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Abstract

For a surface patch on a smooth, two-dimensional surface in R?, low-distortion parameter-
izations are described in terms of minimizers of suitable energy functionals. Appropriate
distortion measures are derived from principles of rational mechanics, closely related to the
theory of non-linear elasticity. The parameterization can be optimized with respect to the
varying importance of conformality, length preservation and area preservation. A finite el-
ement discretization is introduced and a constrained Newton method is used to minimize a
corresponding discrete energy. Results of the new approach are compared with other recent
parameterization methods.
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1 Introduction

The aim of this paper is twofold. At first, we present a new parameterization method
with a mathematically rigorous variational foundation derived from first principles.
It casts the parameterization problem in the language of rational mechanics and
provides built-in parameters for the control of angle, area and length distortion.
We provide existence proofs for minimizers of the resulting parameterization ener-
gies. Secondly, we derive a finite element discretization from the continuous model
in a straightforward way. The associated discrete non-linear energy minimization
problem can be solved efficiently with a constrained Newton method with step size
control. Our overall approach is closely related to the theory of non-linear elasticity
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and polyconvex functionals. Throughout, we we will restrict ourselves to surface
patches of disc type.

The most desirable property to achieve in a parameterization is isometry. This im-
plies intuitively that all of the properties of the surface are represented in the cor-
responding parameter domain. Strictly speaking, a map between two surfaces is an
isometry if their first fundamental forms coincide. It is well known that isometric
parameterizations exist only if the surface itself is locally flat, i.e. developable. A
broad variety of algorithms have been proposed to construct such parameterizations
for embedded triangle meshes (for a recent survey see the comprehensive overview
by Floater and Hormann [1]). Generically these algorithms are distinguished by
the way they measure distortion. Examples include linear and non-linear measures
of area, length, and angle change. Except for the case of harmonic and conformal
maps [2-5], little in the way of theory is available to guide the choice of distortion
measures and appropriate numerical methods to minimize them effectively. Conse-
quently it is often unclear whether unique solutions exist and what assertions can
be made about the resulting parameterizations. If we cannot preserve all quantities,
one may ask for certain quantities which may be preserved by a parameterization,
e.g., length, angles, and local area.

The question of an angle preserving, i.e., conformal map has a long history. The
question of whether all surfaces can be parameterized conformally was asked by
GauB}, who was able to solve this problem for real analytic metrics. An approach
for less regular, namely C!-surfaces is due to Lichtenstein [6]. In this setting,
it is possible to parameterize the surface globally in a conformal way using the
uniformization theorem. The idea of a proof via direct methods in the calculus of
variations dates back to Morrey [7], although his reasoning contained errors and
Jost gave a rectified proof [8]. Sauvigny introduced a method of continuity for
conformal parameterizations of surfaces [9]. Recently, Hildebrandt and von der
Mosel [10] presented a new approach for the conformal parameterization of disc-
type surfaces which does not make use of the uniformization theorem. For more
details concerning the history and literature of conformal mappings we refer the
reader to [11, pp. 49] and [8]. Due to the fact that we intend to process triangu-
lated surfaces, all of the above approaches are improper for numerical purposes.
Only Morrey’s and Jost’s method seems (at a first glance) to be numerically useful.
But computing a first variation of their functional to be minimized requires higher
regularity of the surface than C%!,

On the other hand, from a practical point of view it does not make sense to restrict
ourselves to conformal parameterizations. One undesirable property of conformal
maps appears in the form of large area distortion effects. A related idea is to pro-
vide a parameterization that perfectly preserves area. The theoretical problem of
finding such maps has been studied, although not as deeply and detailed as the
problem of conformality [5,6,8]. Clearly there are strong relationships to the the-
ory of Monge-Ampere equations and mass transfer problems [12]. To our knowl-



Fig. 1. For a surface mesh (left, 36k triangles), a parameterization is computed, depicted
through a texture map (middle). The parameter domain (right) is optimized through the
minimization of energy functions which control length, area and angle distortion (shown
clockwise from top right; dark regions indicate higher energy).

edge, it was Moser who was able to construct area preserving maps on general
manifolds [13,14]. In this setting one also faces the problem of distortion, which
typically appears as angle distortion.

In this paper we introduce a rigorous variational framework for the construction of
low-distortion parameterizations. It is based on the rich mathematical theory built
up over decades in the study of rational mechanics [15-17]. Starting with some
basic axioms, we derive a unified energy density which allows combined control
over angle, area and length distortion in a single, concise framework. We will show
in the continuous setting that minimizers of such a parameterization energy exist
under suitable assumptions. Thus, we will study general parameterizations as well
as those which are constrained in the class of conformal maps and in the class of
area preserving maps. We strongly believe that one must study the continuous set-
ting before considering the discrete case: although questions of existence may be
simpler to answer when dealing with triangular grids, this approach hides other im-
portant questions such as the asymptotic behavior for successively refined grids or
the proper choice of constraints. For example, enforcing point constraints is possi-
ble on triangular grids, but singularities will be observed under refinement, a phe-
nomenon which is well understood in the continuous setting. Accordingly, we will
propose to fix integral quantities in what follows.

There are multiple relationships between our method and earlier parameterization
algorithms which share some of the properties with the method presented here. In
the overview given by Floater and Hormann [1], they discuss a variational method
on continuous surfaces and compare various energy densities. Other previous work
in surface parameterization can be distinguished through the different energies that
they minimize.

Sander et al. [18] minimize norms of the eigenvalues of the Jacobian similar to
our length control energy in Eq. (6). Hormann and Greiner [19] define the MIPS



energy to minimize the condition number of the Jacobian, using the same local
quantity as we do to penalize non-conformality. Degener et al. extend MIPS with
a term that penalizes area distortion [20]. Sorkine et al. measure distortion as the
maximum eigenvalue of the Jacobian and its inverse [21]. Desbrun et al. [3] derive
from a set of axioms similar to ours (cf. Section 3), but lack the axiom of isotropy,
a higher order energy in the discrete setting of triangulations. Their derivation in-
volves a conformal energy and a quadratic approximation to the mismatch of the
Euler characteristic, i.e., the local sum of angles at the vertices. These quadratic
energy terms are closely related to our own conformal energy in Eq. (6).

