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Abstract

This paper examines convergence and stability of the two classes of theta-Milstein schemes
for stochastic differential equations (SDEs) with non-global Lipschitz continuous coefficients:
the split-step theta-Milstein (SSTM) scheme and the stochastic theta-Milstein (STM) scheme.
For 6 € [1/2,1], this paper concludes that the two classes of theta-Milstein schemes converge
strongly to the exact solution with the order 1. For 6 € [0,1/2], under the additional linear
growth condition for the drift coefficient, these two classes of the theta-Milstein schemes are also
strongly convergent with the standard order. This paper also investigates exponential mean-
square stability of these two classes of the theta-Milstein schemes. For 6 € (1/2,1], these two
theta-Milstein schemes can share the exponential mean-square stability of the exact solution.
For 6 € [0,1/2], similar to the convergence, under the additional linear growth condition, these
two theta-Milstein schemes can also reproduce the exponential mean-square stability of the

exact solution.
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1 Introduction

During the last decades, SDEs have become increasingly important tools to describe the real world
since stochastic models have wide applications in biological systems, neural network, financial
engineering and wireless communications. Most SDEs cannot be solved explicitly, so numerical
approximations become important tools to study stochastic models. When a numerical scheme is
put forward, it is crucial that this numerical scheme can converge to the exact solution. Moreover,
it also need to describe the asymptotic properties of the exact solution such as boundedness and
stability.

Most of the existing convergence theory for numerical methods of SDEs requires the global
Lipschitz condition (see [IH3]). However, many well-known stochastic systems do not satisfy the
global Lipschitz condition, for example, the stochastic Duffing-van der Pol oscillator [4l[5], stochastic
Lorenz equation [BL[6], experimental psychology model [5], stochastic Ginzburg-Landau equation
[ML5], stochastic Lotka-Volterra equations [I,[5L[7] and volatility processes [IL[5] and so on. For
some SDEs without the global Lipschitz condition, the classical explicit numerical schemes may
not converge to the exact solution in the strong mean-square sense (for example Euler-Maruyama
(EM) scheme and Milstein scheme, please see [8/9]). Hence, numerical approximations for SDEs
without the global Lipschitz condition have received more and more attention in recent years.

For the SDEs with the one-sided Lipschitz condition (which is weaker than the global Lipschitz
condition) on the drift term and the global Lipschitz condition on the diffusion term, Hu [10]
examined convergence of the backward Euler-Maruyama (BEM) scheme and obtained that the
optimal rate of convergence is 0.5. Under an additional polynomial condition, Higham et al. [TTL[12]
and Bastani et al. [I3] proved that BEM and split-step BEM schemes converge strongly to the exact
solution with the optimal rate 0.5. Mao and Szpruch [14] showed that under a dissipative condition
on the drift coefficient and the super linear growth condition on the diffusion coefficient, the BEM
scheme is convergent with strong order of a half. Under a monotone condition, strong convergence
of BEM scheme and theta-EM scheme were investigated by [I5L[16]. Recently, there are various
explicit Euler schemes with one half order were proposed to approximate the SDEs with non-global
Lipschitz coefficients, see [I7H20] and the references therein. However, it is still an important and
difficult work to look for more appropriate conditions to obtain the strong convergence rate of the
numerical schemes for SDEs without the global Lipschitz condition.

The explicit Milstein scheme for SDEs developed by Milstein [2] can obtain a strong order of
convergence higher than Euler-type schemes. Hu et al. [2I] extended this scheme to solve SDEs with
time delay. Implicit Milstein schemes under the global Lipschitz condition were studied by Tian and
Burrage [22], Wang et al. [23], Alcock & Burrage [24]. The tamed Milstein scheme was investigated
in [25] for SDEs with non-global Lipschitz coefficients. Recently, Higham et al. [26] proposed a new
Milstein scheme, named as (6, 0)-Milstein scheme, and investigated its strong convergence when
SDEs hold polynomial growth for the diffusion term. However, the strong convergence rates of
the implicit Milstein schemes for SDEs with non-global Lipschitz coefficients has not yet been well

investigated.



Stability of numerical solutions is another central problem for numerical analysis. The mean-
square stability of numerical methods for linear stochastic differential equations have been studied
by [27H29]. For nonlinear SDEs, Higham et al. [30] showed that the BEM and the split-step BEM can
reproduce the mean-square exponential stability of the exact solution. Recently, without the global
Lipschitz, Huang [31] and authors [32,33] presented conditions under which the stochastic theta
method and split-step theta method can not only reproduce the exponential mean-square stability
of the exact solution, but also preserve the bound of the Lyapunov exponent for sufficient small
stepsize, which measures the decay rate of the numerical solutions. However, there is little work
on the mean-square stability of the theta-Milstein schemes for SDEs with non-Lipschitz continuous
coefficients.

The main aim is to examine the boundedness and the convergence rate as well as the expo-
nential mean-square stability of theta Milstein schemes for SDEs with non-Lipschitz continuous
coefficients. This paper is organized as follows. The next section presents some necessary nota-
tions and preliminaries, and then introduces the stochastic theta-Milstein scheme and the split-step
theta-Milstein scheme. Section 3 establishes the uniform boundedness of the pth moments of the
theta-Milstein schemes and shows that for 6 € [1/2, 1], these two classes of theta-Milstein schemes
are bounded in the sense of moment, but for § € [0,1/2], the linear growth condition on drift is
added to obtain the moment boundedness of the theta-Milstein schemes. Section 4 proves that the
theta-Milstein schemes strongly converge to the exact solution with the order 1. The final section

investigates the exponential mean-square stability of these two classes of theta-Milstein schemes.

