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Abstract

In this paper, we will give a convergence analysis for a family of 14-node
elements which was proposed by I. M. Smith and D. J. Kidger[Int. J. Numer.
Meth. Engng., 35:1263-1275, 1992]. The 14 DOF's are taken as the values at
the eight vertices and the six face-centroids. For second-order elliptic problems,
we will show that among all the Smith-Kidger 14-node elements, Type 1, Type
2 and Type 5 elements provide optimal-order convergent solutions while Type
6 element gives one-order lower convergent solutions. Motivated by our proof,
we also find that the order of convergence of the Type 6 14-node nonconforming
element improves to be optimal if we change the DOF's into the values at the eight
vertices and the integration values on the six faces. We also show that Type 1,
Type 2 and Type 5 keep the optimal-order convergence if the integral DOF's on
the six faces are adopted.
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1 Introduction

Among many three-dimensional brick elements, there have been well-known simplest
conforming elements such as the trilinear element, the 27-node element and seredipity
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elements. For the nonconforming case, Rannacher-Turek [7] presented the rotated tri-
linear elements with the two types of 6 DOFs: the face-centroid values type and the face
integrals type. Douglas-Santos-Sheen-Ye [2] then modified the element of Rannacher-
Turek such that the face-centroid values type and the face integrals type are identical,
that is, the element fulfills the mean value property “the face-centroid value = the face
average integral”. Later Park-Sheen presented a P;-nonconforming finite element on
cubic meshes which has only 4 DOFs [6]. Wilson also defined a linear-order noncon-
forming brick element [T, [15] with 11 DOFs whose polynomial space consists of trilinear
polynomials plus {1 — 22,1 — 22,1 — 22} on K = [-1,1]? (see [I, Page 217, Remark
4.2.3]). All these three dimensional elements are of O(h) convergence rate in energy
norm.

In the direction of obtaining higher-order convergent nonconforming elements, Smith
and Kidger [12] successfully developed three-dimensional brick elements of 14 DOF's by
adding additional polynomials to P,. They investigated six most possible 14 DOFs
elements systematically considering the Pascal pyramid, and concluded that their Type
1 (as well as Type 2) and Type 6 elements are successful ones. The additional polyno-
mial space for Type 1 element is the span of the four nonsymmetric cubic polynomials
{12973, X379, w323, 321 } While that for Type 6 element is the span of {xxox3, 717323,
rixox3, vixdzs}. Only recently a new nonconforming brick element of 14 DOFs with
quadratic and cubic convergence in the energy and L, norms, respectively, is introduced
by Meng, Sheen, Luo, and Kim [5], which has the same type of DOFs but has only cubic
polynomials added to P,. And then, the authors compared these 14-node elements nu-
merically, see [4]. Numerical tests show that at least for second-order elliptic problems
Meng-Sheen-Luo-Kim and some of Smith-Kidger elements are convergent with optimal
order or with lower order.

A convergence analysis for Meng-Sheen-Luo-Kim element was reported in [5] and is
fairly easy because it satisfies the patch test of Irons [3], which implies that a successful
P-nonconforming element needs to satisfy that on each interface the jump of adjacent
polynomials be orthogonal to P;_; polynomials on the interface. Unfortunately, it was
found in mathematics that the patch test is neither necessary nor sufficient, see [9] and
the references therein. As shown in this paper, the Smith-Kidge elements can only pass
a lower order patch test or can not pass it, but give optimal order convergence from
our numerical results or lower convergence order. Thus, the convergence analysis for
Smith-Kidger element seems to be quite different and complex. For the convergence of
the nonconforming element which fail to pass the patch test, see the works of Stummel,
Shi, etc. [14} [, (10, [L1].

In this paper, we will provide a convergence analysis for Smith-Kidger elements for
second-order elliptic problems. We show that although the patch test fails, Type 1, 2
and 5 Smith-Kidger elements are of optimal convergence order, while Type 6 element
loses one order of accuracy. Furthermore, we also present a new brick element with the
same DOF's, which is also convergent in optimal orders. Finally, if the value at the eight
vertices and the integration values over six faces are taken as the DOF's, then we can
show that Type 1, 2, 5, and 6 elements and the proposed new element can get optimal
convergence order, which implies that Type 6 element improves one order of accuracy.

