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first-order linear homogeneous differential equations with
uncertainty

J.-C. Cortés?, A. Navarro-Quiles?, J.-V. Romero?, M.-D. Rosell6**

“Instituto Universitario de Matemdtica Multidisciplinar,
Universitat Politécnica de Valencia,
Camino de Vera s/n, 46022, Valencia, Spain

Abstract

This paper is devoted to construct approximations of the probability density function of the non-
autonomous first-order homogeneous linear random differential equation, where the initial con-
dition and the diffusion coefficient are assumed to be a random variable and a stochastic process,
respectively. We combine Random Variable Transformation technique and Karhunen-Loeve ex-
pansion to construct reliable approximations under general conditions. Several numerical exam-
ples illustrate our theoretical findings.

Keywords: Karhunen-Loeve expansion, Random Variable Transformation technique, first
probability density function, random first-order non-autonomous linear differential equation

1. Introduction and motivation

It is well-known that the derivative of a function plays a key role to measure instantaneous
changes of a quantity of interest. This fact justifies the ubiquity of differential equations in the
realm of Mathematical Modelling. There exist numerous problems in Physics, Chemistry, Epi-
demiology, Engineering, Economics, etc., that are formulated by differential equations. When
these equations are put forward in practice, their input data are usually fixed using information
that is often contaminated of uncertainty because two main reasons. On the one hand, uncer-
tainty can be attributed due to the inherent complexity that is often involved in many physical
phenomena. On the other hand, errors and uncertainties are introduced by numerical algorithms
and experimental data used to approximate and calibrate mathematical models. As a conse-
quence, these models are often formulated by randomizing classical (deterministic) differential
equations. In this regard, it is important to stress that this randomization can mainly be made
using two different approaches [1, Sec. 4.7]. First, Stochastic Differential Equations (SDEs)
where uncertainty is forced by a stochastic process having irregular sample behaviour. This
is the case of Itd-type SDEs, where randomness is considered by the so-called White Noise
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stochastic process. This process results from the derivative (in a generalized sense based upon
the theory of distributions) of a Gaussian stochastic process termed Wiener process (or Brownian
Motion) whose trajectories are continuous but nonwhere differentiable. The Wiener process is a
particular case of diffusion processes, thereby Markovian, whose increments are stationary, inde-
pendent and Gaussian. The cornerstone tool for handling this class of SDEs is the so-called Itd
lemma, which can be interpreted as a chain rule for differentiating diffusion stochastic processes.
The solutions of these SDEs exhibit nondifferentiable sample paths because the irregularity of
the driving Wiener process. Exhaustive studies related to both ordinary and partial SDEs from
different perspectives, theoretical, computational, numerical and applications, can be found in
[2, 3, 4, 5], respectively. Secondly, Random Differential Equations (RDEs) are those in which
random effects are directly manifested in input parameters (coefficients, source/forcing term and
initial/boundary conditions). These inputs are often assumed to possess milder behaviour like
continuity with respect to time and/or space. However, at this point it is interesting to stress
that even somewhat irregular random functions, as the Wiener process, are still allowed to play
the role of inputs data under this approach. This issue will be illustrated through some exam-
ples later. RDEs have another important advantage for modelling purposes, since apart from
Gaussian patterns, further probabilistic distributions can be assumed for random inputs includ-
ing Binomial, Poisson, Beta, Gamma, Lognormal, etc., for instance. In this context, the pow-
erful classical differential equations are randomized to better describe physical problems (in a
wide sense). This approach is implemented by assuming that constants and/or functions playing
the role of input data are random variables (RVs) and stochastic processes (SPs), respectively.
References [1, 6, 7, 8, 9] provide an excellent overview about the foundations on RDEs and their
main analytical/numerical techniques

It is important to point out that the rigorous analysis of SDEs and RDEs usually takes place
in the Hilbert space L?(Q, L*(7", H)) of square integrable SPs, that are valued on a Hilbert space
(H, (-, )p), and these SPs are defined over an underlying complete probability space (Q, 7, P).
Let us introduce the mathematical ingredients that will be required to develop rigorously our
working context:

e A complete probability space (2, ¥, P) whose elements w are termed events.

e The Hilbert space (H, (-, -)y). For reasons that will be apparent later, elements of (H, (-, -)y)
will be denoted by x(#, w). Then,

H= {X(t, 0-)) : ”-x(t’ w)”H =+ V(X(t, 0.)), X(ts 0-))>H < +00, (t9 CL)) € T X Q}
e The Hilbert space (L*(7, H), (-, 2 m)> T C R, defined as
LX(T. H) = {x(,w) : T — H: |x(, @)l < +0).

where

3 )y N agran = fT (et @), (1, @)Yy di,

and

[1xC, 271

1/2
+\/<X(~,w),X(~,w)>Lz<rr,H> = (f (x(t, w), x(t, W)y dt)
-

1/2
( f <||x(t,w)||H>2dr) < oo,
4 2
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From these ingredients, one defines the Hilbert space
LX(QLAT. W) = {x: T x Q@ — LAT. H) : [Ixlquzermy) <+

with the following inner product

V@ = f (x(t, w), y(t, W) 27 ) AP(w)

f f (x(t, ), y(t, W)Yy dt dP(w)
QJT
f f (x(t, w), y(t, w))y dP(w) dt

E [(X(t, (/.)), y(ts w)>H] dl

T

and norm "
IXllL2 @2y = (f E[(le(t, w)||H)2] dl) < +00,
T

where the Fubbini’s theorem has been applied to express both, the inner product and the norm,
in terms of expectation operator. So far, we have carefully distinguished in notation the elements
x and x(¢, w), but, for the sake of convenience, henceforth we will write them indistinctly.

As throughout this paper we will consider real RVs and SPs, we will take H = R endowed
with the standard inner product (x,y)r = xy, with x,y € R. In this case L*(Q,L*(7,R)) is
usually denoted as L2(Q,L%(77)). Moreover, we will assume that & = B(R) is the Borel o-
algebra on R. Therefore, we will work in the Hilbert space L2(Q,L*(7)) with the inner product
(XXM = fT E [x(z, w)y(t, w)] df and whose elements are SPs such that f'r E [(x(t, a)))z] dr <
+00. In practice, an important case, that will be considered throughout our subsequent develop-
ment, is when 7 is a bounded and closed interval of the real line, 7 = [#y, T] C R. In that case,
second-order RVs, that is RVs x(w) with finite variance (and hence E[(x(w))?] < +c0), are ob-
viously elements of the Hilbert space L2(Q,L%(7")). These RVs are interpreted as constant SPs.
In dealing with sequences of second-order RVs, the above inner product defines a norm whose
associate convergence is usually referred to as mean square convergence. Apart from this con-
vergence, the study of SDEs and RDEs can be developed considering another types of stochastic
convergences such as almost surely convergence, convergence in probability and convergence in
distribution, and using the relationship among them as well.