2 Notations and preliminaries

Throughout this paper, unless otherwise specified, we use the following notations. Let |- | denote
both the Euclidean norm in R™. If z is a vector, its transpose is denoted by z! and the inner
product is denoted by (z,y) = z’y for z,y € R™. a V b represents max{a,b} and a A b denotes
min{a,b}. N, represents the positive integer set, namely, N; = {1,2,3,...}. Let (,§,P) be a
complete probability space with a filtration {Fi}:>0 satisfying the usual conditions, that is, it is
right continuous and increasing while §, contains all P-null sets. Let (w(t)):>0 be a one-dimensional
Brownian motion defined on this probability space.
Let f,g : R™ — R"™ be Borel measurable functions. Let us consider the n-dimensional SDE of
the form
dz(t) = f(x(t))dt + g(z(t))dw(t), t>0 (2.1)

with initial data z(0) = z¢p € R™. Assume that f and g satisfy the following assumption:

Assumption 2.1. Assume that the functions f,g € C' and there exist constants p € R and ¢ > 0
such that for any z,y € R"

(@ =y, f(z) = f(y) < ple -yl (2.2)

l9(z) — g(y)|* < clz —y|*. (2.3)



Remark 2.1. From conditions (2.2)) and (23]), we have the following monotone condition
(@, f@) Vlg@)* < o+ flaf’, z € R, (2.4)

where ] 1
= §\f(0)]2 Vv 2[g(0)]* and £ := (u + 5) V 2c.

It is well-known that existence and uniqueness of the global solution of the SDE (Z1I) can be
guaranteed by the local Lipschitz condition and the monotone condition (or general LV condition)
(see [34]). Since f,g € C' implies that f and g satisfy the local Lipschitz condition, the monotone
condition (Z4]) can guarantee the existence and uniqueness of the gloal solution for the SDE (2.1]).
This implies that Assumption 2] can guarantee the existence and uniqueness of the global solution

of the SDE (2.1)).

According to the monotone condition (2.4]), we can present the following lemma (see Lemma
3.2 in [I1]).

Lemma 2.2. Under Assumption (2], for each p > 2 there is C = C(p,T) > 0 such that
E[ sup le(®)F] < C(1+Eleol?).
0<t<T
In what follows, for the purpose of simplicity, let C' represent a generic positive constant inde-
pendent of the stepsize A, whose value may change with each appearance.
Fixed any time 7" > 0 and given a stepsize A = T'/N for certain integer N, we introduce the

split-step theta-Milstein (SSTM) approximation

{ yr = 2k + 0f (yr) A,

(2.5)
Zk4+1 = 2k + f(yk)A + g(yk)Awk + %ng(yk)(\Aka —A), k=0,1,2,...,N.

where yo = 2(0), 20 = yo — 0f(v0)A, 0 € [0,1], L' = g(:p)a% and Awy, == w((k + 1)A) —w(kA) be
the Brownian increment. This scheme {2 };>0 can be considered as an extension from the split-step
theta method developed by our previous work [31]. It is interesting that the approximation {y }r>0
in (2.3 is in fact the stochastic theta-Milstein (STM) approximation

P = v+ 05 (ra)D + (1= 0)fIA + gl A+ S L g(y) (Aunl? ~ A), (26)

which can be proved by substituting zy = yx — 0f(yx)A into the second equation in ([235]). The
STM (2.4), investigated in [35] for linear scalar SDEs, can be consider as the special case o = 0 of
the (0, 0)-Milstein scheme developed by Higham et al. [26]. When 6 = 0, {zx}r>0 and {yx }x>0 are
the classical Milstein approximation proposed in Milstein [2]. When 6 = 1, {yj}r>0 becomes the
drift-implicit Milstein scheme, which was investigated in [36]. Since theta-Milstein schemes (2.5)
and (2.0]) are semi-implicit when € € (0, 1], to guarantee that they are well defined, we restrict the
stepsize A satisfying fuA < 1. This, together with the one-sided Lipschitz condition (Z2]), the
equation
y=z+0Af(y)

has unique solution y = Fa ¢(z) for any z € R™.



3 Uniform boundedness of pth moments

In order to investigate the boundedness of pth moments and convergence of the two classes theta-
Milstein approximations, we need the following assumption, which is standard for the classical

Milstein scheme.

Assumption 3.1. Assume that the functions f,g € C? and there exists a constant o such that for
any x,y € R"
IL'g(x) — L'g(y)|* < alz —y[*. (3.1)

Then let us investigate the pth moment boundedness of the theta-Milstein approximations for
0 €[1/2,1] and 0 € [0,1/2), respectively.

Theorem 3.1. Let Assumptions [21] and [31] hold, 0 € [1/2,1] and let A < A* =1/(205). Then
for each p > 2

E[ sup \zk\p]SC (3.2)
kAE[0,T]
and
E[ sup |yk|p}§C’. (3.3)
EA€[0,T]

Proof. By the second equation in (2.3]),

zel? = |zl + 1 f () PA% + i|L19(yk)(|Awk|2 - A))?
+202] f(yr) + (9(yr) Awg, L' g(yi) (| Awg|* — A))
+2(zk + f(yr) A, 9(yr) Awy, + %ng(yk)(mwk!z = A)) + |g(yr)1?|Awg|?
= |z 4+ 2807 F(ur) + 2lg(ye) P Awi > + (1 — 26)| f (yx)|*A”

1 2
+§|ng(yk)|2(|Awk|2 — A+ §<yk — (1 —0)z1, g(yr) Awy,)

—I—%(yk — (1= 0)zp, L' g(yr) (|Awg|* — A)),

where we used the equation z; = yi — 0 f(yr)A. Note that 6 € [1/2,1]. By (2.4]), we have

1
lzes1® <zl + 2(a + Blye))A + 2|g(ye) | Awg | + §!ng(yk)!2(!Awk\2 —A)?
1-0

2 0 Ak — 2 e ) A+ 5 o, L) (A — )

0
L L) (A ? — A)),

o




which implies

k k
|2k < PMZ+2dr+ﬁﬂ§jkmz+2§:m@0mAw#
=0 i=0

k k
1
+3 Z(wal () (|Awil® = M)+ 2> (wir 9(yi) Auwi)
=0

| [\

k
1-06
-2 Z(zzy yz sz Z ‘L g yz ‘szP )

We therefore have

orleal® < (ol + 2070+ A (3 1) + 20 (3 lotwi) Plawif)”

=0 i=0

k k
2| Dt L g(wa) (A = AD|"+ 47| 3 (i glwi) A |
i=0 1=0

k k
27| 3Gt )| +277 (3 1L g i) P (A - A)?)

