 > &9 for 1 < k < 3. Letting

W(z) = & |2 + &lz| 2T + &Pt for z € R”

and pg = maxi<x<s or/Eon—1, p7 = &5, ps = E1+E3+Es,
we see that pg € (0, 1),

the left-hand-side terms of (3.13)

< —palx* + pslyl> = W(z) + psW(y),  (3.17)

and  prlz[PTETE < W) < ps(1+ [T ).
We have therefore shown that it is always possible to
meet Rule 3.4. Of course, in application, we need to make
full use of the special forms of both coefficients f and g
to choose p; - p5 more wisely in order to have a larger
bound on 7 as stated in our final rule.

Rule 3.5 The time lag T satisfies

V(ps = ps)p1 JPipz  pips 1
Y , T< V35 A 7 A@. (3.18)

T <

4 Stabilisation
4.1 Hy stabilisation

We can now form our first theorem on the stabilisation
by the delay feedback control.

Theorem 4.1 Under Assumptions 2.1 and 2.2, we can
design a control function u to satisfy Rules 3.1 and 3.3
and then find eight positive constants p; (1 < j < 8)
and a function W € C(R™; Ry) to satisfy Rule 3.4. If we
further make sure T to be sufficiently small for Rule 3.5
to hold, then the solution of the controlled SDDE (1.3)
with the initial data (2.1) has the property that

/ Ele()|idt < 0o, Vi€ [2p+aq—1. (41)
0

That is, the controlled system (1.3) is Hoo-stable in L9
forany g€ 2,p+q —1].

Proof. To make the proof more understandable, we di-
vide it into a number of steps.

Step 1. We will use the method of Lyapunov functionals
to prove the theorem (please see, e.g., [4,7-10,14] for
more details on the method). For this purpose, we define
two segments #; = {z(t +s) : =2 < s < 0} and
7= {r(t+s): =26 < s < 0} for t > 0. For &; and
7+ to be well defined for 0 < ¢ < 2§, we set z(s) = xg
and r(s) = ro for s € [-24,0). The Lyapunov functional
used in this proof has the form

V (&, e, t) = U((t),r(t) + I(t) (4.2)

for t > 0, where U has been defined by (3.10), ¢ is a
positive constant to be determined later and

=/ [ [Fret.sw -0
Fulr(o = 7),r(0), )

+ |g(z(v), z(v — 5),r(v),v)|2 dvds. (4.3)

Here we set f(x7y7ivv) = f(xvyviao)v u(ZE?Z.vU) =
U(l‘,i,O), g(xayaiav) = ('T7yai70) for (w,z’,y,v) €
R™ x R™ x S x [—24,0). We claim that V (&, 74, t) is
an It6 process on ¢ > 0. In fact, by the generalised It6
formula (see, e.g., [25]), we have

dU (a(t), r(1)) = AM (1) + (LsU (@ (t), a(t = 8),7(1), )
—(20; + (q1 + 1)0;| 2|2 YT () [u(x(t), r(t),t)
— u(x(t - T),r(t),t)])dt (4.4)

for t > 0, where M(t) is a continuous local martingale
with M (0) = 0 (the explicit form of M (t) is of no use in
this paper so we do not state it here but it can be found
in [25, Theorem 1.45 on page 48]) and L3U : R™ x R™ x



S x Ry — R with respect to (1.3) is defined by

£3U(.’I}7 Y, i7 t)
1
= 20,27 [f(2,9,.1) + ula,i.8)) + gl y.i,6)

+ (g1 + DOla|" 7 T [f (9,4, 0) + ulw, 0, )]

qi(q +1)0;
+72 2| g, y,4,1)]?

