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ABSTRACT

1t is well known that an irreducible algebraic curve is rational (i.e. parametric) if and only
if its genus is zero. In this paper, given a tolerance € > 0 and an «-irreducible algebraic
affine plane curve C of proper degree d. we introduce the notion of ¢-rationality, and we
provide an algorithm to parametrize approximately affine ¢-rational plane curves by means
of linear systems of (d — 21-degree curves. The algorithm outputs a rational parametrization

Keywords: of a rational curve € of degree d which has the same points at infinity as C. Moreover,
Approximate although we do not provide a theoretical analysis, our empirical analysis shows that ¢
Parametrization and C are close in practice.

PMane algebraic curves
Linear systems of curves

Introduction

Let £3* be an algebraic or geometric object that satisfies a property P that implies the existence of certain associated
objects O}; for instance, O* might be a polynomial, B the fact of being reducible and 37 the irreducible factors. Computer
algebra techniques provide, for a wide class of situations, algorithms to check P, and to compute exactly the associated
abjects 2. However, in many practical applications, we receive a perturbation £ of 2%, where P does not hold anymore
neither the associated objects £} exist. The problem, then, consists in computing a new object 0, close to O and satisfy-
ing ¢, as well as the associated objects 9; to . We call approximate to an algorithm solving a problem of the above type.
Here, the notion of “closeness” depends in general on the particular problem that one is solving.

One can find in the literature approximate algorithms for computing geds (see Corless et al., 1995; Emiris et al., 1997;
Pan, 1998), factoring polynomials (see Corless et al., 2001; Galligo and Rupprech, 2002; Pan, 2001; Sasaki, 2001), etc. For
algebraic varieties there also exist approximate solutions; see Corless et al. (2000), Dokken (2001) for the implicitization
problem, in Farouki and Rajan (1988) the numerical condition of implicitly given algebraic curves and surfaces has been
analyzed, and see Bajaj and Royappa (2000), Gahleitner et al. (2002), Hartmann (2000), Pérez-Diaz et al. (2004, 2005) where
the parametrization questions are treated.

[n this paper we consider the approximate parametrization problem for affine plane algebraic curves. That is, with the
above terminology, £* is an affine plane curve, P is the fact of being rational, and £/ is a rational parametrization of 0%,



So, the problem is stated as follows: we are given an affine curve (say that it is a perturbation of a rational curve) and we
want to compute a rational parametrization of a rational affine curve near it,

[n Pérez-Diaz et al. (2004, 2005) the approximate parametrization problem is solved for the special case of affine plane
curves and affine surfaces being a perturbation of a monomial curve and surface, respectively. In both papers, the basic tool
is the use of «-points {see also Pérez-Diaz et al.,, 2006). More precisely, given a tolerance « = 0, in Pérez-Diaz et al. (2004},
the parametrization problem is solved for the case of affine plane curves having an €-singularity of maximum multiplicity,
and in Pérez-Diaz et al. (2005) the problem is solved for affine surfaces having also an e-singularity of maximum multiplic-
ity. The basic idea was to use a pencil of lines through the ¢-singularity and, hence, it was solved working as in the exact
case for monomial varieties.

[n this paper, we generalize the ideas of Pérez-Diaz et al. (2004) to the case of d-degree affine plane curves with d
different points at infinity. For this purpose, the first obstacle is to associate suitably the different ¢-singularities. This leads
to the notion of cluster, Then, we introduce the notion of (affine) €-rationality, and we provide an algorithm to parametrize
approximately e-rational. The idea of the algorithm is to work with linear systems of curves of degree 4 — 2. This system
plays the role of the linear system of adjoint curves in the exact parametrization algorithm. In addition, we prove that the
degree of the output rational curve is the degree of the input one, and that both curves have the same points at infinity,
and hence with the same real asymptotes.

This type of approximated problems is applicable by itself since it faces symbolic computation to real world problems.
In addition, providing parametric representations of algebraic geometric objects helps with achieving computations and
further manipulations of the abject. This is of special interest in the field of CAGD. For instance when considering surface-
surface intersection or, in particular, when performing planar sections. In Example 5.3, for a given surface, we show how
our algorithm detects planar intersections that, although are not rational, are ¢-rational. Therefore we provide rational
parametrizations to deal with these (non-rational) planar curve intersections.

Associated to this type of problems appears, as a natural question, the closeness analysis between the input and output
curves of the algorithm. [n our case, this closeness notion is given by the Hausdorff distance (see Section 6). That is, we
say that the input and output curves are close if their Haussdorf distance (as real curves) is small related to the tolerance.
As we have stated above, both curves have the same points at infinity. This property, jointly with the hypothesis that the
input curve has d different points at infinity, ensures that the Hausdorff distance between them is finite {(see Lemma 6.1). In
addition to the distance measure between input and output curves, one can go an step further and consider an additional
question, namely whether the algorithm returns the best (in the sense of the closest to the input) solution. For instance, in
our case, we can identify every projective plane curve, by means of its coefficients, with a point on a projective space. Then,
for d sufficiently big, the rational curves form a sub-variety W of this projective space. Therefore, one can consider the
computation of an element in W minimizing the (Hausdorff) distance to the input curve. Unfortunately we have not been
able to complete a theoretical analysis of the distance, nor on the minimization of the solution. We believe that, although
interesting, both problems are very hard and we leave them as future research. [nstead, we analyze two particular examples
{a bounded and a non-bounded curve), where we describe a theoretical method to deal with the problem and where we
estimate the distance. Every example we have tried shows that the curves are close, and it allows us to think about a
theoretical treatment of this fact as a future project.

The paper is structured as follows. In Section 1 we recall the main notions and properties on «-singularities, Section 2
is devoted to recall the main ideas of the exact parametrization algorithm for curves, In Section 3 we develop the idea
of cluster and we introduce the notion of «-rationality. In Section 4 we derive the approximate algorithm, as well as the
main properties of the autput curve, [n Section 5 we illustrate the algorithm through several examples, and in Section 6 we
empirically analyze the error.

Throughout this paper, we use the following terminology. || - | and | - || denote the polynomial oo-norm and the
usual unitary norm in C%, respectively. | | denates the module in . The partial derivatives of a polynomial g € U[x. ¥]

are denoted by g¥ .= f;;%% where ¥ = (i, j) € [42; we assume that g° = g. Moreover, for v = (i, j) € [92, |[¥| =i + j. Also,
e1=1(1,0} and é; =0, 1).

[n addition, we use the following general assumptions. A tolerance ¢ is fixed such that 0 < € < 1. € is an affine real
plane algebraic curve over T of proper degree d = 0 (see Definition 1.1), with d different points at infinity, not passing
through (1:0:0),(0:1:0), and defined by an <-irreducible polynomial fix, ¥} € E[x, ¥]; that is f can not be expressed
as fix, yvy=gix, vihix, y) + £z, vy where h, g, £ € C[x, ¥] and || £z, v} = €l F{x, ¥l (see Corless et al., 2001; Kaltofen et
al,, 2008), We denote by C" the projective closure of (. Let us mention that the condition (1:0:03,¢0:1:0) ¢ C" can be
avoided by performing a suitable affine orthogonal linear change of coordinates.

1. Preliminaries on ¢ -points

Cur fundamental technique to deal with the approximate parametrization problem is the use of ¢-points, The notion of
e-point of an algebraic variety was introduced by the authors (see Pérez-Diaz et al, 2004, 2005, 2006) as a generalization
of the notion of approximate root of a univariate polynomial. In this section, we briefly summarize some previous notions
introduced in Pérez-Diaz et al. (2004, 2005), and geometric properties obtained in Pérez-Diaz et al. {2006). We start with
the notion of proper degree,



Definition 1.1. We say that a polynomial g € C[x. y] has proper degree £ if the total degree of g is £, and IV e 12, with
|¥| = ¢, such that |g"| = €] g|-
We say that an algebraic plane curve has proper degree ¢ if its defining polynomial has proper degree £,

The notion of £-paoint is as follows,
Definition 1.2. P ¢ C2 is an e-{affine) point of C if | f(P)| = €|l f].

[n this situation, we introduce the notion of £-singularity, pure €-singularity, and €-ramification peint.
Definition 1.3. Let P = C? be an «-point of C:

(i) The e-multiplicity of P on C (we denote it by mult. (P, C}) is the smallest natural number r € [4 satisfying that
(1} V¥ & I2, such that 0+ |¥] <1 — 1, it holds that |FY(P}| < €| f|.
(2} v e M2, with |v| =r, such that | f¥(P)] = || fII.
(ii} P is an «-(affine} simple point of C if mult.{P, C} = 1: otherwise, P is an £-(affing) singularity of C.
(iii) P is a k-pure €-singularity of C, with k & {1, 2}, if multe(P, C} = 1 and |fMUIt(PCrax py| 2 ¢ F|.
{iv) P is an e-{affine) ramification point of C if mult (P, ) =1, and either L,l‘é1 (PY) = el fIl or |F*24 Py < €| F.