i=0 i=0
k

+ D0 L) (i — A (3.0
=0

Note that y; is §;- measurable while Aw; is independent of §;. Hence, for any integer m < N,

k

sup > [g(yi) Aw| p}
0

<k<m . _
m_

Z |9(yi szlz”]

=

k
E : P
E( sup ’9(%)‘2’Aw2]2> S p 1E|:
0<k<m )
= Np—lE[

- Z 9(y:)[*PE| Aw;|?P

IN

CAY Ela+ Blyi*]P

7

@
i
o

Ela? + 37|yi[ ]

NE

IN

CA

.
o

C+CAY Ellyil™), (3.5)
1=0

IN



where we also used (2.4]). Using the Burkholder-Davis-Gundy inequality, we have

[Sup ‘ZyTLl g(y) (| Aw;|? — )>‘P] < CE[iIyilzlng(yi)FAﬂph

0<k<m i—0 i—0

CAP(m+ 1)1y By *IL'9(0)* + olyil 17

<
i=0

< CAPP 4 CAPPFLN " Ely, 7], (3.6)
=0

E[ sup ( Zk:yiTg(yi)Awi

I—l’E
IN

E[Y iPlow)Pa]”
=0

0<k<m ' i)
< CAPP(m+ )PP Jyilla + Bly P
=0
< C+COAY 1 +E[yl*), (3.7)
i=0
E[ sup ‘Ek:zTg(yi)Awi p] < C’E[i|zi|2|g(yi)|2A]p/2
o<k<m | = - 0
< CAPP(m+ DPPTIRY |zl o+ Blyil
=0
< CAY [L+E[ul™ + CAY K[z, (3.8)
i=0 1=0
and
K p ik p/2
E[ swp |3 Lglm)(aw? - A)[] < CE[D 2Pl g(y)2A%)
Osksm g i=0
< CAP(m+ 1PN Rz 1L g0 + oyl
=0
< CHCAD) Ellyl?)+CAD E[]™). (3.9)
=0 =0



Similarly, we have

k k

p
B( s S ItmR(duf - 4)2) < N[ sup 3 (LG Aw -

0<k<m ;= k<m

0 =v=""14=0
= Np_lE[Z 9(yi) (| Aw;|* —
< NS EIL ) PRI A

= CAY E[L'g(O)P + oy

7,

~
Il
o

CAY E[L'g(0)]* + olys|*]

NE

<.
[e=]

IN

C+CAY Ely:l).
=0

Combining (3.0)-B10) with (34) yields

m m
E| sup |4 < C+CAY Elul”]+CAY Ellyl*)
0<k<m+1 i=0 i=0

IN

=0 0<k< i=0 <k<i

Using zx = yr — 0f(yx)A and (24), we have

26l = lykl® — 2098 f(ye) A + 02 A% f (ye) |2
> (1-20A8)|yl* - 20Aa,

that is,
(1= 20A8)|ykl* < |2]? + 20Aa,

which together with ([BI1]) implies that for A < A*

E[ sup |zk|2p] <C’+C’AZE[ sup |zk|2p]
0<k<m+1 0<k<i

Using the discrete-type Gronwall inequality and noting that (m + 1)A < T give

E[ sup |zk|2p]§C’.
0<k<m+1

This together with (B12]) gives the desired assertion (B.3)).

The following theorem gives the moment boundedness for 6 € [0,1/2).

C+CAZE[ sup |yk|2p] +CAZE[ Sup |Z’“|2p}

)|
a2 |
AP
(3.10)
(3.11)
(3.12)
(3.13)



Theorem 3.2. Let Assumptions[21 and[31 hold, 6 € [0,1/2) and let A < Ay =1/(205) (A1 = c©

if 0 =0). If function f satisfies the linear growth condition
(@) < K(1+ |2[?),

then for each p > 2
E[ s |yl <c

kAE[0,T]

and
E[ sup |zk|p] <C.

EA€[0,T]

Proof. By (23,
1
zee1l? = |zl® + 20z, Fy) A + g(yr) Awy + §L19(yk)(|Awk|2 —A))
1 9
() A + gyr) Aw + S L g () (| Awe|* = A)

Note that

2k =y — 0f (ye) A
Substituting this into (BI7) produces

1
21l < 2kl 20y, Fyk) A + g(yr) Awy + §ng(yk)(\Awk!2 —A))

HOA| £ (i) [P+ 21 f (yi) A + g(yi) Awy, + 1ng(yk)(mwky? — AP

< el 4 20 £ ) A + 291 g(ye) Awy, + i Ll 9(r) (| Awg|* — A))
+TA2| f (yi)|* + 6]g(yr) Awg|* + 3| L g(yr) (|Awg|* — A)[?
<zl + Qa4+ 7|f(0)PA)A + (28 + TKA) |y [*A

+2yF g(yr) Awg, + it L g(yr) (|Awg)* — A))
+6]g(yk) Awg|* + 3| L g(y) (| Awy|* — A%,

which implies

k
ze1l? < Jz0l + Qo+ TIF(O)PA)T + (28 + TKA)AY |yl
i=0

—|—2§:yZ 9(yi) Aw; + E:yTL1 D(|Aw;|? — A))

k
6 lg(ys) Ayl + 32 1L g(y) (| Ay — A)[2.
=0 i=0

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



Similar to (B.4]), we have

1
6v—1

k
et < (ol + Ca+ TIFO) AT + 28+ TEAPA? (S i)’
=0

_1_2;0‘ Zyz yz sz + ‘ ZyTLl yl |Aw2|2 )>

‘p

k
+6p(2 g Awil?)" + 37 (3 1E g (Awi? — A)F)" (3.20)
=0

1=0

Combining B3)-B1), BI0) with B20) yields

E[ sup |zk|2p} < C’—l—C’AZE (i) %),
0<k<m+1 et

which together with (BI2]) implies

E[ sup |zk|2p} <C’+C’AZE|y2|2p <C’+C’AZE [ sup |z]%P].
0<k<m+1 i—0 i—0 0<k<i

Note that (m + 1)A < T'. Using the discrete-type Gronwall inequality gives the desired assertion
(3I6). Similarly, using (312) and (BI6) gives another desired assertion (3.13]). O

Remark 3.1. For 6 € [0,1/2), the linear growth condition (8.14) may be necessary for guaranteeing
the moment boundedness of the theta-Milstein schemes. This fact can be found in [32, Lemma 3.2]

and [8,[9].