The paper is organized as follows. In Section 2, we will introduce Smith-Kidger



elements and give the basis functions firstly. In Section 3, we define an interpolation
operator and present our convergence analysis for Type 1 Smith-Kidger element. In
Section 4, we will analyze the other elements and present the corresponding error esti-
mates very briefly. In Section 5, a new 14-node brick element is proposed. Finally, in
Section 6, we conclude our results.

2 The quadratic nonconforming brick elements

Let K = [—1,1]® and denote the vertices and face-centroids by V;,1 < j < 8, and
My, 1 < k <6, respectively. (see Fig. [I)
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Figure 1: V; denotes the vertices, j = 1,2,...,8, and M}, denotes the face-centroids,
k=1,2,...,6.

Smith and Kidger [12] defined the following six 14-node elements:

PY) = Py(K) ® Span{7, 5,75, 738, 227, 1271 }, (1a)
PP = Py(K) @ Span{@1 7,7, 1172, 7272, T572}, (1b)
P = Py(K)® Span{7, 3,75, 7%, 73, 33}, (1c)
PY). = Py(K) @ Span{@1 7,7, T2T0Ts, T1 7283, T1 5272}, (1d)
PO = Py(K) ® Span{Z\5oTs, ToTy + 1172, To0s + Bol, 2281 + T35}, (Le)
PO = Py(K) @ Span{@1 7,7, 112202, 228,702, 120273}, (1f)

whose DOF's are the function values at the eight vertices and the six face-centroids.
They reported that Type 3 element fails and is inadmissible. We also remark that Type
4 element is also inadmissible since (Z2 — 1)T2T3 € Pgll)( vanishes at all these points.
In [4], we observe that Type 1 (and 2) and Type 5 elements give optimal convergence
results both in L% and H'-norms at least for second-order elliptic problems, while Type
6 element loses one order of accuracy in each norm.



In what follows, we will give an error estimate for Type 1 Smith-Kidger element in
detail; error estimates for the other types can be obtained completely analogously and
thus are stated very briefly.

To begin with, denote by V,,,m = 1,--- 8, the eight vertices (4, k,1),|j| = |k| =
lI|=1,7,k,1l € Z, and and by V,,,m = 1,--- |6, the six face-centroids (j, k, 1), |j| + | k| +
ll| = 1,j,k,l € Z. The basis functions corresponding to the eight vertices V;,j =
1,---,8, are denoted by qz% , and those corresponding to the six face-centroids by
oF j=1,--- 6.

J

To describe the brick elements in a uniform fashion, set

A~ A~ A~

7’0(31,552,/1'\3) = T12273, 7“1(31,32,553) = 55155\37
7“2(551,53\%553) = fﬁ?, 7“3(31,f2>553) = 55353\3,

so that

A~

PY) = Py(K) & Span{ro(Z1, T, T3), (%1, Ta, ), 12(T1, o, T3), r3(F1, To, T3) }.

Then the basis functions for Type 1 Smith-Kidger elements are given as follows:
for (j,k, 1) =Vy,m=1,--- 8,

SO 1 o A2~ Lo PN
%,k,l)(ﬂfb To,T3) = o [-1+75 +75+73)] + 3 (kT 7o + jla1 T3 + klZoTs )

+jkl’f’0(/l’\1,fl'\2, i'\g) + ’f’(i'\l, i'\g,i’\g)] s
and, for (j, k,l) = M,,,m=1,--- 6,

~ PPN 1 1 . . 1 . . 1 .
O (T, Ta, T) = 1 T 5@ T2, T) + 14(@1, T2, T3) — 57(%1, T2, Ty), (4)

where the linear, quadratic, and the remaining higher-order terms are defined by

01,79, 73) = jT1 + kTy + I3, (5a)
qQ(T1,Ta, T3) = —(T] + 75 + T3) + 2(j77] + k75 + 173), (5b)
r(Z1, Ta, T3) = jri(T1, Ta, Ts) + kra(T1, Ta, T3) + Ur3(T1, To, T3). (5¢)

Assume that © € R? is a parallelepiped domain with boundary T'. Let (Z},)n=0 be
a regular family of triangulations of €2 into parallelepipeds K;,j = 1,2, ..., Nk, where

h = maxgeg, hx with hg = diam(K). For each K € 7, let Tk : K — R3 be an
invertible affine mapping such that
K = Tx (K),
and set ¢ = g/g oTg 1K — R for all QAS € @g}{, whose collection will be designated by
Px = Span{¢k | & € P4 }.

