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Abstract

In this paper, we introduce the notion of infinity branches as well
as approaching curves. We present some properties which allow us
to obtain an algorithm that compares the behavior of two implicitly
defined algebraic plane curves at the infinity. As an important result,
we prove that if two plane algebraic curves have the same asymptotic
behavior, the Hausdorff distance between them is finite.
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1 Introduction

Unirational algebraic varieties, play an important role in the frame of prac-
tical applications (see [§] and [9]). In particular, many authors have studied
different problems related to plane algebraic curves that are defined implic-
itly (see e.g. [10] and [13]). In this paper, we deal with the notion of infinity
branches which is a very important tool to analyze the behavior of an implic-
itly defined algebraic plane curve at the infinity. For instance, determining
the infinity branches of an implicit real algebraic plane curve is an important
step in sketching its graph as well as in studying its topology (see e.g. [B],

[6], [7] and [14]).
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Intuitively speaking, the infinity branch of a real plane algebraic curve
reflects the status of a curve at the points with sufficiently large coordinates.
An infinity branch is associated to a projective place centered at an infinity
point, and it can be parametrized by means of Puiseux series. We show how
to obtain this parametrization.

The concept of infinity branch allows us to introduce the notion of con-
vergent branches and approaching curves. Intuitively speaking, two infinity
branches converge if they get closer as they tend to infinity. This notion al-
lows us to analyze whether two given implicit algebraic plane curves approach
each other at the infinity.

More precisely, we say that a curve C approaches C at its infinity branch
B if the distance between C and B approaches zero as they tend to infinity.
We provide some results that characterize whether two plane algebraic curves
are approaching.

Using these results, we present a method to compare the asymptotic be-
havior of two curves (i.e. the behavior of two curves at the infinity). In par-
ticular, we prove that if two plane algebraic curves have the same asymptotic
behavior, the Hausdorff distance between them is finite. As a consequence of
the results obtained in this paper, in [2], we present an algorithm for com-
puting all the generalized asymptotes of a real plane algebraic curve C defined
implicitly. The algorithm is based on the notion of perfect curve that, intu-
itively speaking, defines a curve of degree d that cannot be approached by
any curve of degree less than d.

The structure of the paper is as follows: In Section 2, we present the
terminology that will be used throughout this paper as well as some previous
results. In Section 3, the notion of infinity branch is introduced and some
important properties are proved. In Section 4, we provide the notions of
convergent branches and approaching curves. In addition, we develop some
results that characterize whether two plane algebraic curves approach each
other. The results presented in this section will be used in Section 5, where an
algorithm to compare the asymptotic behavior of two algebraic plane curves
is developed. In addition, we prove that if two plane curves have the same
asymptotic behavior, the Hausdorff distance between them is finite.



2 Preliminaries and Terminology

In this section, we present some notions and terminology that will be used
throughout the paper. In particular, we need some previous results concern-

ing local parametrizations and Puiseux series. For further details see [4],
Section 2.5 in [10], [II], and Chapter 4 (Section 2) in [13].

We denote by C[[t]] the domain of formal power series in the indeter-
minate ¢t with coefficients in the field C, i.e. the set of all sums of the
form Y 2 a;t', a; € C. The quotient field of C[[¢]] is called the field of
formal Laurent series, and it is denoted by C((¢)). It is well known that
every non-zero formal Laurent series A € C((¢)) can be written in the form
A(t) =tk - (ag + art + ast®> + - --), where ag # 0 and k € Z. In addition, the
field C < t > = |22, C((t¥/")) is called the field of formal Puiseuz series.
Note that Puiseux series are power series with fractional exponents. In addi-
tion, every Puiseux series, ¢, has a bound for the denominators of exponents
with non-vanishing coefficients, which is known as the ramification index of
the series. We denote it as v(p) (see [4]).

The order of a non-zero (Puiseux or Laurent) series A is the smallest

exponent of a term with non-vanishing coefficient in A. We denote it by
ord(A). We let the order of 0 be oo.

In the following, we introduce the notion of projective local parametri-
zation for a projective plane curve (see Definition 2.69, and Lemma 2.70 in

[10]).

Definition 2.1. Let C* C P?(C) be a projective plane curve defined by
the homogeneous polynomial F(x,y,z) € Rlz,y,z]. Let A*, B*,C* be se-
ries in C((t)) such that: (i) F(A*(t) : B*(t) : C*(t)) = 0 (where the
three series converge), and (ii) there is no D € C((t)) \ {0} such that
D - (A*,B*,C*) € C3. Then P* = (A* : B* : C*) € P2(C((t))) is called
a projective local parametrization of C*. In addition, one can always find
such a parametrization having min{ord(A*), ord(B*),ord(C*)} = 0, and the
point P*(0) € C* is called the center of P*.

For an affine plane curve, the above notion can be stated as follows:

Definition 2.2. Let C be a real plane algebraic curve over C defined implicitly
by the irreducible polynomial f(x,y) € Rlz,y|. Let A, B be series in C((t))
such that: (i) f(A(t), B(t)) = 0 (where both series converge), and (ii) not
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both, A and B, are constants. Then P = (A, B) is called an (affine) local
parametrization of C. Moreover, if ord(A),ord(B) > 0, the point P(0) =
(a,b) € C is called the center of P.

In the following, we deal with affine curves. The results and notions
presented can be adapted for projective curves in an obvious way.

Two local parametrizations, P; and P,, of an algebraic plane curve C
are called equivalent if there exists R € C[[t]], with ord(R) = 1, such that
P1 = Po(R). It can be proved that this equivalence of local parametrizations
is actually an equivalence relation.