4 Convergence of the theta-Milstein approximations

Let us now introduce appropriate continuous-time interpolations corresponding to the discrete
numerical approximations. More accurately, let us define the continuous solutions z(t) and y(t) for

t € [ty trr1) as follows

2(t) = z(tr) + (¢ = te) f () + g(y) (w(t) — wltr)) + %ng(yk)(!’w(t) —w(ty)|* — (t ),

y(t) = Fae(2(1)),
(4.1)

with 2(0) = 29 = yo — 0Af(yo), where t;, = kA. Note that z(t) = y(t) — 0f(y(¢t))A. Then the
continuous-time approximations z(t) and y(t) are §;- measurable. In our analysis it will be more

natural to work with the equivalent definition of z(t)

0+ [ 1wnis+ [ s + [ [ L), @2)

where § = t; for s € [tg,tg+1). Note that z(tg) = zx and y(tx) = yr. We refer to z(t) and y(t) as

the continuous-time extensions of the discrete approximations z, and ¥y, respectively.

10



In what follows, we also use Taylor’s formula frequently. If a function A : R™ — R" is twice

differentiable, the following Taylor’s formula holds

h(z(s)) = h(2(3)) = B (2(8))(2(s) — 2(5)) + Rs(h), (4.3)

where Rg(h) is the remainder term defined by

1
Ry(h) = /0 (1 =)W (2(8) + 7(2(s) — 2(8)))(2(s) — 2(3), 2(s) — 2(3))dr. (4.4)
Here for any u,v € R™ the derivatives have the following expression
B () (u) = gfiul, R () (u,v) = %u%ﬂ.
i=1 ij=1
Replacing z(s) — z(8) in (@3] with (@I]) and rearranging lead to
(x(s)) — h(es) = K [ g(u(E)du(s)) + Ry(h), (4.5)

where
Ry(h) = 0(=(5)) ((5 — )£ W) + 5L a() ((s) — w(s) — (s~ ) + Ra(h).
In order to obtain the strong convergent rate, we also need the following assumption.
Assumption 4.1. There exist positive constants D and q such that for all x € R"
[f' @)V (@) < D1+ |x|) (4.6)

and
9" ()| < D. (4.7)

Let us firstly give the convergence theorem of the theta-Milstein schemes for 6 € [1/2,1] as

below.

Theorem 4.1. Let Assumptions [2, [31 and [[-1] hold, 6 € (1/2,1] and let A < A* = 1/(205).
Then for any p > 2,

E[ sup |z(t) —z(t)|p] < CAP (4.8)
te[0,7
and
E{ sup |z(t) — y(t)\p} < CAP. (4.9)
t€[0,T

To prove Theorem 4.1], we need the following lemmas.

Lemma 4.2. Let the conditions in Theorem [{.1] hold. Then for any p > 2,

sup [ELf(ul’| v sup [EIf ()| v sup [BIf" ()] < C (4.10)
0<k<N 0<k<N 0<k<N
and
sup [Elg(ui)l’| v sup [BIL'g(u)?] < C. (4.11)
0<k<N 0<k<N

Moreover, replacing yy by z;, @IN) and [@II) are also true.

11



Proof. By the polynomial growth condition (&6]), the global Lipschitz condition for g and L'g and

Theorem [3.I] give the desired assertions immediately. O

Similarly, we can use the polynomial growth condition (Z6]), the global Lipschitz condition for

g and L'g and Lemma to obtain the following lemma, whose proof is omitted.

Lemma 4.3. Let conditions in Theorem [[.1] hold. Then for any p > 2,

5w [BISEOI| v s [Bf@@F| v s [Blf @] <0 (4.12)
and
s [Blaue)P] v sw [BILlgw@)P] <c (4.13)

Lemma 4.4. Let conditions in Theorem [{.1] hold. For any p > 2,

E{ sup ]z(t)]p] \/E[ sup ]y(t)]p} <C (4.14)
te[0,T] t€[0,7]
and
E[ sup |2(t) —y(t)|p] < CAP. (4.15)
te[0,7

Proof. For any p > 2 and ¢ € [0, 7], by (£2),

E( sup |z(s)|p> < 4PTIE[2(0)|P 4 4P 1E‘/ |f(y |ds‘ 4p_1E sup ‘/ y(3)) p)
s€[0,t] s€[0,t]
+4p_1E sup ‘/ / Llg( (u)dw(v )‘p>. (4.16)
s€(0,t]

Using Lemma 42 we have

E(/ Fenlds|” < C’IE/ F(y(3)Pds < C. (4.17)

Applying the Burkholder-Davis-Gundy inequality and Lemma yield

p
sup ‘/ ) < ¢E /]g \zds
s€(0,t]
< C/ Elg(y(8))|Pds < C (4.18)

and

IN

[ Eat@nu a)”

t
cpIE(/
o 'Jy

t
CAv/? / E|L g(y(5))Pdv
0
< C (4.19)

sseuopt ‘/ / Lol (u)dwlv )>p

IN

12



where ¢, is a constant dependent on p. Therefore, {{I7)-(ZI9) and (ZI6]) produce

E{ sup \z(s)\p} < C,
s€[0,T

which together with [312]) gives
E[ sup \y(s)\p] <C.
s€[0,7T

Note that z(t) = y(t) — 0f(y(t))A. Hence (4I5) follows from (ZI4]). O

Lemma 4.5. Let conditions in Theorem [[.1] hold. For any p > 2 and t € [0,T],
Elz(t) — z(f)|P < CAP/? (4.20)

and
E|z(t) — z(f)]P < CAP/2, (4.21)

Proof. By (21 and the Burkholder-Davis-Gundy inequality, we have

Elo(t) — o) = C’IE|/ @ ds|p+C’IE|/ $))duw(s)[?