Lévy et al. [4] minimize discrete conformal energies. Compared to our conformal-
ity control in Eq. (6), their energy density is not scale-invariant. Thus length and
angle control cannot be steered independently. Sheffer and de Sturler [22] formu-
late angle deviation directly as a non-linear optimization problem. Here, an energy
is considered which is based solely on angle distortion. They use a Newton method
to minimize a weighted sum of all these distortions under a large set of constraints
to keep the geometry in shape.

An approach to introduce conformal parameterizations on higher genus surfaces is
given by Gu and Yau [5]. In the case of surfaces which are topologically spheres,
they stress the fact that for spherical parameterizations harmonicity induces con-
formality. A generalization of our approach to spherical parameter domains would
make our length control energy reflect their Dirichlet energy.

In these approaches the interaction between area, angle and length distortion is
not always easily controlled or mathematically well understood, e.g., existence of
solutions. We desire a unified framework which incorporates different distortion
measurements and their trade-offs while providing clear mathematical statements
as to the properties of this energy. In particular the design of stable and scalable
numerical solvers, such as those of multigrid type [23], requires an understanding
of the mathematical properties of the energy to be minimized.

In what follows, we develop an approach which is mathematically rigorous, pro-
viding the different distortion measure controls we desire, and having robust nu-
merical solution methods associated with it. We follow the general procedure in
rational mechanics, in particular the mathematical modeling in non-linear elastic-
ity [15—17], where we consider certain natural invariance principles, such as frame
indifference and a properly-defined notion of isotropy. In particular, in Section 3
we derive a class of energy functionals from the general principles of elasticity
and the axioms of frame indifference and isotropy. We show these to be geometri-
cally meaningful as they allow us to measure area, angle and length distortion in
a flexible manner. In Section 4 we will prove existence results for the correspond-
ing parameterizations and after a general discussion of our approach in Section 5,
we will discuss the Euler-Lagrange equation which characterizes the minimizer. In
Section 7 a straightforward discretization for arbitrary triangular meshes is intro-



duced and we demonstrate that the resulting discrete minimization problems can
be efficiently solved using a constrained Newton method with a suitable step size
control. Finally, in Section 9 we draw conclusions.

2 Notation

Let LP(w, B) with p € [1, 00| be the Lebesgue spaces of functions from a domain
w into some vector space 5. In the case that B = R we omit the second parameter.
Furthermore, we denote by H'?(w) the usual Sobolev space of functions in LP(w)
with weak first derivatives also in LP(w).

In what follows, we consider a smooth embedded manifold M C R3. For a smooth
function v on M we can define a gradient V y u, which coincides with the pro-
jection of the Euclidean gradient in IR* on the tangent space 7, M for functions
u which extend to a neighborhood of M in R?. For the vector-valued mapping
u : M — R? we define the gradient of u as the tensor whose rows are the gradi-
ents of the components of u.

Suppose (x,w) is an initial parameterization of an open, bounded and connected
subset 2 C M. Furthermore, we assume that x : w — M; { — z(€) is a dif-
feomorphism from the closure @ of w onto the closure z(w) =  of the surface
patch (2. Later the regularity assumptions will be weakened (cf. Theorem 4.2). In
x = x(§) on M the tangent space 7, M is spanned by the basis {g—é, g—g;}. Measur-
ing length on M requires the definition of a metric ¢g. In matrix notation we obtain

g = (gw) with

_or o
gkl = 06, 0& )

[ I3RS

where indicates the scalar product in R®. It is well known that the metric ¢
defines a scalar product “ -, ” with v -, w := gv - w on w, where here “” is
the standard scalar product on IR?. This new product is the pull-back of the scalar
product of tangent vectors Dz v and Dz w on T, M for v, w € R?, where Dx €
R?? is the derivative of the parameterization x. As in the standard case of the
Euclidean scalar product, one can define for any matrix A € R*? a g-adjoint map
A* € R*? by

gAv - w = gv - A%w
for all v,w € R It follows that A* = ¢g~'ATg. Indeed, we obtain gAv - w =

Av-gw = g 'gv- ATgqw = gv - ¢ 'ATgw. A matrix A € R*? is called g-self
adjoint if A* = A and g-orthogonal if A* = A~!,



R3 x[¢] R2

Fig. 2. The setup of our parameterization with a given initial chart z and the deformed chart
x[¢]; a rigid body motion 7 : £ — RE + b of the deformed parameter domain ¢(w) and a
smooth mapping u from M onto itself, which at x € M is locally a rotation () on 7, M.

3 A Variational Formulation Derived From First Principles

To measure the local distortion of a parameterization x, we define the distortion
tensor as the intrinsic gradient V y of the mapping iy : M — R?, where y = 2!
denotes the inverse of the parameter mapping x from the surface into the parameter
domain at some point x on M. As a linear mapping, V »y maps tangent vectors
w € T, M to vectors in R?,

(Vaahw = 5 (500)(0).
where c is a curve on M, ¢(0) = x and ¢(0) = w. To motivate our definition of dis-
tortion, we replace for a moment the surface patch €2 on M by a Euclidean domain
Q2 C R% A fundamental assumption from the theory of elasticity [15,16] tells us
that all distortion measures for a given deformation ¢ : Q — IR?, such as length,
area, or angle distortion, can be expressed in terms of the deformation tensor V ¢.
Thus measuring the distortion of a mapping is directly linked to measuring the elas-
tic energy of the associated deformation. In our setting we replace the elastic body
Q) C R? by our surface patch 2 C M and consider parameterizations to be elastic
surface deformations. What remains is to select a suitable energy which depends
on V y. The choice of this energy will be guided by fixing suitable axioms (see
below) and the desired parameterization will follow as the minimizer of this energy.