Throughout this paper we will deal with non-autonomous first-order linear RDEs. As a
major difference with respect to its deterministic counterpart, solving a RDE means not only
to compute its exact/approximate solution SP but also calculating its main statistical functions
such as the expectation and the variance. It is important to highlight that even in the case of
linear RDEs, the achievement of these goals does not just consist of generalizing its classical
counterpart. To support this assertion down below we exhibit some illustrative examples in this
respect that are aimed to motivate our interest in studying non-autonomous first-order linear
RDEs. Indeed, important results, well-known in the deterministic framework, are satisfied in the
random scenario only under restrictive assumptions. For instance, if we consider the autonomous
first-order linear RDE with deterministic initial condition

X' (t,w) = alw)x(t,w), t>0; x0,w)=1, weQ,

where a = a(w) is a second-order RV, it can be shown that the extension to the random scenario

of the classical existence and uniqueness Picard’s theorem is satisfied if, and only if, a is bounded

almost surely [6, p.119], [10]. As a consequence, this important result is not applicable when

a assumes a Gaussian or a Poisson distribution, for instance. As a second illustrative example
3
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involving the computation of the expectation of the solution SP to non-autonomous linear RDEs,
let us consider the random initial value problem (IVP)

X' (t,w) = a(t, w)x(t,w) + b(t,w), x(ty,w) = xp(w), weEQ,

where a(f, w) and b(t, w) are second-order SPs (i.e., E[(a(t, w))?] and E[(b(z, w))?] are finite for all
1) and ap(w) is a second-order RV. If E[-] denotes the expectation operator, then it can be shown
that the mean of the solution, u,(f) = E[x(¢, w)], does not satisfy the corresponding averaged
ordinary differential equation

) s Blat, )] 1) + BIOG, )], i) = Blxo(@)].

Instead the computation of the expectation p,(¢) is more involved (see, [6, Ch.8] and [11, p.66]).
The earlier examples illustrate the challenges when dealing with both theoretical and practical
aspects regarding linear RDEs. In this latter regard, it is important to emphasize that besides
calculating the first statistical moments, the computation of the first probability density function
(1-PDF), say fi(x, 1), of the solution SP is much more desirable since, from it, one can compute
all one-dimensional statistical moments including, as particular cases, both the mean and the
variance

00

w0 =Bt = [ xfitendn ol =Vitol = [ Phende wor.
Furthermore, the 1-PDF provides a comprehensive probabilistic description of the solution SP
for each fixed time instant ¢ and it permits to calculate the probability that the solution SP lies on
a specific set of interest as well

b
Pla < x(t,w) < b] = f filx,t)dx.

The computation of the 1-PDF of the solution SP for the linear RDE has been recently undertaken
by some of the authors in [12]. In this contribution one develops a comprehensive probabilistic
study to the general linear RDE in the case that input data (diffusion coefficient, forcing term and
initial condition) are assumed to be RVs, i.e., the analysis is just carried out for the autonomous
linear RDE. This study is based on the application of the so-called Random Variable Transfor-
mation (RVT) technique in order to obtain the 1-PDF of the solution SP. RVT technique is stated
in Th. 1. In the context of ordinary and partial RDEs and their applications, this technique has
been applied with the same objective [13, 14, 15, 16, 17].

Theorem 1 (Random Variable Transformation technique). Let x(w) = [xj(w),... s xm(w)]T
and y(w) = [y1(w),... ,ym(a))]T be two m-dimensional absolutely continuous random vectors
defined on a complete probability space (Q,&,P). Letr : R"™ — R™ be a one-to-one de-
terministic transformation of x(w) into y(w), i.e., y(w) = r(x(w)), w € Q. Assume that r is
a continuous mapping and has continuous partial derivatives with respect to each component

x;, 1 < i < m. Then, if fx(x1,...,xy,) denotes the joint probability density function of vec-
tor X(w), and's = r! = S1001+ -5 Ym)s e+ o » Sm(V1» - - - » Ym)) Tepresents the inverse mapping of
r = (X1, Xm)y ooy T(X1, ..., X)), the joint probability density function of vector y(w) is
given by

fy(yla" "ym) = fX (Sl()’h'- '7ym)»' "’Sm(yls' . ’ym)) |jm|»
4
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where | I |, which is assumed to be different from zero, denotes the absolute value of the jacobian
defined by the determinant

asl(yls""ym) 5Sm()’13---,)’m)
Iy I
~jm:det :
0s1V1y s Ym) 0 V1y -y Ym)
OVm OYm

In this paper, we go further by attacking the non-autonomous case for the homogeneous linear
RDE whose initial condition is assumed to be a RV. Specifically, hereinafter we shall consider
the following random IVP

X' (t, w) a(t,w)x(t,w), te€T =[ty,T]CR, } @)

x(to, w) = xo(w),

where
H1 : xo(w) is a second-order RV and a(t, w) € L*(Q,L%(7)),

satisfying certain additional conditions that will be specified later. As we assume that xp(w) is
a second-order RV (E[(xo(w))?] = ko < +00) and T~ = [f, T] has finite volume, then xo(w) €
L@ LT (ollawery = (B [(o@le?] dr) = VEGT = 1) < +00)

The main goal of this paper is to obtain the 1-PDF, f;(x, f), of the solution SP, x(¢, w), to the
random IVP (2). To achieve this objective, we will take advantage of combining the application
of the RVT technique (see Th.1) and the Karhunen-Lo¢ve expansion (KLE), that is stated in
Th. 2. KLE is a type-Fourier series method that allows us to represent the diffusion SP in (2),
a(t,w), as a function of a denumerable set of second-order RVs {&;(w) : i > 1} such that they
have zero mean (E[¢;(w)] = 0), unit variance (V[&(w)] = 1) and are pairwise uncorrelated
(Eléi(w)éj(w)] = 0if i # j). In other words, {£(w) : i > 1} are such that E[£(w)] = 0 and
E[éi(w) éj(w)] = 0;j, where 6;; denotes the standard Kronecker delta function.

Theorem 2 (L? convergence of Karhunen-Loeve). [3, p.202] Consider a mean square inte-
grable continuous time stochastic process x = (x(t,w) 1 t € T,w € Q}, i.e, x € LX(Q,L*(7))
being u,(t) and c,(s, t) its mean and covariance functions, respectively. Then,

x(1, w) = p(t) + Z Vjdi(éjw), weq, 3)

=

converges in L*(Q, L2(T)), where

1
G == {x(0,0) = a0, 810) .
and {(vj,¢;(t)) : j = 1} denote, respectively, the eigenvalues with vi > v, > --- > 0 and
eigenfunctions of the following integral operator €

CH) = f¢ cx(s,0f(s)ds, feLXT),

associated to the covariance function c(s,t). Random variables &;(w) have zero mean, unit
variance and are pairwise uncorrelated. Furthermore, if x(t, w) is Gaussian, then € j(w) ~ N(0, 1)
are independent and identically distributed.