IN

cart [ifeoyras + o] [ genpal” < ca
3
where we also used Lemma 4.3l By (d.1]), we have

Elz(t) — 2P = CAPE|[f(y(#))I" + CE|g(y(f))(w(t) — w(f))[P
+CE[L'g(y(£)) (Jw(t) — w(@)[> — (t —£)[?
< CAPE|f(y()PP + CAP2E|g(y(D))|P + CAPE|L g(y(D))I?.

Then we obtain (£2I]) from Lemma O
Lemma 4.6. For anyp >2 and t € [0,T],

E|R:(f)|P < CAP. (4.22)
Proof. By the definition of R(f), we have

BR(AP < AP%E|F O O)P + 3 EIR)P
AT (0)(E oy 8) P ut) — w®F — (¢~ )

By Lemmas [£4] and as well as Assumption LTl we can obtain E|R;(f))[P < CAP. By Lemma
12l we can obtain the desired assertion ([Z22). O
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Proof of Theorem[{1] Let e(t) = x(t) — z(t). By (£2) and (21]), we have

e(t) = e(0) + /0 F(a(s) — Fy(s)lds + /0 9t(s) - o6(3)) ~ | "L g(y(a))dw(w)]du(s). (4.23)

S

For the purpose of simplification, define G(s) = g(x(s)) — g(y(3)) — [ L*g(y(@))dw(u). Applying
k

Ito’s formula to |e(t)|* gives

t
0

P = ()P + /0 G(s)ds +2 / (e(s), G(s))dw(s) +2 /0 (e(s), £(x(5)) — F(y(5)))ds

IN

92A2\f(x(0))]2+/0 \G(s)]2d3+2/0 (e(s),G(s)>dw(s)+2,u/0 le(s)|?ds

2 /O (e(), F(=(3)) — F(y(3)))ds +2 / (e(s), F(2()) — F(=(3))ds

0

t
= AP f(2(0))]* + Ji(t) + Jaot) + 2u/ le(s)[*ds + Ja(t) + Ju(t). (4.24)
0
Applying It6’s formula for g(x(s)) gives

o(a(s)) = 9l (@) + [ Lgatu)dut) + [ (go £)au)du, (4.25)
where (g o f)(z(w))) = ¢ (z(w))f(z(u)) + jtrace{g(z(u))” g"(z(u))g(x(u))}. Substituting E25)
into G(s) and using the Burkholder-Davis-Gundy inequality and Hélder’s inequality yield that for
any p > 2,

ElG(s)P < 477'Elg(2(5)) — g(y(3))]P + 47 'E !

[ 1 gtatw) - Lgla(@ldutu)

st / “(go 7)(w))du]”

Ls[LW(Sﬂ(ZZ)) — ng(y(ﬁ))]dw(u)‘p R
/: |x(u) — x(ﬂ)mds‘

s /2
+C’IE‘/ () — y(o)ds|" + Cav

p/2

IN

CE|z(3) —y(5)] + CE

IN

CE|z(3) — z2(3)|P + CE|2(5) — y(3)|P + CAP/>~1E /s |z(u) — x(a)|Pds

+CAPIE / (@) — 2(a)|Pds + CAP2IE / (i) — y(@)[Pds + CAP
< CEJe(s)]P + CAP,

where we also used Assumptions 2.1l and [3.1] as well as Lemmas 2.2], [1.2] Hence,

E[ sup [7()P?] = CE / G(s)Pds < C / E|e(5)[Pds + CAP. (4.26)
0 0

te(0,r]

Using the Burkholder-Davis-Gundy inequality and the Holder inequality yields that for any p > 2

14



and r € [0, T

t /2
E[ sup [BOF?] = 27E sup /<e(s) G(s))dw(s )(p
te[0,r] te(0,r]
< 2%, E / |{e \2ds
/2 9 p/
§2ch sup] )| \G ]ds
s€[0,r]
where ¢, is a constant dependent on p. Recalling the fundamental inequality: 2ab < K1a2 + 2 ! b2
for any a, b, k1 > 0 yields
/2 p/2
E| sup |J2(t)[P } < /{1E|: sup |e(s) |G )2 ds
te[0,r] s€[0,r]
< /{1E|: sup |e(s)[? —I—C/ Ele(s)[Pds + CAP. (4.27)
s€[0,r] 0

Similarly, using Holder’s inequality, Assumption 1] and Lemma [£4] we have

E[ swp [50P?] < CE / le(s)|Pds + CE / (2 5))Pds
te(0,r]
< c / Ele(s)Pds + C / VEQ T 2@ 1 [y (B0 PE[(3) — y(5)Prds
0 0
< C / Ele(s)[Pds + CAP. (4.28)
0

Now, let us estimate Jy. Using (Z3]) produces

5o = 2 [ (e @ [ stu@aut) + () )ds

= o [ (etnreen( [

o(3))du(w) yds +2 | (@(s) = (). R}

< Jun / le(s)|2ds +/ Ry(f)[2ds, (4.29)
where Jy1 () = 2 fo NS gy (u)))ds. Tt is easy to deduce from Lemma EL6] that
sup / |Rs(f)? ds < CAP. (4.30)
te[0,r]
Noting that e(s )+ [C1f — f(y(8)]du + [ G(u)dw(u), we have

i / / V() (w)ds
+9 /0 /s G(u)dw(u), f'(z s))(/s g(y(g))dw(u)>>ds

w2 [ [ ) - re@n s o [ owem) s
= Ja(t) + Jua(t) + Jus(t).

15



For any ¢ € [0,T], let ky, = max{k > 0,t; < t}. Define § :=¢; for t;_1 < s < t; and § := ¢ for
tp, < s <t. Applying Fubini’s theorem, we can obtain

Jn()/2 = Z / / (ti1), (=t g (b)) du(u)ds

/ [ et 7w ot i

- Z / [ et )t st
/ [ teltw. e Dot st

= ;/til(ti —u){e(ti—1), f'(z(ti—1))(g(y(ti=1))))dsdw(u)
- (t = w)lelti,), £'(2(15,)) oyt

= /0 (@ —u){e(@), f'(2(@))(g(y(w))))dw(u).