Instead of optimizing the mapping x~! directly, we will consider a Euclidean defor-
mation ¢ : w — IR? of an initial parameter domain w which is a diffeomorphism.
On the deformed domain @ := ¢(w) a new parameterization

is given. Hence, one can rephrase the goal of finding an optimal parameterization
in terms of deformations of a given parameterization and ask for an optimal defor-
mation of the latter (cf. Fig. 2). Obviously, any smooth parameterization x of the
surface patch Q can be written as 7 = z[¢| for ¢ := 7! o x. Optimality will be



expressed in terms of deformations minimizing a suitable energy £ on a space of
admissible deformations .4. We will now state some assumptions on this energy:

e Elasticity. The energy is elastic, in particular it is translation invariant and lo-
cally on M depends solely on the distortion tensor V vz~ (+) of the deformation
from Q C M onto the deformed parameter domain ¢(w). Here, z71[¢] = 77! =
¢ o x~1. In particular, the energy density does not depend on the history of the
deformation, nor on higher deformation derivatives. Physically, we might think
of our surface as a thin shell which we press flat between two plates. One can
distinguish between stresses induced by stretching, shearing and other deforma-
tions, and stresses induced by bending that occurs in the surface as it is being
pressed. Our deformation z[¢] can be regarded as the flattening of such a thin
shell. Then the elastic energy considered here reflects the stresses in the plane
but not the bending of the normals orthogonal to the plane. The latter would lead
to an energy which depends on higher derivatives of the deformation.

We suppose that the local energy depends solely on the first order variation
of the deformation. In fact, we assume that there exists an energy density Wy, :
7 M? — TR such that

Elo) = [ Wan(Vaua™[¢]) a4

We can rewrite this in terms of the Euclidean deformation ¢ as

Elg] = [ W(Dg)y/det g de. (1)

where W(A) := W (AVyz~t) forany A € GL(2).
e Frame indifference. The energy does not depend on rigid body motions £ +—

RE + b of the parameter domain ¢(w) with R € SO(2) and b € R? (cf. Fig. 2),
i.e. at x on M we require

Wp(Vur oz g]) = Wa(Vaz[¢])

and hence for TV and all A € GL(2) we obtain

A A

W(RA) = W(A). )

e Isotropy. The energy does not depend on directions on M. If u : M — M is
any smooth mapping from M onto itself which at any point z € M is locally a
rotation, then the energy density at the point x is not affected by this transforma-
tion (cf. Fig. 2), i.e. at x on M we require

Wa(Vm(uoz[g]) ) = Wa(Vz'[¢]).

In terms of W we obtain that for all g-orthogonal matrices Q and all A € G'L(2)

W(AQ) = W(A). 3)



Based on these “first principles” we will now derive a simple form of the energy.
Furthermore, the free parameters of the resulting energy density will have a clear
geometric interpretation. For a matrix A € IR*? we denote the principal invari-
ants by 4 := (tr(A), det(A)), where ¢() : R*®> — R The following theorem is
an adaptation of the famous Rivlin-Ericksen representation theorem in non-linear
elasticity to our geometric setting (cf. also Theorem 4.4-1 [16]). As in this clas-
sical result from rational mechanics, the remaining free parameters are those we
intuitively already expect. In particular, the above theorem precisely refers to the
assumptions that we have made.

Theorem 3.1 (Representation of the energy) Suppose M is a smooth surface,
and x is an initial parameterization of an open set () C M over a bounded, open
set w C R?. We assume that x is actually defined on © and it is a diffeomorphism
onto ). Let the assumptions of elasticity (1), frame indifference (2) and isotropy (3)
hold. Then there exists a function W : R* — R such that W (A) = W(tg-14724)
and thus

El¢] = /w W (tr(Dpg~ ' D¢"), (det Dg)*(det g)~")y/det g d& . )

Proof Due to our assumptions, g~! is symmetric, uniformly positive definite and
uniformly bounded. Suppose A is an arbitrary invertible matrix in R*?. By the po-
lar decomposition theorem there exists an orthogonal matrix () such that A = QU

1
where U = (AT A)2 is symmetric and positive definite. Hence, by the assumption
of frame indifference (2) we obtain

W(A) = W(QU) = W(U) = W((ATA)'?).

. L1
Next, we define W (C) := W (C'2) for all symmetric, positive definite matrices C'
and obtain

W(A) =W (AT A).

From this and the assumption of isotropy (3) one deduces

W(ATA) = W(A) = W(AQ) = W(QTAT AQ)

for all g-orthogonal matrices (). In particular, for symmetric, positive definite ma-
trices C' we get

W(C) =W(Q"CQ) (5)



Next, we show that whenever ¢;-14 = 1,15 for symmetric, positive definite matri-
ces A, B € R*?, then W(A) = W(B). Thus, we immediately deduce that there is a
function W such that W (A) = W (1,-14) and hence for general matrices A € R*?,

W(A) = W(ATA) = W (1,147,
which is the assertion in our theorem.

First, we observe that for any symmetric matrix A, the matrix g~' A is g-self adjoint.
Indeed, (g71A)* = g7 1ATg g = g 'A. Thus, we deduce that g~'A4 and ¢~ 'B

diagonalize with respect to the scalar product -, and we obtain

g A=\ (g 7"1)T + Aara(g rQ)T
g 'B=pus1(g51)" + p22(g 52)"

with gr;-r; = 0;; and gs;-s; = 0;;. Due to our assumption ¢;-14 = ¢,-1 5 we achieve
1; = A; after a possible reordering. Furthermore, there exists a g-orthogonal matrix
@ with Q)s; = r;. Thus we get

A=gg7' A= 3" NigQsi(9Qsi)" =

i=1.2
=Y AgQsis; QTg= > NQ Tgsis! gQ7!
i=1,2 i=1.2
=Q 'y > Nisi(95:) Q7 = Qg9 BQT!
i=1,2
— Q—TBQ—I )

Here we have used the fact that gQQ—! = Q7 g holds for g-orthogonal matrices () and
that Q! is g-orthogonal if Q) is g-orthogonal, which implies gQ = ¢g(Q 1)~ =
Q~Tg. Now, Eq. (5) applied tothe g-orthogonal matrix Q~* leads to

W(4) =W(Q"BQ™) = W(B),
which is what we have claimed above. Finally, we obtain for the principal invariants
tr(g~ D¢’ D¢) =tx(Dd g~ Do),

det(g ' D¢ D¢) = (det g) " (det Dp)? .
O
Let us give a geometric interpretation of this result. For a given smooth and injective

deformation ¢ : w — IR? with inverse ) = ¢! we have already considered the
new parameterization (%, @) with



z[¢](§) = (z 0 9)(£).

d _déd _ d . o~
From T ddET Dwd—g we obtain the push-forward of the metric g;; on @,

S
—~
i
SN—

I

g9l¢] :== g=Dy" gDy .

1

The inverse g *[¢] := g~ = (§"); is then given by

g o] = ((Dx DY) Dx DY)~ = (Dy" Dax' Dz D) ™!
=D¢g'Do".