Note that, since C has proper degree, 0 <. mult{P, C} =X mult, (P, C} = deg(C), where multiP, ) denotes the “exact”
multiplicity of P on C. For instance, the origin has exact multiplicity 1, and e-multiplicity 2, on the curve defined by
§x+x3 + y2. In the exact case, if C is irreducible, mult(P, C} < deg(¢). Thus one may expect that in the approximate case, if
C is e-irreducible, then mult (P, ) < deg(C). Although this is the case in all the examples we have tried, we have not been
able to prove it. So in this paper, when computing «-multiplicities, we also consider the possibilitcy mult. (P, () = deg(().

Definition 1.4. Let P be an ¢-point of C and r = mult: (P, C). If P is k-pure, with k < {1, 2}, we define the k-weightof P as
pr. fiépy|r
it fré(p) }

We define the wsight of P, denoted by weight(P), as max{weight, (P}, weight,{ P}}, if P is pure in both directions, and as
the corresponding k-weight otherwise.

weight,(P) = max {

i=0.....r—1

The following rational function, introduced in Sasaki and Terui (2002), will be used in this development: R,y i(x} =
1 x{1-9% _ 3247
77 Tt U4aee”

2. Preliminaries on symbolic parametrization

[n this section, we briefly recall the symbolic parametrization algorithm for rational plane algebraic curves of degree
d = 2 (note that lines and conics can be trivially parametrized by lines) based on {d — 2} adjoint curves; for further details
see Sendra et al, (2007). For this purpose, throughout this section we assume that C is rational {i.e. its genus is zero).
[n addition, taking into account our requirements in Section 4 and for simplicity sake, we assume in this section that all
singularities are affine and ordinary. Again, for a complete description see Sendra et al. (2007).

The idea is to use a linear system of curves such that for almost every curve in this system, all its intersections with C",
except one, are predetermined: recall that C* is the projective closure of C. Mareover, the set of all these intersection points
is the same one for every curve in the system, and the points in this set are called the “base points”. Thus, if one computes
the intersection points of C" with a generic representative of the system, the expression of the unknown intersection point
gives the parametrization of the curve in terms of the parameter defining the linear system.

Morte precisely, let H;_5 be the linear system of adjoint curves to C of degree d — 2. That is, Hy—> is the linear system
of curves of degree d —2 having each r-fold of C" as a base point of multiplicity v — 1; i.e, as a point of multiplicity at least
r — 1. In particular it implies that the multiplicity of intersection of a curve in Hg_o and C" at a base point of multiplicity
r— 1 is at least r(r — 1). Thus, using that the genus of C is zero, and taking into account Bézout's Theorem, one deduces
that d — 2 intersections of C* and a generic element in Hy_y are not predetermined. [n this situation, one may take (d — 3)
simple points on ", and determine the 1-dimensional linear subsystem Hj_, of Hy_» obtained when these simple points
are required to be base points of multiplicity 1. In this way, the number of predetermined intersections {counted with
mulciplicity) is {d — 1}{d — 2} + (d — 3}, i.e. only one intersection point is missing. Thus, computing this free intersection one
finds a rational parametrization of £, Summarizing these ideas one has the following process:

(1) Compute the singularities of " as well as their multiplicities (recall that we have assumed that all singularities are
affine and ordinary).



{2) Determine the linear system Hi_» of adjoint curves of degree (d — 2) 1o ™.

(3) Compute d — 3 different simple points on C".

{4) Determine the linear subsystem H}_, of Hy , by requiring that every simple points in Step (3} is a base point of
multiplicity one.

{5) Compute the free intersection point of Hj_, and o,

Let us make a comment on how to computationally perform the steps in the above process, Step (1) can be performed,
for instance, using resultants, [n Step (2), one considers a homogeneous polynomial H(x, y. z} of degree {d — 2} with unde-
termined coefficients. Now, for each singular point P of multiplicity r one requires that H and all its partial derivatives till
order (r — 1) vanish at P. This generates a linear system of equations in the undetermined coefficients of H. Solving it, and
substituting in H, we get the defining pelynomial of Hy_»; let us call it again H. Step (3) may be performed by intersecting
C" with lines (see Sendra et al,, 2007 for advanced approaches); although it is not necessary, looking for the parallelism
with the reasoning in Section 4, we take affine simple points, Step (4) can be approached as Step (2), i.e. requiring that
H vanishes at each simple point, solving the provided linear system and substituting the solution in H; let H*(t, x, y. z}
be the defining polynomial of Hj_, (note that dimiH}_,) = 1). Finally, let us deal with Step (5). For this purpose, let
{Qi=1qi1 92 }i=1__s be the singularities and r; the multiplicity of Q;. Also, let {P; == {p;1: pi2: 11}1__4—3 be the
simple points determined in Step (3). Then, the free intersection point is obtained by computing the primitive part, w.r.t. t,
of the resultants of H*(t,x, ¥, 1} and f{x, ¥y} with respect to x and y, respectively. [ndeed, it holds that {see San Segundo
and Sendra, 2005)

b3 a4-3

St(x.0) =Resy (H* (. %, 3, 1) f . 3) = [ [&x — g, )" "V [ & — pit)Ma (x,0).

i=1 i=1

d-3
S2(y.0) =Rese(H' (t. 2. v. 1. f(x. ¥)) = 1'[(y 62" [ — P M2 (v 0),
i=1 i=1

where deg,(M) = deg, (Mz) = 1. Therefore, the parametrization is the solution in {x. y} of {M;(x.t) =0, M2(y.t) =0}
3. e-rational curves

The main goal of this section is to provide an alternative definition of rational curve for the approximate frame: namely,
the concept of -rationality. This notion is related to the <-singularities and their e-multiplicity. As explained in the intro-
duction, we assume that we are given a perturbation of a rational curve. For a given singularity of this rational curve the
effect of the perturbation would be the “explosion” generating a set of ¢-singularities, with different e-multiplicities, of the
curve we work with. Therefore, differently from the exact case, we will have in general more «-singularities than expected,
and their nature indicates that they need to be associated; we will solve this difficulty introducing a suitable concept of
cluster. For this purpose, we faced two main difficulties. On one hand, deciding how to associate ¢-singularities to give an
appropriate definition of cluster and on the other computing the e-multiplicity of a cluster.

To determine the e- singu]arities we compute numerically the set S of solutions of the algebraic system 7 =

{(f%x, y) =0, f*" {(x, vy=0, er(x ¥y =0}. Note that f is irreducible, and hence 7 has finitely many solutions. Now, for
each P € S, we check whether max{|f%(P)|, Ife‘ (P, |f€2(P)I} = €| f|. Let &1 be the subset of &7 satisfying this inequal-
ity. Given P < &, the computation of mult:{P. (). can be obviously done by substituting P at the corresponding partial
derivatives and checking the conditions in Definition 1.3(1). However, for each ¢-point P there exists an open disk centered
at P consisting of ¢-points of ¢-multiplicity at least mult.{P, C) (see Lemma 3 in Pérez-Diaz et al., 2004). So, an small
perturbation of P may produce a different answer for the e-multiplicity. We are indeed interested in assigning the maxi-
mum possible e-multiplicity to the £-points we associate in a cluster (as will be defined later). The proof of Lemma 3 in
Pérez-Diaz et al. (2004) shows how to detect the radius of one of these open disks, so one may try to estimate the max-
imum ¢-multiplicity at the disk. Nevertheless, in practice, this is unfeasible. Instead, we propose a different strategy that
for practical purposes increases the chances of assigning the appropriate e-multiplicity to a defined cluster. Unfortunately it
does not ensure the achievement of the maximum e-multiplicity on the set of -singularities obtained.

More precisely, for each k < {2.....d — 1}, we take fi,.. .. lis e B2 . with 2 < s < k+ 1 (in practice s =2} such that for
all i, |u;l =k and ged¢ f*1, ..., f¥) =1, and we solve numerically {f*"' =0,..., f* =0}. Let .4y be the set of solutions.
Then, for k€ {2,....d — 1} we consider the set (note that 5 is defined above)

Sp=[P e A/|f7 ()| <ell Il YW € N2 with |w| < k).

If for a given k and for all s it holds that ged{ fi1, .., fi5) £ 1, we take S, = . Finally we consider the set

d—1
o U S
fe=1



We explain next how to identify the e-singularities in &, the cluster construction that will lead us to the concept of e-
rationality. [n the identification process, having «-singularities in &, for higher values of k, will increase the chances of
detecting the e-multiplicity of the cluster,

Definition 3.1. The set &, intreduced above, is called the ¢-{affing)-singular locus of C. We denote it by Sing (C}.