If a local parametrization P, or one equivalent, satisfies that P(t) = P’(t*)
for some parametrization P’ and for some natural number & > 1, then P is
said to be reducible. Otherwise, P(t) is said to be irreducible. Under these
conditions, we introduce the notion of place as follows.

Definition 2.3. An equivalence class of irreducible local parametrizations of
the algebraic plane curve C is called a place of C. The common center of the
local parametrizations (if it exists) is the center of the place.

In the following definition, we introduce the notion of branch of a plane
curve.

Definition 2.4. Given a local parametrization (X,Y) of a plane curve C,
the set of all points (X (t),Y (t)) obtained by allowing t to vary within some
neighborhood of 0 where X (t) and Y (t) converge is called a branch of C.

It can be shown that two equivalent local parametrizations provide the
same branch. Therefore, one obtains a branch for each place of a given
algebraic plane curve.

One may prove that the center of a local parametrization of C is a point
on C. Conversely, from the following theorems, we also obtain that every
point on C is the center of at least one place of C (see Theorems 2.77 and

2.78 in [10]).

Theorem 2.5. (Puiseux’s Theorem) The field K < x > is algebraically
closed.

A proof of Puiseux’s Theorem can be given constructively by the Newton
Polygon Method (see e.g. Section 2.5 in [I0]). This method solves the con-
struction of solutions of non-constant univariate polynomial equations over
K<a>.



Theorem 2.6. Let C be a plane curve defined by f(x,y) € Rlx,y]. To each
root Y(z) € C < = > of f(x,y) = 0 with ord(Y") > 0 there corresponds
a unique place of C with center at the origin. Conversely, to each place
(X(t),Y(t)) of C with center at the origin there correspond ord(X) roots of
f(z,y) =0, each of order greater than zero.

If Y(z) is a Puiseux series solving f(x,y) = 0, ord(Y) > 0, and n is the
least integer for which Y (z) € C((zw)) (i.e., v(Y) = n), then we set zw = ¢,
and (t",Y(t")) is a local parametrization with center at the origin. The
solutions of f(z,y) of order 0 correspond to places with center on the y-axis
but different from the origin, and the solutions of negative order correspond
to places at infinity (places with center at an infinity point).

Note that several different Puiseux series may correspond to equivalent
local parametrizations, and then these series provide a unique place. More
precisely, let Y (z) = Y .., a;7/™ be a Puiseux series with ramification index
v(Y) = n. The series 0.(Y), €* = 1, are called the conjugates of Y, where

o (Y) = Z eaxtm.

P>

The set of all (distinct) conjugates of Y is called the conjugacy class of Y.
The number of different conjugates of Y is v(Y'). Two Puiseux series provide
the same place if they belong to the same conjugacy class (see [4] and [12]).

3 Infinity Branches

In this section, we introduce the notion of infinity branch (see Definition 31I),
and we obtain some properties concerning to these algebraic entities.

For this purpose, we consider an algebraic affine plane curve C over C,
defined implicitly by the irreducible polynomial f(z,y) € R[z,y]. Let C* be
its corresponding projective curve defined by the homogeneous polynomial
F(z,y,2) € Rlz,y, z]. Furthermore, let P = (1:m :0), m € C, be an infinity
point of C*, and we consider the curve defined implicitly by the polynomial
g(y,z) = F(1:y: z). Observe that g(p) = 0, where p = (m,0).

By applying Theorem 2.5, we compute the series expansion for the solu-
tions of ¢g(y, z) = 0. There exist exactly deg, (g) solutions given by different



Puiseux series that can be grouped into conjugacy classes. Let one of these
solutions be given by the following Puiseux series:

N1 /N Na/N

o(z) =m+a 2NN fageNN fagNN 4o e C< 2>, a4 £0,Vi €N,

where v(p) =N e N, N; e N, i =1,...,and 0 < N; < Ny < ---. We have
that g(p(2),2) = 0 in some neighborhood of z = 0 where ¢(z) converges.
Then, there exists some M € R* such that

F(l:p):t)=g(p(t),t) =0, for te C and |t| < M,

which implies that F(¢t7': ¢t 1p(t) : 1) = f(t71,t (1)) = 0, for t € C and
0 < |t| < M. We set 7! = 2, and we obtain that

f(z,r(2)) =0, z€C and |2| > M~  where

r(2) = 2p(2 1) = mzta 2NN frag st NN pag NN 6 £0, Vi €N

N,N;,eN, i=1,..., and 0 < Ny < Ny < -+

Since v(p) = N, we get that there are N different series in its conjugacy

class. Let ¢1,...,on be these series, and

ri(2) = zpi(27Y) = mz 4 ar M 2NN poap N2 NN g cNs 1NN
(1)

where ci,...,cy are the N complex roots of 2%V = 1. Now we are ready to

introduce the notion of infinity branch.

N
Definition 3.1. The set B = U L; where

i=1
Li={(z,m:(2)) € C*: 2 €C, |z| > M;}
is called an infinity branch of the affine plane curve C. The subsets Ly, ..., Ly
are called the leaves of the infinity branch B.
Remark 3.2. 1. We observe that an infinity branch is uni]qvuely deter-
mined from one leaf, up to conjugation. That is, if B = ULZ" where
Li={(z,r(2) €C2: € C, |2| > M;}, and .

ri(z) = 2pi(z71) = mz + a2 VN apt TN poagpt NN
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thenrj =r;, 5 =1,...,N, up to conjugation; i.e.