5
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To keep the computational burden feasible, later when we apply the RVT technique to com-
pute approximations of the 1-PDF, fi(x, ), we will need consider the N-truncation of infinite
sum (3)

N
XN (1, w) = (1) + Z Vj¢jéj(w), we. “4)

j=1
Therefore, the N + 1 second-order RVs xp(w) and {&;(w) : 1 < i < N} will be involved. In

this manner, we will obtain the 1-PDF, le (x, 1), of xy(t, w) rather than the exact 1-PDF, fi(x, 1),
of x(t,w). In our subsequent analysis, we will provide conditions in order to guarantee the
convergence of le (x,0) to fi(x,1) as N — +oo.

The paper is organized as follows. The aim of Section 2 is twofold, first to compute the
1-PDF, le (x,1), of the truncated solution SP, xy(#, w), given in (4) and, secondly, to provide
sufficient conditions in order to guarantee the convergence of the 1-PDF, le (x,1), to the exact
solution SP, x(¢, w), as N — +oo. In Section 3, two numerical examples will be shown to illustrate
the theoretical results established in Section 2. Our conclusions are drawn in Section 4.

2. Computing the 1-PDF of the truncated solution stochastic process

It is known that the exact closed solution SP to the random IVP (2) is

x(t, w) = xo(w)Exp [f a(s, a))ds] , weQ. (®))

It is important to note that given a SP, say a(¢, w), in general nothing is known about the proba-
bilistic distribution of the following SP, a(t, w) = fot a(s, w)ds. An exception is when a(f, w) is a
Gaussian SP. In that case, it can be proved that a(t, w) is also Gaussian, see [6, Th. 4.64, p.112].
As we are interested in the determination of the 1-PDF of the SP (5) in the general case that the
SP a(t, w) has an arbitrary probabilistic distribution (hence no Gaussian in general), we will take
advantage of combining KLE and RVT techniques to give an answer to this interesting question
under mild conditions.

Our analysis will be carried out assuming that the initial condition xy(w) is a RV such as,
for every t € 7 = [t9, T] fixed, xo(w) and a(t, w) are independent RVs. Observe that this as-
sumption is realistic from a practical standpoint when dealing with physical models since ini-
tial conditions and coefficients involved in the differential equations are not often physically
related. Anyway, at this point we stress that our subsequent analysis can also be carry out if
independence between xp(w) and a(f, w) is not embraced. As a consequence, if we denote by
Ev(w) = (1(w), ..., év(w)) the random vector whose components are the RVs arising in the
KLE of a(t, w), then we will assume that xo(w) and &y(w), are independent. Additionally, we
will suppose that xp(w) is an absolutely continuous RV and &y(w) is an absolutely continuous
random vector whose PDFs will be denoted by fo(xo) and fg, ({1, ..., EN), respectively. If we

denote by £y, = (xo(w), é1(w), ..., En(w)), observe that due to independence between xo(w)
and &y (w), their joint PDF, fg,  (x0,£1,...,&n), is the product of their marginal PDFs, i.e.,
St (X0, €15, En) = fo(xo) fe, (&1, - - - €N (6)
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Summarizing, in the following we will assume that

Xxo(w), &(w), 1 <i <N, are absolutely continuous RVs.

- Xo(w), En(w) = (¢1(w),...,Eén(w)) are independent
’ with PDFs fo(xo) and fg, (€1,...,&N), respectively.
Moreover, E[£(w)] = 0 and E[&(w) &j(w)] = 6;;.

Let us assume that a = a(f, w) is a continuous time SP such that ¢ € L2(Q,L*(7)) and let u,(r)
and c,(s, f) denote its mean and covariance functions, respectively. According to Th. 2, the SP
a(t, w) admits a KLE, and let us consider its truncation of order N (see expression (4))

N
an(t, @) = ) + ) 780 E(w), weQ.

=

Therefore substituting this expression in (5), a formal approximate solution SP to the random
IVP (2) is given by

xn(t, w) = xo(w)Exp [f ay(s, w) ds] = xo(w) Exp

! N
f [ua<s)+z «/v—quj(‘v)fj(w)]ds} (7)
to =

Now, we will apply the RVT technique, stated in Th. 1, to obtain the 1-PDF of the approxi-
mate solution SP (7) in terms of the PDFs fy(xo) and f, (&1, . ..,&n), which are assumed known.
As the RVT method applies to RVs, we first fix t € 7 = [y, T] and then we consider the following
mapping r : RV+! — RN

1 N
i = rixoé1,...,&n) = xoExp f {,Ua(s) + Z \/V_j¢j(s)§j] ds},
fo =
2 = noé,....Ev) = &1,
YN+l = VN+1(X0,§‘:1,--~,§N) = &y,

whose inverse transformation s = r~! is

f N

xp = s101,¥2.-..,ynv41) = y1 Exp —f [,Ua(S)JrZ \/V_j¢j(5)yj+1]ds},
fo j=1

& = 0Ly IN+D) = Y2,

Ev = snea1(VLY2, - YNH1) = YN+L-

The absolute value of the jacobian of this mapping is given by

; N
—f [ua(s>+z \/v—,¢,»<s>y,+1]ds
to =1

that is non-zero because is defined by an exponential. Then, applying Th. 1 and using indepen-
dence between random variable xy and random vector &, one obtains the joint PDF of random
7

|In+1l = Exp #0,
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vector yyy(w) = (y1(w), y2(w), ..., yn+1(w)) in terms of PDFs fo(xo) and fg, (£1,...,EN) (see
(6))

nyn(J’l, co. ,)’N+1)

Jena [)’1 Exp

. N
—f (Ma(s) + Z \/V_j¢j(s))’j+l]dsl V25 ’)’N+l]
Iy j:1

y N
x Exp —f (lla(S)Jr Z \/V_jd’j(s))’jﬂ]ds]
I =)
’ N
= Jo [}’1 Exp —f [/la(S)+Z \/V_j(/’j(s))’jﬂ]ds]]fg-‘N 02,5 YN+1)
fo =
! N
X Exp —f (pa(s) + Z W¢j(s)yj+1]dsl.
f =

®)
Finally, taking ¢t € 7~ = [to, T] arbitrary and marginalizing expression (8) with respect to y, =
&1, ..., Yn+1 = &, we obtain the 1-PDF of the truncated solution SP

MNxn = L;Nfo[xEXP

! N
- f [ua<s>+z vv—quj(s)fj]ds]] NGNS
to =
©)
x Exp

; N
- f (ua<s>+2 vvj¢,(s>§j]ds] déy--- dé).
to =1

Observe that the domain of the integral must be understood as the corresponding subset of RY
where the random vector &y (w) = (£1(w), . . ., En(w)) takes values for all w € Q. As usual in the
context of probability density functions, this convention will be adopted from now on.