1 —_ —
+ %&\xlq“glx%(w, Y., )|

N
+D (05l + 0| ).
j=1

On the other hand, the fundamental theory of calculus
shows

ar(t) = (¢r el ((t), x(t - 8), 7)., )
+u(a(t = 7),r(0), ) + lg(a(t), 2(t = 8),r(0), )]
—¢ | [t )2 -8),rw),v)

+ uzz(v —7),7(v),v)?
+lg(a(v) 2(v = 0), r(v), ) dv)dt.  (45)

Summing (4.4) and (4.5), we see that V (&, 7, t) is an
Itd process as claimed, while also noting L3U (z, y,4,t) <
LoU(x,y,1,t) (the function £oU has been defined by
(3.11)), we get

AV (&4, 74,1) < L3V (@4, 70, )dt + dM(L),  (4.6)
where
L3V (&4, 70, 1) = LU (2(E), 2(t — 8), r(t)
— [26,) + (@1 + )0,y ()| 12" (1)
x [u(@(t), r(t),t) — u(x(t —7),r(t),1)]
+(TPU@U%Mt—®ﬂ(%)+UWU—T%N®JW
+lga(t),(t = 8),r(t), )]

t

~¢ | [rlf@),a - 8),r@),v)

t—7

+u(e(v —7),r(v),v

)

)1? + lg(a(v),
(4.7)

Moreover, by Theorem 3.2 and Assumptions 2.1 and 2.2
as well as Rules 3.1 and 3.4, it is straightforward to see
that

sup E|LsV (T4, 7, t)| < o0. (4.8)

0<t<o0o

2(v — 5),r(v),v)|2}dv.

Step 2. In this step we will estimate L3V (24,74, t). Let
¢ = B%/p1, (please recall that ¢ is a free parameter in
the definition of the Lyapunov functional). By Rule 3.1,
we have

— [2‘9r(t) + (q1 + 1)§r(t)|$(t)|q1_1]xT(t)
X [u(m(t), T(t)7 t) - u(x(t - T)v T(t), t)]

< p1 [2000) |2(8)] + (@1 + D)o 2(1)|2]°
+ g e —alt - )% (4.9)

By Rule 3.5, we also have

201? < py and (7 < ps3. (4.10)

It then follows from (4.7) along with Rule 3.4 and in-
equality (3.2) that

L3V (T4, T, t)
< —pale(t)? + psle(t = )P — W(x(t)) + psW (a(t — 6))

224
LA

Ja(t — )| + 1,170 —alt - )?

B B/ [l @), 20 = 8),7(0),0)

P1

+u(z(v —1),7(v),v))* + lg(x(v), x(v = §),r(v),v)|*|dv.

But, noting 87 < 1/4 from Rule 3.5, we have

27‘2ﬁ4 9 ﬁQ
|z(t)] +471|x(t)

P1

4 204
lz(t—7)” < 7Tpﬁ —z(t—T7)%
1

Consequently,

L3V (&4, 74, 1)

,7_2 4
(o= a0 + patt — 8) - W(a(t)
2
8))+ 4 la(t) = alt - )P

+ peW (z(t —

S 6@ - 9w

1 ) (v
+u(z(v —71),r(),v)

+ |g(a;(v), x(v - 5)’T(U)7 U)l

‘ 2

(4.11)

Step 3. Let kg > 0 be a sufficiently large integer such that
l€]l < ko. For each integer k > ko, define the stopping
time

Cr = inf{t > 0:|z(t)] > k},
where throughout this paper we set inf ) = co (as usual
() denotes the empty set). By Theorem 3.2, we see that
(x is increasing to infinity with probability 1 as kK — oo.



By the generalised It6 formula (see, e.g., [25, Lemma 1.9
on page 49]), we obtain from (4.6) that

EV (&tncys Ttaces t A Ck)

o tACk o (4.12)
< V(Zo,70,0) +]E/ L3V (Zs,7s,5)ds
0

for any t > 0 and k > ko. Recalling (4.8), we can let k —
oo and then apply the dominated convergence theorem
as well as the Fubini theorem to get

t
EV (%4, 74, t) < V(Zo,70,0) +/ EL3V (Zg,7s,5)ds
0

for any ¢ > 0. By (4.11), we have (419

EL3V (4,7, 5)