Ex];ample 3.2. let € =0.001 and let C be defined by f(x. y) =x’y + y’x+2* + §x* + ey + §. Then Sing.(C} = & U S, U S3
where

S = [ P1={0.02131893405 4 0.009609927603i, 0.02442855631 + 0.1171004 584},
Py =(0.004713033954 + 0.02355323617i, —0.07491796596 — 0.09032199938i).
P53 ={-0.01424770212 + 0.01818884517i, 0.1084633939 + 0.053152468711).
Py =(-0.02443272919, —0.1159479025),
Ps = {—0.01424770212 — 0.01818884517i, 0.1084633939 — 0.053152468711).
Pg = {0.004713033954 — 0.02355323617i, —0.07491796596 + 0.09032199938i).
P7 = {0.02131393405 — 0.009609927603i, 0.02442855631 — 0.1171004534i} ] .

8, = {Pg = (—0.0001666666667.0)}.

Sy =4

Moreover, mult: {P1) = - -- = mult: ( P7) = 2 but mult:{Ps) = 3. Note that considering only &; we would have not found a
point with ¢-multiplicity 3.

As we could check in the previous example, the difficulty appears when two (in general more than two) e-singularities
P and @ are very “close”, because somehow we need to identify them. To approach this, first we assign a radius to each
¢-singularity (see Definition 3.3); i.e. the ¢-singularity is seen as a closed Euclidean disk. Secondly we associate the disks,
by means of an equivalence relation (see Definition 3.5), vielding the singularity clusters (see Definition 3.6). Finally we
choose, among the finitely many points in the cluster, a representative that maximizes the ¢ -multiplicity and minimizes in
module the evaluation of f at the point (see Definition 3.6).

We start with the notion of radius, which is motivated by its good performance in practice.

Definitiom 3.3. Let P be an ¢-point of C. We define its radius, and we denote it by radius(P), as R, {weight(P)) if P is
pure and zero otherwise.

Definition 3.4. Let A be a finite set of e-points of {. We define on .4 the following binary relation: for P, ¢ € .4, we say
that

PR'Q < |IP— Q2+ |radius(P} —radius(Q)}| = Roum(€}.

R* is reflexive and symmetric but it is not in general transitive. In order to have an equivalence relation, we consider its
transitive closure.

Definition 3.5. Let .4 be a finite set of ¢-points of C. We define on .4 the following equivalence relation: for P, Q € .4, we
say that

PR*Q

PRQ = !orthereemst Pi....,PheAsuchthat PR*P(...., PR Q.

Definition 3.6. Let .4 be a finite set of ¢-points of . For P € .4 we define the cluster of P w.rt. 4 as its equivalence class
under R.

We say that R is a (canonical) representative of a cluster € if; R < ¢, for all R’ € & it holds that mult. (R. ) = mult: (R, (),
and for all R £ ¢ such that mult, (R, ) = mult, (R, ) it holds that | f(R}| = [ f{R"}].

We define the -mulfiplicity of the cluster as the e-multiplicity of any of its canonical representatives,

We denote a cluster by €luster (R, .4}, where r is the e-multiplicity and R a canonical representative, and by Cluster (R)
when .4 =Sing. ().



The notion of cluster is based on the equivalence relation 7, that is constructed from R*. In order to motivate R*, take
into account that two e-singularities are associated if their disks are a small vibration of each other. This might be because
the centers, or the radios, or both, are a small perturbation of each other. These phenomena are controlled in the definition
of R*; the first summand in Definition 3.4 measures the vibration of the centers and the second does it for the radios.

Finally, when we introduce the notion of canonical representative the first requirement is about the multiplicity, while
the second is about the value of the implicit equation at the point. With this strategy we try to increase the possibilities
of achieving ¢-genus zero (see Definition 3.7). Of course, one might consider the contrary criterion (i.e. first the module
and second the multiplicity). Nevertheless, we do not provide a theoretical analysis of validation for our particular criterion
election, but in all our examples the results were satisfactory.

Now, we are ready to introduce the notion of €-rationality.

Definition 3.7. If {\Q‘.Iuster,-l.(P;)}jzlw,s is the cluster decomposition of Sing.(C), we say that C is e-(affine) rational if
d=1d-21=3%_ riin=-1=0.

Remark 3.8. Note that in the previous theoretical development we have not considered singularities {neither ¢-singularities)
at infinity, We leave this extension of the concept of «-rationality for further research.

If we apply the previous ideas to Example 3.2, with ¢ = 0.001, we get that the 8 points of Sing.(C) belong to the same
cluster, So, the cluster decomposition is {€luster;(Ps) ={P,.... Pg}}. Therefore,  is £-rational; indeed, it is e-monomial,
and thus parametrizable with the techniques in Pérez-Diaz et al. (2004}, We finish the section with a more general example.

Example 3.9. Let us consider € = 0.005 and the curve C of proper degree 5 defined by the polynomial (see Fig. 1)
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The ¢-singular locus is Sing,.(C} = & U85 U &3, where

+

81 = [ P1 = (~0.9956027274 + 0.0004067223817i. 0.001447687187 + 0.9982777543i),
P2 = (1.011706789 — 0.1320874194i, —1.008532436 + 0.06832949372i),
P3 = (1.007458642, —1.044045331), P4 = (0.9909273695, —0.9540334161),
Ps = (1.011706789 + 0.1320874194i. —1.008532436 — 0.06832949372i).
Pe = (—0.9956027274 — 0.00040672238171. 0.001447687187 — 0.99827775431),
P7=1(0,0)},

S; = { Py = (1.000000001, —1.}},

S =1

Moreover, mult,(P1) = mult,{Ps) = mult.{P7} = 2, and mult,(P3) = mult,{P4) = mult,{ P} = mult, {Ps} = mult, (Pg} =3
Furthermore, the cluster decomposition is (see Fig. 1):

Elustery (P1) = {1},
Elusters (Py) = | P2},
Eluster, (P7) = | P7),
Clustery(Pg) = {P1., Py, Ps, Pg. P3).

Thus, C is ¢-rational.
4. Approximate parametrization algorithm

[n this section, we present our approximate parametrization algorithm. For this purpose, we assume that £ is ¢-rational
of proper degree d = 2 (note that for d = 1 the problem is trivial, and for 4 =2 one can apply the algorithm by Pérez-Diaz
et al, 2004}, and that

{Cluster, (Qi}},_, . where Q;:=(g;1:¢i2:1),
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Fig. 1. Left: Clusters, Right; Curve C,

is the cluster decomposition of Sing, (). Furthermore, if possible, i.e. when there exists a real canenical representative of
the cluster, we take @, real.

[n this situation, the strategy is to adapt the algorithm in Section 2 as follows. Let O be the projective clasure of C. We
consider the linear system of curves Hy_ of degree (d — 2) given by the divisor 3 ;_, 1;Q;. That is, Q; is a base point of
(exact) multiplicity r; — 1 of the linear system. Afterwards, one computes {d — 3) ¢-simple affine paints on ¢ (see below
for details), and determines the linear subsystem Hj_, of Hy—» obtained by intersecting H;—, with the linear system of
(d — 2y-degree curves generated by the divisor Z‘f:_f P;: say that Py == {(piq:piz: 1. If Pi, @; would be exact points and
singularities, respectively, of C", then dim(?_{;_z) =1 (see Chapter 4 in Sendra et al, 2007). However, in our case, since
we are working with ¢-points we can only ensure that dim(ﬁ;_Q) = 1 (see Theorem 2.56 in Sendra et al., 2007). If this
dimension is strictly bigger than 1, we can either take more €-simple points till dimension 1 is reached, or we can take an
small perturbation of the ¢-points such that the effective divisor 3y, r; Q; + ij P; is in general position (see p. 49 in
Sendra et al,, 2007), and hence the dimension is 1. So, we can assume w.l.o.g. that dim(?_{;_2) = 1. Let, then, H*{t,x, v, 2)
be the defining homogeneous polynomial of ﬂ;—z'

At this point, if P;, @; would be exact points and singularities, respectively, of C, the symbolic algorithm presented in

Section 2 would output the parametrization Pt} =(f;:((:)] f;;[[‘f))) where

Resy(H'(t,, ¥,1), f(x, )}
[T, x —ai -V [ —pin)
Resy (H*(t,x, v, 1), f{x. ¥}
[T v — @) P T = pia)

However, in our case, P;, Q; are not exact points, but €-points. So these rational functions are not, in general, polynomials.
Nevertheless, considering if necessary a small perturbation of H*, the quotient of the division of each numerator by its
denominator is linear as polynomial in either x or y. Then, the idea is to determine the parametrization from these linear
quotients, For this purpose, one may need to perform two perturbations, both affecting H*. The first one ensures that the
degree in the resultants is the expected one, namely did — 2), and hence it controls the degree of the cutput curve. The
second guarantees that the output is indeed a parametrization; i.e. that not both components are constants. Note that,
in the exact case, these two facts are provided by the theory. In this paper, we deal with the first perturbation leaving
as degenerated cases those curves requiring the second perturbation. In Pérez-Diaz et al. (2009), one can see a complete
analysis of the second degeneration.