Now, we will establish sufficient conditions in order to guarantee the uniform convergence of
this sequence le (x, 1) to the exact 1-PDF, fi(x, 1), i.e.,

Jim Nt = file, D, Y(x,1) e Rx[1,TI.

Since the exact 1-PDF, fi(x, ), is not known, this convergence will be established applying the
classical Cauchy condition to the sequence le (x, t) defined by (9). Thus, we will prove that for
€ > 0 fixed, there exists ng (independent of (x, t)), such as

IV = M| <e Yx)eRx[t, T, VYN, M > ny.

For the sake of clarity, henceforth we will use the following notation

'3 N
Kn(t,&y(w)) = f {,ua(S) + Z Vj¢j(s)§j(w) |ds, (10)
) j:l
thus expression (9) writes

A0 = [ (e ) f @)ty an
8
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Additionally, the following hypotheses will be assumed throughout in the subsequent develop-
ment.

H3: fo(xo) is Lipschitzin R, i.e., ALy : [folxo1) — f(x02)l < Lplxo1 — Xo2l,  Yxo1,X02 € R,

and
SP a(t, w) admits a Karhunen-Loeve expansion of type (3),

H4 : such that there exists a positive constant C > 0 such that
E [e“‘KN(”fN(“’))] < C, for all positive integer N.

Later we will show that this condition can be guaranteed in practice (see Remark 2).
Lete > 0, 9 c R bounded, (x,?) € J X [ty, T] an arbitrary point and N > M integers. Taking

into account (11), below we show that { le (x,t) : N > 1} is a Cauchy sequence by using several
bounds that will be justified later.
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(3)
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+Lf0|x| f (e—ZKM(f,fM) + e—KN(I,fN)—KM(f,fM)) |KN(t, §N) - Ky(t, §M)| ffN (‘fl, . st) dé'—‘N e d‘fl
RN

= Lfo|)C|E [(e—ZKN(t,fN(w)) + e—KN(t,fN(w))—KM(f,fM(w))) |KN([, fN(a))) — Ky(t, fM(w))”

+F()E [(efKN(t,fN(w)) + e*KM(t,fM(‘”))) |KN(t’ .fN(a))) — KM(t, fM(a)))”

+Ly | x|E [(e—zKM<t,§M<m>> n e—KN(z,gN(m»—KMa,fM(w)l)g| Ky(t, Ey(w) — Kyt € M(w))l] .
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Now, we shall justify the steps (I)-(II) given in the earlier development, but for the sake of clarity
in the presentation, we first summarize the conclusion

LV 1) = {100 < L IR (720060 (@) 4 e K av@)=KuCeu @) | K (1, £\ (w)) = Kua(t, € ()|

Step (I): Let N > M, if we marginalize the joint PDF, gy, (x1, ..

xy(w) = (x1(w), . .., xp (W), Xp+1(W), . . ., xn(W))
with respect to the RVs xp1(w), ..., xy(w), we obtain the joint PDF of the random vector
XM(O-)) = (XI((IJ), e XM((U)), i.e.,
xu (X1, ..o, X)) = fN ngN(x1,~--,XM,XMH,W,XN)dXN < dxy.
RV~

+ FoE [(e_KN(z,gN(w» " e—KM(z,§M<w>>) | Kn(t, €y(w)) — Kyt fM(w))i]

+ LylE [(e_sz<r,§M<w>> + e—kN(z)fN(w)—KM(z,fM(w))) |Kn (1, €x()) — Kn(t, fM(w))”-

Using the notation of our previous development with x; = &;, 1 <i < N and

gXM(xl’- coaXy) = ffM (fl"' "fM)s

(observe that this gy, (X1, ..., xs) is a PDF), one gets

Je, 1o ém) = LN_MffN (&1,...,&n) déy - - dépraa.

12)

., Xy), of a random vector, say,

Therefore, substituting this expression in the left-hand side of (I) this term can be expressed as

‘ fR o (xeT ) fe G gy e YO dgy - dy

L;M Jo (x efKM(l'gM)) fe,, E1ao i ém) e Kutén) gg) ... dg

f fo(xe ) o @ En) e dey - di
RN

[, e‘KM(”g“))( [ e den d§M+1) e K0 Aty - dfy

j];N ﬁ) ()C e_KN(t,fN)) f§N (é:l’ . 7§N) e—KN(t,fN) di . dé‘:l

fRN Jo (x C_KM(I,‘;:M))]%N (51’ L ,fN) e—KM(z,gM) déy - dé,

f{v [fO (x e_KN(l,fN)) e Kn(tey) —f (X e—KM(t,fM)) e Ku(tgy) ] ffN (&1, ..., E0) déy -+ - déy
R
11

s

fR Ao (e fo ) YO —fy (e ) f (L) KO [dey

-dé,
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which is just the right-hand side of (I). This justifies Step (I).
Step (II): Now we will legitimate bounds used in this step. Without loss of generality, let
Fy = fo(0) and then we first bound the term (1) using hypothesis H3:

fo (weT BV ) < |y (xe RCEW) - f0)] + /o(0)] < Lyl e F (13

Secondly, we will obtain a bound for the product of the terms (1) and (2) as follows

jb(xe—Kwa§N0|e—KwogN)__e—KMan>|<:(Lf|x|e—KNafN@»)+}QO|G—KN0§N>__6—KMugMW
- Jo
=Lyl |e—2KN(t,§N) _ e—KN(t,fN)fKM(t,fM)l (14)
JO

+F, ‘e—KN(erN) _ e—KM(LfM)| )
Now, by applying the Mean Value Theorem twice to function e%, it is guaranteed that

3 65,1{)1\, € ]mln {2KN(I’ §N)’ KN(t’gN) + KM(t’ fM)} > max {ZKN(LgN)’ KN(t’ fN) + KM(L fM)}[

L
such that : [e 2Kvt60) — e=Kn@&i-Ku(téi)| = e uéw | Ky (1, £x) — Ku(, €y

15)
and ®
EI 6t!§N € ]mln {KN(t’ gN)’ KM(ts fM)} , max {KN(L fN)& KM(L fM)}[
(16)
_s@
such that : |e=Kvt60) — e=Kn(&w)| = e %ex |Ky (1, £y) — Ku(t,€y)|,
respectively. As a consequence of (15) and (16), one gets
o Max{2KN (16, Kn (L) +Ku (160} < e—aﬁ{;N < o~ Min{2KN(EN) KN (€K U (16,)) 17)
and
(2) .
e_maX{KN(tva):KM(tsfM)} < e_‘sx,g,\, < e_mln{KN(ts‘fN)vKM(tan)}’ (18)
respectively. Therefore,
o0y < o 2KN(EN) | o—Kn(Lén)—Ku(t€y) (19)
and o
e Oy < KN 4 g Kultbi) (20)

respectively. Applying (15)—(16) and (19)—(20) in (14) one deduces
fo (x e_KN(tst)) |e—KN(f,§N) _ e—KM(LfM)| < Lf0|x| |e—2KN(I.§N) _ e—KN(LfN)—KM(I.fM)|
+ oK) _ g Kutté)|
_s(D
= Ly |xle v |[Kn(r,£x) — K (1. £,7)|