Let Ny and Np denote the numbers of vertices and faces, respectively. Then set

Vh={V1,Va, -, VN, +  the set of all vertices of K € .7},

4



Fn=A{F1,Fy,---,Fy, : the set of all faces of K € .7, },

F={F, Fy, - , Fi + the set of all interior faces of K € 7},

My, = {My, My, -+, My, : the set of all face-centroids on %}, },

9’,51) ={F € .%,: the set of all faces with outward normal (£1,0,0)},
L%Ez) ={F € %, : the set of all faces with outward normal (0,+1,0)},
9}53) ={F € .%,: the set of all faces with outward normal (0,0, +1)}.

Obviously we have %), = 9,51) U 9,52) U 9,53).
We consider the following nonconforming finite element spaces:

NEC" ={¢: Q= R| ¢k € PxVK € F,, ¢ is continuous at all V; € #,, My € 4.},
NCy={p e NE" ¢(V)=0VV; € ¥ NT and (M) =0 VM, € 4, NT}.

3 The interpolation operator and convergence anal-
ysis

In this section we will define an interpolation operator and analyze convergence in
the case of Dirichlet boundary value problems. The case of Neumann boundary value
problem is quite similar and the results will be omitted.

3.1 The second order elliptic problem

Denote by (-,-) the L?(€2) inner product and by (-,-) the duality pairing between
H=Y(Q) and H{ (), which is an extension of the duality paring between L?(Q) and
itself. By || - ||z and | - | we adopt the standard notations for the norm and seminorm
for the Sobolev spaces H*(€). Consider then the following Dirichlet boundary value
problem:

—Au = f, Q, (6a)
0, T, (6b)

u =

with f € H'(Q). We will further assume that the coefficients are sufficiently smooth and
that the elliptic problem (@) has an H?()-regular solution such that ||ullz < C||f]|:.
The weak problem is then given as usual: find u € H}(£2) such that

a(u,v) = (f,v), v € Hy(9), (7)

where a : H} () x H}(2) — R is the bilinear form defined by a(u,v) = (Vu, Vo) for all
u,v € H} (). The nonconforming Galerkin method for Problem (B]) states as follows:
find uy, € A€l such that

ah(uh,vh) = <f, ’Uh> y UV € e/V(gg, (8)



where

ap(u,v) = Z ak (u,v),

Ke9,

with ax being the restriction of a to K.
Notice that in order to have point values defined properly we need to recall the
following Sobolev embedding theorem

~ 1
Wme(Q) —s CO(Q), if = <O

m
d
Thus we should have p > % For a given cube K € .7, define the local interpolation
operator Ik : WP(K) N HY(Q) — PY), p >3, by

kp(Vi) = Vi), Ilko(M;) = ¢(M;)

for all vertices V; and face-centroids M; of K. The global interpolation operator IIj:
WhP(Q) N HE(Q) — A€ is then defined through the local interpolation operator Ilx
by 11|k = Ik for all K € Z,. Since I, preserves P, for all K € .7, it follows from
the Bramble-Hilbert Lemma that

> o —Tdllox +h > ll¢ — Mgk < Ch*|¢]lx,

Keg, Keg, (9)
d e WFP(Q)N HI(Q),1 <k < 3.

We now consider the energy-norm error estimate and first consider the following
Strang lemma [13].

Lemma 1. Let u € HY(Q) and uy, € NEL be the solutions of Eq. (T) and Eq. (8),
respectively. Then

a J—
lu =il < C{ inf flu—vllat sup lan(ws wn) = (. “’h”}. (10)
o ENCE whENCh [[wn ||
Here, and in what follows, || - ||, denotes the usual broken energy norm such that
[ol[n = /an(v,v).
Due to (@), the first term in the right side of (I0) is bounded by
inf lu —vp|ln < [Ju—Hpu|lp < Ch%|ulsr1, 1 <s<2. (11)

th 0

Denote by fj, the trace of f|k, on Fj, = 0K; U 0Ky if it is nonempty. Similarly,
the face Fj, will designate the boundary of K; common with that of Kj.

