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Robust Consumption Portfolio Optimization with
Stochastic Differential Utility”

Jiangyan Pu ! and Qi Zhang ¥

Abstract. This paper examines a continuous time intertemporal consumption and portfolio
choice problem with a stochastic differential utility preference of Epstein-Zin type for a robust
investor, who worries about model misspecification and seeks robust decision rules. We provide
a verification theorem which formulates the Hamilton-Jacobi-Bellman-Isaacs equation under a
non-Lipschitz condition. Then, with the verification theorem, the explicit closed-form optimal
robust consumption and portfolio solutions to a Heston model are given. Also we compare our
robust solutions with the non-robust ones, and the comparisons shown in a few figures coincide
with our common sense.

Key words: stochastic differential utility, robust control, stochastic differential games,
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1 Introduction

Over the past several decades, the optimal consumption and investment problems have been
one of hot topics in finance. Looking back in history, we can see that the research development
of this topic is based on the developments of the financial theory and tools, like martingale
theory, dynamic programming principe, utility, etc. The portfolio selection problem related
work can be traced back to Markowitz [29] in 1952. Later Merton [30], [31] first solved the
multiperiod expected utility model in continuous time by using dynamic programming in 1969
and 1971. Then, Cox and Huang [7], Karatzas [20] developed the general martingale approach
to consumption and portfolio selection. Stochastic differential utility (SDU), another mile stone,
was introduced in 1992 by Duffie and Epstein [9] as a continuous time limit of recursive utility
of Kreps and Porteus [24], Epstein and Zin [I2]. Since the recursive utility can differentiate
between the coefficient of relative risk aversion and the elasticity of intertemporal substitution
(EIS), it receives more and more attentions.

Looking back on the literature, there are two main methods to solve the optimal consumption-
portfolio problem with SDU. One is called utility gradient approach (or martingale method).
Using this approach, Duffie and Skiadas [10], Schroder and Skiadas [34] generalized the time-
separable expected utility in [7] and [20], whose basic idea is to utilize market completeness
to separate the computation of an optimal consumption plan from the corresponding trading
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strategy. Then this approach was extended to the trading constrained case by Schroder and
Skiadas [35]. In 2001, El Karoui, Peng and Quenez [I1] used the first-order condition (FOC)
in a complete market to include nonlinear wealth dynamics under the generalized stochastic
differential utility (GSDU), where FOC for the optimal consumption plan is the essence of the
gradient approach. The other method to deal with SDU is the dynamic programming approach
(or Hamilton-Jacobi-Bellman (HJB) equation approach). This approach turns out to be very
powerful as it provides an explicit characterization of optimal strategy in terms of the unique
solution of a PDE. With the help of HJB equation, lots of researchers solved the optimal con-
sumption and portfolio problems with SDU, see e.g. Kraft, Seifried and Steffensen [22], Kraft,
Seifeiling and Seifried [23] to name but a few. In 2017, Xing [37] put forward backward stochas-
tic differential equation (BSDE) method to characterize optimal consumption and investment
strategies. However, the bulk of literature, including [22], [23], [37] just mentioned, assumes that
the investors have complete confidence in their models.

In 2000, some significant progresses were made in Anderson, Hansen and Sargent [2], which
set up the so-called robust consumption and portfolio choice problems. In the model uncer-
tainty formulation, the decision maker has a probabilistic benchmark in the sense that he/she
“believes” that the probability distribution on the state space is a given distribution but is not
totally confident about this. Hence the priors for the decision maker are the combination of the
“probabilistic benchmark” on one hand and “anything can happen” on the other hand. In par-
ticular, the decision maker considers such a circumstance, in which he/she may use the relative
entropy to measure a distance between a reference model and a true model, and then choose the
“worst” model of underlying assets to find his optimal consumption and investment rules. Since
then, a growing body of literature, like Maenhout [27], 28], Daniel and Shied [8], Bo and Cap-
poni [4], Yang, Liang and Zhou [39] began to analyze implications of model uncertainty for asset
pricing and portfolio choices. Recently, several extensions about robustness were made in dif-
ferent aspects: (i) optimal investment under correlation, equicorrelation, variance-covariance or
volatility ambiguity, such as Fouque, Pun and Wong [I4], Han and Wong [15], Ismail and Pham
[18], Pun [33]; (ii) an economy modelled by a multivariate stochastic volatility model, especially
the principle component stochastic volatility (PCSV) model, which nests Heston’s model as a
special case (in one dimension, i.e., one risky-asset case). PCSV was initiated in Escobar, Gotz,
Seco and Zagst [13] and investigated in Bergen, Escobar, Rubtsov and Zagst [3] and Yan, Han,
Pun and Wong [38]. However, aforementioned works about consumption-investment problems
were not investigated under SDU preference.

Other researchers considered intertemporal consumption and portfolio choice for an investor
with SDU preferences and took model uncertainty into account, such as Liu [25], in which the
author solved HJB equation by getting numerical solutions, and Ait-Sahalia and Matthys [I], in
which the coefficients of risky asset were determined. In this paper, we analyze that an investor
has a preference of Epstein-Zin type and the referred stock model follows an Heston model
whose volatility and extra return are driven by an external stochastic factor process. During the
period, the investor worries that the model depicting investment opportunities is misspecified
in the sense of Anderson, Hansen and Sargent [2], and thus the investor prefers to seek robust
consumption and portfolio.

As we know, the verification theorem is crucial to deduce the HJB equation which gives the
possibility to produce an explicit optimal solution to consumption-portfolio problem. To study
our model uncertainty control problem with non-Lipschitz SDU preferences, our first step is to
extend the verification theorem to the game problem with monotonic condition and two controls.
To realize above ideas, we find that the technique of the stochastic Gronwall-Bellman inequality
is an efficient tool. In the original SDU paper [9], this inequality had been used to prove the



verification theorem under the assumption that the aggregator is Lipschitz with respect to the
variable. Then Kraft, Seifried and Steffensen [22] improved the method of stochastic Gronwall-
Bellman inequality and applied it to the verification theorem with non-Lipschitz but monotonic
aggregator. However, the verification theorem in [22] serving for stochastic control problem with
one control cannot be immediately applied to the stochastic game problem with two controls.
So the establishment of the verification theorem to the game problem with monotonic condition
is one contribution of our paper.