)
+ Fge v |KN(I, En) — Ku(t, fM)‘
< {Lf0|x| (e_zKN(r,gN) _,’_e_KN(lva)_KM(ts‘.EM))

+F, (e_KN("f’V) + e_KM(”fM))} |Kn(t.€x) = Ku(t.£,)|-

12
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Now, we construct a bound for term (3) following a similar argument shown above. Indeed, on
the one hand, by applying hypothesis H3 one gets

‘ fo (xe™®v &) — £y (x e-KM“"fM))' < Lglx| [e™Kvt6n) — e=Ku(téi)| Q1)
On the other hand, by applying the Mean Value Theorem to function e7%, it is guaranteed that

| (s% € |min {2K (1, €4, Kn (1, €x) + Kna (1, €, max 2Ky (1, €4)), Kn(5, €x) + Ku(t, €)M

_s0)
such that : |e*KN(fv§N)*KM(”§M> — e*ZKM(f»fM)| = e ey |KN(I, &) — Ku(t, th)| .

(22)
Therefore,
e max{2Ky (1.€4).Kn(t.Ex)+Ku (1.E4)} < G_EE:})N <e min{2Ky (1.€)). Kn (.0 +Kn (1.6, } (23)
and hence o
e ey < e 2Kn(tén) 4 o=Kn(En)—Ku(téy) (24)

Multiplying (21) by e %#“£x) and applying (22) and (24), one deduces

—Kn@én)) —Kn@En) \| o= Kn(t.61) < —Kn(tEN) _ o= KutEr) | a—Knt:6y)
folxe folxe e < Lglxlle e e

= Lyl |eKvt60-Kutté) _ 2Kt
0

= Lyl ™ |Kn(t.£y) ~ Ku(t.€,)|

<Lyl (e-zKM(z,gM> +e-KN(r,§N>—KM<z,§M))| Kn(t,€x) — Kn(t,€y7) -

(25)

Now, we will obtain bound for every expectation appearing in (12). To this end, we apply

13



230 Cauchy-Schwarz inequality for expectations

240

+

IA

IA

X

E [ (e 280040 4 oKy t€@)-Kut£u@)) | Ky (1, £y (@) — Kua(t, Epy(@))]

E [e—ZKN(t.fN(w)) |KN(t, §N(a))) — Ky, fM(‘U))”

E [e Rvt&n@)-Kutn@) |Ky (1, £ () = Kt € ()]

1/2

(B [e=ssvosv]) (& [kntr, £y - Kut, €@ |

(E [e‘zKN(t,fN(w)) e‘2KM(t,§M(w))])l/2 (E [|KN(I, En(w)) — Ky(t, fM(w))|2])l/2

1/2

(& [6-4KN<z,§N<w)>])” g (]E [| Kn(t, Ex(w)) — Ku(t, gM(w))|2])

1/4

(o) efemeecsen) (e o - e ||

{(]E [e—4KN<t,§N(w»])” o (E [e—4KN(t,§N(w»])” 4 (E [e—4KM<t,fM(w»])” 4}
1/2

(| [&ver 601 = Kt €0 )
(26)

14
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IA

IA

X

E [0 tn@) 4 = Rnn) [Kiy (1, gy (@) = Kt Epg(@)]|
E [e 86 |Kiy(t, £()) ~ Kn(t (@)
E [e-Knt€u(@) |Ky (1, £y (W) = Kn(t, £ (w)|

(IE [elew(t,fN(w))])l/2 (E [|KN(L En(w) — Ku(t, &y (w))ﬂ N

1/2

)
2KM(I§M(0))) (E [|KN(I’ En(w)) — Ku(t, fM(w))|2])
) 4 (E [|KN(I, Ev(w) - Ku(t, fM(w))|2])l/2
1/4

4KM(t §M(0J))

(IE [|KN(I Ev(w)) — Ky (1, §M(w))|2])1/2

{(E [ —4K (1, §N(w))])1/4 (E [e—4KM(t,§M(w))])l/4}

(]E [‘KN(I, Ev(w)) — Ky, §M(w))|2])1/2

15
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244

245

E [(e~2Km00(@) 1 RN tn@)-Kutn(@)) | Ky (1, /(@) — Kng(ts £y (@)

E [e—ZKM(z,.fM(w» |KN(t, En(w)) — Ku(t, §M(w))|]

+ E I:e_KN(ty‘fN(‘U))_KM(tv‘fM(“—’)) |KN(t, Ev(w)) — Kyt fM(w))”

1/2

IA

(& [e-skwtesuien])” (IE [|KN(I, Ex(@)) — Ku(t, .fM(w))|2])

b (Bfewosion e2muesoo]) (& |y 0@ - Kt £y ])

2

(E [6_4KM(t,§M(w))])l (IE [iKN(l‘, fN(w)) — Ky, fM(“)))|2])1/2

IA

12

+

(& [e_4kN(z,§N(w>>])”4 (E [e-MM(r,gM(w»])” ! (IE: [| Kn(t, En(@)) — K2, € M(w))ﬂ)

IA

{(]E [e—4KM<z,§M<w>>])” 2, (E [e—4KN(t,§N(w>)])” 4 (E [e—4KM<t,fM(w>)])” 4}

1/2

(| [Kver 6001 = K @f|)

X

(28)
By substituting the three bounds given in (26)—(28) into expression (12), we obtain

|0 = x| < [L folxd {(E [emean@ ) o (B [eean@]) (& [e—4KM<z,§M<w»])'/4}
+Fy {(]E [ekveen@)) ™ 4 (g [e*‘*KM(t,é-‘M(w))])”“}

+Lyx] {(E [e-Huteutn])' 4 (g [ tuean@]) (g [e*“KM(t,fM(m»])”“}]

S\ 12
x (E|[Kn(t.x(@) - Kut. €@ )
(29)
Now, using hypothesis H4 one gets
IR Gt = [ ] < [Lgld (€12 + s V4 + Fo [CV4 + V4 + Ly {12 + €V x V4]

12
x (| [kt €@ - Kurt, §M<w)>|2])

1/2
9

= [alx] + A] (E [|KN(t, Ev(w)) — Kyt §M(w))|2])
(30)
where

a=4C'"2L;, pB=2C""F,.
16
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Let us observe that,