) o (=1 N1 _1-N;/N N2 1—Na2/N N3 1-N3/N | .
7i(2) = 25(277) = mataic; 2 +agc;?z +asc;*z +

wherecﬁ-vzl, j=1,...,N, and N, N; € N.

2. Let M := max{M,y,...,My}. In the following, we consider L; =
{(z,7:(2)) € C*: z € C, |2| > M}.

Let p(2) = m + a1 2NN 4+ ag2™V/N + a32N3/N 4. .. be a series expansion
for a solution of g(y, z) = 0. We consider 9(t) := ¢(tV), and we observe that
(1:(t) : V) is a local projective parametrization, with center at P, of the
projective curve C*.

Thus, from 9;(t) = @;(tY), i = 1,...,N (p; are the N different se-
ries in the conjugacy class of ¢), we obtain N equivalent local projective
parametrizations, (1 : ¢;(t) : tIV) (note that they are equivalent since o1, ... ¢y
belong to the same conjugacy class). Therefore, the leaves of B are all asso-
ciated to a unique infinity place.

Conversely, from a given infinity place defined by a local projective para-
metrization (1:(¢) : tV) (see Theorem 2.5.3 in [10]), we obtain N Puiseux
series, ¢;(t) = ¥(c;tV/N), ¢l =1, that provide different expressions r;(z) =
2p;(2z7Y), j =1,..., N. Hence, the infinity branch B is defined by the leaves

Li={(z,r(2)) €C*: z€C, |z| > M}, j=1,...,N.

From the above discussion, we deduce that there exists a one-to-one re-
lation between infinity places and infinity branches. In addition, we can say
that each infinity branch is associated to a unique infinity point given by the
center of the corresponding infinity place. Reciprocally, taking into account
the above construction, we get that every infinity point has associated, at
least, one infinity branch. Hence, every algebraic plane curve has, at least,
one infinity branch. Furthermore, every algebraic plane curve has a finite
number of branches.

Observe that the above construction can be applied to any infinity point
of the form (a : b:0), a # 0. In the following, we assume that a = 0; that
is, we take the infinity point P = (0 : 1 : 0). In this case, we consider the
curve defined implicitly by the polynomial h(z,z) = F(x : 1 : z). Observe
that h(p) = 0, where p = (0,0). In this situation, we get that there exists
M € R* such that

F(o(t) :1:t) =h(e(t),t) =0, for te C and |t| < M, where
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o(z) = a1 2NN 42NN g NN 4 e Cx 2>, a; #0,VieN

N,N;eN, i=1,...,and 0 < N; < Ny < ---, is a series expansion for a
solution of h(x,z) = 0. We set z =t~ and we get that

f(r(2),2) =0, z€C and |2| > M~  where

r(2) = 20(27Y) = ap 2NN pag NN g NN s g £ 0, Vi N
N,N;eN ¢1=1,..,and 0 < Ny < Ny < -+ -.
N

Thus, we obtain an infinity branch B = U L; whose leaves have the form:
i=1

Li ={(ri(z),2) € C*: 2 € C, |z| > M}.

Observe that we may apply this construction to any infinity point of the form

(a:b:0),b#0.
These two approaches lead us to consider two types of infinity branches.

Definition 3.3. Let C be an affine plane curve over C defined by an irre-
ducible polynomial f(z,y) € R[x,y].

e An infinity branch of C of type 1 associated to the infinity point P =
N
(1:m:0),meC, isaset B= ULZ" where L; = {(z,r:(2)) €

i=1
C?:z2€C,|z|>M}, i=1,....,N, M € R", and r1,...,ry are the
conjugates of

r(z) = mz4ay 2 VN pap NN L NN L g £ 0, Vi eN
N,N;eN, 1=1,...,and 0 < Ny < Ny < ---.

e An infinity branch of C of type 2 assoj\c[iated to the infinity point P =
(m:1:0),me€C, is a set B = ULZ" where L; = {(ri(2),2) €

i=1
C?: 2€C, 2| >M}, i=1,....,N, M € R", and r1,...,ry are the
conjugates of

r(z) = mz4ag 2 VN pap NN L NN Lo g 40, Vi eN

N,N;eN, 1=1,...,and 0 < Ny < Ny < ---.
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Remark 3.4. 1. In the following, we assume w.l.0.q that the given alge-
braic plane curve C only has type 1 infinity branches; that is, all the
infinity points are of the form (1 :m:0), m € C. Otherwise, we may
consider a linear change of coordinates.

2. By abuse of notation, we will say that N is the ramification index of
the branch B, and we will write it as v(B) = N. Note that B has v(B)

leaves.

In the following example, we compute the infinity branches for a given
plane curve.

Example 3.5. Let C be the plane curve defined implicitly by the irreducible
polynomial

f(z,y) = v° — dy'z + 4°2% + 292 — y?2® + 2y2® + 2y2® + o + 2° € R[z, ).
The corresponding projective curve C* is defined by F(x :y: z) =
Y’ —Ayte -4yt 42y % — zyPa? 4+ 220y 4 2yt 4 2t + 2P € Rw, y, 2]

Note that P = (1 : 0 : 0) is an infinity point of C*. Let us compute the
infinity branches associated to P. For this purpose, we consider the curve
defined implicitly by the polynomial g(y,z) = F(1 : y : z), and we observe
that g(p) = 0, where p = (0,0).