< (o~ () + pola(s - o)

— EW (a(s)) + peEW (a(s — 5)) + 2:1E|x(s) (s — )2
2 s

- ilE/H [l (@), 2 = 8),7(v), v)

+u(z(v —7),r),v)]* + |gz(v), z(v — 6),r(v),v)|2}dv.
(4.14)

On the other hand, it follows from the SDDE (1.3) that
Ela(s) — x(s — 7)|?
<28 [ [rlftat)atw-5).rw).0)

+u(z(v —7),r),v)]* + |gz(v), z(v — (5)77‘(’0),1}”2}(1@.
(4.15)

Substituting (4.15) into (4.14) and then putting the re-
sult into (4.13) we get

EV (%4, 74, 1)
4724

< V (i, o,0) — (p4 - )/Ot]E|x(s)|2ds

+p5/0 E|z(s — 6)|*ds 7/0 EW (z(s))ds

+ pg /Ot EW (2(s — 0))ds. (4.16)

This implies easily that
EV (i, 74,t) < Cy — (p4 — s — 47%4) /OtIE|x(s)|2ds
) [ EWGE)E, @)

where

Cy = V (&g, 70, 0)
+7 sup [psE|z(s)|* + psEW (z(s))] < oo.
—5<5<0

By Rule 3.5, ps — p5 — 4723%/p1 > 0 and 1 — pg > 0.
Hence

t
Cy
Elz(s)|?ds < ,
/o (=) T pa—ps —4AT2BY ;1
/t]EW(x(s))ds< G
0 N l_pﬁ.

Letting t — oo and recalling (3.14), we obtain that

/ E|z(s)[*ds < oo and / E|z(s)|[PT2 " tds < .
0 0

(4.18)
The required assertion (4.1) follows immediately
as Elz(s)|]? < E|z(s)]?ds + Elx(s)[Pte—! for any
d € [2,p+ ¢1 — 1]. The proof is therefore complete. O

The next slightly weaker result follows directly from the
above proof but under a weaker condition.

Corollary 4.2 Under the same conditions of Theorem
4.1 except that pg € (0,1) is replaced by ps = 1 in Rule
3.4, then the solution of the controlled SDDE (1.3) with
the initial data (2.1) has the property that

/ E|a(t)[2dt < oo.

0

(4.19)

4.2 Asymptotic stabilisation

In general, it does not follow from (4.19) that tlim Elz(t)|?
— 00

= 0. However, this is possible in our situation. In fact,

we can even show a stronger result as described in the

following theorem.

Theorem 4.3 Under the same conditions of Theorem
4.2, the solution of the controlled hybrid SDDFE (1.3) with
the initial data (2.1) has the property that

lim Elz(t)|7=0, Vg€ [2,q) (4.20)
t—o00

That is, the controlled system (1.8) is asymptotically sta-
ble in LI for any q € [2,q).

Proof. By Theorem 3.2,

Cy:= sup Elz(t)]? < oo.

0<t<oc0o

(4.21)



For any 0 < t; < t9 < o0, using the It6 formula, by
Assumption 2.1 and Rule 3.1, we see

|Ela(t2)* — Elw(t:)]?|

<E [ (2Kle®l((®)] + ot = 5)] + fa(o)]")
+ 2K |z(t)[|x(t = O)[" + 28|z(1)[|x(t — 7)|
+ K2[la(®)] + [a(t = )] + (] + [a(t - 8)[)]? )t

< /t2 Cs (1 + Ele()]? + Ela(t — 6)[9)dt,

t1

where Cj3 is a constant independent of ¢; and t5. This,
together with (4.21), implies E|z(#)|? is uniformly con-
tinuous in ¢ on R. It then follows from (4.19) that
. 2
tlggo E|z(t)| = 0. (4.22)

Let us now fix any ¢ € (2, ¢). For a constant v € (0, 1),
the Holder inequality shows

q v q—2v —v)\1—
Elz(t)|? < (Elz(t)]?)" (Ela(t)|@-2/(0=1)
In particular, letting v = (¢ — q) /(g — 2), we get