More precisely, let H*it,x, y.z) = Hi{x. ¥, 2) + tHa{x. y. 2), and let D be the projective curve defined by H;, i=1,2.
We recall that (1:0:0),¢(0:1:0) éC“. Now, we need to ensure that either C", Dy or €, D, do not have common points
at infinity. If this is not the case, let {Ry,.... R} be the points of ¢ at infinity and K(p, p3.%. ¥,2) = p168~2 4 pyyt=2,
where p;, are parameters, Then, we consider in 2 the union £ of the affine lines defined by H3(R;)+ K(p1. p2. Ri) =0, for
i=1....,m. Note that, since R; are points at infinity, the polynomials H3(R;) + K{p1, p2, Rj) € C[ 1. p2] are not constant,
and hence define lines, So, taking values for p1. o2 (say, small real numbers) we consider an small perturbation that ensures

g1()x — py{t) =

q206)y — p2(t) =



that the above requirement is satisfied. Thus, in what [ollows we assume that D, and C" do not have common points at
infinity, Therefore, if F is the homogenization of f, by Lemma 3.1 in Alcazar and Sendra (2005}, one has that

deg, (Resy(H". F}) = deg, (Resy(H". F)) = d(d - 2).
Moreover, since H* and ¢ do not have common points at infinity, it holds that

deg, (Resy(H"(t.x. y. 1), f}) = deg, (Resy {(H" (t,x, y,1). f)) =d(d - 2).
Now, we consider the polynomials
b3 d-3 5 a4-3
A =T]x—-a)™ V[T - A2 =[]0 -2 " ] — pia)
i=1 i=1 i=1 i=1

Since C is e-rational, it holds that

deg,(A1(x) = degy (A2(y)) =d(d—2) - 1.

Let Bi(x, £} :=qit)x — p1(f) be the quotient of Syix, ) := Resy(H*(t. x, y. 1}, f{x. ¥)} and A(x). Similarly let Ba(y.t) =
G2{f}x — pa(f) be the quotient of Sa(y.t) := Res, (H*(¢,x, y. 1}, fix, ¥») and A;(y}. Then, we output

Pit) = (‘_"—(”. ‘_’2(”)
q1{t) g2
as approXimate parametrization of C.

Before outlining the algorithm, we briefly describe how to proceed with the selection and computation of the (affine
simple) «-points P;, We first observe that, in general, an «-point can be computed by solving {f(x. ¥y} =0,xx 4 By = p}.
where «, B, p € ©.. However, we are intersected in working with either real e-peints or pairs of conjugate complex peints.
We can always compute all points, but at most one, in pairs of conjugate complex points. For choosing real points one
can always analyze the roots of the discriminant of f {(see Theorem 7.7 in Sendra et al., 2007). On the other hand we
have observed, in our examples, that taking (when possible} the simple e-points as (affine) e-ramification points (see
Definition 1.3) the error distance between the original curve and the output curve decreases. So we tend to use first such
points. Finally, one has to take care of the fact that a chosen <-point can be too close (i.e. in the same cluster) to an
e-singularity or to a previously computed <-point, and hence identifiable with it. To avoid this, whenever a new simple
e-point is computed we check whether it belongs to the cluster of the others points.

The above process provides the following approximate parametrization algorithm for deciding whether a real «-ir-
reducible (with proper degree) plane algebraic curve C is e-rational, and in the affirmative case, compute an approximate
parametrization. Recall that we assume that ¢ has d different points at infinity, and that {0:1:03,¢1:0:0) ¢ C". If this last
condition fails, one may consider an affine orthogonal change of coordinates to achieve the requirement.

Approximate Parametrization Algorithm

+ Given a tolerance ¢ = 0 and an e-irreducible polynomial fix, y) € J[x, y]. of proper degree d = 2 (for d =1 it is trivial,
if d =2 apply Pérez-Diaz et al., 2004), with d different points at infinity, not passing through (0:1:0%{1:0:0), and
defining a real plane algebraic curve C; let F{x, ¥, z) be the homogenization of f.

¢ Decide whether { is -rational and in the affirmative case,

+ Compute a rational parametrization P(t) of a curve C.

(1} Compute the cluster decomposition {€luster,,(Q1}i=1.. s of Sing.(C); say Qi ={gi1:qi2: 1}

2y If Zle ri(ri — 1} £ (d — 1)¢d — 2}. RETURN "“( is not {affine) e-rational”. [f s =1 one may apply the algorithm in Pérez-
Diaz et al. (2004). .

{3) Determine the linear system Hy—» of degree (d — 2) given by the divisor Z?:l ¥@Q.

(4) Compute (d — 3} e-ramification points {P;},< jc4—3 of C; if there are not enough ¢-ramification points, complete with
simple «-point. Take the points over [, or as conjugate complex points. After each point computation check that it is
not in the cluster of the others (including the clusters of Q;): if this fails take a new one. Say Pi={pi:piz: 1.

{5) Determine the linear subsystem ?T{;_z of Ha_p given by the divisor Zf:_f Pi. let H*(t.x,v. 2y = Hiylx,y. 2y +
tHaix, y, 2) be its defining polynomial.

(6) If [ged(F{x, y, 00, Hyix, ¥,00) 5 1] and [ged(F(x, y, 0}, Ha(x, v, 00} = 1] replace Hz by Hz + ;¥ 2 + pay?™2, where
1. p2 are real and strictly smaller than €, Say that gcd(Fix. y, 0}, Hy(x, y. 00} = 1; similarly in the other case.

(7) S1(x,t) =Resy(H*(x. y. 1), f) and Sa(y.t) =Resx(H*ix, y. 1), f).

8) Ay =[], (x = g P = pi A =T vy — 62" VT v = pia)

{9} For i =1, 2 compute the quotient B; of §; by A; w.rt. either x or y.

{10} If the content of B, w.r.t. x or the content of B, w.r.t. y does depend on t, RETURN “degenerate case” (see Pérez-Diaz
et al., 2009),



(11} Determine the root pi(f} of By, as a polynomial in %, and the root pz(t} of B3, as a polynomial in y.
(12} RETURN Pt} = (p1(t), p21)).

Remark 4.1 (General remarks on the algorithm).

1. It should be noted that the algorithm works symbolically with the exceptions of Steps 1 and 4, where the e-singularities
and e-simple points are determined. These points are computed numerically. Nevertheless, in order to be used in Steps 3
and 5, they are converted to rational arithmetic.

2. Since the algorithm follows the steps of the exact approach, by Theorem 3.10 in Miiuk et al. (1997), one deduces that
the worst case complexity is polynomial in the degree of the input curve.

3. In Step 9 of the algorithm, we only consider the quotients of the divisions, and we ignore the remainders. This remain-
ders might be used to control the distance between the input and the output as shown in Corollary 6.4; note that,
because of the construction, the polynomial f evaluated at the parametrization is in fact the remainder, We leave such
an study for future research.

4, Note that not every set of (d — 1}(d — 2}/2 points, counted with multiplicity, is the singular locus of a rational curve of
degree 4. Nevertheless in our case, because of Lemma 3 in Pérez-Diaz et al, {2004), the singular divisor used in Step 3
of the algorithm can always be slightly perturbed so that it corresponds to a rational curve.

[n the last part of this section, we state the main properties of the curve output by the algorithm. But first, we need
some lemmas.

Lemma 4.2. The leading coefficienit of B1{x, £} and Ba{y. ) wrt. x and v, respectively (see Step 9 of the algorithm), are the same
up to multiplication by non-zero constants in (". Furthermore, the roots are {—Hyia. b, 0)/Hz(a, b, )} ¢4.yccn (s6€ Step S of the
algorithm).

Proof. Let Bq(x,0) =g (t)x— p1(£), and Bo{y, Y =q2(t)hy — p2(0). By hypothesis F(1,0,01£0, F(0, 1, 0} £ 0. So, the leading
coefficient of F w.rt. ¥ is a non-zero constant; similarly w.r.t. x. Thus, by well known properties on resultants (see, e.g.
Lemma 4.3.1. by Winkler, 1996), it holds that up to multiplication by a non-zero element in ;

Resy (H*(t.x. .0}, F(x,y,0)) = S{’(x, 0.0, Resy(H"(t,x,y,0). F(x.y.0}) = S?(y. 0, 3.
where H* is as in Step 5 of the algorithm, and S‘.“ denotes the homogenization of

Si(x.t) =Resy(H*(t.x. y. 1), f), Sa(y.t) =Resy(H*(t,x, ¥, 1). f).