We compute the series expansion for the solutions of g(y,z) = 0. For this

purpose, we use for instance the algcurves package included in the computer
algebra system Maple. We get that:

o1(2) = —1/222 +1/82* —1/82° +1/162° +1/162"4+--- € C < 2>, and
—(=22)Y2 271 g0 T o, 4057
B e A A W Y () L2y ol
2 st 26 %) 5 Tamsne
That is, g(pj(2),2) = 0,j = 1,2 (see e.q. Section 2.5 in [10}]). Note
that v(p1) = 1, which implies that we only have one Puiseux series in the

congugacy class of p1. However, v(py) = 2 and then, we have the following
conjugate Puiseux series in the conjugacy class of po:

pa(z2) = (=22)% 4. eC< 2> .

—(=22)'2 2 27

po1(2) = ———— -2+

7, 4057
— z
2 8 ' 256

(—22)3% — —

—9:)5/2 L ...
327 Tossae )t



H(=2)2 2 21
P22(e) =T T T e
Thus, we obtain two infinity branches:

7, 4057
z

(—22)%2 — L2 700
32° 7 65536

(_22)5/2 + ...

By =1L, ={(2,m(2) € C*: 2€C, |2| > M}, where

ri(z) = zp1(27Y) = =1/(22) + 1/(82%) — 1/(82*) +1/(162°) + 1/(162°) + - - -

and By = Loy U Laso, where Ly; = {(2,19:(2)) € C* : z € C, |2| > M},
1=1,2 and

(=22)"2 1 27(=22)""2 727! 4057(—22)7%

_ 1y = _
7’2,1(2) = 2902,1(Z ) = 9 8+ 64 32 + 4096

_ Ly (5290121 27(=22)712 Tt 4057(=22) 7
raa(2) = 2p22(27) = +————¢ 64 32 4096

In Figure[d, we plot the curve C and some points of the infinity branches
B; and By associated to P.

\l: |
: \/:
05 05

2 4 6 2 2 4 6
0 T
. r . K”l
3 B!

Figure 1: Infinity branches By (left), and By (right).

In the following, we prove that any point of the curve with sufficiently
large coordinates belongs to some infinity branch. For this purpose, we recall
the reader that if h is a complex-valued function of a complex variable, h :
C — C, we say that the limit of h(z) as z approaches oo is L, written

lim h(z) = L, if whenever {z, },en is a sequence of points with lim z, = oo,
Z—00 n—o0

it holds that lim h(z,) = L (see e.g. [I] or [3]).
n—oo
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Lemma 3.6. Let C be an algebraic plane curve. There exists K € RT such
that for every p = (a,b) € C with |a| > K, it holds that p € B, where B, is
an infinity branch of C.

Proof: Let us assume that the lemma does not hold, and we consider a
sequence {K,},en € RY such that lim,, . K, = oco. Then, for every n € N
there exists a point p, = (a,,b,) € C such that |a,| > K,, and p, does not
belong to any infinity branch of C.

Let P, = (ay : b, : 1). Since F(P,) = f(p,) = 0, then lim,,_,, F'(P,) = 0.
Thus, we distinguish two different cases:

a) If there exists a monotone subsequence {b,, /ay,, }1en that is not bounded,
we have that lim;_, by, /a,, = 0o, and then lim;_,, a,, /b,, = 0. Hence,

lim F(Qy,,)=F(0:1:0)=0, Qn, = (ap,/bp, 2 1:1/by,)

l—00
which implies that P = (0 : 1: 0) is an infinity point of C*.

b) If there exists a monotone subsequence {by,/ay, hien that is bounded,
we have that limy_,o by, /a,, = m. Thus,

lim F(Qn,) =F(1:m:0)=0, Qn, = (1:by, /an, : 1/ay,)

l—00

which implies that P = (1 :m : 0) is an infinity point of C*.

From both situations, we conclude that there exist a sequence {Q, }nen
that approaches to an infinity point P as n tends to infinity; that is, there
exists M € R* such that ||Q, — P|| <e, for n > M. Thus, we deduce that
{Qn}nen, n>m can be obtained by a place centered at P. Hence, p,, belongs
to some infinity branch of C, which contradicts the hypothesis. OJ

Remark 3.7. Reasoning similarly as in Lemmal3.8, one has that there exists

K € R* such that for every p = (a,b) € C with |b| > K, it holds that p € B,,
where B, is an infinity branch of C.
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4 Convergent Branches and
Approaching Curves

In this section, we introduce the notions of convergent branches and ap-
proaching curves. Intuitively speaking, two infinity branches converge if
they get closer as they tend to infinity. This concept will allow us to an-
alyze whether two curves approach each other at the infinity.

The results presented in this section will be used in Section 5, where a
method to compare the asymptotic behavior of two curves is developed.

Definition 4.1. Given two leaves, L = {(z,7(2)) € C*: z € C, [2] > M}
and L = {(z,7(z)) € C*: 2z € C, |2| > M}, we say that they are convergent
if im, 00 (T(2) — r(2)) = 0.

Lemma 4.2. Two leaves L = {(z,r(2)) € C* : z € C, |2| > M} and
L = {(z2,7(2)) € C*: z € C, |z| > M} are convergent if and only if the
terms with non negative exponent in the series r(z) and 7(z) are the same.

Proof: Let

N—N; N—Ny
r(z) =mztarz ¥ 4agz ¥ 4, NNENO<N <Ny<---, a;#0
and

—Ny —No

F(Z) :mZ—FblZNN —|—bQZNN +-- N,NiEN, 0<N1 <N2 < ey bl;«éO

Then,

N-N; N—Ny -
r(z) =TF(z) =mz—Mmz+a127 8 —b1z27 8 4az" 8 —byz" ¥ F---.