Elz(t)|? < (]E|a:(t)|2)(q_‘j)/(q_2) (]E|x(t)|q)(q—2)/(q_2)
< 05572)/(4*2) (Ell‘(t)|2)(q_q)/(q_2). (423)

This, along with (4.22), implies the required assertion
(4.19). The proof is complete. O

4.3  Exponential stabilisation

Asymptotic stabilisation discussed above shows the so-
lution of the controlled SDDE (1.3) will tend to zero
in L7 asymptotically but does not show the rate of de-
cay. In this subsection, we will take a further step to
show how the delay feedback control can stabilise the
given SDDE exponentially (namely, the solution of the
controlled SDDE (1.3) will tend to zero exponentially
fast). The following theorem shows that under slightly
stronger conditions than those in Theorem 4.1 (condi-
tion (4.24) below is stronger than Rule 3.5), the delay
feedback control can stabilise the given SDDE exponen-
tially in the sense of L7.

Theorem 4.4 Under Assumptions 2.1 and 2.2, we can
design a control function u to satisfy Rules 3.1 and 3.3
and then find eight positive constants p; (1 < j < 8)
and a function W € C(R™; Ry.) to satisfy Rule 3.4. If we
further make sure

V(ps = ps)pr VPipz  pips 1
2w Mg e N
(4.24)

T <

then the solution of the controlled SDDE (1.3) with the
initial data (2.1) has the property that for any initial
value £(0) = z9 € R,

lim sup flog(]E|x( )7 <0,

t—o0

Vg€ [2,q).  (4.25)

That is, the controlled SDDE (1.3) is exponentially stable
in L9,

Proof. We will use the same Lyapunov functional
V (&, 7, t) as defined by (4.2) with the same ¢ = 3%/p;.

By the method of stopping times as we did in Step 3 of
the proof of Theorem 4.1, we can show that

BV (&4, 74, t) < V (&0, 7o, 0)
t

+/ e“]E(sV(ﬁvs,fs,s)+£V(£S,fs,s)>ds (4.26)
0

for all ¢ > 0, where ¢ is a sufficiently small positive
number to be determined later. Let

hl = min@i, hg = max@i, h3 = maxgi,
i€S i€S i€S

we then have

2
heEla(t)® < V(#o, 70, 0) + pi,fl( )

t
—I—/ ess(ath\x(s)\z+Eh3E|x(s)|Q1+1)ds
0

¢
+ / e ELV (%4, 75, s)ds, (4.27)
0

8),7(v),v)

where
([, [ [rseonsto-

Ji(t) = /
+u(x(v — 1), ()vv)|2

+g(x(v), z(v — 8),7(v), v)] }dudu)ds.

As we did in Step 2 of the proof of Theorem 4.4, we can
show that

L3V (Zs,Ts,5)

424
(o= e + pafats = o)

— W (a(s)) + poWW (x(s 6»+%ﬂﬂ$
62

+Mvaﬂmwwa+mwwLvaamwmepu
(4.28)

—a(s 7))



Making use of (4.15), we get Finally, for any g € [2,¢), by (4.23) and (4.32), we get

£3V(is,fs,z)254 Elz(t)| < 05‘7*2)/(Q*Q)C[EQ*‘?)/(Q*Q)e—st(q—(j)/(q—i)ég

T .