Now, observe that $¥(x,0,6) = q1(0x"“2, and S¥(y.0,0) = 2(0)y*¥2. Moreover, let Fix.y,0) factor as F(x,y.0) =
]'[le(ﬁ,-x — o ¥). Since Fi0, 1,00 £ 0 then ;% O for all i. Hence, up to multiplication by neon-zero constants

d fi]
Resy(H'(t, %, ¥, 0). F(x. 3.0)) = [ [Resy (H" (. x, ¥, 0). ix — 0y} = ()™ 240D [T H' (¢, o1, i, 0.

i=1 i=1

Analogously, Rese(H*(t.x,y,0), F(x, y,00) = (= 1)¥-2yd@-D L H*(t, ;, £, 0). So, up to multiplication by non-zero
constants g (t) = go{t) = ]'[‘,-Izl H*(t, a0, fi, 0y = ]'[‘,-Izl (Hi(og, Bi, O+ tHo(en. 8,.00). O

Lemma 4.3. deg, (B (x. 1)} =4 and deg, (B3{y.t)) =d.

Proof. First note that deg,{B) <. d and deg,;(B;) <. d. The equality follows from the last equality in the proof of Lemma 4.2,
and using that Hy{ay, . 0y =0 foralli. O

Lemma 4.4. fef L be the algebraic closure of C(t}, and 1.C; two plane projective curves over L with defining polynomials
Giix, ¥, 2), Goix, v, 2y € T[t][x, y. 2], respectively. if there exist K, W, L e C[t][x, v, z] such that KG1 + WGy =zL, and

(1) Gi{x, ¥, MGaix, ¥, 0y #0,
(2) ged(G1{x, ¥, 0), G2(x, ¥, 0N =1,

then either z divides K and W or there exist Uy, U3, Uz € C[t][x. . 2] such that

L=tUGqyix, ¥, 00+ UaGaix, ¥, 0y + zU5.



Proof. [f z divides K, then z divides WGy, and by (2) z divides W. So let us assume that z does not divides K, and let us
denote by G? the polynomial G;(x. y, 0); similarly with K°, W°. Then, K°G§+W°G5 =0. Since G? # 0 and ged(G{, G =1,
then GY divides W¥ and G divides KO. Let K9 = A1GY, W0 = A,GY. So (A1 + A:)G36Y =0, and since GY # 0, one gets
A1 + Az = 0. Now, we write

K=K°+zk, w=w+:zW. G =¢Y+2G.
where K. W, G, € C[t][x. y.z]. Then, KW + WG, = z(GIK + GSW + z(KG, + WG3)). O

Theorem 4.5. The rational crve C, output by the algorithm, and C have the same points at infinity, and deg(C) = deg(C).

Proof. The fact on the degree follows from Lemmas 4.3 and 4.4, once the structured at infinity will be proved. For the rest
of the proof, let B*{f,x, v, 2}, F{x, ¥, 2), 5112, t), Sa(w, £}, A{x), Aa{y), B1{x, Y i=gq1itix — prit), Baly, ) :=q2{t)y — pait) as
in the algorithm, and let R; be the remainder of the division of §; by A;. By Lemma 4.2, 1{t} = Ag2{t), with A € C*, By
lemma 4.3, deg,{B,) = deg,(B2) = deg{F} =d and, by Step 10 of the algorithm, we can assume wlo.g. that gcd(gq,. p1} =

ged(ga. p2) = 1. So,
P@ = (A Tpa(t) : p2it) 1 q2(D))

parametrizes the projective closure of C. Furthermore, since deg{p;} < deg(qs), then all points of C at infinity are reachable
by PHit) (see Sendra, 2002). In addition, we note that

deg{x‘y‘z}(H*]=d—2, deg(Aj) =dd—-2)—1. degy yy(Rj) €d(d—2)—2.
Moreover, if m¥ix, y, z, w) denotes the homogenization of m(x, y, w} as a polynomial in C[w][x, y], we have that

SHx,z,t) =Resy (H*(t.x. y.2), F(x. y. 2)} = B (x, 2z, 0 A (x, 2) + RiT (%, 2, 062",

Sy, z,t) =Resy(H*(t.x. v.2). F(x.y.2)) = B (v. z.00Af (v . 2) + R¥(v. 2. 02",
where n; + deg(Rj.") =did —2), j =1.2. 50 1n1j = 2. Also, we denaote by Coo and Coe the set of points at infinity € and ¢
respectively. By resultant properties, there exist polynomials M1, N1, M2, N3 = C[t, x, ., 2] such that

MiH' + NiF=38.i=1,2.
Sa,

yARSH axalisH = zal Al Gap, — ypy) + 2 R,
where 113 3 2 and R3 a polynomial; namely z™R5 =y/-‘1gz“'R{1r —axA 22 R;’. On the other hand, if K=yA’2"M1 —le¥M2
and, W = yAYN; — axAH Ny, then

ASTSH _axalisH =k
YA § xATSY =Ky, 2,00 (Hy +tH2) - Wix, vy 2. OF.

Therefore, z divides the right hand side of the above equation. We now check that Hy + tH-> and F satisfy the hypoth-
esis of Lemma 4.4. Since F is irreducible and non-linear, Fix, v, 0} % 0. Moreover, if Hyix,y,0) + tHa{x, y.0) = 0 then
H,ix.y.0) =0 and this implies that D, contains all the points at infinity of C*, which is a contradiction. Finally, if
ged(Hi{x, ¥y, 0y + tHa(x, y, 0}, Fix, . 0)) 5= 1, then ged(Hy(x, y. 0}, F{x, y,0) # 1, and this implies that 7)» and Ch share
points at infinity. Therefore, applying Lemma 4.4, one deduces that either there exist polynomials M3, Ny € T[t][x, v, 2]
such that

MsH* 4+ N3F = A AY (ps — yp1) + 2R3,
where iy 2 1, or there exist polynomials Uy, U;, U; £ C[t][x, ¥, z] such that
UH (6., v, 0+ Ua F(x, y. 0) + zU3 = A A Gxpy — yp1) + 2R

In this situation, using Ca < PHI0), we first observe that CardiCo.} is less or equal to the number of different roots of g(f)
and, by Lemma 4.2, this number is less or equal to Card(Cac). S0, Card(Coc} % CardiCac ). Now, we prove that Ce. © Cos, from
where one concludes the proof, Let P ={xg: o : 0} € ., and let tg be the root of g, generated by P (see Lemma 4.2). So,
H*itg. o, vo, 0y = Fixg. yo. 0} = 0. Applying the correspondmg equality above, and using that ng = 1, we get

Al (xo, AT (y0.0){(Axop2(20) — Yop1(te)) =0

Moreover, since (1:0:0.{0: 10y gc“ then xgyp = 0, and hence AH{XQ OJAH(yg,O) # 0. So, Axgpa{to} = yop(tg}. In
addition, pq(to)pz(to} # 0 because ged{(gy, p1} = 1 = ged(ga, pa). Therefore,



PMto) = (A7 p1(to) : p2(t0) : 0)
= (yor"'pi(to) : yopalto) : 0) = (xopalto) : yopa(te) : O} =(xo:¥0: 0)=P. 0O

Corollary 4.6. The asymptotes of C and C are parallel,
Proof. [t follows from Theorem 3, p. 42, in Coolidge (1959). O
5. Displaying examples

[n this section we present several examples to illustrate the algorithm. We note that the algorithm did no require
perturbing H* in any of the examples.

These examples have been computed in Maple. Let us give some details on how the computations have been done.
As mentioned in Remark 4.1(1), we work symbolically with the exceptions of Steps 1 and 4. So the input polynomial
fix.y), and the tolerance ¢, are converted (if necessary) inte a rational representation, and we only pass to float-
ing point arithmetic when computing the e-singularities and the e-simple points. For the <-singularities computation
we proceed as follows (similarly for the <-simple poeints): f is converted into a floating-point coefficient polynomial;
then, for each k € {2,...,deg(C)} we choose two partial derivatives of f of order k — 1 and we apply Maple com-
mands to solve the bivariate system defined by them; more precisely we consider the sequence of Maple commands
evalf(allvaluss{solve{pol, (x, y). poly{x, ¥))}; once this set of sclutions has been computed, we find the subset of solutions
satisfying that the modulo of all partial derivatives, of order less or equal to k — 1, evaluated at the solution, is smaller
or equal to €| f||; we consider next the union of all the resulting sets and we perform the cluster distribution; finally we
transform the cluster representatives to rational representation.

We write here, and in the next section, f and Pifr) with 10-digits floating point coefficients, but the executions have
been performed with the exact version; the precise data can be seen at www2.uah.esfsperezfsecSsect.pdf,

Example 5.1. let € = ﬁ and C the curve of proper degree 5 defined by (see Fig. 3):

oy ety LTG5 o 1781 o 12839 4167 24571 , 38146 ,
V=TV 700" T 21822”19281 T e39011 Y 352737 T 217805
15409 5033, 4465 , 61558 , 6938 , 4167 5 , 4167

X

= 285217 T 390846~ T 126254° T 172857 ~29505° T &3goi1 T 639011

L AST 301 L 4167 o 11559 5 182
639011 7 T 339304 ¥ T 639011  74969° T 2763067

First we compute the ¢-singularities of C. Sing.{C} =& U &> US; where:

St ={Q; = (~3.999854219, 2.000094837), Q; = (0.,0.),
Q3 = (0.9998153818. —2.999388343).
Q4 = (—2.001190360 + 0.05414244305i, 3.001898191 — 0.08039416354i),
Qs = (—1.980207988, 3.002780607), Qs = (—2.019931003, 2.997118979).
Q7 = (—2.001190360 — 0.05414244305i, 3.001898191 + 0.08039416354i) ),
8 = { Qg = (—2.000000001, 3.000000001) }.
S3=0.