Thus, tg-114) = tpgg-1DgT = Lg-1pgT Dy and our representation theorem above im-
plies that the energy integrand depends on the principal invariants of the inverse
metric g~ '[¢)] of the deformed configuration. Obviously, g~ [¢] is symmetric posi-
tive definite. We denote its eigenvalues by " and -y, where we assume ' > .

If we consider the Frobenius norm ||A| = VtrAT A for linear mappings then
the pull-back norm on the space of linear maps from 7, M — 7Tz M is given by

|All,-+ = \/Ag~*AT. Hence, just as |/tr(AT A) measures the average change of

length under a linear mapping A, ||Do||,-1 = \/tr(ng g~ D¢T) measures the
average length change of the tangent vectors under the inverse parameterization
7 ![¢]. Note that Theorem 3.1 implies that we are not able to distinguish length
change in different directions separately, mainly due to the postulated isotropy as-

sumption. Additionally, \/det(g—'[¢]) measures the change of area under the in-
verse map =~ [¢]. This map is locally area preserving if det(g~'[¢]) = 1. In terms
of the eigenvalues I', v we obtain:

a=tr(g™'¢]) =T +7,
d=det(g~'[¢]) =Ty

In fact, the eigenvalues can be expressed in terms of the invariants:

a a? a a?
[=— — —d =— —4/— —d.
stV =37\

The condition for conformality is I' = . Thus, (I' — 7)? = a? — 4d = 0 is
an indication for local conformality. This expression is not invariant w.r.t. simple
scaling. Therefore we propose to replace it by the expression

r
(F—V)Q/d:7+;—2:a2/d—4

10



which is scale invariant. It follows that these are natural quantities for an energy
measuring the quality of parameterizations. The representation theorem states that
under our assumptions an energy density depending on these quantities already
reflects the most general case. Now, we are going to discuss the actual quality of
a parameterization x[¢] in terms of the energy integrand V. We are aiming for
minimal distortion of length, area and angles. One easily verifies (cf. [15,16]) that
length is strictly preserved if z[¢] is an isometry (g[¢| = 1I) and thus

Dog~t Do’ =11.

Precise area preservation is ensured if (det D¢)?(det g)~' = 1. Thus, we propose
a concrete energy density

W(a,d) = qa? + ag(d? + Bd™7) + au(a®/d — 4)! (6)

with a = a(A) = tr(Ag~'AT) and d = d(A) = det(A)? det g~!, which takes care
of all our distortion quantities. This energy can be regarded as a prototype of an
energy density which is in accordance with Theorem 3.1 and reflects the convexity
and growth conditions required for the existence result in Theorem 4.2 below. Here,
oya? controls the length change of the inverse parameterization 1], whereas
a,(dz + Bd~%) penalizes area compression and expansion of the parameteriza-
tion x[¢], respectively. Finally, a.(a?/d — 4)* controls the lack of conformality. In
particular, we have seen above that a?/d — 4 = 0 holds for conformal parameteri-
zations. This energy is not convex, but it is polyconvex [24] (i.e., a function F (A)
is called polyconvex if F(A) = F(A,det A) with F convex in both arguments).
It is a specific, suitable model from a larger class of functionals for which we will
prove the existence of a minimizing deformation in a suitable class of admissible
deformations.

It is reasonable to ask that an isometry is an optimal parameterization. From this
requirement we deduce the following restriction on the parameters:

Lemma 3.2 Suppose M is a smooth surface, and x is an initial parameterization
of an open set Q C M over a bounded, open set w C R?. We assume that x is
defined on @ and it is a diffeomorphism onto Q. A deformation ¢ which turns the
parameterization x[¢| into an isometry is a local minimizer of the elastic energy
E[] with the density defined in Eq. (6) if

p>2, rs>0, t>2o0rt=1, o,a,>0, a.>0,
257 + a,(r — Bs) = 0.

Proof Let us take derivatives of the energy integrand W with respect to the inverse
metric ¢ = Ag~'A” in the direction of an arbitrary symmetric matrix C' € R*?%:

11



(det Q)_%> tr(g'C)

(a)° tr(g) tr(g)
et (Gt - 4) < oty ™€) ey 5070))
W (1)(C,C) = a5 (5 = 1)tr(q) 8 *x(C)?

N »

AIV1C) =@ )+ ([l

M\’G

s

+au ((5)2(detq)? + B(3)*(det q) % ) ta(g~'C)?

+aa (85 (detq) 5 — gmet 0)%) tr(g " Cq7'C)
(@) ' (0P tr(g)tr(O)tr(g'O)
et { Get() 4) <2 det() > det(q)
T 2 r 2
—l—(tiei(@) tr(q_lC)2 + (Zei%)q) tr(q_lcq_10)>
(g)? 77/, t(q) ()? 0\
ractt=1) (i 1) (P O~ gy =)

Under our usual assumptions every diffeomorphism ¢ : w — ¢(w) induces a posi-
tive definite inverse metric ¢ = g~ 1[¢]. Hence, ¢ = 1L is a local minimizer of W (s,) if
9qW (1ur) = 0 and O7W (v11) is positive definite. This leads to

0, W (11)(C) = H(o28 ™" p + aalr — Bs))ix(C) = 0

2 2
O2W (131)(C, C) = (ozlp (g . 1) 252 4 ag <2 + ﬂi)) tr(C)?2
+3aq(Bs — 1)tr(C?) + 6act 6(t — 1)tr(C?) > 0

for all symmetric matrices C' # 0, with 6(s) = 1 if s = 0, otherwise J(s) = 0. Here we
have used the fact that tr(C?) > 0 for any symmetric matrix C' with C' # 0, and we have
taken into account the preceding equation to obtain the last inequality above. O

4 Existence of minimizing deformations

So far, we have not taken into account the invariance of the energy with respect
to rigid body motions due to our assumption on frame indifference (2). Indeed, if
we do not enforce additional restrictions on the minimizing deformation ¢, we can
only expect an optimal parameterization to be given up to rigid body motions in
R? and any ¢(£) = Ro(€) + bwith R € SO(2) and b € R? also minimizes E. To
overcome this ambiguity we require admissible deformations to have a fixed zero
moment and in addition we fix the angular momentum, i.e., we consider ¢ with

12



s\e\

Mo(9):
Mi(¢) =

$(§)dg =0, (7
P(§)26 — ¢(§)16dE = 0. (8)
Lemma 4.1 Let ¢ and gb be as above, 1.e., they only differ by a rigid body motion.