E||Kiv(t, €)= Kt y@)f'| = B

N 2
[ f D Vi) ) ds] }

0 j=M+1
' t( N 2
<E ( f 12 ds) [ f [ > \/v—jfpj(s)gj(w)] dsH
fo o \j=M+1
(N 2
=({t-1t)E f{z \/V_j¢j(s)§j(w)] ds}
o \j=M+1
RV ) 31
< (T -1)E f [Z \/V_j¢j(s)§j(w)] dsw
o\ j=M+1

T
=(T - 1)E [ f (an(t, w) — ay(t, w))* dS]

fo

T
== 1) [ E[(en(t0) - autt. 0P ds

2
=(T —1ty) (||a1v - aM”LZ(Q,LZ([tO,T]))) ,

where the first inequality has been obtained by applying the Cauchy-Schwarz inequality for in-
tegrals and the monotonicity of the expectation operator E[-], and in the last step, we have used
the definition of the norm ||| 2 12¢7)) Tor 7~ = [#p, T']. Substituting this latter conclusion in (30)
and applying the Cauchy convergence condition for the KLE of diffusion coefficient a(z, w) in
the norm ||||.2y 121,77 (S€€ Theorem 2), one deduces

12
[0 = £ 0] < [l + 81 (B | Kt 0@ - Kt €@

< [alxl + B] AT =ty llay — amll2@r2qe. 1)) —— 0.

N,M—+c0

(32)

This proves that {f* = le (x,t) : N > 1} is a uniformly Cauchy sequence in J X [fy, T'] for all
J C R bounded.
Summarizing, the following result has been established

Proposition 1. Under hypotheses HI-H4, the sequence { le (x,t) : N > 1} of 1-PDFs, defined
by (9), converges uniformly in (x,t) € J XT for all § C R bounded, to the exact 1-PDF, fi(x,1),
of the solution SP of random IVP (2).

Remark 1. Here, we will show that hypothesis H3 is fulfilled by the PDF of a wide variety of
RVs. In fact, as a consequence of the Mean Value Theorem it is well know that if a function,
say fo, has bounded first derivative in R, then f; is Lipschitz over the whole real line. It is
straightforwardly to check that the PDF of important RVs such as Uniform, Beta, Gaussian,
Gamma, etc. have bounded first derivative over the whole real line. For example, if f; is the PDF

of an Exponential RV of parameter A > 0, then fy(xg) = 1™, xp,1 > 0. As % = e ig
continuous in [0, +oco[ and limy o % = 0, therefore fy(xp) is Lipschitz in [0, +ool.

17
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Remark 2. We will show that hypothesis H4 is not restrictive in practice. In fact, it is important
to observe that given the coefficient a(t, w) € L?(Q,L?(7")) of the random IVP (2), then according
to KLE, the involved RVs &;(w) can be chosen in many ways so that E[¢;(w)] = 0, V[£;(w)] = 1
and they are uncorrelated (E[&;(w) £j(w)] = 0 for i # j ). As in our case they must be absolutely
continuous RVs, we can choose them so that they are uncorrelated Gaussian RVs with zero mean
and unit variance, &;(w) ~ N(0; 1). Next, we prove that making this choice, then hypothesis H4
holds. First, observe that taking into account (10), the expectation involved in H4 can be written
as

E [edKM(r,gM<w>)] = Jy a5 ds E

M 4 ! M t
l_[ ezlfj(w)\/\ijrO ¢,»(s)ds] _ edfro Ha(s)ds l_[ E [edfj(w)\/v’,»f,o $i(s)ds ’
j=1 j=1

where in the last step we have used that £;(w) are independent RVs (since they are uncorrelated
and Gaussian), hence the expectation of the product is the product of expectations. Now, we use
the following property

22
E[e”@]=e?, 1€R, Zw)~NO; 1),
to compute every factor of the last product. This leads to
' M &2 t 2 1 42 4 2
B [e/Rnten] = of Ji ) ds [ Il eas) _ af s as 5 S ([ o] (33)
j=1

Applying the Cauchy-Schwarz inequality for integrals one gets

t 2 t T
(f ¢(5) ds) < (t—1o) (f (¢(s))* ds) < (T -1o) (f () ds), to<t<T.

Therefore, expression (33) can be bounded as follows

E [edKM(t,g-‘M(w))] < Ly Hads e%(T—m)Zfil vi o (0s(9) ds _ RANTIOLE e%(T—m) o (Z5vi(819)") ds _
(34)
Now, let us bound every integral term in the right-hand side of this expression, thus proving the
finiteness of E [e"KM“’fM(”’))] < +00. As a consequence, taking ¢ = —4 we will have shown an im-

portant scenario where hypothesis H4 holds. On the one hand, by Cauchy-Schwarz inequality for
integrals, using that (u4(s))*> = (E[(a(s)])> < E[(a(s))?] and the fact that a € L>(Q,L?([ty, T])),

one gets
t T
f la(s)]ds < f a(s)lds
0 0 , i
< T -1 ( f (Ua(5))? ds)

T 1/2
< Th ( f ]E[(a(s))z]ds)
to
= \/T - ”a”LZ(Q,LZ([T()yT])) < +oo.
18
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Since |ft; Ha($) ds| < f[; |ua(s)| ds, this justifies e’ Jo# D% 4o which is the first factor of the

right-hand side in (34). On the other hand, let us observe
E[@(s))"] = (a(s)” + ) vi(@(9),  als) = pa(s) + Y Vj;(9)E,(w) in LAQ,L([to, TD),
j=1 j=1

hence

D365 < Eltat)]
=1
and

T T
2
f > vigi(s)Pds < f El(a(5)*1ds = (llall2ar2q.ry) < +eo.
o j=] fo
2 T 0 2

Therefore, the second factor of the right-hand side in (34) is finite, i.e. e%(Tft") by (B3 vi(es@)’)ds <
+o00. Summarizing, if we choose £;(w) in the KLE as uncorrelated standard Gaussian RVs, then
hypothesis H4 is guaranteed.

3. Examples

In this section, we will show two examples. In the first example, we will consider that
the SP a(t, w), playing the role of diffusion coefficient in the random IVP (2), is the so-called
Brownian motion or standard Wiener process. As the exact distribution of the Brownian motion
is known, then the exact 1-PDF fi(x, ¢) of the solution SP x(¢, w) to (2) can be derived. Hence,
this first example will be used as a test to compare the approximations, le (x,1) given by (9),
for different values of the truncation order N against the exact values. In the second example a
covariance function is considered. Then, from the knowledge of its eigenpairs {(v;, ¢;()) : j =
1}, approximations of the 1-PDF are given. In both examples, approximations of the mean and
standard deviation of x(z, w) are given from le (x,1). Finally, in both examples we provide error
measures in order to quantify the accuracy of approximations of the 1-PDF, the mean and the
standard deviation.