Mareover, the cluster decomposition of the singular locus is (see Fig. 2, Left):

Cluster,(Q ) ={Q1}), Cluster, (Q7) = {Q2h Cluster(Q3) ={Q3} and
Elusters(Qs) = (Q4. Q5. Q6. Q7. Us).

We observe that  is ¢-rational. Following Step 4 in the algorithm we obtain two e-ramification points, namely Py =
(3.437938023, 4.260660564), P ={7.712801931, 1.573609575). We note that these points are not in the cluster of each
ather and they are not in the clusters of the cluster decomposition of the singular locus {see Fig. 2, Right).

Finally, the algorithm outputs the parametrization F(t) = (%‘(E—ﬂ), %2{}—?) where (see Fig. 3 to compare the input and the
output curves);


http://www2.uah.es/sperez/sec5sec6.pdf
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Fig. 2. Left: Cluster decomposition of the singular locus. Right: Cluster decomposition of the singular locus with two € -ramification points,

10

S\, 005 0.1

=10

-0.1

Fig. 3. Left: Input {in dots) and output curve in Example 5.1, RFaght: & zoom at the origin.

p1(t) = 0.1928498375 - 10°°1t? + 0.1974296234 - 10°%91 — 0.3199304792 - 10°/¢>
+ 0.4048447557 - 10°% + 0.1193911126 - 10°°1¢% — 0.8374467974 - 10°,
P2 () = 0.2075974869 - 10°°° + 0.8229900424 - 10°*8¢* — 0.1401409004 - 10°%'¢

- 0.4936881030 - 10°°%¢? — 0.1914613475 - 10°°1+2 + 0.5662842458 - 10°17¢3,
git) = —0.1205298833 - 10°°° — 0.1863676648 - 105"t — 0.1381087143 . 10°°0¢2
— 0.5167655604 . 10°%¢? — 0.1020066715 - 10°°°13 + 0.5236942518 . 10°%6¢°.
Example 5.2. Let € = ﬁ and € the curve of proper degree 6 defined by (see Fig. 5):
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Fig. 4. Left: Cluster decomposition of the singular locus, Right; Cluster decomposition of the singular locus with two € -ramification points,
We get the e-singular locus Sing, (C) = & U S5, U S3 where

St ={Q1=1(-1.994232333, 1.005043048).
Q2 = (—2.000005299 + 0.005645280797i, —1.000026945 — 0.0002822677587i).
Q3 = (—2.000014217 + 0.004619269427i, 1.000004775 — 0.003559494332i).
Q4 = (—2.003547061, —1.006293429), Q5 = (—2.005740475, 0.9948974977),
Qs = (—1.996418580, —0.9936748962),
Q7 = (—2.000014217 — 0.004619269427i, 1.000004775 4+ 0.003559494332i).
Qg = (—2.000005299 — 0.0056452807971, —1.000026945 + 0.002822677587i).
e = (1.000036272 + 0.008596901071i, 2.000017052 — 0.003059926359i),
Q10 = (5.999995669, —2.999998564},
11 = {1.000036272 — 0.008596501071i, 2.000017052 — 0.003059926355i),
Q12 ={0.9978910941.1.994329680), Q13 = (1.002094534, 2.005650021)}.

&= [QM = (—2.000000001, 1.}, Q15 = (—2.. —1.000000005), Q15 = (1., 2.)].

Sy =4

The singular cluster decomposition is (see Fig. 4, Left):
Clustera(Qro) = {Q1o}.  Clusters(Qua) = {Q1. Q3, Qs, Q7, Qua},

Cluster3(Qs5) ={Q2. Q4. Q6. Qs. Qus),  and  Slusterz(Qq6) = {Qo. Q1. Az Qa3 Qs

We observe that { is e-rational. In Step 4 we obtain three ¢-ramification points: Py = (—1.330235522, 0.9268173641),
P> =({—1.979908167,0.02661222172), and P3 ={-2.700785807, —0.07757312293). We note that these points are not in
the cluster of each other and they are not in the clusters of the £-singularities {see Fig, 4, Right).

The algorithm outputs the parametrization F(t) = (%‘([t—‘;), %2[%) where (see Fig. 5 to compare the input and the output
curves):

P1(2) = —0.4665969363 - 10°1%° + 0.1734681470 - 10712t° + 0.8664051685 - 10°14;
— 0.4159434177 . 10°™M¢? — 0.4505650348 - 10°1° 4 0.2152577377 - 10°1°¢2 4 0.7566892493 - 107124,
Pa(t) = 0.2378210112- 1097% 4 0.2759395174 - 10”14 4+ 0.2196326945 - 10712 4 0.4655361031 - 109192
— 0.4970648521 - 10%131* — 0.1850888359 - 10°1° — 0.2330404339 - 10°1%5,
git) = —0.2692822852 - 10°1¢3 + 0.3583267610 - 10%13+* — 0.1530968486 - 10°1%¢°
+0.2330431163 - 1091%® 4+ 06095885650 - 10°!° + 0.5717738848 - 1097 — 02358118980 . 10°1%¢2.



Fig. 5. Lelt: Input {in dots) and output curve in Example 5.2. Right: A zoom at (-2, -T11,

Example 5.3. Let us consider a surface with implicit equation

1 171200 1 17119999 1 1920001

Flx,y. )= — 432x%%zy — 216xy°z 4+ —z—

*.y.2) = J5p% T 00 ¥ T 2t 100°” 10000 © Tt 10000™ t 10000 ¢
4320001 , 7999999 , 1439999 856000001 , 1, 144000001 ,

10000 ° 71000000 *~ 10000 ¥t Toooooo ¥ " 10000% T 1000000
+ 86477 — 19227 + 12962° — 17282° — 1284x° — 2576xzy + 1442 xy — 962°xy — 388877

+393622%% — 722°%° — 722°y7 + 259223y + 4827 y? — 129627y + 864x2° — 216x°2
12000001 , 59999999 36000001 5 4 s
1000000 - © ~ 1000000 1000000 * r

We consider the planar sectioning problem. The intersection of the surface with planes z=1/2!, i=1,..., 10 generates a
family of 10 curves of proper degree 4 that are not rational. However, our algorithm shows that 9 of them are e-rational.
In what follows, we present details of the application of the approximate parametrization algorithm to one of the curves of
this family. Namely the curve defined by the polynomial (see Fig. 6):

395959799 36160201 862000201 , 14379999 2806000201

xy? —ax’y +6x7y? — dxy® +

2 3
M=o ~ 1392
F vy =-—o00000 T 20000 ¥+ 2000000 ¥ 10000 ¥ T "Zoooooo *
228000001 , 167999999 360000071 17269799
_ —4X3 6 2.2 _4 3 ittt 3 A 4 _ ot eae iy
Too0000 ¥~ Toooooo Y YHOY =T+ Too0000 Y Y TY T 20000

Let € = 145. Sing.(C) =8 US; US; where

81 ={Q=1(0.9433279517. —-6.369071364)},
8> = {Q2=(-0.6522149822 — 0.9122043803i, —14.99598555 + 3.758226746i)}.
83 = {Q3=(-0.6522149822 + 0.9122043803i, —14.99598555 — 3.758226746i)}.

Mareover, the cluster decomposition of the singular locus is:

Clusters (Q) = {01}, Clustera(Q2)=1Q2}).  Eluster,(Q3) = {Qs}.

We observe that ¢ is e-rational. Following Step 4 in the algorithm we obtain the ¢-ramification point, namely P =
{420.8571421, —157.1835301). We note that this point is not in the clusters of the e-singularities,

Finally, the algorithm outputs the parametrization Pit) = (%11;_?' %ﬁ:[{#) where (see Fig. 6):
P1(t) = 0.3678784753 - 10°%* + 0.1244267377 - 103712 + 0.1165894081 - 1032

— 0.3494866166 . 10°%¢3 — 0.1967543000 - 10°°7,
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Fig. 6. Input {in dots) and cutput curve in Example 53,

pa(t) = 0.6170290181- 10*1%% — 0.1699115220 - 10**5¢3 + 0.6038177598 - 10°°]
+0.1755842639 - 10745+ — 0.9964982725 - 10%%¢,
g(t) = 0.7090236056 - 10°%6¢* + 0.2453189759 - 10°°2 + 0.2502344903 - 10712
— 0.6878413782 . 107133 — 0.4045978049 - 10°%'t.