Note that lim, o (r(2) —7(2)) = 0 if and only if 7(z) —7(z) has no terms with
non negative exponent. This situation holds if the terms with non negative
exponent in both series, r(z) and 7(z), are the same. O

Remark 4.3. 1. From Lemma[{.3, we deduce that m =m and then, L
and L are associated to the same infinity point.

2. Note that the number of terms with positive exponent in both series is
finite.
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Definition 4.4. Two infinity branches, B and B, are convergent if there
exist two convergent leaves L C B and L C B.

Remark 4.5. From Remark [[.3, statement 1, we get that two convergent
infinity branches are associated to the same infinity point.

Proposition 4.6. Two infinity branches B_cmd_g are convergent if and
only if for each leaf L C B there exists a leaf L C B convergent with L, and
reciprocally.

Proof: Let B and B be two convergent infinity branches, and let us prove
that for any L; C B there exists L; C B convergent with L; (using Definition
14 we clearly have the reciprocal). From Definition [£4] there exist two
leaves L = {(z,7(z)) € C*: 2 € C, |2| > M} C B, and L = {(2,7(2)) € C*:
2z €C, |z| > M} C B convergent. Let

N N N,
r(z) = zp(z7h) = mz+uz' T F 4z TN + U2 N , u; £ 0,
_ _ 1 _ 1M _ 1_& _ 1_N’L+1 _
T(z) = 20(z7") =mz+uz N +--+Wpz N +TUgpz N +-oe, T # O,

where v(B) = N, v(B) = N, Ny < N < Npyi and Ny < N < Njyq.

From Lemma [4.2] we deduce that the terms with non negative exponent

in 7 and 7 must coincide. Thus, u; =, = a;, for [ =1,...,k, and
_ni _ "k _ k41
r(z) =mz+aiz' " 4+ apz T dugaz TN e a4 £ 0
~
_ 1" 11—k 1 k4l _
T(z) =mz+az " » 4+ Fagz 7w + Uz N 4o, a0 # 0,

where n,n; €N, 0 < n; < --- <ny <n, Nyy1 > NNy > N. Observe that
we have simplified the non negative exponents such that ged(n,nq,...,n;) =
1. That is, for [ = 1,...,k, there are b,b € N such that N; = bn;, N = bn,
N, =bn;, and N = bn.

Under these conditions, we observe that the different leaves of B and B
are obtained by conjugation on r(z) and 7(z). That is (see equation ([I)),

Ny 1-D1

N 1— N, _ Nga
T’i(Z):mZ—l—ulcilz N +---+ukcikzl kt1,1-—F

Ni
N+ U €

~
_ Npiq 1— k41
+Upad; "N 4

=2
2|2l

?](Z) :mZ‘l‘ﬂldjﬁlzl_ —|-_|_ﬂkdjﬁkzl—
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where ¢y, ..., cy are the N complex roots of oV =1, and dy, ..., dy are the
N complex roots of Vv = 1.

We simplify the exponents and, using that v, =w, =a;, [ = 1,...,k, we
get that:

+1

N N, _
1= n+uk lc k+11 N —'—...

ri(z) = mz 4+ a2 4+ apcrz

N, Nk
k+1 1 ~

Fj(z) = mz —|—a1djﬁlzl_%1 4+ 4 akdjﬁkz n _|_uk+1d + ...

Hence, we only have to show that for each i € {1,..., N} there exists
j € {1,...,N} such that ch = dj-vl for every | = 1,...,k. Indeed: since

Ci, 1 = 1,...,N are the N complex roots of %V = 1, we have that ¢; =
2(i—1)ml
2 , where [ is the imaginary unit. Taking into account that N = bn,
2(i—1)7l
we deduce that ¢? = e = i =1,...,N, and ¢t =

&
it (m—1yn for each

t=1,...,n,and m = 1,...,b. That is, (f)"—li—l ,n. Reasoning
2(] 1)l

similarly, we have that d? = »~ ,j=1,...,N, and db = d;’ m—T)n

each j = 1,...,n, and m = 1,...,b. That is, (d;’) =1,7=1,...,n.

Therefore, ¢? = dem s M0 = 1,...,b, and using that N, = bnl and N; =

bng,l =1,...,k, it follows that cfvl:djﬁl,j:ijt( —1)n, m= b, O

for

Remark 4.7. Two convergent infinity branches may have different ramifi-
cation indexes i.e., they may have different number of leaves. However, the
value n € N obtained by simplifying the non negative exponents, is the same
in both branches. We refer to it the degree of the infinity branch. Observe
that the proof of Proposition[{.f] implies that two convergent infinity branches
have the same degree.

In order to illustrate this remark, we consider the curves C and C, defined by
the polynomials f(z,y) = y* — 2vy* + 2° —y, and f(x,y) = y* — x, respec-
tively. C has only the infinity branch B = \J,_, L, where L; = {(z,1,(2)) €
C?*: 2 €C, |z| > M},

1 1 1
() — 2,172 5,-1/4 _ 11,-7/4 14_-10/4 ,
ri(z) =ciz /7 + 5Ci% 515 ? + 1286 * +--
and ¢ = 1, co = I, cg = —1, ¢4 = —I. Note that the first term of these

series is z1_/2 or —zlf. The curve C also has one infinity branch defined by
B = U2, Li, where Ly = {(2,74(2)) € C*: 2 € C, |2| > M}, Ti(z) = d;z"/?,
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anddy =1, dy = —1. We get that B and B, are convergent since Ly and Ly
converge. In fact, Ly and L3 converge with Ly and, on the other hand, Lo
and Ly converge with Ly (see Lemma[].3).