For any k9 > 0, using the Burkholder-Davis-Gundy inequality, Holder’s inequality and Lemma

gives
B s 1m0 < oE( [ 26w, £emopmmia)”
< oB( [ 2eP A @) o@) du) "
< (2 Ju e le(s) 2 A% / f'(2 )| dU> o
< B[ s fel)F] + i:/zApE /O |f'<z<a>><g<y<a>>>|2du)”/2
< R2E|:821[10pﬂ|6(8)|p:| + CAP, (4.31)
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Similarly,

5w 170r?] < e [[( [ ctutn, e [ o))"
C/T\/E‘/SGudwupE‘/sf’zé y(3) dwu(pds
0/ \/ (/ G(u |2dup/IE‘/ f/(= )[2dul”” ds

: C/o \/ are / E’GW)!”du " BIP) (9y(5))) pduds

A

IN

IN

< / " /AERG) + Alds
OT
< c /0 Ele(3)|ds + CAP. (4.32)
In order to estimate Jy13, we divide it into the following three parts
st = 2 [ { [ttt - ste@an e ( [ o)) s
v2 [ ([ Ut - @i o) [ @) s

v2 [ ([ Ut - s, e ( [ o)) s
— L)+ Bt + L), (4.33)

Using the Burkholder-Davis-Gundy inequality and Holder’s inequality give that for any p > 2,

E[tz%p]lh( )Ip/z}

<ce [|( [ de(())</s (y(5) oo >)>”/ds
<0/¢‘/ duE‘/f’ ‘ps

<C/ \/AP 1/ E|f(z @))[Pdu /2= 1/ E|f(2(5))(9(y(5)))|Pduds

< / VAP TAAP/2AP/2-1Ads < CAP, (4.34)
0

17



where we used Lemma £2 and Similarly,

p/2

erye [ ([ 1@ - fola reen( [ sue))[ s
of |z
0
<cf \/ AVBIF((5) ~ )l [P glol) rduds
< C / ' V APAPAP/2ds < CAP. (4.35)
0

IN

E| sup |I(t)"?]
te[0,r]

IN

[ @) - @ e [ FeEe) )| s

Applying Fubini’s theorem obtains
L) = 2 /0 /s<s—s><f<x<s:>>—f<z<s:>>,f'<z<s:>><g<y<s:>>>>dw<v>ds
. /O [ (5= 9 (5) = FE19). () aly(3)dscdue).

Therefore,

p/4

[ 6= 0 @) - @)1 @) @) @)

E[ sup [5(0)P7] < CE(/O
[ 6= wpasts e - 160, e 6uEN| @)

te[0,r]
t
CE /
(
p/2

e [ Bifa(o) - F@). 1 o) e @
< CAP. )

IN

IN

By (@34)-(@.34]), we obtain from (£.33))

E[ sup [Jus(t)"?] < AP,
te(0,r]

which together with (£31]) and (£32]) implies

E| sup [Ju()”?] < 3727 (B[ sup [T (O)P?] +E| sup |Jua(t)?]
te[0,r] te[0,r] te[0,r]

B s, a7

< 9B sup )] +C [ Ble)Pds+oan (137)
s€[0,7] 0

Combining (437), (A30) with (£29) gives

B sup |1(OP?] < 3 2B sup [e(o)] +C [ Ble)lPds + car 4. [ Bles)ds.
te[0,r] s€[0,r] 0 0

18



Let r = (k1 + 3P 2k2)6P/2~ 1. Combining @26), (E21), @E2S), @E38) and @24) produces

B[ sup e)F] < 6/ 12E[sup P2+ carc [lepds

te[0,r] te[0,r]

IN

KE[ sup |e(s)|p} +C’AP+C’/ E[ sup |e(u)|p]d8

s€[0,7] u€e(0,s]

Therefore, letting x1 and ke be sufficiently small such that x < 1, we have

[ sup |e(t |p < C’/ sup |e( )|p]d8—|—C’AP. (4.38)
te[0,r] u€el(0,s]

Thus, the result ([A.8)) follows from the Gronwall inequality. The desired assertion (4.9]) follows from

(&3] and Lemma (441 O

For 6 € [0,1/2], we can use the similar techniques to obtain the following convergence theorem.

Its proof is omitted.

Theorem 4.7. Let Assumptions 21}, [31 and [[1] hold, 0 € [0,1/2) and let A < Ay = 1/(2053)
(A = oo, if @ = 0). If the function f satisfies the linear growth condition [BI4), then for any
p > 2 we have

E[ sup |z(t) —z(t)|p] < CAP
te[0,7

and
E[ sup |x(t) — y(t)|p} < CAP.
te[0,7]
Remark 4.1. Convergence for 6 € (1/2,1] in Theorem FT] are partially based on the Assumption
211 This does not imply that condition (23] in Assumption [Z]is necessary. For example, Kloeden
and Neuenkirch [37] showed that the semi-implicit Milstein scheme (STM scheme with 6 = 1)
converges to the exact solution for the Cox-Ingersoll-Ross process, whose diffusion term is non-

Lipschitz continuous.

Remark 4.2. Higham and his coauthors [I1,[12] showed that the split step backward Euler and
backward Euler schemes strongly converge to the exact solution with the standard order 0.5. In
fact, by the similar skills used in the proof of Theorem [.1] we can show that the convergence rate
0.5 holds for theta-Euler schemes (split-step theta and stochastic theta schemes) with 6 € (1/2,1].
Moreover, for the SODE with additive noise, that is, g(z) is a constant, then L'g(z) = 0, the
theta-Milstein schemes are degenerated to the theta-Euler schemes. Hence, our convergence results
show that the theta-Euler schemes (6 € (1/2,1]) is convergent with order 1, which is a new result
for the SODE with one-sided Lipschitz and polynomial Lipschitz continuous drift.