If Mo(p) = MO((;S) = 0and My(¢) = Ml(qb) = 0 then either = ¢ or ¢ = R™¢,
where R™ is a rotation by T.

Proof If the zero moment ), vanishes, the rigid body motion is a rotation. There-
fore it may be represented as ¢(z) = exp(aZ)¢(x), where

0-1
10

and o € R. The condition M; (¢) = 0 implies

0= [ explaz)s(§) - 2€ds = — [ Zexp(aZ)o(e) - € de

—/expch )-€dE.
do Jo

&a\

From this we deduce o« = Qora=7n. O

Let us emphasize that due to the non-existence of an embedding H'? into C? in two
dimensions we have to avoid point constraints, and therefore we choose to fix the
integral quantities above. Even in the case of higher integrability of the gradients
it is preferable to consider integral quantities, since they improve the stability and
robustness of the numerical algorithm.

Based on these preliminaries we can now formulate the following existence result:

Theorem 4.2 (Existence of an optimal parameterization) Suppose M is a Lip-
schitz continuous surface and ) is a bounded, open, connected subset of M, such
that ) is the image under a bi-Lipschitz continuous initial parameterization x over
the closure of a set w with Lipschitz boundary. Consider the energy

El¢] = /w W (tr(Deg~ ' DeT), (det Dg)?(det g)~1)y/det g de .

(cf. Eq. (4)) acting on deformations from the set of admissible deformations

13



A:={p:w— R ¢ H?w,R?), det D¢ € L' (w),
det D¢ > 0 a.e. in w, ¢ obeys Eq. (7) and Eq. (8)}

withp > 2, > 1, and s > 0. Furthermore, we assume W (-, -) to be convex in both
arguments and that the following growth conditions hold:

W(a,d) > aja® + aq(d? + fd3)

where «y, oy, 3 > 0. Then there exists a minimizing deformation ¢ in A. If in
addition we assume that p > 2, s > zﬁ and require the constraint

/Q Vdet g71[¢] dA < area(z[¢](Q))

to be fulfilled for admissible deformations ¢, then the minimizer ¢ is continuous
and there exists a continuous deformation 1 € H" (¢(w)) with o = p(;TJ;S), which
is almost everywhere the inverse of ¢.

Before we give a proof of the theorem, let us comment on the analytic background.
The growth condition with respect to det g~ *[¢] ensures the local injectivity of the
deformation. Thus local overfolding in the interior of the parameter domain is al-
ready ruled out. The additional constraint stated in the theorem prevents the domain
image from undergoing a (global) overfolding. Indeed, for general deformations we
get from the area formula (cf. Ambrosio et al. [25, Theorem 2.71]) that

/Q JJdet g—1[¢] dA = /¢ 5 cardg—! (€)dE .

Hence, with this constraint we enforce that card¢=!(£) = 1 for almost every
£c ¢(w). Nevertheless self-contact on the boundary of the deformed domain ¢(w)
is still possible. Unfortunately, this condition is very difficult to control and to im-
plement algorithmically. Practically, if we detect a loss of global injectivity due to
overfolding, we should allow the initial parameterization to be split into a finite
number of pieces. Then, we restart and expect to obtain smaller optimal parameter-
izations which are not self-intersecting.

In [26,27] the minimizing deformation is proven to be a homeomorphism under the
same growth conditions we use here. The homeomorphism argument is crucial at
the boundary, where Ball [26] requires Dirichlet boundary data, which is already
given as the trace of a homeomorphism and the domain is assumed to fulfill the cone
condition. Due to the application we have in mind, we have to deal with Neumann
boundary conditions. Hence, we have no strong knowledge on the regularity of
the deformed boundary. This makes it difficult to obtain the full regularity stated
in [26].
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Proof [Theorem 4.2] Based on a nowadays classical result in the calculus of
variations the proof is quite straightforward. Let us briefly sketch the main ingredi-
ents. We follow the well-known procedure of the direct methods in the calculus of
variations [7,24,28], in particular the proof of the existence of minimizers for such
polyconvex energy functions by Ball [29] (cf. also the monograph by Ciarlet [16],
Theorem 7.7-1). Here, we only give a brief summary of the arguments. From the bi-
Lipschitz assumption on the initial parameterization we deduce that g~ € L>(w)
and it is uniformly positive definite. Hence, y/tr(Ag—1AT) is actually a norm on
linear mappings A € R*?.

The growth conditions imply that for every constant C' there exists a ball Bg(0) in
A with radius R such that E[¢] > C outside Br(0). Thus, there exists a minimizing
sequence (¢*)pen with HDngkHLp(w) and Hdet ngkHLr(w) being uniformly bounded.

Due to the constraint on the zero moment and a generalized Poincaré inequality,
the H%?(w) norm of ¢* also is uniformly bounded. Because of the reflexivity of
H'Y7(w) x L"(w) for p,r > 1 we can extract a weakly convergent subsequence
from the minimizing sequence.

Applying well-known results on the weak continuity of the determinant we get that
(¢*, det D¢F) converges weakly to (¢, det D). Furthermore, Ball proved that for
the limit deformation det D¢ > 0 holds almost everywhere in w for s > (. Due
to the convexity of W in both arguments we finally obtain a result on weak se-
quentially lower semicontinuity and thus establish the existence of a minimizing
deformation in .A. By Sobolev’s embedding theorem we claim that ¢ € C°(Q) if
p > 2. In the constrained case, we follow Ciarlet and Necas [30] and use the weak
continuity of det D¢ to prove that the set of admissible deformations including the
additional constraint is weakly closed. In particular we obtain that the deformation
¢ is almost everywhere invertible. The existence and the stated properties of the
function v can be derived using the arguments by Ball [26]. First, one verifies that
the candidate for the gradient of the inverse (D¢) ! is in L with o = M;TT). This
follows immediately from the growth conditions by Holder’s inequality. Further-
more, one verifies that o > 2. Then, following Ball we are able to prove that an
inverse 1 exists almost everywhere and its gradient at the deformed position is ac-
tually (D¢)~'. Hence, ¢ € H" and again by Sobolev’s embedding theorem 1 is
continuous. [

Remark 4.3 (Generalizing to higher dimensions) The approach presented here
is not restricted to two-dimensional surfaces. Following the guidelines on non-
linear elasticity [15,16,24,29] one can easily generalize these results to higher di-
mensions n > 2. Besides length and volume control, a control of the average area
change of all types of immersed n — k dimensional surfaces for k = 2,--- .n—1
can be taken into account. This will be reflected in the energy by corresponding
norms of all minors of g~ *[@|. Due to the applications we have in mind here, we
restrict ourselves to the case of two-dimensional surfaces embedded in R>.
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One might ask for explicitly area preserving parameterizations, and thus request
that det g~'[¢] = 1. Indeed, there is the following modified existence result for
such deformations.