Now let us bound the second term of the right side of (I0) which denotes the
consistency error. For a given cube K € .}, denote by Fi* ™ and Fj*~ the face of K with
outward normal (1,0,0) and (—1,0,0), respectively. Similarly, we denote the other faces



by Fi2T Fi2™ F@#T and F?~ so that 0K = {Fo Fo = FRt Fp2m  FRT Fi™ )
Thus, integrating by parts elementwise, we have

an(u,wp) = (frwn) = Y <g_3’wh>ax

Ke9,
= —wh ds + / —wh ds
K; /11+UF11 K; 12+UF12* ov
+ Z / —wh ds = E1 + E2 + Eg, (12)
x3+UF:C3
Keg,

where v is the unit outward normal to K.
Before proceeding, we need the following lemma.

Lemma 2. By F}, denote the face contaz’m’ng the centroid M, and by VF ,j=1,2,3,4,

denote the vertices on the face Fy. Ifp € PSK, (VF’“) =0,7=1,2,3,4, and p(My) = 0,
then

/p(:)sl,:zg,:zg)ds:(), k=1,2,...,6. (13)
F,

Proof. Without loss of generality, we assume that M; = (1,0,0). In this case, we have
pE IP’(Sl[){ and p(1,£1,£1) = p(1,0,0) = 0. We need to prove that

/ p(laanxi’)) dl’gd[lfg =0. (14)
Fy

It follows from p(1,+1,£1) = 0 that
p(1,$2,933) = l1($27173)(1'§ - 1) + 12(932,1'3)(55;2), - 1), lj € Pl(]R2)a Jj=12 (15)
Set
lj(l’g,l’g) :ajx2+bj:c3—i—cj, j = 1,2
Then p(1,0,0) = 0 implies that ¢; + ¢ = 0, which reduces (I3) to
p(1, 9, 73) = (a1m2 + bys) (25 — 1) + (agxs + bows) (23 — 1) + ey (a5 — 23).

Since
»1) _ 2 2 2
Pgiclei=1 = Span{l, xo, x3, x5, Toxs, T35, ¥523 }, (16)

invoking p € @(Slf){, we have

a1 = as = by =0,
which leads to
p(1, 29, 03) = byas(ws — 1) + ¢ (25 — 23). (17)
It follows from (I7)) that (I3) holds. This completes the proof. O

This lemma implies that Type 1 element can pass lower order patch test (test
functions are in Py not Py), which will lead to a convergence solution for the second
order elliptic problems, but the convergence order is not optimal. To bound F;, Es, Es,
we also need some interpolation operators.



3.2 Some interpolation and projection operators

For the reference element K = [—1,1] x [=1,1] x [—1, 1], consider the interpolation
problem on the face of FI%IJF: the interpolation points are (1,1,1), (1,1,—1), (1,—1,1),

(1,—1,-1), and (1,0, 0), which are the four vertices and the centroid of FIf{”, with the

)
1+

interpolation space @’{( =), where

Qi(FZ*) := Span{l, B, B3, o5, 73} € Py ]z,

is an enriched bilinear polynomial space on the face F I%ﬁ (see ([I6)).
The above interpolation problem has a solution by using the bubble function

b(/l’\g,zt\:g) == 1 — ZU\:%,

and the standard bilinear interpolation basis functions

o~ 1 N N PN 1 ~ ~
q1(Ta, 73) = 1(1 +Z2)(1+73), q22,73) = 1(1 — Zo)(1 + 73),

PN 1 - - PN 1 - -
q3(72,73) = 1(1 —22)(1 —73), qu(T2,73) = 1(1 + ) (1 — 73),

as follows:

~ 1 .