< (s~ TE) + pola(s — O ~ W(a(t) (43
JCRE This implies the required assertion (4.25). The proof is

pWlatt=0) = 1 [ [rlf@)a -9  gomien (4:29)

In general, it is not possible to imply the almost surely

(4.29) exponential stability from the gth moment exponential
stability. However, in our situation, this is possible as

Moreover, we clearly have described in the following theorem.
Elz(s)|2 T < Elz(s)|> + E|z(s)[PT0 ! Theorem 4.5 Let all the conditions of Theorem 4.4

< Elz(s)]? + p7 "EW (z(s)). (4.30) hold. Then the solution of the controlled system (1.3)
with the initial data (2.1) has the property that

Substituting (4.29) and (4.30) into (4.27) yields

1
limsup = log(|z(t)]) <0 a.s. (4.34)
t 2 P ef” B t—oo 1
hleE‘E|x(t)| < V(Io, To, 0) + TJl(t) — EJQ(t)
47234 1 ' That is, the controlled SDDE (1.3) is almost surely ex-
— (p4 — —¢ehy — €h3) / e“*Elz(s)|*ds ponentially stable.
P1 0

t t
+ p5/ e*Elz(s — 6)|*ds + PG/ e EW (z(s — 6))ds Proof. Let k be any nonnegative integer. By the Holder
0 0 inequality and the Doob martingale inequality (see, e.g.,

chy. [* [25]), we can obtain that
- (1- - / SSEW (2(s))ds, (4.31)
7 0
IE( sup \x(t)|2)
where k<t<k+1

5 k+1
Jz(t)ZlE/O e“(/ﬁ_ [T|f(x(v),m(v—5)7r(v))v) <3E|z (k)] +3]E/k (|f($(t)7$(t—5),7‘(t),t)

+u(z(v —7),r(v),v)|? -
+ lg(a(v), 2(v = 8), 7(v),0) ] dv) ds. 128 [ lg(a(0) ol - 8),0), )
k

ula(t =), r(),6) ) dt

On the other hand, it is easy to see that By Assumption 2.1, it is then straightforward to show

that
Ju(8) < Ta(t). @

2 2
We can now choose a sufficiently small € > 0 such that E( k<il<112+1 |z (t)] ) < 3E[z(k)|

47254

k+1
2 2 2
, E(h2+h3)+p5666 < pa— pﬁ ’ pﬁesé‘i‘&pﬁ < 1. +C5/k E(|I(t)| + |:I}(t75)‘ + |CC(t*T)‘ )dt
1 7

eT <

NG

k+1
E(|z(t)|? t—6)|7)dt
We can then easily show from (4.31) that + Cs/k ('x( I+l ) ) ’

E|z(t)]* < Cye™t, VWt >0, (4.32) where § = 2(q1 Vg2V q3Vqa) and Cs is a positive constant.
Noting that ¢ € [2,¢) by Assumption 2.2, we can apply
where (4.32) and (4.33) (both of them hold for ¢ € [—6,0] as
well) to get
04 = hl_l I:V(‘iOa TAO? 0)

+7(ps V po) 83£<O(Elx(s)|2 +EW (2(s)))]. E(k<§l<lllz+1 Iw(t)lz) < Cge—*

10



where € = e(q — 7)/(q — 2) and Cj is another positive
constant. Consequently

oo o0
ZP( sup  |a(t)] > 6—042551@) Z o058k
o Nk<t<k+1 P

The well-known Borel-Cantelli lemma (see, e.g., [25,
p.10]) shows that for almost all w € Q, there is positive
integer ko = ko(w) such that

sup |z(t)] < e Ok k> k.

k<t<k+1
Hence, for almost all w € €,

0.25¢k
(k+1)

1
;10g(|:1c(t)|) < - telk k+1], k> ko.

This implies

lim sup —
t—o00

10g(|x( )]) < —0.25¢ < 0 a.s.

which is the required assertion. The proof is complete. O

Let us make a number of comments to close this section.
The results established in this paper are all independent
of 4, which is the time lag of the given SDDE, but very
much dependent on 7, which is the time lag between the
time when the state is observed and the time when the
feedback control reaches the system.

Rule 3.3 describes a way how to find positive numbers 6;
and 6; (i € S) and then further to find positive numbers
p; (1 < j < 8)in Rule 3.4. On the other hands, if one
can find all these positive numbers for Rule 3.4 to be
satisfied, then all of our results hold without Rule 3.3.