Corollary 4.4 (Existence of an optimal, area preserving parameterization) Under
the assumptions of Theorem 4.2 with M being smooth, and for the modified set of
admissible deformations

Ay = {6 € Aldetg~'[g] = 1},

there exists a minimizing deformation ¢ in A,. If in addition we assume that p > 2
and require that admissible deformations ¢ fulfill the constraint

area(Q) < area(z[¢](Q)),

then the minimizer ¢ is continuous and there exists a continuous deformation )
which is almost everywhere the inverse of ¢.

Proof We can reformulate the additional constraint requiring that det D¢ = /det g.
But det D¢ is weakly continuous on A. Hence A, is weakly closed. Thus, we can
proceed as in the proof of Theorem 4.2. We only have to ensure that there is at least
one area preserving, homeomorphic parameterization z[¢°] for some deformation
¢°. But the existence of such a parameterization has been established by Moser and
Dacorogna [13,14]. O

In the same spirit we have a corresponding result on conformal parameterizations:
Corollary 4.5 (Existence of an optimal, conformal parameterization) Under the
assumptions of Theorem 4.2 with ) being of disc type, and for

A.={pec A|ly=T}

with p > 2, there exists a minimizing deformation ¢ in A.. Thus, there is an optimal
parameterization x (@) in the class of conformal maps.

Before proving the corollary above let us discuss some basic facts from complex
analysis. Assume that a conformal map ¢ : B;(0) — IR? on the unit disc B;(0) with
non-vanishing determinant is given. We denote the points of B;(0) by z = (z,y),
and the components of ¢ by ¢ = (u,v). Conformality means that the system

bzl = ll0yll, Pu- by =0 )

is solved by ¢. Due to the fact that det(¢,, ¢,) # 0, we can conclude that there
is a rotation R/, by 7 /2 such that ¢, = +R, /2¢, and in the case of orientation
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preserving maps ¢ the Cauchy-Riemann equations u, = vy, u, = —uv, are valid.
Thus, a conformal, orientation preserving mapping is holomorphic. On the other
hand, it is obvious that the Cauchy-Riemann equations imply Eq. (9).

Proof [Corollary 4.5] It is well known that there is one conformal, orienta-
tion preserving parameterization x : B;(0) — IR® of the surface patch 2 over
the unit disc B;(0). Let us consider a minimizing sequence of conformal maps
Y*F : Q — IR By the above considerations, these parameterizations induce a
sequence of biholomorphic maps ¢* : B;(0) — wk with ¢F := ¢* o z and
wk = *(Q). This sequence is bounded as in Theorem 4.2 on account of a gen-
eralized Poincaré inequality and the embedding H'? — C°. By Montel’s theo-
rem, a uniformly bounded sequence of holomorphic functions is normal [31, Chap-
ter 14]. Thus, we can find a subsequence converging uniformly to a holomorphic
map ¢ : B;(0) — w. Finally, /* := ¢* o 27! converges uniformly to the inverse
1) = ¢ o x~! of a conformal parameterization. O

5 Discussion

Our parameterization approach is characterized by

- its close relation to non-linear elasticity, a classical and well-developed field in
mechanics;

- a rigorous mathematical foundation leading to one geometrically meaningful
class of parameterization energies (Theorem 3.1 shows that our energy already
reflects the most general geometrically meaningful case);

- a continuous model independent of the actual triangle grid allowing a straight-
forward discretization (see Section 7 below);

- existence results for optimal parameterizations, including those with the addi-
tional restriction of either conformality or area preservation; and

- a flexible set of parameters offered to the user to formulate preferences for the
parameterization, in particular when «, dominates one obtains a nearly area pre-
serving parameterization (see Fig. 3), whereas a large value for o, leads to almost
conformal parameterizations.

Additionally we make the following observations.

For o, = a. = 0 the Euler-Lagrange equations for our minimization problem turn
into a system of linear equations and the parameter mapping x[¢| is a harmonic
map. This derives from the fact that tr(C[¢]) is the squared magnitude of the first
derivatives of the map ¢ o 27!, namely, the integrand of the Dirichlet energy. In
fact, a non-zero weighted length term is essential for the well-posedness of the free
boundary approach. As a consequence, methods which solely consider the control
of area and angle will in general lack a proper, continuous limit problem for succes-
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Fig. 3. Area preserving parameterizations of geographic data for Mount St. Helens, before
and after its eruption in 1980 (shown here: reconstructed surface and parameter domain).

sively refined surface triangulations. Additionally, Moser [13] showed that control
of area—directly or indirectly via a conformal energy—is similarly critical in that
it ensures the local injectivity on the discrete level of triangulations.

Generally speaking, there is no single set of optimal parameters to match the user’s
requirements. Instead, based on their clear geometric meaning, the parameters can
be tuned to certain applications. The linear terms «, a,, . control the relative im-
portance of length, area and angle distortion in the parameterization, respectively,
whereas the exponents p, r, s, t act to prevent high distortion as measured by their
related energies. Lemma 3.2 gives a formula for the dependent parameter /3.

Uniqueness of optimal parameterizations cannot be expected in general. Classical
non-uniqueness examples in elasticity [16] give a recipe for a corresponding con-
struction in the case of parameterizations. Furthermore, a variational energy which
ensures injectivity is generically non-linear (see the injectivity discussion in [16]).
Hence, linear methods [3,4,32] face difficulties for parameterizations which have
large distortion. These issues are well known as the presence of negative cotan-
gent weights for discrete harmonic maps and the convexity conditions for Floater’s
positive weights.