Needless to say, the explicit solution of control problem is one of the main concerned issues
in control problems. Another contribution of our paper is that we eventually get the explicit
closed-form solutions of optimal robust portfolio and consumption-wealth ratio in an Heston
model, by an application of Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation. Moreover, in
comparison between our explicit solutions of robust investors and those of non-robust investors,
it turns out that more robust investors are more cautious than the non-robust investors and
they put lower proportion of the wealth into the consumption and stock, which coincides with
our common sense.

This paper is organized as follows. In Section 2, we prove our verification theorem. In
Section 3, the financial market is set up and the optimization problems for both investors of
non-robustness and robustness are stated respectively, and the robust consumption and portfolio
decisions are given. Finally, we show the applications of our study to Heston model and the
comparison results between our robust solutions and non-robust ones in Section 4.

2 Verification theorem

In this section, we prove the verification theorem about two controls for the stochastic game
problem with non-Lipschitz aggregator, different from [22], in which the verification theorem for
stochastic control problem with one control was analyzed.

To begin with, we state our general settings. Given a complete probability space (2,.%,P)
and a fixed terminal time 7" < oo, let {Bs} (0,77 be a d-dimensional Brownian motion on the
probability space. Denote by (Fs)o<s<7 the nature filtration generated by {Bs}co,r) with Fo
containing all P-null sets of .%.

We consider that the state process X = { X} se(t,7) takes values in 2 C R™ with the dynamics

dXs = b(s, Xs,us,vs)ds + o(s, Xs,us,v5)dBs, Xy = x, (2.1)

where b: [0,T] x Ex U xV = R, ¢:[0,T] x Zx U x V — R™% are measurable functions,
UcR™and V eR!, te[0,T)]is an initial time, € Z is an initial state, and u, v are controls
belonging to the admissible control sets defined below.

Definition 2.1. For t € [0,T], let Uy = U(xz), © € E, be the t-admissible control set of
(Fi)o<i<r-adapted feedback strategies u = {ustsepr) = {u(s, Xs) ey, taking values in U,
and V; be the set of all (F)o<i<r-adapted processes v = {vs}scpy 1 taking values in V.

A function u € U; (resp. v € V) is a control of a maximizing player (resp. minimizing
player), and a game payoff functional for u and v is defined by

T
J(s,x;u,v) = Jg = ES[/ flr, X, up,vp, Jp)dr + @(XT)], s € [t,T], (2.2)

where f:[0,7] x Z2x U x V x R — R is the measurable intertemporal aggregator, ® : = — R is
the terminal cost, and E; is the conditional expectation with respect to .%.



The control problem we concern with is as below:

T
(P) sup inf E[/ f(s,Xs,us,vs,Js)ds—l—<I>(XT)}. (2.3)
u€lly VEV t

Then the value function is formally defined by

K(t,z) = sup inf J(t,z;u,v).
u€lly VEVt

Here we allow the case that
(A1) for any u € U and v € V;, (ZI)—(22]) has a unique strong solution.
For w € CY2([0,T) x Z), define

LYY [w](s,x) = ws(s,x) + (b(s, z,u,v),w,(s,x)) + %tr(a(s,m,u,v)Twm(s,x)a(s,m,u,U)).

We suppose that
(A2) for any (s,z) € [t,T] x E and u € U, v € V, there exist measurable functions
v BT xEXxU =V and u* : [t,T] x E — U such that
V" € argmin{ L [w](s, ) + f(s, 2, u, v, w(s, 2))},
ve

u* € arg ma[}({ﬁu’”* [w](s,x) + f(s,z,u,v",w(s,x))}.
ue

From (A2), it is clear that

L5V [w](s, @) + f(s,2,u", 0", w(s, ) = sup inf {L%[w](s,2) + f(s, 2, u,v,w(s, )}
ueU Y

Note that (Al) and (A2) guarantee that (ZI)-(22]) has a unique strong solution in the cases
(1) us = u(s, XL") € Uy, vF = v*(s, X0% u(s, X0")) € V, and (i) v* = u*(s,X2%) € U,

S S
vs = v(s, Xe" u*(s, X)) € Vy.
Similar to [22], we also assume that the monotonicity holds, i.e.
(A3) there exists C' > 0 such that for any s,z,u,v € t,T] x Ex U x V,

f(saxauav7jl) - f(S,.Z','LL,U,jQ) < C(jl - j2)7 if jl > j2'

Our verification theorem is based on the following generalized Skiadas’ lemma. See Theorem
A2 in [22].
Theorem 2.2. Let Y = {Yi}icjor) be a right-continuous adapted process with Yr = 0 and

E[fOT |Ys|ds] < oco. Assume that there exist a progressive process H = {Hy},cjo,m) and a constant
k€ (0,00) such that

T
Y = Et[/ Hyds] a.s. and H; > kY; on {Y; <0} a.s. fort e [0,T].
t

Then Yy >0 for allt € [0,T] a.s.

To use the generalized Skiadas’ lemma, we further assume



(A4) if w e CH2([0,T) x E)N C%0([0,T] x Z) is a solution of the following dynamic pro-
gramming equation

1
wy(t, ¢) + sup inf {{b(t, 234, v), wa(t, 2)) + §tr(0T(t,w,u,v)wm(t,fv)ff(t,:v,u,v))
uelU Ve

(w0, w(t, )} =0 in [0,T) x . (2.0
w(T,x) = ®(x), z€E,

the local martingale

/ wl‘(sv XS)TU(Sa X, us, Us)st
t

is a true martingale for any u € U; and v € Vy;

(A5) for any u € Uy and v € V4, if (X, Js)i<s<r is the solution of (ZI)—([22), we have
E[ftT lw(s, Xs) — Js|ds] < oc.