The control function u used in this paper is allowed to
depend on mode i, namely we use u(x, i, t). This enables
us to make use of different system structure in different
mode to design the control function more wisely. It is
possible to use a simpler control function which depends
on the state x only, namely u(x), for example, u(x) = Ax
as shown in the paragraph below Rule 3.3. Of course,
this is applicable only in the situation where the state
is observable and the feedback control can be input in
every mode. In some situation where the state of the
underlying system is not observable in some modes, we
have to design the feedback control function only on
those modes which state is observable and put no control
on the other modes. The examples discussed in the next
section illustrate these situations fully.

5 Examples

To illustrate our theoretical results, we will discuss a
couple of examples.

11

Example 5.1 Let us return to the hybrid SDE (2.10),
where the coefficients f and g are defined by (2.11), B(t)
is a scalar Brownian motion and r(¢) is a Markov chain
on S = {1,2} with the generator " defined by (2.12).
As we mentioned in Section 1, this is a simple version of
hybrid SDE models appeared frequently in finance and
population systems (see, e.g., [3,20]).

Recalling the last paragraph in Section 2, we know that
the SDDE (2.10) satisfies Assumptions 2.1 and 2.2 with
any ¢ > 6andp =4, q1 = ¢ =3,q3 = 1.5, ¢4 = 1,

= (140.25(g—1)?)V(g—1), aa = 1.25 and a3 = 0.5.

We first consider the case where the system is fully ob-
servable and controllable in both mode 1 and 2. That is,
we could use a feedback control in both modes to stabilise
the given unstable hybrid SDDE (2.10). In our notation,
we will use the control function v : R x § x Ry — R
defined by

u(z,1,t) = —bx, u(z,2,t) = —4x. (5.1)
Obviously, Rule 3.1 is satisfied with 8 = 5. By Theorem
3.2, the controlled system
[F(a(0),

dz(t) = x(t—0),r(t),t) +ulx(t —7),r(t),t)]dt

+ g(a(t), z(t - 8),r

has a unique global solution on ¢ > —J for any initial
data £ € C([-6,0]; R) and the solution has the property
that

sup Elz(t)]? < oo V¢ > 6.
—0<t<oo

(5.3)

Let us now verify Rule 3.3. It is straightforward to show
that, for (z,y,4,t) € Rx Rx S x Ry,

. . 1 .
olf (@, y.i,t) + ulw, t,9)] + Slg(@, y,t,4)[

_ { —3.52% +0.25y2 — 224 + 0.5y%,  i=1,

—2.87522 + 0.25y% — 1.3752* + 0.5¢%, i =2,
and

x[f(z,y,i,t) + u(x, t,9)] +

{

Namely, (3.4) and (3.5) hold with

q1 .
5|g($,y,t,l)|2

—2.52% +0.75y% — z* + 0.5y%, i=1,
—2.62522 + 0.75y2 — 1.1252% + 0.5¢*, i = 2.

ayp = 7357 b1 = 025, C1 = 27 d1 = 05,

ag = 72875, bg = 0257 Cy = 1375, d2 = 05,
a1 =—2.5, b1 =0.75, ¢ =1, d = 0.5,
Gy = —2.625, by = 0.75, ¢y = 1.125, dy = 0.5.



Moreover,

8 —1 11 -1
Al = and Ap = )
-1 6.75 —111.5

which are both M-matrices. By (3.8), we then have
0, = 0.1462, 6, — 0.1698, 6 — 0.0996, G — 0.0956.
Consequently,
71 = 0.0849, 75 = 0.4670, 75 = 0.1698,

v4 = 0.2988, 75 = 0.3984, g = 0.1992.

Hence (3.7) holds as well. We have therefore verified
Rule 3.3. To verify Rule 3.4, we note that the function
U defined by (3.10) has the form

Ul(x,i) z{

By (3.12), we also have

0.1462z2 + 0.099624,
0.169822 + 0.09562*,

i=1,

1=2.