6. Empirical analysis of the error

We start describing briefly the theoretical setting. For that purpose, we will follow Aliprantis and Border (2006): in
particular its Section 3,14, Let {X, d) be a metric space, For # = B < X and a € X we define

d(a, B) =infy-p{d(a. b}}.
Mareover, for A, B < X\ {#} we define

Ha(A, B) = max{supy 4 {dia, B)}, sup, .z {ddb. A)}}.

By convection Hy(#4, @) =0 and, for ¥ = A C X, Hy(A, ¥ = 0a. The function Hy is called the Hausdorif distance induced by d.
The Hausdorff distance defines a metric on the close subsets of X (see Lemma 3.57 in Aliprantis and Border, 2006),

Now, we consider the metric spaces (22, d,) < (1%, d,) where d. and d, are the usual Euclidean and unitary metrics,
respectively. Since dy|p2 =d,, in the sequel we denote by d both distances and by H the Hausdorff distance associated to d.
Moreover, for A C %22 we denote by AP the set ANEZ, Then, for A, B < €2 we consider H(AF, B®): one might alse consider
H(A, B), H(A® By, H(A, B®). )

[n this situation, let ¢ and C be the input and output curves of our algorithm. In addition, let fix,y)} and fix.y)
be the defining polynomials of C and €, respectively, and let Py = (p1(0), p2it)) € B(r)? be the parametrization of &
output by our algorithm. In general the Hausdorff distance can be infinity, but in our case we can ensure that it is fi-
nite,

Lemma 6.1. H{CE, C®) = x,

Proof. By Theorem 4.5 and Corollary 4.6, CF,CF are either bounded or all their points at infinity define asymptotes that
are parallel. If the first case, the lemma follows from Lemma 3.58 in Aliprantis and Border (2006). Otherwise, let £4...., £,
be the real asymptotes of C and let £q,..., Ln be the real asymptotes of C, with £; || £;. Let p = 0, then there exists a
campact ball B, such that for every P e CEn(E2\ B), d(P,C®) < p. Then,

H(C®,C%) < max[H(c® N B,C® N B).2p + H(£L1.L1),..., 20 + H (L, Lo} ).

that is finite because of Lemma 3.58 by Aliprantis and Border (2006), 0O



In order to study H{C®,C®), we consider the normal line te & at the generic point P{r):
_ —p,(t) _ Pty
£1it.s) = (P](f)-l-s_rp;_dﬂz(t)-l-s_pl—_)
P’l(f)2+P§(f)2 pﬂ(f)2+p§(f)2
as well as the normal line to C at the generic point (a, b) € CE:

m(a, b) b nz(a,b)
Na.by ' PNab

L£r{a b5y = (a +s

where (i1{a, b}, na{a, b)) =V f{a. b} and Nia. b) =+\/n|(a, b2 + riz(a, by2. Moreover, we introduce the polynomials
Di(t.s) = f{£1{t.s)) eRO[s).  Da(a.b.s)= f(£2(a.b.s)) € CE)s).

where F(r) denotes the algebraic closure of E(t) and €(C) the field of rational functions over C. For every fy € [, such that
TH{tg, s} is well defined and has real roots,

d(P(to). C®) < pRtg),  where p¥(tg) = min{lsol/D1{to. s0) = 0 and 5o € R},
and for every {ag, bp) e CE, such that Dy(ag, bo, 5) is well defined and has real roots,
d((ao. ho).C*) < p¥(ao, bo). where p¥ (a, bo) = min{|sol/D(ao, bo. 50) = D and so € R}.

Thus, the supremum of ,olp(n, p;{(a. b} provides an upper bound of the Hausdorff distance: at least for those subsets of
both curves where the considered minimums are well defined. Because of computational difficulties, in the examples below,
instead of computing p%p-(t). pg{(a, b), we will minimize the module of all roots {not only real) of T, {fy, 5} and Ds{ag. by, 5).
That is, for t5 € 2 and for {an, bg) € CF such that D(tg, s} and Da{an, bo, $) are well defined, we will study

P1(to) :=min{|so|/Di{to,s0) =0} and pa(ap.bo) :=min{|se|/Da(ap. bo,s0} = 0},

which are upper bounds of diPtp), C) and d(iag. by}. C) respectively, instead of d(Pttey.C*y and dttag, bo), C*). For those
subsets of both curves, where the corresponding polynomials are well defined, we consider

A{C*,C*) = max{supp cr {d(P.O)}. supg or {d(Q.O)}}.

Note that this means that every real point on each of the curves is at distance, at most ACE CP), of a complex point on
the other curve. Unfortunately, although it gives an idea of the closeness between of the curves, A(CE. C®) < H(CE, CB).
Nevertheless, in the examples below we will look for empirical evidences indicating that the computed bound of A(«CE, CF)
also bounds H(C®,C®); for that we test empirically that, in our computations, p{fg) =p¥2(tg). 20, bo) = pgy‘{ao,bo)‘

[n order to bound A(CE, CF), we first prove the following lemma,

Lemma 6.2, Let p(z) =apz" + -+ ap = Clz], witha, £ 0, and let ¢, . . ., 2, be its roots.

i < mind M2
lgi-_ilflénn{lal} h mml(l) a;

wherea; # Qand 1 gfén}_

Proof. The result is obvious if ap = 0. So, let ag £ 0, let m = miny ;i n{lzil}, and let a; £ 0 with 1 < i < n. We prove that

1 _ _

m (?)Iﬂ—?h. We express pi2) as p(z) =ag(z" — 012" 1+ 022" 2+ .. + (=17, where oy,.. ., 0y are the elementary
symmetric functions of z1,...,2,. I[f i < n then

ao [&nl |21 2] |z1-- - zal

_— = = =

a; lonil 1zt zait +ziprzal 7o lzcZegl o+ lzir o 24l

! =
= 1 T~ my 1
[2Zn—i+1-2nl + + |z1---2] (i )m‘

If i =1 then |@o/an| =|21-+ Za| 2m". O
[n the sequel, we denote the coefficients of 2y and T, as (note that deg,(D1) =deg (D) = deg(C) = deg((j))

Dit.5) = Ap(£)s" + .-« + Ap(t), yia.b.s)= Bya,hs" + --- + Byla. h).

Then, Lemma 6.2 implies the following corollaries:


file:///Z/---Zn/

Corollary 6.3. Let ty € B, and (a, by € CF be such thar T (1o, s and D3{ag, ba. $) are well defined. Then,

1. d(P(to}, ©) < min{()| 22| where Ai(to) % Oand 1< i < .

2. ditag, bo). &) = min{(})| %?:gg:gg))l'}' where Bi{an, bg) £0and 1 <1 n}.

[n addition, using the expression of the coefficients given by the Taylor expansion, the next corollary also holds.

Corollary 6.4. Let ty € [, and {ag. bo) € CF such that D1 (tg. s) and Do ag, bo, s are well defined. Then,

1. if ¥ f)tPito)) and {—Pph{to}, pyita)) are not orthogonal, then
V() (Pto)} - (=P} (to), B (to))
2. i V{F(ap, bp) and Vi fHag, bg) are not orthogonal, then

_ Flap. ho)
V{(f¥ap. bo) - V{f)(ao, bo)

4(Pt).C) < n‘ ) Bt e

d((ﬂo. bol. E) n

v (£ a0, bo) |,

[n the next examples we apply these results.

Example 6.5 (A compact curve example). We consider € = 1(1]—0 and the compact real curve C

27399 , 20000001 ; 21 27399 3335608 , . 27399 , 935993 ,

_ 21 4 _
fx9 =325+ J50o0000” T 100’ T 2739 3meess Y Y Y 33er” timeenst Y
LT, 19999999 5 Tl 1, 1
25° Y T 200000000 50" YT 2N Tt isY

The output curve ¢ and its parametrization are

Fx, ) =xy? +0.01055547819% + 0.005727140309y + 1.001749792y + 0.9870028562y% + 0.21p?
+ 0.9912384503x% — 0.9982833629x° + 0.25x7 + 1.053103489xy — 8.391588270xy>
+2.341024446x%y + 2.96x% y — 1.42x%y + 0.00002795854235,

= i) f’z(f))
P{t) = ——. —
ro ( gt git)

where

p1(t) = 1.730167858 - 1029t 4 4.334613757 - 102%%% + 5424023201 . 10214
+ 8.641660646 - 10292 4 1.299004236 - 10°9¢2,
Pa(t) = —1.039366064 - 102%2t2 — 4319011339 - 10°%%* — 6.947686841 - 10?1
— 3.459888148 - 10%°1+3 — 1.387682118 - 1071,
G(0) = 1.125103592 - 10232 4+ 3. 749748302 - 10°*2¢? 4 7.503078839 . 10792
+4.686439171 - 102°1t7 + 1500376938 - 10°%¢.

We first observe that the polynomial D1{tg. s) is well defined for every tp € . In this situation, in order to bound pq{t) we
maximize the function Rq(t) =4|%?:%| {see Corollary 6.3). Ry(t) is continuous in |4 {ee1, o2}, where o are real zeros of the

denominator that are isolated in the intervals [y = (=2.020041475, —=2.014041475), I; = (—1.998980609, —1.998920609},
Then,

max[R(t} |t € R\ (f1 U {3)} = 0.2511290220.