Then we have the following verification theorem:

Theorem 2.3. We assume (A1)-(A5). If the solution w of HJBI equation (2.7)) exists, then
w* and v* are optimal in Uy and Vi, w coincides with the value function of the maxmin problem
(Z23), and minimaz identity holds, i.e.

w(t,x) = J(t,z;u*,v*) = sup inf J(¢t, z;u,v) = inf sup J(t, z;u,v).
weldy VEV vEV: e,

Proof. Step 1: For any u € Uy, we prove J(t, z;u,v*) < w(t, x).
For any u € Uy, and v* € V; , let {(Xs, J, )}sepr,m be a solution of (2.I)-(2.2) with u and v*
By 1t6 formula, we have

T
w(s, Xs) —Js = —ES[/ wy(r, X)) 4+ (b(r, Xy, i, v, we (7, X))
+1tr(a (r, Xr,ur,vr)wm( X) (r, Xr,ur, vy)) + f(r, Xr,ur,v J, )dr]

/ £UT7U XT’) +f(r,Xr7uT7U::7j7”)dr]'

Hence, it holds that
T
w(saXs)_Js:Es[/ (Pr’dr]y t<s<T,

where

or = —{ﬁ““”f[w](r,)i}):i— Fr, Xy up, vF w(r, X, )}
—{f(r, X, up, ), ) — f(r, Xr,ur,fu w(r, X))}

Using (A2) and (2.4)), we have
Eumv: ['w] (7’, XT’) + f(ra XT’a U, 7}:7 w(r, XT))
éﬁu:"v: [w] (7'7 Xr) + f(rv Xﬂ Ui, U:’ ’LU(T’, XT))
=0,

which implies

O = _{f(ra Xraur77):7 jr) - f(T, Xr,ur,v;f,w(r, Xr))}



From (A3), if J, > w(r, X,) it turns out that

f(ra XrauMU:v j?“) - f(ry XMUT’U:vw(Tv 7‘)) S C(jr - w(r, XT))

Thus if w(r, X,.) — J, < 0 we have

pr = = (r X, 0f Jy) = f(r, X up, o w(r, X))
> C(w(r, X) Jy).
Moreover, by (A5), ft lw(s, — J,|ds] < oo. Therefore, by Theorem 22 it yields that

In particular, taking s = ¢t we have
w(t,x) > Jy = J(t,x;u,v").
Step 2: For any v € Vy, we prove w(t,z) < J(t,z;u*,v).

For u* € U; and any v € V, let {(X, js)}se[t,T] be a solution of ([2.1)) and ([2.2) with «* and
v. In a similar way to the argument in Step 1, we have

T
J.— w(s, X,) = Es[/ pudr], t<s<T,

where

Or = {ﬁu:mr [w] (Ta XT’) + f(T, Xra u:; Ur, w(ra Xr))}
+{f(T, XT7 U:, Up, jT’) - f(ra XT’u U:, Up, ’LU(T, XT’))}
Using (A2) and (24]) again, we have
L4 [w](r,

> L0 [w](r,
=0,

Xo) A+ f(r, Xy udy vp, w(r
XT’) + f(r XT’7ur7Ur7w(

X0)
X))

which implies

G > f(r, Xy, ul,vp, Jp) — f(r, X ul, v, w(r, X)),
From (A3), if w(r, X,.) > J, it turns out that

f(ra XT’7U:7UT’7w(T7 XT’)) - f(T7 XT7U:7UT’7 JT’) S C(’LU(T, XT’) - 7’)'

Thus if J, — w(r, X}) < 0 we have

(157“ 2 f(rv erujvvﬁ jT) - f(rv Xhu:)z}hw(rv XT))
Z C(jr - w(T7 XT))

Moreover, by (A5), ft |Js — w(s, X,)|ds] < co. Therefore, by Theorem 22l it yields that

js—w(S,Xs)ZO, t<s<T.



In particular, taking s =t we have
w(t,z) < Jp = J(t,z;u,v).

Step 3: u* € U; and v* € V; are optimal solutions.
From Steps 1 and 2, we get that (u*,v*) is a saddle point of the functional J(t, z;u,v). By
Step 1, for any u € Uy, J(t,z;u,v*) < w(t,z). Hence for any u € Uy,
inf J(t, x;u,v) < w(t,x).
inf (e, z50,0) < w(t,a)
In other words, we have

sup inf J(t,z;u,v) < w(t,z).
wEU; vEVL

By Step 2, for any v € Vy, w(t,z) < J(t, z;u*,v). Hence

w(t,z) < inf J(t,z;u”,v) < sup inf J(t,z;u,v).

vEVY u€ly VEV
So
w(t,z) = inf J(t,z;u",v) = sup inf J(¢, z;u,vy). (2.5)
vEVY uElly VEV

On the other hand, by Step 1, we have

inf sup J(t, z;u,v) < sup J(t,z;u,v*) < w(t, ). (2.6)
vEVE ueldy uEUy
By Step 2, we have
w(t,z) < sup J(t, z;u,v) < inf sup J(t,z;u,v). (2.7)
uEUy vVt ueldy
Combing (2.6) and ([2.7)), we have
w(t,x) = inf sup J(t, z;u,v). (2.8)
veEVy =y

Hence, by Step 1 and Step 2 again, it yields that
J(t, z;u* 0" <w(t,x) < J(t,x;u”,0%).
So
w(t,z) = J(t,z;u*,v"). (2.9)
Combining (Z3]), Z8) with ([Z9]), we finally have

w(t,z) = J(t,z;u*,v") = sup inf J(¢t,z;u,v) = inf sup J(¢, z;u,v).
weldy VEVt veEVE ey,
Thus, u* is the optimal response when the second player chooses v*, and vice versa. Moreover,
w(t, z) coincides with the value function of the maxmin problem (23]). O

The verification theorem is the key result to solve the robust optimal portfolio and con-
sumption problem in next sections. Even if we leave out the robust settings and only consider
the non-robust problem, the proof of above verification is different from that in [37] where the
comparison theorem of BSDE is applied rather than the dynamic programming principle.