In this section, although the strong convergence results for the theta-Milstein schemes are
established under Assumptions 21| B.1] and E1], the following exponential mean-square stability
only depends on the one-sided Lipschitz condition (2.2)) and the local Lipschitz condition.
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5 Stability analysis of the theta-Milstein schemes for SDEs

For the purpose of stability, assume that f(0) = ¢g(0) = 0. This shows that (2] admits a trivial
solution. Then inequality (BI) in Assumption Bl becomes

ILlg(2)? < ofaf?. (5.1)

In this section, we assume that f and ¢ satisfy the following local Lipschitz condition, which is

classical for the nonlinear SDEs.

Assumption 5.1. (Local Lipschitz condition) f and g satisfy the local Lipschitz condition, that
is, for each j > 0 there exists a positive constant K; such that for any x,y € R™ with |z| V |y| < j,

|f(@) = f()| Vg(z) — g9(y)| < Kjlz —yl. (5.2)

To investigate stability of numerical approximations, let us firstly give the stability criterion of

SDE (Z1)) (also see [34]):

Theorem 5.1. Let Assumption [51] hold. If there exists a positive constants ~y such that for all
z,y € R,
207 f(x) + |g(@)] < —lal?, (5.3)

then the solution of (211 has the property
Elz(t)|* < C(xo)e ", (5.4)
where C(xg) is a positive constant dependent on the initial data xg.

Under the one-sided Lipschitz condition (Z2]), we define

1
—, 6 €(0,1), and > 0,
00, 0=0or pu<0.

When A < A*, the two classes of theta-Milstein schemes are well defined. Moreover, we have the

following stability result.

Theorem 5.2. Let the conditions in Theorem [51] hold. Under condition (5.)) and the one-sided
Lipschitz condition (22), the following two stability results hold.

(i) Let 0 € [0,1/2]. If there exists a positive constant K such that for any x € R™,
|f(@)]* < Klaf?, (5.5)

then for any A < A} = (1_29);(_1_050/\A*, ke Ny,

E|z|? < Cao)e ™ 2 and  E|yg|? < C(xg)e 254,

v —(1—-20)KA — 0.50A A).

1
where yao = N log (1 — (11 0AVE)?
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2
(1i) Let 6 € (1/2,1]. Then for any A < A5 = T A A*, ke Ny,

-
E|z|? < Cao)e ™F2  and  E|yg|? < C(xzg)e 254,

[ (20-1)(y ~0504)A
( 20— 1+ (y— 0.50A)A92>'

1
where YA = N log

Proof. For any large [ > 0, define the stoping time
AN =1inf{i >0:|y;| >1 or |z|>1}. (5.6)

It is observed that |yp—1| <, |zx—1| <[ for k € [0, \;]. By 2.5),

1
24l < 41 [P+ 1 1) PA? + () P Ak + 1L g (1) Pl A P = A,
Then we can obtain that

Ellzk* 1o (k)] < 4% + 4E[| £ (yr—1)|* 10,0 (k)] A% + AE[|g(yr—1) | Awp—1[* Lo 1 (k)]
FEIL gl 1) Pl| A — AP 5 (R)]
2 2 2 4 4 1/2
< AP+ B[ (gr1) P10, (R)]A? + 4(Ellg (1) * Lo 0 (R)IEN Ay 1)
/
+(BIL g ) 10 (WIEL (A1) — A1)

where we used Holder’s inequality. Making use of the property E[Awg|*] = (20 — 1)IAY we
have E[|Awg_1]*] = 3A2 and E[|(Awg_1)? — A[Y] < 23(E[|Awy_1[?] + A*) = 23(7!! + 1)A*, where
(20 — 1N = (20 —1)(2¢ —3)---3-1 for i = 1,2,.... By Assumption 1] and (&), it is easy to
deduce that [f(yr—1)[*1x (k) < KPP |g(yr—1)|"1oa (k) < KH* and |[Llg(ye—1)[* L0 (k) <

o21*. Therefore,
Ellzk* 1,0 (k)] < 4017 + 4K71PA? + 8KPPA + 4TI + 1012 A =: K(1), (5.7)

which together with 2z = yr — A f(Yr, Yr—m) and 227 f(z) < —v|z|? yields

l26|? = |ynl® — 20y fyr) + | £ () PA%02 > (1 +70A) |yi|*. (5.8)
Hence,
Ellyel*1p,0, (k)] < K(1). (5.9)
By R.3),
1
lzes1” = |zl + [f (ye) PA% + Z\ng(yk)(\Aka — A+ (g(ye) Awg, L' g(yr) (| Awy|* — A))

+2(zr + f(yr) A, g(yr) Awy + %ng(yk)(’Aka — A)) + |g(ye) P | Awy | + 282 f(yr)

1
2?4 200 Fyr) + [g(yr) PA + (1 — 20)| f (ye) A% + §A2\ng(yk)’2 + my,
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where my, = 2(yx, + (1 — 0) f (yr)A, g(yx) Awy + 5L g(ys) (|Awg > — A)) + [g(yr) [P (|Awg[* — A) +
(9(yx) Awg, L'g(yr)(|Awg]* = A)) + 1|1L g (yr) P[(|1Awg[* — A)? — 2A%]. Using condition (5.I) and
the coupled condition (B.3]), we get

21| < Janl? = v ALYkl + (1= 20) A% f (yn) [P + 0.5A%0 [y |* + my. (5.10)
Case (i) 0 €[0,1/2): Note that the linear growth condition of f and (B.3]) imply
9@ < 2T F(2) < 2 + |f (@) < (1+ K] (5.11)
From conditions (5.1]), (5.5) and (511, there is a positive constant C' such that
img| < [C + ClAwg|* + C|Awg]*yr*. (5.12)

Noting that y;, and 1o, )\l](k‘) are §ra- measurable while Awy, is independent of 1A, then we obtain
from ([B.9) that E[my1)9 (k)] = 0. The linear growth condition (2.3]) gives

lzie1]? < lzwl® +[(1 = 20) KA 4 0.50A — y]Alye|* + ma. (5.13)

Then for A < A7 and sufficiently large [, by (0.10) and using linear growth condition (5.5]), we have

(kAN)—1 (kAN)—1
e <l + [0 - 20)KA+050A =AY P+ Y m
i=0 =0
k—1
< |Zo|2—|—21[07)\l](i)mi. (5.14)
=0