—2% +0.0849y% — 1.31762*
—0.33202° + 0.1328y°.

£2U(x7 Y, iv t) S
+ 0.3192y*

Moreover, we can show (by elementary calculations) that

(20:]| + (g1 + 1)8;]z[*)? < 0.115322 + 0.25972"

+0.15872°,
|f(z,y,i,t)[* < 2? — 4o + y* +9.33332° 4- 24/,
g(z,y,4,t)|* < 0.52% + 0.5y + 22*.

Choosing p; = 0.4, po = 0.01 and p3 = 0.45, we then
obtain

LoU (2,0, t) + p1 (20:)2] + (1 + 1)s]z|7)?
+ pQ‘f(xa yvia t)|2 + P3|9($7y,i7t)|2
< —0.718922 4 0.3099y* — W () 4+ 0.9307W (y) (5.4)

where W (z) = 0.35372% +0.17522°. That is, Rule 3.5 is
satisfied with additional ps = 0.7189, p5 = 0.3099, ps =
0.9307, p7; = 0.1752 and pg = 0.8419. Consequently,
Condition (4.24) becomes 7 < 0.0071. By Theorems 4.4
and 4.5, we can therefore conclude that the controlled
system (2.10) with the control function (5.1) is not only
exponentially stable in L7 for any g > 2 but also almost
surely exponentially stable provided 7 < 0.0071.

We perform a computer simulation with § = 0.2, 7 =
0.005, the initial data x(t) = 1 + cos(t) for ¢ € [—0.2, 0]
and r(0) = 1. The sample paths of the Markov chain and
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Figure 5.1: The computer simulation of the sample paths of
the Markov chain and the solution of the controlled SDDE
(5.2) using the EulerfMaruyiuma method with step size
107°.

the solution of the controlled SDDE (5.2) are plotted
in Figure 5.1. The simulation supports our theoretical
results clearly.

Example 5.2 Consider the scalar hybrid SDDE

da(t) = f(x(t), ( 8),r(t),t)dt
+g(x(t), x(t = 6),r(t), 1)dB(D),

where the coefficients f and g are defined by

(5.5)

x(—222% + 2y),
x(—=1.52% +y),

g(z,y,1,t) = 0.3]y|*/2,
g(x,y,2,t) = 0.1]y[*/2,
(5.6)

f(xay7 17t)
f(l', Y, 27t)

B(t) is a scalar Brownian motion, r(t) is a Markov chain
on the state space S = {1,2} with its generator T' =
-1
6
2.2 hold with g1 =3,¢2 =2,g3=1,q4 = 1.5, p=4 and
any g > 6.

1
>. It is easy to see that Assumptions 2.1 and

Assume that the system is observable only in mode 1 but
not in mode 2 so we could only use a feedback control in
mode 1 (namely we have to set the control function to
be 0 in mode 2). Accordingly, we let the control function

u(z,1,t) = =3z, u(z,2,t) =0. (5.7)
Obviously, Rule 3.1 is satisfied with 8 = 3. By Theorem
3.2, the controlled system

[f(@(t), 2(t = 6),r(t), 1) + w(z(
+g(x(t), x(t = 0),r(t),t
has a unique global solution on ¢ > —§ for any initial

data & € C([—0,0]; R) and the solution has the property
that

d(t) = ), 7(t),t)]dt

t—
)dB( ) (5.8)

sup Elz(t)]? < oo Vg > 4.
—0<t<oo

(5.9)



It is straightforward to show that, for (z,y,,t) € R x
R xS xRy,

el (@.0.0) + ule )] + g8, 0)
|

. . q1 .
x[f(.T,y,Z,t) +U($,t,l)] + 5|g(:ﬂ,y,t,z)|2

—322 4+ 1.0225y% — z* + 0.02259%, i =1,
0.5025% — z* 4 0.0025y*, i=2,

and

_ [ 307+ 10675y — ot £ 0.0675y", i =1,
- 0.5075y2 — z* + 0.0075y4, i=2.