3.1. Example 1: Brownian motion

In this example we consider that SP a(t, w) = B(f, w) is the Brownian motion or standard
Wiener and 7y = 0. Then, it is known that u,(¢) = 0 and V[a(t,w)] = 1,Vt € 7T =[0,T], T > 0.
In addition, the covariance function is given by

cy(s,) =min(s,1), (s,H)eT XT,

which has the following eigenvalues and normalized eigenfunctions (see [9, Chapter 2])

472 2 . (@j-Dnt) .
Vi R0 ¢f(t)=\/;sm( 2T ) j=b2... 53

Then, the 1-PDF of the truncated solution SP xy (¢, w) is obtained substituting (35) in (9)

N

N
Moo = fR o [x [1 e"”(”ff‘] fe @) | [ dgy - de, (36)
j=1 Jj=1
19
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where

2j-1mn) T 2T
In this example the 1-PDF of the exact solution SP, x(#, w), can be computed taking into

account that B(1) = [ B(s)ds ~ N(O; \/g) Hence B(t) £ \J£Z. Z ~ N(0; 1), that is, the SP

2 .
hit) = (Z—T) 2 (1 - COS(M)). (37)

E(t) has the same distribution as RV, \/gZ, being Z a standard Gaussian RV. Using the RVT
method, it is straightforwardly to check that the 1-PDF of x(¢, w) is given by

filx, 1) = fw fo (x e ‘/?Z) fz(z)e I3 dz, (38)

o

where fy(xp) and fz(z) denote the PDFs of RVs Xy and Z, respectively.

In Fig. 1, we show 3D-plots of the exact 1-PDF (left) and two approximations le (x,1)
using (36)—(37) with N = 1 (center) and N = 2 (right), respectively, over the time interval
[0,T] = [0,2]. We have taken &;(w), j = 1,2 uncorrelated standard Gaussian RVs and xo(w)
a uniform RV on the interval [0, 1], i.e., xo(w) ~ Un(]0, 1]). As it has been assumed in the
theoretical development, xo(w) is assumed to be independent of &1 (w) and & (w). Notice that this
assumption has been already used in (38). In the context of this example, clearly all hypotheses
H1-H4 hold (see Remarks 1 and 2 to check H3 and H4, respectively). From Fig. 1, we can see
that the first and second order truncations (plots in the center and in the right, respectively) are
close to the 1-PDF of the exact solution (plot in the left). This feature can be observed in detail
in Fig. 2 where the exact PDF, f;(x, f), and the two previous approximations, fl1 (x,1) and flz(x, 1)
have been plotted in different time instants (¢ = 0.1, 1, 2). For sake of clarity, in Table 1 we have
collected the total error, defined by the following expression (39), between the exact 1-PDF and
the approximation with order of truncation N at different times instants

PR () = f |G = x| dx. (39)

AP | N=1 N=2

t=0.1 [ 0.010021 | 0.008682
r=1 [0.077919 | 0.008663
t=2 ]0.005310 | 0.000832

Table 1: Error measure e;DF(t) defined by (39) for different time instants, ¢ € {0.1, 1,2}, and truncation orders N = 1,2,

in the context of Example 1.

Finally, in Fig. 3 we compare the exact mean and the exact standard deviation with the
approximations obtained by (1) using, for computing the approximations, le (x,r)with N = 1,2
instead of fi(x, ). From these plots we can see that approximations are good, being slower the
convergence of standard deviation. The errors of these approximations are shown in Table 2.
These figures have been calculated using in (1) the following expressions with fp = 0 and 7' = 2

T T
& = f ) = o) de, € = f |ox(0) = oY (0] dr. (40)

20



Figure 1: Left: 1-PDF of the exact solution SP given by (38). Center: 1-PDF of the first truncation given by (36)—(37)
with N = 1. Right: 1-PDF of the second truncation given by (36)—(37) with N = 2.

t=0.1

fi(x.t)
AxH

t=1

= Ay

fi(x.t)

t=2

fixt)
----- = Axy

25

3.0

35

Figure 2: 1-PDF fi(x, ) of the exact solution SP and the two first truncations IN (x,1), N = 1,2, for different values of ¢
in the context of Example 1. Left: # = 0.1. Center: ¢ = 1. Right: r = 2.

Table 2: Values of errors efv and ef, for the mean and standard deviation, given by (40) using different orders of truncation

Error N=1 N=2 N=3 N=4
Mean ef\, 0.055567 | 0.005541 | 0.002425 | 0.000871
Standard deviation ef, | 0.383975 | 0.169942 | 0.159339 | 0.151808

N, in the context of Example 1.

21
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Figure 3: In the context of Example 1. Left: Exact mean (u,) of the solution and its approximations using truncations
of order N = 1,2 (ul and 122, respectively). Right: Exact standard deviation (ox) of the solution and its approximations
using truncations of order N = 1,2,3,4 (0, i = 1,2,3,4).

3.2. Example 2: Exponential covariance

As the KLE relies upon the covariance function c¢,(s, ¢) of the SP, in this example we will as-
sume known the covariance function of SP a(t, w) instead of giving the SP itself. Let us consider
the following covariance function, usually referred to as exponential covariance,

s — 1|
cas,)=e b | (5,00 €T XT, T =[-a,a], a>0, (41)

where b > 0 is often termed the correlation length, since it reflects the rate at which the corre-
lation decays between two times of the process. The eigenvalues and normalized eigenfunctions
of the covariance function are given by [3, p.294-295]

cos(z;x) 2c .
pi(t) = ——L——, v, = L j odd,
sin(2z;a) gtce
a+ ———
2Zj
(42)
o sin(z)x) 2
() = ————, V;=-—5—, Jeven,
/ sin(2z;a) (@) +c?
4 —7°
2zj
being ¢ = 1/b and z;;, Z the solutions of the following transcendental equations
c—zjtan(wja) = 0, jodd,
z; + ctan(zja) = 0, jeven.
Then, considering the mean of the SP a(t, w) is zero, the KLE of a(t, w) is given by
a(t,w) = Z ( V2j-162j-1(0) E2j-1(w) + (V565 (1) é:;j(w))' (43)
=1

22



342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

Next, we will show graphically the approximations, le (x, 1), of the 1-PDF, fi(x, 1), of the solution
SP, x(t, w), to random IVP (2), being a(t, w) represented by the KLE (43). These approximations
will be constructed using expression (9) with different orders of truncation N.