3 The financial market and robust optimization problem

In this section, we will introduce the financial model and state our concerned robust optimization
problem.

3.1 The financial market model

We briefly introduce the financial market in this subsection. Our discussion is based on the
setting of a financial market, in which two assets (or securities) can be traded continuously. One
is non-risky asset bond, with its price {Po(s)}secp,7) given by

dPy(s) =rPy(s)ds, Py(t)=1, (3.1)
where the constant r > 0. The other is risky asset stock, with its price { P(s)}sep, 7] given by
dP(s) = P(s)[(r + X(s,Y1))ds + o (s, Y. )dBy]. (3.2)

Here the stock’s excess return and volatility A, o : [0,7] x R — R are assumed to be measurable
functions depending on time and the state process {Ysl}se[t,T] satisfies

Ay, = a(s, Y} )ds + B(s,Y{) (pdBs + /1 — p2dBy), Y =1y, (3.3)

where «, 8 : [0,7] x R — R are measurable functions, the correlation |p| < 1 is a constant, By
and B are mutually independent Brownian motions.
We assume that the investor will start with an initial endowment x > 0 at the time ¢ and
try to allocate his wealth into the bond and stock according to a certain strategy at each time
€ [t,T]. If we denote by {ms}sc,7) the proportion of the wealth invested into the stock, by
{¢s}sep,m) the consumption decision and by {X g}se[m the wealth of the agent, the amount of
money invested in the bond at the time s is (1—74)X?!. In view of B.I)) and ([3.2), the non-robust
investor’s wealth {X sl}se[t,T] satisfies the following equation:

dX! = XM(r + wA(s,Y)))ds + ws04(s, Y )dB,] — cods, X} = . (3.4)

We assume that the non-robust investor’s SDU is a continuous time Epstein-Zin utility as
illustrated in (2.2)) which also can be depicted by BSDE

dVy = — f(cs, Vi)ds + ZsdBs, Vp = ®(X14), (3.5)

where
C 1—1

LS e 1], (3.6)
(1=

0 > 0is the rate of time preference, 0 < v # 1 is the coefficient of relative risk aversion, 0 < ¥ # 1
is the elasticity of intertemporal substitution (EIS), 6 := i:—;, ¢ = i, and ®(x) = eﬁxl_“/,
e > 0.

As in Section 2, we only consider that (¢, 7) are the state (x,y) feedback controls. In the

absence of model uncertainty, the non-robust investor’s problem is

fle,v) = d0v|(

T

(P1) max  E| / F(co, Va)ds + B(XH)]. (3.7)
(CJF)GZ/{tl (:E,y) t

where the t-admissible control set U} (z,y), = € RT, y € R is a class of (%)o<t<r-adapted

feedback strategies cs = {c(s, X}, Y ) }sepm and mg = {m(s, X}, Y)}sepr 1) taking values in RT

and R, respectively.



3.2 Robust optimization problem

In this subsection, we consider a robust investor, who is not confident with the given reference
model, amends his objective, and correspondingly gets the HJBI equation. A robust investor
only deems the state dynamics [B.3]) and ([B.4)) as a possibly misspecified approximation. He/She
wants to consider a family of alternative models which are close to the reference model. Denote
by Z' = (X', Y1) the state vector. The reference model can then be written as

dZ} = 0O(s,Z; s, ms)ds + A(s, ZL; 74)dB,

where © is the drift vector, A is the volatility matrix of the state vector Z', ¥ = AAT is
the covariance matrix and B is the Brownian vector B, = {(BS,ES)T}SE[O,T]. We denote by
FB = (ﬂB)ogng the filtration generated by B. The vector © and the matrix A have the
appropriate functional forms inherited from B3] and B.4), i.e.

O(s,x,y;c,m) = (z(r +7w(s,y)) — c,oz(s,y))T

and
270 (s, )

L 0
Ao = (0 e ) )

We assume that the true state evolution equation Z is
dZs = O(s, Zs; cs, ms)ds + N(s, Zg, ms)[A(s, Zs;ms) Tvsds + dBy],  Zy = (z,y) . (3.9)

Here the t-admissible control set U;(z,y), © € R*, y € R is a class of FB-adapted feedback
strategies c; = {c(s, X, Ys)}sepr) and ms = {7(s, X, Ys) bocpe,r) taking values in RT and R,
respectively. V, is the space of all FB-adapted processes v = {vs}sepr) = {(v1(s), v2(s)) " Ysepr)
taking values in R?. The state equation is much different from that in [22], i.e. there is an added
nonlinear drift term A(s, Zg; 7s)A(s, Zs;7s) "vs. Usually we call v the “distortion” of the true
model relative to the approximation model.

Remark 3.1. Assume that P is the subjective probability measure under the reference model.

Set

dQ
T )s — F87
(dp)
where T
: * = A(s, Zg;ms) ' vgdB,, Ty =1.

If the above exponential martingale satisfies Novikov condition, it follows from Girsanov’s the-
orem that Q is the probability measure under the alternative model. The interpretation is that
the investor endogenously chooses an alternative belief about the dynamics of the state variables
and accordingly gets the optimal consumption and portfolio policies.