[n order to bound d(P(ty). ), when tg < {1 U 5, we consider Ra(f} = (;) |:gg;| {see Corollary 6,3). R2(f} is continuous in

the adherence of I U [, and its maximum is 1.843001438, Therefore, we conclude that

P10ty < 1.843001438.



Now, we perform some empirical tests to show evidences that g i¢) =p{R(t). First, let D1{s} = limg— 100 TH{L, 5. Then,

min{|so|/D(s0) = 0and so € R} = min{|so| /D1 (50} = 0} = 0.004018853976.

Since the roots of a polynomial depend continuously on its coefficients, for every & = 0 there exists K = 0 such that for all
[tal = K there is a root sq of Dqitg, $) with ||0.004018853976 — s55/|> = 4. [t might happen that these roots are all complex.
However, in our example, we see that

0.004018853976 < p1{(—10)') = o ((~10)") £ 0.004023539023

fori=1...., 20; reaching the lower bound from i = 12. Next, for each real pole of Ry{f} as well as for each real critical
value of Rq(t), we consider a sequence of isolating intervals f; of length 1/107t°, we take the middle point t;, and we
analyze piit;), pF‘{r,-)‘ For each of the two poles we get

o1(t:) = PR ) < 0.07620545140
fori=1,..., 20; reaching the equality from i = 11, For each of the eight critical values we get
P1(t) = p1 () < 0.05039734676

fori=1,...,20; reaching the equality fromi=11.

Daa, b,s) is well defined for all a. by € CE. In order to bound p21(a.b) one may maximize the function 4|g-?%ﬂ—§|
{see Corollary 6.3) under the constrain fia,b) = 0, for instance using Lagrange multipliers. Here, we simply show
evidences for paia.b) being small and for paia by = pg’*(a, b). First we observe that CF < [-9/512,8041/1024] x
[—20057/1024, 2117/1024]. Now, for i=2, ..., 100 we consider the partition A; :={m ; :==a + %{org — &1} o< j<i Of the
open interval (o, a3) = (—9/512, 8041/1024). Next, for each i we compute the set {2; of intersections of CF with the
line x = a; j. We obtain m}R = max{pf(ﬂ,b) | {a.B) € £2;} and m; := max{py(a, b) | (a.b) € §2;}, and we check whether
mF = m. Finally, we compute m = max{m,; |i=2, ..., 100}. We get that m?*‘ =mny for all i with the exception of i =63
and i = 88 where mg'\g = 0.06012962586 < 0.06012962587 = mgs, m“s?-8 =0.04097517998 = 0.04097517997 = mgs. Moreover,
m = 0.06109662080.

As a conclusion, in this example, the computed bound for the distance between the curves is 1.843001438.

Example 6.6 (A non-compact curve example). We consider € = ﬁ and the non-compact real curve C

30771 , 3571429 5 , . 30771 20535699 , 22919 , 409991 ,

_ 3
Fen = 357687 T 3571a28” 7Y T30780Y " Tams7iz Y T t3o1sat t T ¥
L3695, 108569 5 78, 19 . 1 1
100" ¥ T 142854 25 Y T 1o0* T 100" T 007

The output curve C and its parametrization are

f(x. y) = 1.037665836y% + 0.9541760347y> + y? + 0.7557889914x% — 0.7606067226x° + 0.19x7 + xy?
+ 0.01080256798x + 0.009723389264y + 1.033610692xy — 11.58684298xy° + 5.792835786x y
+3.69x2 ¥ — 3.120000001x° y + 0.00004058975565,

= i) f?z(f))
Pith=] ——. —
© ( q@ g

where

p1(t) = 5.634074231 - 10° + 8.492460682 - 1034°? + 3.555839494 . 10>
+2.837737358 . 107%°83 + 1.129568064 - 10>15¢,
pa(t) = —6.907472833 - 1033%* — 1112114026 - 107! — 5.534739853 - 10°4%¢?
— 2220814182 101t — 1.663027642 - 10°41¢2,
git) = 1.423745556 - 103114 + 1.138797024 - 10°%2¢3 + 4553560207 - 10742t
+ 3.415784668 - 1034212 4 2.276365040 - 10312,

We first observe that the polynomial Thitg.s) is well defined for every fg € B with the exception of the two real
poles #q, 2 of FP(t), that are isolated in the intervals (—1.997680664, —1.997619629), (—2.008911133, —2.008850098).

In this situation, in order to bound p(t) when t € B\ {$1. f2}, we maximize the function R(t) =4|%| (see Corol-



lary 6.3). R1{t} is continuous in B Y {o, wa}, where «; are real zeros of the denominator that are isolated in the intervals
Iy = (—1.996163599, —1.996123599), [, =(—2.034359611, —2.020359611). Then,

max{R((t) |t e R\ (I{ U f5)} = 0.301275147.

[n order to bound d{Pitg), ), when 5 € I U I, we consider R¢t) = (g) |%| {see Corollary 6.3). Ro(f} is continuous in

the adherence of Iy U [-, and its maximum is 1.987657564. Therefore, we conclude that

ve e R\ oy, 00l p1(t) < 1.987657564.

Now, we perform some empirical tests to show evidences that o(t) = p{R(t). First we analyze the behavior through the real
asymptotes. The real asymptotes of C and C are, respectively:

L1:=x—13.11127611y — 2.469501937, Ly:=x—1.639898985y 4 0.6395629633,
L£1:=x— 1511127611y — 2.4839118086, £y :=x—1.659899985y + 0.6343579098.

Moreover,

Hi£q1.£7) =0.0009515027113, HiL,, £2) = 0.002685992105.

Next, for each of the two real poles £y, B2 of P(t) we consider a sequence of isolating intervals Ji13;} of length 1/10%, we
take the middle paint t; g, and we analyze p{t; g,), plk(t,-.,gj). We get, fori=1,...,40

pilti gy = plti p,) = 0.000951502783 > 0.0009515027113 = H(£y, 1)
o1l p,) = PF(ti g,) = 0.00268599101 < 0.002685992105 = H(L3, £2).

Now, let D1{s) = limp— 100 D1 (t, 5). Then,

min{|sol/D1(s0) = 0 and so € R} = min{|so|/D1(s0) = 0} = 0.0019188637086.
Furthermore, in our example, we see that
0.001918863706 < p1{(—10)") = pF((—10)") < 0.001922644324

for i=1....,20; reaching the lower bound from i = 8. Next, for each real pole of R, {f} as well as for each real critical value
of Ry(t), we consider a sequence of isolating intervals J; of length 1/10°t7, we take the middle point ¢;, and we analyze
P18, p{R(t;). For each of the two poles we get

p1(ti) = pT ity < 0.05760637790
for i =1,...,20; reaching the equality from i = 11. For each of the eight critical values we get
p1(ti) = pT ity < 007103885930

fori=1,...,20: reaching the equality from i =17.

Th{a, b, s} is well defined for all (a,b) € CF. In order to bound psia,b) one may maximize the function 4|g-?%ﬂ—§|
{see Corollary 6.3) under the constrain f(a,b) =0, for instance using Lagrange multipliers, Here, we simply show evi-
dences for gia, b) being small and for py{a, b} = pﬁ‘?(a,b). For each natural number i we consider the two intersection
points of C® and x =i, say (i,5}, (i. by}, For each of these points we compute the corresponding pgg(i,b_,-)‘ We repeat
this process till |p¥(i,b|) — 0.000951502783] = 1078, 105 (i, b2) — 0.00268599101] = 107 (see above for the meaning of
0.000051502783 and 0.00268599101). We perform this experiment also for x = —i, for y =1, and for y = —i. The result
is [—3430, 3431] for the x and [—2067, 2068] for y. In this situation, we empirically consider that out of the compact
B =[-3430,3431] x [-2067, 2068], the curves behave as the asymptotes, and we analyze the distance in B. For this pur-
pose, as in Example 6.5, for i =7000,...,7010 we consider the partition A; :={a; j ;== o1 + %(trz — @1}}o<j<i of the open
interval (w1, o2} = (—3430, 3431). Next, for each i we compute the set $2; of intersections of CF with the line x =aj ;. We
obtain m?— = max{,og{(a, by | {a, by € £2;} and m; := max{pz(a,b) | {a, b} € §4;}, and we check whether mf-p- =m;. Finally, we
compute m = max{m; | i = 7000, ..., 7010}, We get that m]f =m; and m = 0.03416457806.

As a conclusion, in this example, the computed bound for the distance between the curves is 1,987657564.

As a final summary, let us mention that, in both examples, ¢ =0.01 and the computed bounds for the distance were
1.843001438 and 1.987657564, respectively. These two final bounds were derived applying Corollary 6.3, although all the
other partial bounds empirically computed were much smaller,
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