Hence, for A < A%, E[|zkan, |?] < El20)? = Elyo — 0Af(yo)|? =: K. Note that
Ell2x, P1oa <yl < Ellzinr ] < K. (5.15)

We now claim |zy,| > [. Otherwise, |2),| < . By the definition of X;, |yx,| > [ and |yy,—;| < for
i > 0. Then by zx = yr — 0Af(yx),

2= Jynl? = 20005 f(yn,) + |f (ya,) [P A%607
> (L+~00)|yy |
> (1+~900)2 > 12

|Z)\L

which is a contradiction. By (G.I5), for any k£ > 0

K
P{\ <k} < 7 0, I — oo, (5.16)

that is, as { = 0o, A\; T 0o a.s. Define ua =v — (1 —20) KA — 0.50A. For A < A7, pua > 0. Using
the linear growth condition (B.5]) gives

22 = |yk — 0 (W) AP < (14 0AVE)?|yi|*.

22



Substituting this into (L.I3]) yields that for A < A}

2 JNAN 2
2h1|” < (1——) 2k |° 4 my,
which implies
k—1 '
eVAkA 2112 < 20 + Z 18I,
5=0
where y4 = —x log (1 - %). Replacing k by k A \; yields
k=1
MR P S ol + D eI 1 5 ()my.
5=0

Taking expectation gives
E[e7a M08 205, %] < Elzof,
By Fatou’s Lemma, letting [ — 0o, we have
AR 2] < Elz)?, (5.17)

which together with (B.8]) implies the desired assertion.
Case (ii) 0 € (1/2,1]: Since 6 € (1/2,1], by Af(yx) = (yrx—2x)/0, we obtain from the definition

of my.

1-46 1
myp = 2<yk + T(yk — 2), 9(yr ) Awy + §ng(yk)(‘Awk’2 - A)>

+Hg(yp) P (|Awg|? = A) + {g(yr) Awg, L g(yn) (| Awy |2 — A))
2L g Pl - A) —247)

and from (5.3))

9 < =257 F ) = — o (o = 20)] < 5 Blunl? + o) (515)

This, together with (5.1), produces that there is a positive constants C' such that
Imi| < C[1+ |Awg]? + [ Awgyrl* + C[1 + |Awg]?] 2. (5.19)
We therefore have E[my1)y (k)] = 0. By @I0) and Af(yr) = (yx — 2x)/0,

(1—6)? 1—26 40 — 2

|zp1)? < 72 |2? + 2z (v — 0.50 M)A | lyx]* + Tz,{yk + my,. (5.20)
Note that A < %’Y implies 20 — 1 + (v — 0.50A)A#? > 0. Since
20 — 1+ (v — 0.50A)AH?

B 20 — 1

2
T2 11 (7 _050A)AR 2"

Yk

2z yk < 50 1
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we get from (5.20])

|Z |2 < (1_9)2+ (26—1)2 |Z |2_|_m
b= 92 02(20 — 1 + (7 — 0.50A)AG2) | F F
1—20)(y — 0.50A)A
= |a*+ ( )0 78) 2k |* + M, (5.21)

20— 1+ (7 — 0.56A)AG?

By the similar techniques used in case of 6 € [0,1/2], we can prove that \; T oo a.s., as | — oo.
Note that (5.2I]) implies

k—1
PR P < [z + ) 2% my,
j=0
where YA = —% log (1 — 2§2f; J:()EYPY__O%TAA))AAGQ). Then we obtain the desired assertion by repeating
the proof process of the case (i). O

Remark 5.1. Theorem shows that the two theta-Milstein schemes can share the exponential
mean-square stability of the exact solution. In fact, the upper bound v of the decay rate can also

be reproduced arbitrarily accurately for sufficiently small stepsize A since lima_,ovya = 7.

Let us now examine the linear scalar system
dx(t) = px(t)dt + cx(t)dw(t) (5.22)
It is known that mean-square stability for (522)) is equivalent to
21+ ¢ < 0. (5.23)

Moreover, it is easy to observe that the two classes of Milstein schemes are equivalents for the linear
SDE (5.22)). Here we rewrite this scheme as follows:

2
C
Yk+1 = Uk + Opldypg1 + (1 — 0)pAyy + cyrpAwy, + gkaAka — Al (5.24)

For the linear scalar SDE (5.22)), we have the following stability theorem.
Theorem 5.3. Let condition (5:23) hold. If
2y, 14 2
(2,u—|—c)—|—§c A+ (1-20)u"A <0, (5.25)
then the Milstein scheme (B.24) holds

Elyl* = e 72* 2 Elao|?,

20 4 2 4 (1 — 20) A + 1/2c4A]A>

1
where yA = —— log (1 + (1= 0Ap)2

A
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Proof. Rearranging equation (0.24]) gives

1 2
=———(1+ (1= 0)puA+cA —[|Awg|* — A] )y
verr = T g (1F (1= Ot et + [ Aw? — Ay

Note that yg is §ra- measurable and Awy is independent of Fra. We therefore have

64
[14 (1= 0)uA]? + AA + SA?

E 2 — E|y|?
20+ 2+ (1—20)pA +1/2¢* A]A
— [1_1_ [ H c ( ):u . / c ] Eka|2
(1 —6uA)
— e—'m(l'f+1)AE|$0|27
where we used EAwy, = 0, E|Awg|> = A, E(Awy,)? = 0 and E|Awy|* = 3A2. O
Remark 5.2. Theorem shows that (i) for 6 € [0,1/2], if A < A* := %, Milstein

scheme (5.24]) shares the exponential mean-square stability of the exact solution. (ii) For 6§ €

(1/2,1], if u? < 2(#4_1) (the diffusion term plays a crucial role), then for A < A*  Milstein scheme

A

(5:24)) is exponentially mean-square stable, and if pu? > 5@0-T) (the drift term plays a crucial role),
then Milstein scheme ([5.24)) is exponentially mean-square stable unconditionally. These results are
coincident with Theorem 2.1 in [35]. Theorem also presents the exponential decay rate ya of

theta-Milstein scheme.
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