The decision maker wants a decision rule which will work well across a set of distortion v
close to 0. We adjust the cost functional in (37)) by appending a penalty term %’UTEU, among
which 7 is a positive parameter. In this manner, the objective becomes

P2 max  min I(t, (z,y); (¢, 7),v),
( ) (e,m)eUs(z,y) vEV: ( ( y)( ) )

T
I(s,(z,y); (e,m),v) =I5 = ES[/ (f(er, 1) + ﬁU:err)dr + @(XT)], se[t,T]. (3.10)



Remark 3.2. The robust control criterion comes from that the planner does not totally trust his
reference model. The positive parameter 1 indexes the amount of robustness. By setting n = 0,
the infimum is achieved by the original measure P. A larger value of n strengthens the incentives
to be robust. We refer to [2] for further related discussion.

Remark 3.3. The term %UTEU i objective is actually the discounted relative entropy which
quantifies the penalty term. We refer to the existing robust models such as [25)], [28] and [36] for
such a penalty term, among which [25] also focused on the Epstein-Zin utility. It is an interesting
but unsolved problem if the penalty term in the recursive utility could be also recursive, and we
aim to study for it in the future.

We further give specific assumptions to realize (A3).
Assumption 3.4. Let the coefficients v and ¥ satisfy one of the following four cases:

(a) v>1andyp>1,
b)) y>1andy <1, withyyp <1,
(¢) y<1landy <1,
(d) v<1andy > 1, with vy > 1.

Proposition 3.2 in [22] has shown that (A3) is satisfied for the Epstein-Zin utility when
Assumption B4 holds. Therefore, set

. 1 1
L£(em) [w] = w; + x(r + TN w, — cwy + §x27r2a2wm + awy + §ﬂ2wyy + O LpWay,

and then we can immediately obtain HJBI equation for problem (P2) according to Theorem
2.0l

Proposition 3.5. Let w € C12([0,T] x (0,00) x R) be a solution of the HJIBI equation

3 A(e,m T
oomax - ind (et o) + £C0ltr.0) + o St a,ym) (st 2,9), wy (17.9)

1
+2_T,Ut—r2(t7x7ya ﬂ-)vt} = 07

1
T —e— g7 3.11
w(T,z,y) 61_7x : (3.11)

where the aggregator f is given by B0) and ¥ = AA" is given by B8). Assume

(1) for any (c,m) € Up(x,y) and v € Vy, (3.9)-(310) has a unique strong solution (Zs, Is)i<s<T;
(1) there exist admissible v* € V, and (c*,7*) € Uy(x,y) satisfying

1
21
(111) Assumption holds;

(iv) the local martingale

ﬁ(c*,ﬂ*)[w](ijjy) + f(C*vw(‘S?x?y)) + (U:)TE(S7x7y; ﬂ*)(wx(s,x,y),wy(s,x,y))T

+ (v:)TE(s,x,y; Vi =0, forall (s,z,y) € [t,T] x RT x R;

/ wo(5, Zs) A(s, Zy; m,)dB,
t

is a true martingale for any (¢, ) € Uy(x,y) and v € Vy;
(v) for any (c,m) € U(z,y) and v € Vy, we have E[ftT lw(s, Zs) — Is]ds] < 0.
Then (c*,7*,v*) is an optimal control and w is the value function of problem (P2).

10



3.3 Robust consumption and portfolio decisions

In this subsection, we will get the optimal robust consumption and portfolio by FOC method,
and also give the candidate w(t, z,y) for the solutions of HJBI equation (BI1]). By (BIIl), the
FOC with respect to v is

v* = —now. (3.12)

Substituting the FOC ([B.I2)) back into the HJBI equation (3I1]), we have

0= sup {flc,w)+ L |w] — ﬂ(az2ﬂ202w§, + 2xmo S pwyw, + Bzwg)} (3.13)
(e;m)E(RTR) 2

with boundary condition w(T, x,y) = eﬁ:pl_ﬂ where the aggregator f is given by (3.6]). With

the aid of a constant k, we conjecture

1
w(t, z,y) = 7 e gt y)*,  (tx,y) €0,T) x RT x R (3.14)

with g € C12([0,T] x R) and g(T,y) = er. To explicitly solve the model, we follow Maenhout's
idea (see [27], [28]). In particular, we assume that the preference parameter 7 is state-dependent
and scaled by the value function:

a

- ’Y)w(tu xz, y) 7

n(t,x,y) = ( (3.15)

where a > 0 is a constant.
Remark 3.6. The parameter a can be interpreted as the preference for robustness.

In order to make nonlinear PDE (BI3) become a linear PDE under the conjectures (3.14))
and (B.I5]), we need to make the following assumptions on the coefficients k and .

Assumption 3.7. The coefficients k and 1 satisfy the following:

N Tt

o T
and )

AP SEPVA Gkt Al D)

v+a

Remark 3.8. The forms of coefficients k and 1y come from the calculus in Proposition[3.9. Due
to the different state equation (39) the calculus is much different from the case in Seifried and
Steffensen [22]. As a =0 the forms of coefficients k and v coincide with [22].

The following result provides a solution to Problem (P2).

Proposition 3.9. Under Assumptions[3.7), [37 and (i)(ii) in Proposition [33, the candidate for
the solution of HJB equation ([B.I3)) is

1
w(t,z,y) = ——a' Tg(t.y)",  (t2,y) €0,T) xR xR. (3.16)
Here g solves the following PDE:
1
gi(t,y) + Hi(t,y)g(ty) + Halt y)gy(t,y) + 58 (1 1) gy (£ y) + 67 =0, (3.17)

11



among which

1 (1=7)\?
_ (Q=v-a)Bpr
Hy = S5 e (3.19)

Moreover, for this w in (310), if we assume that the local martingale [, w,(s, Z) T N(s, Zg;ms)dBy

is a true martingale and E[ftT lw(s, Zs) — Islds] < oo for every (c,7) € U(z,y), v € V4, the op-
timal consumption-wealth ratio and investment allocation are

(E)* — ﬁ and 7* = A (1 -7 (1)]{75,0

Iy
D Grar  Grat -ty

. (3.20)