Two convergent infinity branches may be contained in the same curve or
they may belong to different curves. In this second case we will say that
those curves approach each other. In order to define this concept in a more
formal way, we first introduce the following distance:

Definition 4.8. Given an algebraic plane curve C over C and a point p € C?,
we define the distance from p to C as d(p,C) = min{d(p,q) : ¢ € C}.

Remark 4.9. Observe that this minimum exists because C is a closed set.

Definition 4.10. Let C be an algebraic plane curve over C with an infinity
branch B. We say that a curve C approaches C at its infinity branch B if
there exists one leaf L = {(z,r(z)) € C*: z € C, |2| > M} C B such that
lim,_, d((z,7(2)),C) = 0.

We will show that this condition is satisfied for one leaf of B if and only
if it is satisfied for every leaf of B. It will be derived as a consequence of the
following theorem.

Theorem 4.11. Let C be a plane algebraic curve over C with an infinity
branch B. A plane algebraic curve C approaches C at B if and only if C has
an infinity branch, B, such that B and B are convergent.

Proof: Suppose that C approaches C at B. Then, there exists a leaf L =
{(z,7(2)) € C?: 2 € C, |2| > M} C B such that lim, .. d((z,7(z)),C) = 0.
In addition, let P = (1 : m : 0) be the infinity point associated to B, and
let {z,}nen be a sequence in C such that lim,, ., 2z, = co. We have that

limy, 00 d((2,7(25)),C) = 0 which implies that
nh_{{.lo d((zm T(ZN))a (pna Qn)) =0,

where, for each z, such that |z,| > M, (pn,@,) is the point of C closest to
the point (z,,7(z,)) (this point exists because of Definition [L.8). Note that
the above equality implies that

limn [pn — 20[? + [go — (20)* = 0,

and hence we have that:

15



e lim(p, — z,) = 0. Then, lim, ,o p,/z, = 1 which implies that
n—ro0
lim,, o P, = 00. Hence, lim,, o, 1/p,, = 0.

e lim (¢, — 7(2,)) = 0. Then, lim, oo(¢n/2n — 7(2n)/2,) = 0 which
n—oo

implies that lim,, o Gn/2n = limy, 00 7(2,) /2, = M.

Therefore,
n Zn
lim ¢,/p, = lim Gn/ =m
Now, taking into account Lemma and that lim,_ .. p, = 00, we get

that there exits ng € N such that for n > ng, the points (p,, ¢,) are in some
infinity branch of C. Moreover, since any curve has a finite number of infinity
branches and a finite number of leaves, we can find a subsequence {z,, }ien
and [y € N such that for [ > [y, the points (py,,qn,) are all in a same leaf
L={(z7(2) € C*: 2 € C, |z| > M}, belonging to some branch B C C.

Under these conditions, we deduce that for [ > ly, ¢,, = 7(py,), and then
lim F(pnl)/pnl = lim in/pnl =m.
l—o00 l—o0

Since the limit lim, _, @ = lim, . P(27!) exists, we get lim, @

In addition, note that
[r(zn,) = T(zn,)| = d((zn) 7(20,)); (20, T(20,))) <

d((zny,7(20))s Py, T(Pw) + (P, T(Pny)), (20, T(2))) - (D)

=m.

and
d((2ny, 7(20))s (Prys T(Pny))) = A2y, 7(20))s (Prgs @) 520

Now, let us prove that d((pn,,7(pn,)), (2n,;T(2n,)));=50. For this purpose, we
show that lim_,«(F(py,) — 7(2y,)) = 0. Indeed: let

F(z):mzjtblz% +b2z3152 +) 5,5 €N 0<s <sp<-ve .
Thus,
s— 8 —s $— 58 s
7'(2) =m+ Lha =t + A p——
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Therefore, there exist K > 0 and 6 > 0 such that |F'(2)| < K, for |z| > 0.
Applying the Mean Value Theorem (see [I]), we have that

Re (F(pm) — F(zm)) _Re(r'(a)),  Im (F(pm) - F(Zm)) (7)),

pnl - an pnl - an

where Re(g) and Im(q) denote the real part and the imaginary part of ¢(z) €
C(z), respectively, and ¢, ca €|py,, 2n,[, Where |py,, zn,[i= {z € C: 2z =
Dy + (Dny — 2n,)t, t € (0,1)}. Thus,

[7(Pn) = 7(zn)I* = (Re(F'(c1))* + Im(7"(c2))*) [Pn, — 2n,|*

Now, since limy_, . p,, = lim_o 2, = 00, and lim;_,o Py, — 2,
deduce that given € > 0, there exists [; € N such that, for [ > [y,

, = 0, we

|Dny| >0 +¢, |zn| >0+e, and |p,, — 2| <e.
Then, |¢;| > § and [T/(¢;)| < K for j = 1,2, which implies that, for [ > I,
‘F(p”l> - F(an)| < ﬁK‘pm - an‘H—>OOO

(note that Re(F'(c1)) < |F'(c1)] < K, and Im(7'(c2)) < [F'(e2)| < K).
Therefore, lim;_,oo(7(pn,) — 7(2n,)) = 0, which implies that there exists a
sequence {2, heny with lim;_, 2,, = oo, such that

Jim (1 (z0,) = Tl(z0,)) = 0

(see inequality (I)). Then, the terms with positive exponent of the series r(z)
and 7(z) are the same (see the proof of Lemma [L2). Hence, we conclude
that (see Lemma [1.2)

lim (r(z) —=7(2)) =0

Z—00

and thus B and B are convergent (see Definition F.4)).