Namely, (3.4) and (3.5) hold with

a; = —3, by = 1.0225, ¢; = 1, dy = 0.0225,
as =0, by = 0.5025, ¢o =1, dy = 0.0025,
a1 = —3, by =1.0675, ¢&; =1, dy = 0.0675,
ag =0, by = 0.5075, ¢ =1, dy = 0.0075.

-1 13 —1
( 7 ) and AQ B ( 3 ) 7
—6 6 —6 6

which are both M-matrices. By (3.8), we then have

Moreover, A; =

6, = 0.1944, 6, = 0.3611, A; = 0.0972, 6 = 0.2639.
Consequently,

v = 0.3975, 7o = 0.3888, 73 = 0.0087,
v4 = 0.5357, 75 = 0.3888, 76 = 0.0262.

Hence (3.7) holds as well. We have therefore verified

Rule 3.3. To verify Rule 3.4, we note that the function
U defined by (3.10) has the form

U(z,i) = {

By (3.12), we also have

0.194422 + 0.0972z% ifi=1,
0.361122 + 0.2639z% if i = 2.

LoU(z,y,i,t) < —x? +0.3975y — 1.12102*
+0.2766y* — 0.3801z5 + 0.017535.

Moreover, we can show that

(26; 2|+ (g1 +1)8;]2|)* < 0.52152°4+1.52472+1.11432°

‘f(.’ﬂ,y,i,t”z < 85[/'4 + 4y4 + 8!176,
lg(z,y,4,t)[> < 0.045y% + 0.045y".

i
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Choosing p; = 0.25, po = 0.01 and p3 = 1, we then
obtain

. —~ 2
LoU(x,y,ist) + p1 (20:]2] + (1 + 1)8;]z|™)
+ po| f (2, y, 5, 1) > + pslg(z, y,i,t)[?

< —0.86962° + 0.4425y — W (z) + 0.8139W (y)
(5.10)

where W (x) = 0.6598x% + 0.02152%. That is, Rule 3.5 is
satisfied with additional py = 0.8283, p5 = 0.4425, pg =
0.8139, p7 = 0.0215 and pg = 0.4614. Consequently,
Condition (4.24) becomes 7 < 0.01178. By Theorems 4.4
and 4.5, we can therefore conclude that the controlled
system (5.8) with the control function (5.7) is not only
exponentially stable in LY for any g > 2 but also almost
surely exponentially stable provided 7 < 0.01178.

We perform a computer simulation with § = 0.2, 7 =
0.01, the initial data z(t) = 1 + cos(¢) for ¢ € [—0.2, 0]
and r(0) = 2. The sample paths of the Markov chain and
the solution of the controlled SDDE (5.8) are plotted
in Figure 5.2. The simulation supports our theoretical
results clearly.

1)

)
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Figure 5.2: The computer simulation of the sample paths of
the Markov chain and the solution of the controlled SDDE
(5.8) using the EulerfMaruyima method with step size
1077,

6 Conclusion

In this paper we have discussed the stabilisation of highly
nonlinear hybrid SDDEs by the delay feedback controls.
We pointed out that there is little known on this stabil-
isation problem when the feedback control is based on
the past state although the feedback control based on
the current state has been well studied. We also pointed
out that the problem becomes even harder when the co-
efficients of the underlying hybrid SDDE do not satisfy
the linear growth condition (namely, the coefficients are
highly nonlinear). In this paper we consider a class of
hybrid SDDEs which are not stable but their solutions
are bounded in gth moment. We then propose four rules
for the control functions such that the controlled SD-
DEs become stable. These rules, to a very much degree,



also describe a way how to design the control functions.
The stability discussed in this paper include the H.-
stable in L7, asymptotic stability in gth moment, qth
moment exponential stability and almost surely expo-
nential stability. The key technique used in this paper is
the method of Lyapunov functionals. A couple of exam-
ples and computer simulations have been used to illus-
trate our theory.
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