Proof. Since
1 _
w(taxay) = —7$1 ﬁ/gk(tay)v

1_
we have

Wt _ 9t

w g’

Wy

Pz _ 12

S =0=9),

w

Wy kgy

w g’

2

O — (k- 1)2 4 kP,

w g g

w kg

= (1-7)=="

w g

Substituting 14]) and @I5) into (BI3) and multiplying 1 on both sides of the equation, HJB
equation ([BI3]) becomes

N o N SRS - _ 2 2
0= max A+ (=) +m) = (1= = 5+ a)1 =)o

ak
1 —

(1= apkmoBp + 00(()' g ~ 1)},

1 1
+ak® 4 ZB%h(k—1— )(22)2 4+ — g2l (3.21)
g 2 g 2 9

where ( := —%. The FOC of HJB equation ([B.21I)) with respect to m and £ leads immediately to
the optimal investment allocation and consumption-wealth ratio

1~ —
= T—a_ prkgy (3.22)

(v+a)o?  (y+a)(l-v) o g

and c
= (6g°). (3.23)

12



Then substituting (3:22]) and (3:23]) into HJB equation ([3:2I]) and checking the coefficient of the
term (ggy)z, we have

l—~v—a ppk ak

)%+ 1/32k(k —1-

5+ )1 =)o )

(vta)(l—=7) o 2 -7
(1 =y = a)afpk(s +_a)7(1__a7) ﬁgk)
:éﬁ%(p? % +h-1-< ka).
Under our assumption
k:l/(%ﬂ— 1ffy),

the term (?y) disappears. Hence

o5
g(t,y) + Hi(t,y)g(t,y) + Ha(t,y)gy(t, y) + %ﬁz(t, Y)gyy(t,y) + gngw“(t, y) =0, (3.24)

where H; and Hj are given in (BI8) and BI9). Let ¢y =2 -~y —a+ e ﬁ/ ) p?, which is
equivalent to (1 + 1 = 0. Then PDE ([B.:24)) reduces to PDE (B:EZD The proof i is complete. [J

Remark 3.10. If the coefficients in BIT) satisfy the conditions of Heath and Schweizer [16],
the solution g admits the Feynman-Kac representation

g(t,y) = 6V H(t,y) + v h(t, y; T),

where H(t,y) = [ h(t,y;s)ds, h(t,y;s) = Epyleld mOWM] for ¢ € [0,T), y € R, and the
expectation Et,y[’] 18 taken wzth respect to the equivalent measure P, for which Y is conditioned
on Yy =y and has drift Hy instead of o in (3.3). Here we also note that h satisfies the PDE

1
hi + Hih + Hahy, + §ﬁ2hyy =0 onl0,s] xR (3.25)

with the terminal condition h(s,y;s) = 1.

4 Application: Heston model

In this section, we focus on the stochastic volatility model, in which the volatility follows a
square-root form suggested by Heston [17]. This kind of model is named by Heston and appears
in many mathematical finance problems. We name but a few existing studies for the non-robust
consumption-portfolio problem of Heston model. For the time-separable utilities, it has been
studied by Kraft [2I] without consumption involved in the utility and by Liu [26] with the
assumption of zero correlation. For the recursive utilities, it has been studied by Chacko and
Viceira [6] with unit EIS and by Xing [37] in the case of v > 1 and ¢ > 1. Here setting
®(z) = 0 in ([B3) we consider the robust consumption-portfolio problem of Heston model for
the Epstein-Zin utility without the assumption of zero correlation.

To be more precise, the dynamics of the risky asset is given by

dP(s) = P(s)[(r + A\Y,))ds + \/Y1dB,]

13



with the constant r > 0, and the state process follows

Ay} = (v —mYds + By/Y2(pdBs + /1 — p2dBy)

where v,m, 3 > 0 are all constants and Y;' = y is set to be nonnegative. By comparison theorem
(see e.g. Theorem 1.5.5.9 in [19]), Y! > 0 for all s > ¢ a.s. Then in this case equation (B3
becomes

dXs = X,[(r 4+ ms\Ys — Cy)ds + (7201 (8) XYy + mspPua(s)Ys)ds 4 ms\/YsdBy] (4.1)

dYs = (v — mY, + pBrgv1(s) XYy + B2va(s)Ys)ds + B/ Yy(pdBs + /1 — p2dBy)

In the Heston model, we not only give the candidate of the optimal solutlon but explicitly
check the martingale condition of Proposition[3.5) i.e. the local martingale [, w, (s, Zs)A(s, Zs; ms)dB
is a true martingale and E[ ft lw(s, Zs) — Is]ds] < oo for every admissible control (¢, m;v). For

this, recalling Uy (x,y) and V; appearing below (B.9]), we define the following admissible control
set for some K € R! and nonnegative a; :

1
A :=A{(c,m;v) 0 (e,m) € Us(x,y), v E Vy, (s y) < T s + by + K; 7 is nonnegative
x
a
and bounded with upper bound K ; v = (vi,v2), v = ——1, and vy 18 nonpositive
T

and bounded a.e. ; X5 >0, s € [t,T]}.