Reciprocally, let us assume that B and B are convergent. Then, by
definition, there exist two leaves L = {(z,7(z)) € C*: 2 € C, |2| > M} C B
and L = {(2,7(2)) € C?: 2 € C, |z| > M} C B such that lim (r(z)—7(z)) =

Z—00
0. Therefore,

lim d((z,7(2)),C) < lim d((z,7(2)), (2,7(2))) = lim (r(2)—7(2)) = 0. O

Z—00 Z—00 Z—00
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Remark 4.12. 1. From Theorem[].1]], we get that “proximity” is a sym-
metric relation; i.e., C approaches C at some infinity branch B iff C
approaches C at some infinity branch B. In the following, we say that
C and C approach each other or that they are approaching curves.

2. Theorem[[.11] and Remark[{.] imply that two approaching curves have
a common infinity point.

8. From Theorem [f-11 and Proposition [[-0, we get that C approaches C
at an infinity branch B if and only if for every leaf L = {(z,7(2)) €
C?: 2 €C, |z| > M} C B, it holds that li_)rn d((z,7(2)),C) = 0.

Corollary 4.13. Let C be an algebraic plane curve with an infinity branch
é?. Let Cy and Cy be two different curves that approach C at B. Then Cy and
Cs approach each other.

Proof: From Theorem 1Tl there exist two infinity branches B, C C; and
By C Cy, convergent with B. Thus, for each leaf L = {(z,r(z)) € C*: z €
C, |z| > M} C B, there exist two leaves L1 = {(z,7,(2)) € C*: 2 € C, |2| >
M} C By and Ly = {(2,72(2)) € C*: 2z € C, |2| > My} C By such that
lim, 00 (7(2) —71(2)) = 0 and lim, o (7(2) — 72(2)) = 0. Then

r1(2) = r2(2)] < [r1(2) = r(2)] + |r(2) — 72(2) |===0.
Therefore, C; and Cy approach each other. (]

In the following, we illustrate the above results with an example.

Example 4.14. Let C and C be two plane curves defined implicitly by the
polynomials

f(z,y) =20 — y* + 200 — o° — 22° + 2%y + 3 € Rz, 9], and

flz,y) = v’x —y* + v’z — y° — 2° + 2%y + 2 € Rz, y],

respectively. Let us prove that C and C approach each other (see Figure[d) at
the infinity branch associated to the infinity point P = (1 : 0 : 0) (note that
both curves have P as an infinity point). Reasoning as in Example [T, we
get that the infinity branch of C associated to P is given by B = LU Ly U Ls,
where L; = {(z,7:(2)) € C*: 2 € C, |2| > M},

ri(z) = 2227 = 1/3 +1/9c2273 — 2/81c 243 —1/2c72778 ...
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and ¢;, @ = 1,2,3 are the complex roots of x® = L. On the other hand, the
wnfinity branch of C associated to P is given by B = Ly U Ly U L3, where
Li ={(2,7(2)) € C?: 2 € C, |z| > M},

Ti(2) = 2223 —1/3+1/9c227%% —2/81ct 243 —2/3¢T2773 4 ...
and ¢;, 1 = 1,2,3 are the complex roots of 2> = 1 (to compute r; and T;, we
use the algcurves package included in Maple). From Lemmal].3, we conclude

that both branches converge, since the terms with non negative exponent in
both series, r; and T;, are the same.

10 10- 10
s & bos s
x x x

Figure 2: C (left), C (center), and both approaching curves (right)

5 Asymptotic Behavior

Using the results presented in the previous sections, in the following we ana-
lyze the behavior of two curves at the infinity (the asymptotic behavior). More
precisely, in this section we present an algorithm that provides a method to
compare the behavior of two algebraic plane curves as they tend to infin-
ity. In addition, we prove that if two plane algebraic curves have the same
asymptotic behavior, the Hausdorff distance between them is finite.

To start with, we first introduce the following definition.

Definition 5.1. We say that two algebraic plane curves, C and C, have the
same asymptotic behavior if every infinity branch of C converges to another
branch of C, and reciprocally.

Remark 5.2. From Theorem [{.11, we deduce that C and C have the same
asymptotic behavior if and only if C approaches C at all its infinity branches,
and reciprocally.
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Now, we recall the notion of Hausdorff distance.

Definition 5.3. Given a metric space (E,d) and two subsets A, B C E\{0},
the Hausdorff distance between them is defined as:

dy (A, B) = max{sup inf d(z,y),sup inf d(z,y)}.
€A YEB yeB T€A

If E = C? and d is the Euclidean distance, the Hausdorff distance between
two curves C and C can be expressed as:

du(C,C) = max{supd(p,C),sup d(p,C)}.
peC peC

Proposition 5.4. Let C and C be two algebraic plane curves having the same
asymptotic behavior. Then, the Hausdorff distance between them is finite.