Thus for a continuous function f defined on the face FI%

is given by

*. the interpolation polynomial

TEEf = FL L)+ f(L~L D)@+ f(L—1, ~1)@+ f(1,1,~1)B; + £(1,0,0)@5(18)

And then we can also define the interpolation operator on the opposite face with the
same space and denote it by .#;'". Similarly, define the interpolation operators on the
other faces of K with the corresponding spaces:

QT(FI%) := Span{1, T3, T1, T3T1, T1 } C P(slﬁ\@:ﬂ,
Qi(F3) := Span{1, &y, By, 1172, T2} C PY) |5,—i1

K

and denote them by @ﬁ, }1\352_, @SJF, {Zﬁfs—’ respectively.

For a given K € .7, we can define the interpolation operator .#5'= by J&* =
ﬁ;”ii o Tx". Notice that | IffiJ’wh}F = 0 for all interior faces F' for every wy, € N E€}.
Moreover, the above interpolation operators preserve linear polynomials on each surface
as stated in the following lemma.

Lemma 3. flifii map wy € ,/V‘ﬁg such that their images across interior faces are
continuous for all interior faces F. Moreover, they preserve bilinear polynomials on
faces.



Moreover, the above interpolation has the following interesting property:

Lemma 4. For all wy, € JV‘KS and K € 9},
wh|FI:c(i+ - f;ﬁ_(whh{) == wh|FI:c(i— - flifi_(wh|K), 1= 1, 2, 3. (19)
Proof. We only prove the case of i = 1 in Eq. (I9) which suffices to prove the statement
on the reference element K:
Bl pere — I2 () = Dl pza- = JZ (@) Vil € PY). (20)
K
Due to the interpolation property, 'LUh|Fac1+ - JA”(wh) =0 for all wy, € Q ( m1+) and

the same 1s true if :El is replaced by x;. Thus, it suffices to show that (I9) holds for
all @y, € PY) |51\ QI(FIH) which is nothing but Span{Z%, 7373 }. Since both 73 and

7373 are independent of 7, it is obvious that (20) holds for each of them. This proves
the lemma. O

Define RQ = Span{1, 7y, T, 3,77 — 73,72 — 73}. For the reference element K, let
Rg : H*(K) — RQ be an interpolation operator defined by

Rgo(M)) = 6(M),j =1,...,6

where

[

Gi= & (1438 + Lrgjepml@ - 7). s
Yri= % <1 = 3% + Poijen il TE — 5’3\3)> ) o
It is easy to notice that fori=1,2,...,6
Uile,m1= Pila,=1, ifj A i and AT~
and for i =1,2,3

1 .
¢2 T;=1=— w’? i Zj=—1— 1— 6 Z ZL’?,

1<) <3, 5

~ ~ 1 R
(08 Zy=—1— Yr_s Ti=1— _6 Z xf

1<j<3,j#i

Thus we have



=Y )P +3() (1_é 5 )

1<i<6,i],i£T—j 1<i<3,i#]

~ o~ 1 .
o5
1<i<3,i#j

= O(K, ¢ {71,733} \ &) + (M),

and

6
Rgdla—1 = > O(M)thile,——1
i=1

= Y HM)hilem —(M)) (% 3 A>

1<i<6,i],i£T—j 1<i<3,i#j

~ o~ 1 .
1<i<3,1#j

= O(K, ¢, {71, %2, 33} \ 7)) + o(Mr_y),

For any given K € .7,, we can define the interpolation operator Rk := Rg-T [}1. Denote

by MZ" and M7~ the centroids of the faces Fyy " and Fy/ ™, respectively. Then for
any ¢ € H*(K), we have

RK¢‘F;”<J'+ = @(K7 ¢7 {xlv X2, x3} \ xj) + ¢(MI€'J+)7

RK¢|F;J'* = O(K, ¢, {1, 2, 23} \ 25) + S(My ).