Obviously, when (¢, m;v) € A;, Ys > 0 for all s > ¢ a.s by comparison theorem again. Moreover,
we need some added assumptions for the coefficients:

(H1) 1<~ < min{k+2, %4—1} where ¢ > 2 such that ¢—2 is sufficiently small, and p < 0, A > 0,
(H2) m > max{153287Bp, BEx(2(v — 1) +a1)},
(H3) 40y — 1)B% < (m — BEA(2(y — 1) +a1))*.
Here the constants K, b, k and b are defined by

2v—1 A l—v—a ~ b

b:=b+ +a)) K2, Ky:= + kB|p|—,

T e T Hraa-a s
l—-v—a <5 11-v+,

= —7}\ b::—_ )\

remm Y+a PAB, 2ky+a

Remark 4.1. In the following Theorem [{.3, we will show that (%)*,7* € As. If a1 = a, then
v1(t) = vi(t), and we can also show that vy <0 and bounded. In fact,

ak  gy(t,y)
v—1g(t,y)

Due to a,k >0, v > 1 and expression of g in the following Theorem [{.3, we have

vs(t,z,y) = —n(t, z, y)wy(t,z,y) =

a,(t,) _ _ftT eAts)=B(L3) B(¢, 5)ds -0 (42)
g(t7 y) LT eA(t,s)—B(t,s)ds B '

and vy < 0. Moreover, by ([A2),

|9y( )
9(t,y)

where |B| := max c101]¢<s | B(t, 8)| is bounded which will be proved in [@EI). So v € A;.

| <|BJ|, t€[0,T],y € [0,00), (4.3)

14



In this section, the following result provides an explicit solution to the robust consumption-
portfolio problem of an investor with Heston model.

Theorem 4.2. Assume that (i)(ii) in Proposition [3.0, Assumptions [37 and (H1)-(H3)
hold. Then the investor’s value function w in the Heston stochastic volatility model has the
representation [B14), where

T
g(t,y) = 5w/ A5 =B(Ls)y g
t

and the functions A and B are explicitly given by

A(t, ) z% In(( -+ d)e™ — (5 — d)e™) ~ In2d) — £ (5 -+ d)s — (5 — d)t)
—1—(1_7]174_59(3—15), (4.4)
ed(s—t) -1
B(t,s) =2b

el (k+d) —k+d

where d = /K% +2bB32, b and k are defined in (H3). The optimal portfolio strategy and
consumption-wealth ratio read
A (1=~ —a)kBpgy(s,Ys) cs Y
Ty = + and (—)" = ————, s € [t,T]. 4.5
G Grai-y gev) & T ey e @9
Proof. The proof is divided into three steps. We refer to Appendix C in Kraft, Seifried and
Steffensen [22] for the proof of Steps 1 and 2, so we only give the arguments related to our

robust model and omit the similar arguments in the first two steps.
Step 1: Explicit solution of ([BI7). In the Heston model, the PDE ([B.27]) for h becomes

1
he + —[(1—7)r — 60 +

N l—v—a <= 1_
k . Nylh+ [v + (— A5~ m)y|hy + §Bzyhyy =0. (4.6)

2(y+a) v +a
We conjecture that the solution h has the following form:
h(t,y; s) = eAB3)=Bs)y (4.7)

with h(s,y;s) = 1. Substituting (£7) into (ZL0), we get

l—y—a <7 1 79 19 L=
dB(t,s) = — ———p\B)B+ "B+ ——=\°|dt, B =
(4:5) = [om = = OADB + 3B 4 g LN dt B(s,s) =0,

X (4.8)
dA(t,s) = [VB — E[(l —y)r — 59]] dt, A(s,s)=0.

It is easy to get that (4.4]) solves above ODE (4.8)). The candidate optimal strategy (435 follows

from the results (3.20]), and we shall check that (¢*,7*) is admissible. For 7*, by its explicit

expression, together with p < 0 and g, < 0, we can get

e <7 (s,y) < Kn, s€lt,T], yel0,00),

where K is defined below (H3). For ¢*, we claim

c 1 1
* < - -
(—X) (s,y) < T . + by + 2I/b(T s), se€t,T], yelo,o00),
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whose proof is similar to Lemma C.5 in [22].
Step 2: Verification of the condition that [, w.(s, Z)TA(s, Zs;75)dBy is a true martingale
for (¢, m;v) € A;. From (@A), A and B satisty

0 <B(t,s) < 9, for all t <,

b (1= ~)r — 66 ) o6 (4.9)
——vT — |7—|T <A(t,s) < |7—|T, for all t < s,
K k k
and similar to Proposition C.6 in [22], we have
E[X90-] < C(T — 5)21 =), (4.10)

for a positive and sufficiently small ¢ — 2. Here and in the rest of the proof, C is a generic
constant depending only on given parameters and its values may change from line to line. Then
we attain the goal of Step 2 by a similar proof as Proposition C.3 in [22], based on the state

equation of Z in (B3] and estimates of ([@3]), (£9) and (LI0).
Step 3: Verification of the condition that E[ftT lw(s, Zs) — Is|ds] < oo for (¢, m;v) € Ay. We
first show

T
E[/t (s, Xs, Y2)[] < oo, (4.11)

for all (¢, m;v) € A;. In fact,

T T
E[/t |w<s,Xs,Ys>|ds]=E[/t |ﬁxﬁg'f<s,ys>|ds]. (4.12)

By 1) and v; = —2 in A;, we have
t
X; = xexp {/ [(r + m\Ys — Cy) — w2aYs + mwepBua(s)Ys 2Y ds + 7Ts\/ <dBs} > 0.
0

On the other hand, since B(t,s) > 0and Y, > 0,0 < t < s, we have 0 < g(t,y) < el (T —1), t €
[0,T], y € [0,00), where |A] := max, c[o,7], ¢<s |A(t, 5)|. Hence we can obtain from (£I0) that,
for a positive and sufficiently small ¢ — 2,

E[X1 gk (s, Y)]
<CE[X! (T - s)¥]
<C{E[XI)(T — 5)™]}a
<C(T — s)1 77tk

Moreover, noticing from (H1) that 1 —~ + k > —1, we have

T T
/ E[X1 g (s,Y,)]ds < 0/ (T — s)" 7 ds < 0. (4.13)
t t

Consequently, (Z11)) follows from (AI2]) and (ZI3]).