Finally, we observe that the various measures of the singular values of the Jaco-
bian of the parameter mapping used in earlier approaches are closely related to our
measures involving I and ~y. For example, the /5 norm of the singular values of the
Jacobian used by Sander et al. is essentially our length control energy. Hormann
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and Greiner, in their use of the condition number of the Jacobian, use the same
local quantity, a?/d, to penalize non-conformality as we do. A similar observation
holds for the energy terms used by Desbrun ef al. and Lévy et al.

6 Euler-Lagrange Equations

In the general case of an energy

Elg] = [ W(Do)y/det gd

with the energy density W : R** — R; B — f(B) we obtain

E'6(9) = [ 041 (D)(D)/det g
E"[6](9.0) = | 93 (Dé)(Dd, DO)y/det g de.

Explicit formulas for the energy density defined in Eq. (6) are given in the Ap-
pendix. The representation of the first and the second derivative in the L? scalar
product on the space of deformations H'?(w, R?) define the gradient VE and the
Hessian V2 E, respectively:

(VE[¢],9):= E'[¢](¥), (10)
(VZE[9]0, ¢) := E"[¢] (9, ) . (11)

Then the necessary condition for a sufficiently smooth deformation ¢ to minimize
the energy E is VE[¢] = 0. We have already seen this for a sufficiently smooth
deformation ¢ which leads to an isometric parameterization x[¢] and under the
assumption of Lemma 3.2 we obtain that V2 E[¢] is positive definite. With respect
to the later discretization, the gradient and Hessian of the energy are required to set
up a Newton method. Due to the required normalization with respect to rigid body
motions, we actually have to solve a saddle point problem. In fact, we replace the
energy F by anenergy E. : A x R* — R; (¢, \) — E.[¢, \] with

B[, = El6]+ [ Mo(©) + Mad(€) + Ma(0(©)26 — 6(Eh&) e (12)

Instead of solving V,E[¢] = 0 for ¢, one now solves the equation
V(¢,,\)Ec[¢» Al=0
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for the deformation ¢ and the Lagrange multipliers Ay, Ao, As.

7 Discretization

Suppose €, is a triangular mesh on some discrete surface M, and wy, is the corre-
sponding admissible triangular mesh in the parameter space IR? of an initial piece-
wise affine and continuous parameterization x. Let 7" denote the triangles of wy,
and suppose that Ur¢,, = w. Let V}, be the space of piecewise affine, continuous
functions on wy,. We denote discrete functions and in particular discrete deforma-
tions by upper case letters. Furthermore, we suppose {®*};_;..,, to be the nodal
basis of V}, for an index set K corresponding to the set of nodes &* of wy,. Hence,
{®*}, ) 95=1.., With ®* := ®F¢c forms a basis of the discrete space of defor-
mations V;2. Given a discrete deformation ® € V}? the coordinate vector will be
denoted by ®, where ®,;, = CI>(§"3)Z-. On each triangle T of wy,, the derivative D®*
is a constant matrix in R*?. Also, the discrete metric G = (Gy;);; € R** with
Gi; = 0;X - 0;X is constant on T'. For a discrete deformation ®, we obtain

E[®] = > W(amem)y-ramr)y/det G(T) |T],

Tewy,

where on each triangle 7' we define the constant matrices A(T) := D®|r and
G(T) := G|r. Let E : R*™ — TR be the discrete counterpart of the energy func-
tional F defined on coefficient vectors with respect to the basis {®%*}, i.e.,

E[®] = E[g].

Then, VE € R*" with

(VE[(T)])H@ = (VE[(I)L (I)ik) = El@](‘bik)

and V2E € R?“?" with

(V2E[®))inji = (VE[®)®F &) = E"[](™ &) .

Similarly, we define E.[®, )] corresponding to the minimization problem with mo-
ment constraints. Then the Hessian of F, reads as follows:

R V2E[®] M m (0 —m
VE[®, )\ = , M= ,
MT 0 0 m m
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Fig. 4. Successive refinement of a triangulation demonstrates the convergence of the param-
eterization, due to the fact that the different discretizations minimize consistent approxima-
tions of the same continuous energy functional.

where m := ([, "), is the vector of the masses of the basis functions ®*. Finally,
we have collected all the ingredients of a fully discrete Newton method, which we
list here in pseudo code:

Newton(®, )\, ¢) {
do {
L.=V?E,[®|, F = VE,[®|;
find (U, \) € V x R? such that

v F
L, = - ;
A 0
=+,

} while (|9 1, > O

}

We refer to the Appendix for explicit formulas for the derivatives of W defined
in Eq. (6). For the solution of the linear saddle point problem, one could apply
Uzawa’s algorithm [33]. We simply use a preconditioned standard conjugate gra-
dient algorithm. We have never observed any difficulty in practice even though
theoretically the matrix L. is not positive definite. As a preconditioner, we apply a
diagonal preconditioning to V2E.

21



0

!
it n,

L LLLLY

[3.,4] a=(.01,.01,.98) a=(.49,.02,.49) a=(.98,.01,.01) a= (49 49,.02) a= (01 98,01) a= (02 49,.49)
O] @ ()
Length Distortion Area Distortion Angle Distortion

D F——e— - < —

Q ——e— —e—

Q o F— M I

@ | re— * 1

® o+ — ¢ f

N S NI N NI N N

Fig. 5. The parameterization is controlled by parameters o = (ay, g, ) Which capture
the trade-off between length, area and angle preservation, respectively. Texture maps of
the initial parameterization on the left and solutions for different parameter settings are
shown on top, with the parameter domain beneath. A plot of the maximum, minimum and
mean distortion is shown below. Notice that the measured distortion tends to to reflect the
trade-offs in the choice of parameters.

8 Results

Our parameterization method is implemented by an algorithm which finds the op-
timal parameterization for a given surface, starting from an initial parameterization
which is also provided. The final parameterization is optimal in the sense that it
minimizes the energy in Eq. (6), controlled by the parameters o = («y, g, o)
which balance the trade-off between length, area and angle preservation, respec-
tively. For the sake of simplicity, we restrict ourselves to the exponents p = 2,
q = 2,7 = 2,and t = 1. The remaining parameters must satisfy the conditions in
Lemma 3.2, and furthermore we require that oy + o, + a. = 1. Fig. 5 demonstrates
our algorithm for a variety of parameter values. Given the initial parameterization
on the left, each parameterization on the right is obtained by minimizing the corre-
sponding energy with the Newton method above.