3.3 The error estimates

Turn to bound |Ey| + |Es| + | E5| in (I2). Below, we will give an estimate of |Ey| in
detail while similar estimates of |Es| and |E3| will be omitted.
It is easy to notice that for any F' € 0K'NoK” N L%El) # () and w € N €L, we have

/FVu(w|K/ — w|Ku)ds
= [ Vul(whe = 57 () = (wlser = 57 (w)ds
— /F (Vu — MF(Vu)) ((w|K/ — It (w)) — (w|gr — fol(w)))ds

where Mp(Vu) denotes the value of Vu at the centroid of F'. The second equality holds
due to the orthogonality (I3). Hence we have

3
ou
E, = id
TN ) o) B

10



du - u o
(/F;ﬁ oz (w— I (w))vds + /F;21 oz, (w— I5 (w))uﬂs)
ou ou -
( / . ( o~ Mg 0x,)> (w — I () wids
Ke7, =1

+/x1 (g; MF;NS—;)) <w—f£1‘<w>>wds>,

where v = (vy, vy, v3)T is the outward normal derivative of F. Thus due to (), we
arrive at

_ ou ou ou -
b= Z 21 </F}'§1+ (83:@- - O(K, 8—%@2@3) -M zﬁ(axl)) (w— I (w))vds

Keg, 1

- 11

Keg,, i
ou ou o N
R G R L ) [V (w))md8>
3
- Ou Ou r1+
: Ke_%; </F§§“ (8@- RK@:&') (w— Ip'" (w))rids

du du o
+/F;1 <8xi - RK&%) (w— I% (w))l/ids> :

Since Rk and % preserves P;(K) and P (F7'), respectively, it follows from trace
theorem and Cauchy-Schwartz inequality, we get

|Ev| < OR?[wl|alull 20
Similarly, we also have
| Eo| < CR?[Jwl|nllullme), [Bsl < CR?[wl[nllullms)-

Hence

- Ei+Ey+ E
s |an(u, w) — {f,w)| _ sup | 1+w2+ 3|§Ch2||u||HS(Q)

weNCh [[w][ weNCh Jin

By collecting the above results, we get the following energy-norm error estimate.

Theorem 1. Let u € H*(Q) N HY(Q) and uy, € NEC} satisfy [@) and (), respectively.
Then we have the energy norm error estimate:

[l = unlln < CH*||ul]s.

By a standard Aubin-Nitsche duality argument, an Lo(Q)-error estimate can be
easily obtained.

11



Theorem 2. Let u € H3(Q) N HH(Q) and uy € N EL be the solution of (@) and (&),
respectively. Then we have

[ — unllo < Ch?|lulls.
Proof. Let np, = pu —uy, € N ‘58 and consider the dual problem:

—AY = o 9, (21a)
b o= 0, 0. (21b)

Since n;, € L?(Q), the elliptic regularity implies that |[1|l2 < C|lnu]]. An application of
@) to the triangle inequality makes us to prove only ||nx|ln < Ch?||ul|s.
First, we have from Theorem [I] and (@) that

Ialln < llu = wnlln + llu = Tpullp < CH2[fulls. (22)

Following the arguments in the derivation of the energy estimate, we have

Iml? = = > (. M)k
Keg,
— Z (Vn, Vi) — Z (v - V) o
Ke, Keg,

= an(mm, ) = Y (mw— Iemn v - V)
Ke,

= an(nn, V) — Z (M — e, v - (VY — Mp(VY))) ok »
Ke,

where Mp(V1)) denotes the value of Vi at the centroid of F. Hence, invoking the
elliptic regularity and (22I)

mull> < lan(nn, )| + Z |7n — fFﬁh|§,aK] [ Z v - (VY — MF(Vw))|§78K

Keg, Keg,
1 1
< an(nn, ©)] + Ch2|nnlnh2 [ ¢ ]|
< an(mn, )| + CRJulln [l ]]- (23)
Thus it remains to bound |ay (1, 1)|. For this, write
an(mn, ) = an(np, ¥ — Wptp) + ap(Mpu — u, Mptp) + ap(u — up, 1), (24)

The first term in (24)) is bounded as follows:

lan(nn, ¥ — )| < Cllnnl|all — Hpd||n
< CR?||ullsh|[¢]l2 < CR3||ullsh|nall- (25)

Since the second term in (24]) can be decomposed by

ap(pu —u, Iy) = > (Myu —u, —A(I))k

Keg,

12



+ > (Myu — u, v - VILY))

Keg,
= Y (M —u, —AllY)y
Ke7,
+ 3 (M —u,v - (VI — Mp (VL)) o -
Keg,
it can be estimated as follows:
lan(Myu — u, )| < Ch®|ulls||¢ ]2 + Ch|[ullsh? ¢ ]l2 < Ch?[|ulls|lall.  (26)