In Fig. 4, we have plotted le (x,r) with N = 1 and N = 2 for two different correlation lengths,
b = 0.1 and b = 1, over the time domain 7 = [-0.5,0.5] corresponding to a = 0.5. Therefore,
the initial time instant is 1y = —0.5. We have chosen £;(w), j = 1,2, uncorrelated standard
Gaussian RVs to represent the SP a(z, w) by KLE (43). The initial condition xy(w) is assumed
to be an exponential RV with mean 1/4, i.e., xo(w) ~ Exp(4). Hence, by Remark 1, hypothesis
H3 holds. We assume that xo(w), &1(w) and &;(w) are independent RVs. From Fig. 4, we can
observe that both fl1 (x,1) and flz(x, t) are very similar, then indicating quick convergence with
respect to the truncation order N. This happens for both values of parameter b over the whole
space-time domain. For the sake of clarity, in Fig. 5 we show both approximations in the middle
point ¢ = 0 of the domain 7 for » = 0.1 and b = 1. As an indicator of convergence, in Table 3
we have computed the following error

eNr (1) = f"" |f1N(x, R A€ t)|dx, (44)

between consecutive approximations over the whole spacial domain at ¢t = 0 (middle time instant)
for both values of parameter b.

FFO) [ N=2 N=3
b=1 | 0.0106515 | 0.0000164
b=0.1 | 0.0147553 | 0.0008538

Table 3: Error measure &y/(f) defined by (44) for time instant ¢ = 0, and truncation orders, N = 2,3 forb = l and b = 0.1,
in the context of Example 2.

In Fig. 6 we show the mean and the standard deviation with » = 0.1 and b = 1 for different
orders of truncation.

To account for the error, in Table 4 and Table 5 we show the following errors for b = 0.1 and
b = 1 respectively, with o = —0.5and T = 0.5

T T
& = f () -l @l de, & = f o (1) = o1 ()] at, (45)

where (/(¢) and 0i(¢), n = N — 1, N, are approximations to the mean and the standard deviation
using £V~ (x,1) and f¥(x, 1), respectively, instead of f(x, r) in expression (1).

error (b = 0.1) N=2 N=3 N=4 N=5
é‘]’v 0.0018717 | 0.0004470 | 0.0001983 | 0.0000631
] e, \ 0.0057412 | 0.0013707 | 0.0006206 | 0.0003282

Table 4: Errors é‘jlv and &7, for the mean and the standard deviation, defined by (45) respectively, using different orders of
truncations (N = 2,3,4,5) and correlation length » = 0.1, in the context of Example 2.

From Table 3, we observe that the error 5°¥(0) is smaller for » = 1 than b = 0.1. This same
behaviour happens regarding the approximations of the mean and the standard deviation, namely,
23
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Figure 4: In the context of Example 2. Top: 1-PDF of the truncations N = 1 and N = 2, with b = 1 Bottom: 1-PDF of
the truncations N = 1 and N = 2, with b = 0.1.
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Figure 5: 1-PDF of the truncations N = 1,2, for ¢ = 0, in the context of Example 2. Left: b = 1. Right: b = 0.1.
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Figure 6: In the context of Example 2. Top: Approximations of the mean and standard deviation using different orders
of truncation N = 1,2, 3 with correlation length parameter » = 1. Bottom: Approximations of the mean and standard
deviation using different orders of truncation N = 1,2,3,4,5 deviation using different orders of truncation N = 1,2,3
b=0.1.

error (b = 1) N=2 N=3
é’;v 0.0019514 | 0.0001370
] G4 \ 0.0064182 \ 0.0004473 ‘

Table 5: Errors éilv and &}, for the mean and the standard deviation, defined by (45) respectively, using different orders of

truncations (N = 2, 3) and correlation length b = 1, in the context of Example 2.
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they are better for b = 1 than for b = 0.1, except for N = 2 (see Table 4 and Table 5). This result
can be expected from the decay of eigenvalues v;. In fact, it is well-known that [3, 204]

N

lla(t, w) — an(t, Wl 22y = j;V[a(t, w)]dt - Z V.

=

Then, the first N eigenvalues v; can be added to determine the truncation parameter N for a given
error tolerance, say € > 0, when approximating the diffusion coefficient a(z, w) using the KLE.
Obviously, the greater the values of v;, the smaller the value of N. In our context the decay of
eigenvalues v; depends on the choice of the parameter b. The bigger b the faster decay of v;
and, as a consequence, a smaller value of the truncation parameter N will be required to achieve
the accuracy € in order to approximate a(t, w). In Table 6, the first eigenvalues of the covariance
function (41) are shown for b = 0.1 and b = 1 over the time interval 7~ = [-0.5,0.5]. These
eigenvalues have been represented in Fig. 7. As it can be observed in this plot, the eigenvalues
corresponding to b = 1 decay faster than those ones corresponding to b = 0.1. This fact is in
agreement with figures collected in Table 3 (corresponding to approximation of 1-PDF) and in
Tables 4 and 5 (corresponding to approximations of mean and standard deviation), where error
associated to b = 1 is smaller than to b = 0.1, for a fixed truncation order N.

V1 V2 V3 V4 Vs

b=0.1 | 0.187083 | 0.156046 | 0.121154 | 0.091324 | 0.068736
b=1 | 0.738813 | 0.138000 | 0.045089 | 0.021329 | 0.012279

V6 V7 Vg V9 Y10

b =0.1 | 0.052403 | 0.040695 | 0.032225 | 0.025998 | 0.021333
b=1 | 0.007945 | 0.005551 | 0.004093 | 0.003142 | 0.002486

Table 6: First eigenvalues, v, of the covariance function (41) for j = 1,2,..., 10 for b = 0.1, 1 over the time interval
T =1[-0.5,0.5], in the context of Example 2.

Figure 7: First eigenvalues, v;, of the covariance function (41), in the context of Example 2.

In the context of this example, where neither the exact 1-PDF nor the exact mean and standard
deviation are not available, it is very interesting to establish some criterion (stopping criterion) in
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order to determine the order of truncation N for a given error tolerance € > 0. Just as an example
to illustrate the way our findings can be used in this regard, if € = 1073 then, according to Table
4 and Table 5, it is enough to take N = 3 as the order of truncation for both values of parameter
b, while N = 3 and N = 4 are required to guarantee the same accuracy for the standard deviation
when b = 1 and b = 0.1, respectively.

4. Conclusions

In this paper we have constructed approximations of the first probability density function
to the linear homogeneous first-order random differential equation. We have proved rigorously
that these approximations are convergent under mild conditions upon the initial condition and
the diffusion coefficient which are assumed to be a random variable and a stochastic process,
respectively. The key idea to construct these approximations has been to combine the Random
Variable Transformation technique and the Karhunen-Loeve expansion. We have considered two
illustrative examples showing that approximations converge rapidly. Indeed, just a few terms are
need to approximate the first probability density function (1-PDF) in both examples. We have
taken advantage of computing the 1-PDF to approximate both the mean and the variance in both
examples. All numerical results are also satisfactory. Finally, as it has been underlined in the
motivation of the paper, although the formulation of the target problem appears to be simple, the
analysis does not. This is a genuine feature usually met when deterministic results are extended
to the random scenario.
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