The relative importance of the three competing parameters oy, oy, a. is reflected in
the distortion of the final parameterization. Recall that distortion can be measured
as a function of the maximum and minimum eigenvalues I', v of the first funda-
mental form of the parameterization function. We calculate the mean distortion for
a parameterization as the geometric sum of the contributions from each triangle in
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y

=(.005,.005,.99) =(.005,.99,.005) =(.99,.005,.005)

Fig. 6. Flattening the earth. The sphere is opened with a semi-circular cut and its param-
eterization is optimized for angle, area and length preservation, respectively. Here texture
maps show the deformation of the surface in the parameter domain.

our discretization. Popular measures of distortion for angles (\/ﬁ), area (/T )
and length (1/I" + ) for Fig. 5 are reported in the bottom graphs, where the ex-
treme deformations in the parameterization functions clearly show the trade-offs
between the different distortion measures. This correspondence is further explored
in Fig. 6, which demonstrates the effect of minimizing the different energy terms
on parameterizations of a sphere that has been cut.

All of our results were computed using a simple Newton method to perform the
energy minimization, starting from a reasonable initial guess. In our implemen-
tation, we use an adaptive line search [34] to ensure a robust minimization. At
each step, we compute a search direction ¥ by solving the sparse linear system
described in Section 7. The number of Newton iterations needed to minimize the
energy depends on the initial parameterization. If the optimal parameterization is
quite different, performance can be adversely affected. Furthermore, local injectiv-
ity is guaranteed in the discrete method through step size control. Specifically, the
condition for sufficient decrease of the energy is violated in the presence of a fold,
due to the fact that the area energy functional grows unbounded. Therefore, folds
cannot appear from an admissible deformation.

The initial parameterization plays an important role, both in preventing overfolding
in the final solution, and in improving performance. We have found that the natural
conformal map [3,4] works very well in practice: it is cheap to compute, it has
natural boundary conditions and it has low angle distortion. We use this initial
parameterization in all of our examples. Finally, we can improve the performance
and the stability of our method by incrementally varying « to reach the desired
parameterization. This tends to reduce the number of Newton iterations, because
the starting parameterization at each increment is very close to optimal.
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Distortion [3.4] [22] [19] [20] (6=1) [18] =(005,005,99)  a=(99,.005,005)

Angle 1.0694 1.0740 1.0747 1.1969 1.2580 1.0693 1.2780
Area 1.4526 1.7459 1.6784 1.1326 1.0808 1.4886 1.0694
Length 1.1842 1.3072 1.2835 1.0635 1.0397 1.1972 1.0365

Fig. 7. A comparison of previous work to parameterizations generated by our method.
Unlike other methods, we are not restricted to optimizing for only one notion of distortion,
as demonstrated in the table of mean distortion measurements above.

The continuous energy model that we use has several distinct advantages. The pre-
vious examples demonstrate the unlimited range of parameterizations that can be
achieved by varying «. Additionally, since our energy is defined in the continu-
ous setting, the solution to the minimization problem is insensitive to the partic-
ular discretization of the surface. This fact can be observed because different dis-
cretizations minimize consistent approximations of the same continuous energy
functional. In Fig. 4, we consider the successive refinement of a triangular grid that
represents a stamped mechanical part. Notice how the parameterization converges
rapidly, and its main features are apparent even at the coarsest resolution. Not sur-
prisingly, the number of Newton steps taken for each of these examples is also
identical.

The results shown here were obtained in a matter of seconds to a few minutes on a
2GHz Intel Pentium processor. The execution time depends on the number of New-
ton iterations, which in turn depends on the quality of the initial parameterization.
For the example in Fig. 1, a hierarchical solver was used to solve the linear system
for each Newton step, which drastically reduced the time to generate the parame-
terization. Due to the straightforward finite element discretization of the previous
section, numerous classical numerical methods apply, however their discussion is
beyond the scope of this paper.

9 Conclusions

We have presented a parameterization method that gives the user flexible control
over the trade-off between area, length and angle distortion. Fig. 5 demonstrates this
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control with examples that range from angle preserving to area preserving, and a
comprehensive balance with length distortion in the rest. This contrasts our method
from previous work, which largely focused on optimizing for only one measure of
distortion, or possibly using linear combinations of energies. Fig. 7 demonstrates
that this trade-off is highly effective. For example, when emphasizing conformality,
we achieve a smaller mean distortion than methods which were geared towards the
construction of conformal mappings. The same is true for the stretch minimization
(note however that we only minimize the [, error with respect to length, not the [,
error as Sander ef al. do). Because of the inherent non-linearity of our method, we
find that the discrete conformal mappings which result from linear systems provide
us with an excellent starting point for our optimization.

The fundamental advantages of our approach stem from its foundation in the clas-
sical theory of rational mechanics. This allows us to rephrase the surface param-
eterization problem as one of optimizing a unified energy from a small class of
admissible energy densities that simultaneously captures angle, area and length dis-
tortion. Remarkably, this uniqueness follows directly from the axioms of isotropy
and frame invariance. Furthermore, putting this method into practice is simple and
well understood from the point of robust numerical methods.

In some settings it may be desirable to explicitly introduce anisotropy. Here too
elasticity theory can provide tools whose exploration should be pursued in future
work.
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10 Appendix

Here we provide the concrete formulas for the derivatives of the energy density
W(A) = W( Ag-1a7) defined in Eq. (6). By straightforward computation one ob-
tains for the derivatives of W appearing in the fully discrete VE in Eq. (10) and
V2E in Eq. (11):

(VE)i= > |T|0.W (A(T))B*(T) \/det G(T),

(V2E)ij= > |T|0AW (A(T))B*(T)B*(T) \/det G(T),

where A(T) = D®|r as above and B™*(T') = D®"*|7. Furthermore,
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and using the fact that 94(A™1)(C) = —A7'C A,

da
DA
—(C,H)=2tr(Hg~'C"),
od
DA
———(C, H)=2(det A)*(det g) ' (2tr(A*C)tr(A™ H) — tr(A'HA'(C)).

(O)=2tr(Ag™'CT),
9%

0A?
(C) =2 (det A)*(det g) Htr(A™10C),
0%d
0A?
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