Proof: Let r be the number of infinity branches of C. Then, C = B;U---U
B, U B where B is the set of points of C that do not belong to any 1nﬁn1ty
branch. Thus,

sup d(p,C) = max{sup d(p,C), ..., sup d(p,C),supd(p,C)}.

peC pEDB) pEB, pcB
For each i = 1,...,7, let B; = UNi L;;, where L; ; = {(z,7:;(2)) € C*: z €
C, |z| > M;}, andN =v(By). Then

peEB; 7j=1,..., | |>M1

sup d(p,C) = _max { sup d((z,7(z )),5)}

Moreover, from Remark[5.2}, C approaches C at B;, so lim, o, d((2,7:j(2)),C) =
0 for every 7 = 1,...,N;. Hence, given ¢ > 0 there exists 6 > 0 such that
d((z,7:(2)),C) < e, for |z] > §. Then, since r;; is a continuous function,
and {z € C: M; < |z| <0} is a compact set, we deduce that

sup d(p,C) < max max{ sup d((z,ri,j(z)),z),e} < 00.

PEB; J=L Ny M;<|2|<6

Now, let p = (a,b) € B. From Lemma 3.0 and Remark B.7, we have that
there exists K € R such that |a|, |b| < K. Thus, d(p, O) < K, where O is
the origin and,

d(p,C) < d(p,0) +d(0,C) < K +d(O,C).
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Note that K < oo, and d(O,C) < oo, which implies that S d(p,C) < cc.

Therefore, we conclude that sup, d(p,C) < co. Reasoning similarly, we
deduce that sup;z d(p,C) < oo, which implies that dy(C ,C) < 0. O

The following algorithm allow us to compare the asymptotic behavior of
two curves C and C. We assume that we have prepared C and C such that by
means of a suitable linear change of coordinates (the same change applied to
both curves), (0:1:0) is not a point of infinity of C* and C .

Algorithm Asymptotic Behavior.

Given two implicit algebraic plane curves C and C, the algorithm decides
whether C and C have the same asymptotic behavior.

1. Compute the infinity points of C and C. If they are not the same,
RETURN the curves do not have the same asymptotic behavior (see
Remark [.3]). Otherwise, let Py, ..., P, be these infinity points.

2. For each P, := (1:my :0),k=1,...,n do:

2.1. Compute the infinity branches of C associated to Py. Let
By, ...,B,, be these branches. For each ¢ = 1,...,ng, let
Li ={(z,1i(2)) € C*: 2 € C, |2] > M;} be any leaf of B;.

2.2. Compute the infinity branches of C associated to Pj. Let

By, ..., B, be these branches. For each j = 1,...,l, let
L; ={(2,7(2)) € C*: 2 € C, |z| > M,} be any leaf of B;.

2.3. For each B; C C, find B; C C such that the terms with non
negative exponent in r;(z) and 7;(z) are the same up to conju-
gation. If there isn’t such a branch, RETURN the curves do not
have the same asymptotic behavior (see Lemma [4.2]).

2.4. For each Ej C C, find B; C C such that the terms with non
negative exponent in r;(z) and 7;(z) are the same up to conju-
gation. If there isn’t such a branch, RETURN the curves do not
have the same asymptotic behavior (see Lemma [1.2]).

3. RETURN the curves C and C have the same asymptotic behavior.
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In the following, we illustrate the performance of algorithm Asymptotic
Behavior with an example.

Example 5.5. Let C, and C be two plane curves defined implicitly by the
polynomials

f(z,y) = 2v°z — y* + 2y%x — y* — 22° + 2%y + 3, and

flx,y) =2y°r —y* + 29%2 — oy — 22° + 2%y — 32 — 2y + 20 — 3y + 1,

respectively. We apply the algorithm Asymptotic Behavior to decide whether
C and C have the same asymptotic behavior:

Step 1: Compute the infinity points of C and C. We obtain that C and
C have the same infinity points: Py = (1:0:0) and P, = (1:2:0).

We start by analyzing the infinity branches associated to P;:

Step 2.1: Reasoning as in Example [3.8, we get that the only infinity
branch associated to Py in C is given by By = Ly U Ly o U Ly 3 where
Li;={(z,m.:(2) €C*: 2 €C, |2] > My}, i=1,2,3, and

ri(z) = 222 —1/341/9272% —2/81,743 ... |
up to conjugation.
Step 2.2: We also have that there exists only one infinity branch as-
s_ociated to P, in C. It is given by El = L1y ULjoU Lz where
Ly, ={(2,7142) €C?: 2€C, |z| > M1}, i=1,2,3, and

Tra(z) = 2%% —1/34+1/2:7Y3 4$19/36272° + ... |
up to conjugation.

Step 2.3 and Step 2.4: 11 1(2) and T11(2) have the same terms with non
negative exponent. Thus, By and By converge.

Now we analyze the infinity branches associated to Ps:
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Step 2.1: Reasoning as in Ezample [3.0, we get that the only infinity
branch associated to Py in C is given by By = Ly = {(2,72(2)) € C? :
z € C, |z| > My}, where

ro(2) = 22 4+ 3/827% — 9/64274 4+ 27/512275 4 ...

Step 2.2: The only infinity branch associated to Py in C is given by
By =Ly ={(2,T9(2)) € C*: 2 € C, |2| > My}, where

To(2) = 22 — 5/8271 —17/6427% — 145/512273 + - ..

Step 2.3 and Step 2.4: ry(2) and Ty(2) have the same terms with non
negative exponent. Thus, By and By converge.

Since every infinity branch of C converges to another branch of C, and
reciprocally, the algorithm returns that C and C have the same asymptotic
behavior (see Figure(3).

10 o 10
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Figure 3: C (left), C (center), and the asymptotic behavior of C and C (right)
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