The third term in (24]) is bounded in the same fashion as
Jan (u — Ty, )| < Ch?lulls|na]l- (27)

Collecting ([28)—(27) and plugging into (24) combined with (23), one sees that the
theorem follows by deviding both sides by ||n]|- O

4 Error estimates of other Smith-Kidger elements

In this section we claim that the approximation of the solutions of the second-
order elliptic problem with Type 2 and 5 Smith-Kidger elements is also convergent
in optimal order. In these case, it is easy to check that the orthogonality in Lemma
holds. The difference during the proof lies in the construction of the interpolation
operator. For the second type element, the interpolation of #7', #z2, #;* should
be Span{1,zy, x3, Tox3,¥3}, Span{l,zy, x3, r173, 23} and Span{l,xy,zs, 179, 73}, Te-
spectively. And for the fifth type element, the corresponding interpolation spaces
should be taken as Span{l,s, 3, xox3, 23 + 23}, Span{l, 1, 3, 1173, 7% + 23} and
Span{l, zy, xo, 1172, T3 + 13}, respectively.

For Type 6 element, the orthogonality in Lemma 2 does not hold, but the Eq. (I9)
hods. Thus, we have

B = |y (/ o=t st [ Hg—yw—ﬁlww»ds)\

Keg, K
ou ou
= ——PO—)w—flerw ds
;g(/(&v 2020 (0 — s )
ou o0, Ou o
(G- rG) w-si <w>>ds)‘
< Chlfullaull,

where p ) 5
(&)= — [ Ty
* (81/) K| Jk ov "
and |K| = [ ds. By a similar derivation, we will get
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Theorem 3. Let u € H*(Q) N HY(Q) satisfy () and uy, be the solution of (B) with the
sixth type element. Then we have the energy norm error estimate:

[lu = un|ln < Chlful],
[l = unllo < Ch?|Jul]s.

5 A new 14-node brick element

In this section, we present a new element with 14-node. The degrees of freedom are
the same with those in Smith-Kidger element and Meng-Sheen-Luo-Kim element. But
the shape function space is taken as P, @ Span{x o3,z (23 + 23), xo(x? + 23), 3(2? +
73)}. Denote the corresponding higher-degree polynomials to those in () as follows:

PPN ~ o~ ~ o~ 1., 5
ro(Z1, T2, T3) = T102T3, T1(T1, T2, T3) = 5551@% + x%)v
1 1 (28)

7’2(%1,1’2,?1?3) = 5@'\2(/1’\% —Fi'\%), Tg(i'\l,i’\g,fl'\g) = 51’3(/1’\% —Fi'\g)

Then, again equipped with the 8 vertex values plus 6 face integrals DOF's, the basis
functions corresponding to the vertices and face-integrals are given exactly same as the
formulae @3)), (), and ().

In order to analyze convergence, we need to verify the orthogonality in Lemma
and Eq. (20). The orthogonality can be checked directly as in the proof in Lemmal In
order to check Eq. (20), it is enough to define the corresponding interpolation spaces as
Span{1, zo, r3, Tox3, T2+ 23}, Span{1, z1, x3, v123, 2+ 232} and Span{l, xy, T2, 179, T3+
x3}, respectively. Thus, by following the same argument as in the previous sections,
we also get optimal convergence for the second-order elliptic problems. That is, in this
case, Theorems [Il and 2] hold.

6 Further remarks and conclusions

In this paper, we have proved that for second-order elliptic problems, the Smith-
Kidger element of type 1, 2 and 5 can obtain optimal convergence order both in energy
norm and L (€2) norm, while the sixth type element loses one order of accuracy in each
norm. In the proof, the key points lie in that they have weak orthogonality (Lemma
2) and satisfy Eq. (20). In [5]. We also proposed another kind of DOFs, that is, the
values at the eight vertices and the integration values over six faces. Indeed, it is easy
to check that Type 1, 2, 5 and the new element presented in this paper give optimal
convergence orders for second-order elliptic problems. Besides, we can show that if the
face-centroid values DOF's are replaced by the face integrals DOFs, Type 6 element
also are of optimal-order convergence owing to a weak orthogonality, thus improving
one order accuracy.
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