Next we prove

E[/tT Ids] < o0, (4.14)
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for all (¢,m;v) € A;. Note that the cost functional I defined in ([BI0) is the solution of the
following BSDE

d[t = —g(t, Zt, U, Vt, It)dt + LtdBt, IT = O,
where

g(t7z7u7v71) :f(C7I)+ ,Ut—l—z(t7$7y77r)vt7

2n(t, z,y)
and

= (m,y)T,u = (C,TI’)T,U = (vl,vg)T.
By the fact that v > 1 and Assumption 3.1, g is monotonic with respect to I,

(I1 — I)(g(s, z,u,v,I1) — (s, z,u,v, 1)) < |66||I — I1|?,

and

I
= 1i11209(8, 2, u, v, 1) < 60| + | UIE(s,x,y,ﬂ)vsl.

1]
According to Proposition 3.2 in [5], we have

1
2n(s,z,y)

T T
1
E I,|Plds < CE —— uI%(s, Xy, Y, ) vs)Pds], 1. 4.15
[ s < OB (G gy s, X Yomuds), p>1 (@19

Substituting the definition of 1, 3, w into TG Vs I¥(s,2,y,7)vs, we have

277(8 z,y

mvzﬁ(s,x,y,ﬂ)vs
:%algk(s, y)(ai7® — 2a17pPBug + BPug)a Ty
<Cz'y.
The last inequality based on the facts that the admissible control 7 and vy are bounded, g is
bounded, p < 0 and § > 0. Then

T
1 T
E —v, 2(s, Xs, Y, Pd
| oy S X Yemue ]

T
<CE| / (X17y,)Pds] (4.16)
! T T
SO{E[/ Xfp“—”ds]}l”{m/ Y2ds)}2, p> 1.
t t

To get the integration of Y, first note

dYy = (v — k1(s)Ys)ds + B\/Ys(pd B, + /1 — p2dBy)

where B B

k1(s) = m + a1pBrs — B2ua(s).
Since

7 is bounded by K, and vy < 0,
we have

ki(s) >m — a1 BK;.
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Define B
ko :=m — a18K.

By (H2) we know k2 > 0, and thus
v—Fki(s)y <v—koy forall selt,T], yel0,00).
Hence by the comparison theorem, it follows that
Y, <Y, forall s e [t,T], (4.17)

where Y is the solution of the following

dY, = (v — koY, )ds + B\ Ys(pdBs + \/1 — p2dBy), Y;=1y.

By Pitman-Yor Lemma for Laplace transform of the integrated square-root process in [32],
we have sup,eq ] E[Y'] < oo for any py > 1, which together with (&IT) leads to 0 <
SUPyeo, 7] E[Y'] < oo for any p; > 1. Hence for a positive and sufficiently small p — 1,

T
E|[ / Y#ds] < oo. (4.18)
t
As for the integration of X, by ([@I0) we have, for a positive and sufficiently small ¢ — 2,
T T
/ E[X1-ds < C / (T — 5)10=7ds.
t t

By (H1), v < % +1,1e ¢g(1 —7)+1>0. Then we know that ftT(T — 5)71=7)ds is integrable,

and
T 1
/ (T — $)?1=7ds = Ta(1=7)+1
t qg(l—v)+1
Thus, for a positive and sufficiently small p — 1,
T
E[/ X270 )} < . (4.19)
t

By (@I3), (@I6]), (AI8]) and (£I9]), for a positive and sufficiently small p — 1, we have
T
E[/ IL,|Pds] < oo,
t

which implies (dI4]).
Therefore, Step 3 is derived from (EII)) and (EI4). O

Next, we compare the results of robust consumption-portfolio with those of non-robustness.
For this, set
v =1.4, 0=0.08, p=-05, r=

0
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Figures 1, 2 and 3 demonstrate the results of Theorem (2] for a time horizon of T" = 10 years
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and the parameters in ([£20]). Also we provide the portfolio and consumption strategies with
robust (a = 0.1, a = 0.2) and non-robust (e = 0) investors.

Figure 1 shows the optimal stock allocation as a function of volatility at time ¢ = 0, while
Figure 2 shows the optimal stock allocation as a function of time when the volatility is given 0.2.
In Figure 1, we find in both cases of non-robustness (a = 0) and robustness (a = 0.1, a = 0.2),
the optimal stock allocation is insensitive to the volatility at initial time and only decreases
very slightly in volatility. However, more robust investor is more cautious. He/She puts lower
optimal stock allocation than less robust investors.

In Figure 2, we consider the investment in the horizon of 10 years if the volatility is 0.2.
From Figures 1 and 2, we find not only at the beginning of stock allocation, but also in the
following operation, more robust investors put lower optimal stock allocation than the non-
robust investors.

Figure 3 demonstrates the difference of the optimal consumption-wealth ratio between the
robust and non-robust investors as a function of volatility at time ¢ = 0. We find that, at the
beginning of consumption, less robust investors are willing to consume.

According to above analysis, what will robust investors do while they put lower proportion
of the wealth into the consumption and stock? In fact, robust investors are willing to put
their money into the riskless financial markets, such as banks and bond markets. We find their
behaviors showed in our figures are identical with our common sense. Robust investors are those
who do not totally trust their reference model and prefer to choose the worst scenario as their
utilities. Consequently, robust investors are more pessimistic than the others and their behaviors
are more conservative than the non-robust investors.

Remark 4.3. We provide 8 corresponding figures to show the trend of the risk-averse investor
by different v with Heston model in comparison with the robust investor in Figures 1-3 by setting

a=0,  §=008, p=-05 r=0.05
V=015 \\/G=007, m=5[3=0.25.
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The simulation results show that the outcomes of the robust investor have very similar trends
to those of the risk-averse investor, although there maybe exist some little differences due to
parameter settings. In fact, it is pointed out in [28] and [23] that the portfolio rule of a robust
investor with risk aversion v and preference for robustness a is identical to the one of a non-
robust investor with risk aversion v + a for the mean-reverting model. We believe from the
simulation that a similar result can be obtained for our model as the mean-reverting model.
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